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Kurzfassung

Diese Arbeit umfasst eine multiparametrische Analyse von Partikel-Matrix-
Wechselwirkungen unter der Verwendung der Methode Magnetic Particle
Spectroscopy (MPS) und der Bildgebungsmodalität Magnetic Particle
Imaging (MPI). Zur Untersuchung wird die dynamische Magnetisierungs-
antwort magnetischer Nanopartikel auf externe magnetische Wechselfel-
der ausgewertet. Aufgrund der nichtlinearen Magnetisierungskennlinie
der magnetischen Nanopartikel dienen insbesondere die aus der periodi-
schen Anregung resultierenden höheren Harmonischen der Magnetisierung
als Informationsquelle. Die vorgestellten Messungen wurden mit einem
im Rahmen der Arbeit umgesetzten temperaturgeregelten MPS-Aufbau
realisiert. Für die multiparametrischen Untersuchungen wurden Mess-
parameter wie die magnetische Feldstärke des extern angelegten Feldes,
die Anregungsfrequenz, die Probentemperatur, die dynamische Viskosi-
tät des die Partikel umgebenden Mediums oder Partikeleigenschaften,
bzw. -systeme variiert. Anhand der Ergebnisse werden Rückschlüsse auf
physikalische Zusammenhänge getätigt und die Quantifizierbarkeit von
Messergebnissen sowie deren Übertragbarkeit auf das Bildgebungsverfah-
ren MPI diskutiert.
Es wird gezeigt, dass Partikel-Matrix-Wechselwirkungen im MPS im Mil-
lisekundenbereich aufgelöst werden können. Temperaturabhängige Mess-
ergebnisse werden auf den dominierenden Relaxationsmechanismus des
vorliegenden Partikelsystems zurückgeführt. Unter Zuhilfenahme von
Fokker-Planck -Simulationen wird aus einer auf CoFe2O4 -Partikeln basie-
renden Viskositätsserie der strukturelle Aufbau von Multikernpartikeln
aufgeklärt und der Einfluss der dynamischen Viskosität auf die Messdaten
diskutiert. Aus den Messdaten rekonstruierte Magnetisierungskurven die-
nen der Analyse von thermischen Interaktionen mit dem Trägermedium.
Die spektrale Zerlegung der Magnetisierungsharmonischen wird eingeführt
und angewendet, um temperatur- und viskositätsabhängige Abbildungs-
funktionen abzuleiten. Aufgrund des Verwandschaftsgrades der Messprin-
zipien können die Erkenntnisse aus experimentellen MPS-Daten auf das
Bildgebungsverfahren MPI übertragen werden, um die Quantifizierbarkeit
der Methode zu beurteilen und zu validieren. Verdünnungsserien von Par-
tikelsuspensionen dienen der Charakterisierung beider Systeme, der des
MPS-Aufbaus und der des am Institut gefertigten Zwei-Frequenz-MPI-
Scanners. Abschließend werden im Rahmen der Arbeit realisierte 2D und
3D MPI-Messergebnisse gezeigt und Zwei-Frequenz-mobility-MPI-Daten
von Viskositätsstufen vorgestellt.





Abstract

This work comprises a multiparametric analysis of particle-matrix inter-
actions using magnetic particle spectroscopy (MPS) and the correspond-
ing imaging modality magnetic particle imaging (MPI). To investigate
particle-matrix interactions, the dynamic magnetization response of mag-
netic nanoparticles to externally applied alternating magnetic fields is
evaluated. Due to the nonlinear magnetization characteristics of mag-
netic nanoparticles, the higher harmonics of the magnetization resulting
from the periodic excitation in particular serve as source of information.
The measurements presented were realized with a temperature-controlled
MPS setup implemented as part of this work. For multiparametric inves-
tigations, measurement parameters such as the magnetic field strength of
the externally applied field, the excitation frequency, the sample temper-
ature, the dynamic viscosity of the medium surrounding the particles or
particle systems and related properties were varied. Based on the results,
conclusions are drawn about physical relationships and the quantifiabil-
ity of measurement results and their transferability to the MPI imaging
technique are discussed.
It is shown that particle-matrix interactions in MPS can be resolved in
the millisecond range. Temperature-dependent measurement results are
traced back to the dominant relaxation mechanism of the used particle
system. With the help of Fokker-Planck simulations, the structure of multi-
core particles is clarified from a viscosity series based on CoFe2O4 particles.
Furthermore, the influence of the dynamic viscosity on the measurement
data is discussed. Magnetization curves reconstructed from the mea-
surement data are used to analyze thermal interactions with the carrier
medium. Furthermore, the spectral decomposition of the magnetization
harmonics is introduced and applied to derive temperature and viscos-
ity dependent mapping functions. Due to the degree of similarity of the
measurement principles, the findings from experimental MPS data can be
transferred to the MPI imaging method in order to assess and validate
the quantifiability of the method. Dilution series of particle suspensions
serve to characterize both the MPS setup and the institute’s custom-built
dual-frequency MPI scanner. Finally, realized 2D and 3D MPI measure-
ment results are shown and dual-frequency mobility MPI data of different
viscosity levels are presented.
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1 Introduction

Current political and social discussions about nitrogen oxides and fine
dusts or micro and nano sized synthetics in the oceans emphasize that un-
derstanding the impact of nanomaterials on the environment and human
beings as well as animals becomes more and more important. Further-
more, modern medicine requires tools and technological progress to fight
new diseases. The government-financed priority program SPP1681 of the
German Research Foundation (DFG)was established to investigate and
to understand underlying physical relationships of interactions between
particles and matrices and to find related recent insights. The project
was organized in an interdisciplinary environment to enable cooperations
between different experts in scientific research fields of medicine, biology,
chemistry, physics, mathematics and engineering.
This work was supported within the scope of the priority program SPP1681
of the DFGand focuses on magnetic nanoparticles (MNPs), which repre-
sent a powerful tool to approach the upcoming challenges of nanoscaled
actuators and sensors.
MNPs are widely used [1–3] as contrast agents in e.g. magnetic resonance
imaging (MRI) applications and enable functional imaging without being
radioactive and providing high biocompatibility. Prospectively, MNPs
promise to significantly contribute to cancer treatment [4–6]. Magnetic
hyperthermia (MH) is a therapeutic modality, which uses intravenously
injected MNPs to generate heat very close to or directly in the tumor
tissue. The generated local fever results in apoptosis of the tumor cells
without any — or at least reduced — impact on the neighbored healthy
tissue. Furthermore, the functionalization of MNPs enables the particles
to serve as drug carrier to transport medicine [7], e.g. chemotherapeutica
to the tumor tissue [8, 9]. In comparison to currently established methods,
severe side effects might almost be eliminated due to significantly reduced
required doses by magnetic drug targeting (MDT) [10]. Note that MDT
and MH could even be combined by using the generated heat to release the
attached drugs — called magnetic drug release — at specific locations in
the tissue if thermoresponsive linker on the particles’ surfaces are used. In
addition to therapeutics, MNPs also provide a powerful tool with respect
to medical diagnostics. In 2005, the new imaging modality magnetic
particle imaging (MPI), based on the nonlinear magnetization response
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of magnetic tracer material, has been proposed [11] and there are many
further thinkable and innovative application scenarios inclusive industrial
purposes [12].
However, there are still many open questions with respect to the nanopar-
ticles’ long-term side effects and behaviors in complex biological structure
or tissue. To be able to estimate impacts in in-vitro and in-vivo applica-
tions, the complex interactions must be accessible. Placed or embedded in
different media or matrices, the dynamic magnetization responses of MNP
differ and experimental results are non-linearly affected. This means that
experimental data can be used to analyze the particles state and particle-
matrix interactions but the relationship must be known. Advanced tools
like magnetic particle spectroscopy (MPS) are required to investigate such
characteristics and relationships. MPS and the corresponding innovative
imaging modality MPI enable the investigation of particle-matrix inter-
actions as shown within this work. The scope of the work covers the
nonlinear dynamic properties of MNPs’ magnetization responses in com-
plex media to externally applied magnetic fields with comparable high
magnetic field strengths. The findings within this work help to under-
stand and attribute experimental observations to their underlying physical
dependencies. It is shown that custom-build system setups can be used
to investigate corresponding relationships in detail and emphasizes the
importance to extensively use MPS as an experimental tool since the
findings and results are directly coupled to its more complicated imaging
modality MPI.
The work is subdivided into chapters, which cover principals of MNP
modeling including required mathematics and both the characterization
tool MPS and the corresponding imaging modality MPI. Both techniques
were investigated by using custom-built setups. To be able to investigate
the temperature-dependent harmonic response of MNPs, a temperature-
controlled spectrometer was designed and realized — optimized for low ex-
citation frequencies up to 25 kHz, which allows the investigation of particle-
matrix interactions. Several measurements under different measurement
conditions were performed. Especially Fokker-Planck based simulations
help one to understand the observations of multiparametric measurements
and provide substantiated explanations. The findings are directly trans-
ferable to the related imaging modality, which was investigated with the
institute’s custom-built dual-frequency MPI scanner.



2 Magnetism of magnetic
nanoparticles

Atoms consist of a nucleus made of protons and neutrons, which are sur-
rounded by electrons on orbitals as — strongly simplified — illustrated in
figure 2.1. All of these physical particles have particle and wave properties,

Figure 2.1: Illustration of the spin ~S and the orbital angular momentum
~L of an electron surrounding the nucleus of an atom.

which can be calculated via Schrödinger ’s equation using the Hamiltonian
operator [13]. In a first approximation, often the particle perception is
sufficient to explain macroscopic observable characteristics. The effect
that an electron rotates around its axis is called spin ~S but the electron
further rotates around the nucleus resulting in the orbital angular momen-
tum ~L. The nucleus provides the nuclear spin, which is often neglected
due to the small influence on typical observations of magnetism. Thus,
the total angular momentum ~Jtam is given by

~Jtam ≈ ~L+ ~S. (2.1)
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The total angular momentum ~Jtam and the total angular momentum
quantum number Jtam describing its current state are fundamental in
explaining magnetism.

2.1 Magnetism characteristics
When solid bodies are placed in magnetic fields, forces acting on the
materials can be observed. These observations can be explained by mag-
netism, which is caused by nuclear spins, electron spins, the orbital angular
momentum of electrons and induced changes of the orbital angular mo-
mentum. Typically, the contribution of nuclear and electron spins is very
small, thus the orbital angular momentum of electrons is the dominating
effect for the following considerations. The basic underlying mechanism is
that moving charges (currents with current density ~Jc) result in magnetic
curl/eddy fields ~∇× ~B with ~∇ =

(
∂
∂x , ∂

∂y , ∂
∂z

)
being the nabla operator

and ~B being the magnetic flux density. This physical relationship is de-
scribed by Ampére ’s circuital law extended to Maxwell ’s fourth equation
[14] including the dependence on the time derivative of the electric flux
density ~D = ε0 ~E of the electric field with electric field strength ~E as
shown in equation 2.2.

µ0

(
~Jc + ∂ ~D

∂t

)
= ~∇× ~B (2.2)

Here, µ0 ≈ 4π × 10−7 V s/(A m) is the magnetic vacuum permeability and
ε0 ≈ 8.854× 10−12 A s/(V m) is the dielectric vacuum permittivity. Both
quantities are fundamental physical constants describing how permeable
free space is for magnetic and electric fields respectively and are connected
via the vacuum’s speed of light c0 = (µ0ε0)−

1
2 .

The macroscopic net magnetization ~M of solid bodies is the sum of all
contributions of molecular magnets inside the material. Each molecular
magnet, which is a result of one of the abovementioned effects can be
described mathematically via a magnetic dipole moment

~m = −gµB~−1 ~Jtam (2.3)

with the Landé g-factor g, the Bohr magneton µB , the reduced Planck
constant ~ = h(2π)−1 and ~Jtam being the total angular momentum. All
single magnetic dipole moments together build a net magnetic moment.
Both the magnetization ~M and the magnetic dipole moment ~m are vecto-
rial quantities whereas the magnetic moment can be calculated in a first
approximation1 by integrating the magnetization over the volume V of

1Please note that individual magnetic moments might significantly influence the
net magnetic moment such that e.g. magnetic domains must be considered.
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the solid body as formulated in equation 2.4.

~m =
y

V

~MdV (2.4)

Magnetic moments of solid bodies can be manipulated by externally ap-
plied magnetic fields with field strength ~H. The total magnetic flux density
~B yields the superposition of both the magnetic field strength ~H and the
magnetization ~M each multiplied by µ0 [15]:

~B = µ0( ~H + ~M) (2.5)

Since the magnetization ~M of the material depends on externally applied
magnetic fields, the magnetization curve M(H) with M = | ~M | and H =
| ~H| shows material-specific characteristics. All materials have nonlinear
magnetization curves with saturation regimes at certain magnetic field
strengths of the applied magnetic field due to an asymptotic limit state
with all molecular magnets pointing into field direction. However, the
magnetic field strengths, which result in the saturation magnetizationMs,
are strongly dependent on the material. The slope of the magnetization
curve is known as the magnetic susceptibility χm with

χm = ∂M

∂H
. (2.6)

For a linear relationship of the magnetization with the applied magnetic
field, the magnetization ~M = χm ~H is a linear function with slope χm.
Thus, the magnetic susceptibility is a measure of the magnetizability.
Please note that in general the magnetic susceptibility is only approxi-
mately constant for a certain range of the applied magnetic field strength.
By introducing the material-specific relative permeability µr = 1 + χm,
the magnetic flux density can be formulated as ~B = µ0( ~H + ~M) =
µ0 ~H(1 + χm) = µm ~H with µm = µ0µr being the product of the vacuum
and the relative permeability.
Depending on the sign and the peculiarity of the magnetic susceptibility,
the material-specific type of magnetism can be classified in one of the
groups which are summarized in the following subsections.

2.1.1 Paramagnetism
For paramagnetic materials, the net magnetization ~M points in the direc-
tion of an externally applied magnetic field with field strength ~H. This
means, the magnetic susceptibility χm > 0 is positive and the relative
magnetic permeability µr = 1+χm is µr > 1, respectively. However, para-
magnetism distinguishes by vanishing magnetization for non-existing ex-
ternally applied magnetic fields (the zero-field case) and thus paramagnetic
materials do not show any hysteresis. When the applied magnetic field is
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switched on, the magnetization follows the applied magnetic field instanta-
neously and the internally induced magnetic field is amplified compared to
the outer state. The reason for paramagnetism can further be subordered
in Langevin paramagnetism (based on magnetic moments of atoms in
basic states), Van-Vleck paramagnetism (based on magnetic moments of
atoms in excited states) and Pauli paramagnetism (based on magnetic mo-
ments of conduction electrons). Basically, the Langevin paramagnetism
is the dominating effect with χmLangevin � χm

Pauli ≈ χmVan-Vleck.

2.1.2 Diamagnetism
Similar to paramagnetism, the effect of diamagnetism only occurs for ex-
isting (non-zero) externally applied magnetic fields. In contrast, the net
magnetization of diamagnetic materials points in the opposite direction
of the applied magnetic field and consequently the magnetization coun-
teracts its cause: the magnetization of the material becomes the more
negative the higher the applied magnetic field strength. In other words,
the magnetic susceptibility χm < 0 leads to magnetization curves, which
show a negative slope.

2.1.3 Ferro-, antiferro- & ferrimagnetism
Ferromagnetism is the most common and well-known type of magnetism
in everyday life since the effect can easily be observed without any ex-
ternally applied magnetic fields. Typical ferromagnetic materials such
as iron or neodymium iron boron constitute magnetic domains with mi-
crometer scale when the temperature T is less than the material-specific
Curie temperature TC at which the magnetization vanishes due to dis-
ordering of the magnetic domains. Below TC , each magnetic domain
shows a net magnetic moment, which is formed by coupled single mag-
netic moments of the atoms. All magnetic domains, which are named
Weiss domains, are separated through so-called Bloch walls. Externally
applied magnetic fields lead to reorientations of the net magnetic moments
of the magnetic domains towards field direction (χm > 0, µr > 1). Once
magnetized, some of the magnetic domains linger in their current state
such that remanence is preserved when the externally applied magnetic
field is switched off. Due to the remanence effect, ferromagnetic materials
show magnetization curves with hysteresis in contrast to paramagnetic
materials. Furthermore, the saturation magnetization Ms, which is the
result of aligned magnetic domains, is already reached for comparably low
magnetic field strengths.

Note that due to corresponding exchange interaction, there are also some
materials, which form opposing net magnetizations in adjacent atoms.
Such macroscopically again non-magnetic materials are called antiferro-
magnetic. For an antiferromagnetic material, the Néel temperature TN
is the equivalent of the Curie temperature for ferromagnetic material at
which the magnetic properties of the material change. Above TN , antifer-
romagnetic material typically shows paramagnetic behavior.
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Furthermore, depending on the crystal structure, there are also materials
forming a mixture of both ferromagnetic and antiferromagnetic ordering
of spin subgrids providing unequally distributed magnetic field strengths.
Such ferrimagnetic materials again have antiparallel oriented magnetiza-
tions in adjacent atoms due to the crystal structure based coupling and cor-
responding exchange interactions. However, the effect of ferromagnetism
is not completely canceled by opposing magnetizations of the neighboring
atoms. Thus, a part of the remanence is preserved. The macroscopic
observable effect of ferrimagnetism is very similar to ferromagnetism as
the magnetization is solely less pronounced than for ferromagnetism.

2.1.4 Superparamagnetism
The effect of superparamagnetism is based on the size reduction of ferro-
or ferrimagnetic material. Both ferro- and ferrimagnetic provide high
values of the magnetic susceptibility χm and low required applied magnetic
field strengths ~H to saturate the net magnetization Ms of the magnetic
Weiss domains. The microscopic size of the Weiss domains depends on the
crystal structure and the magnetic coupling (dominated by the exchange
interaction) of the atoms. It is independent of the macroscopic size of
the material. Small particles consist of several magnetic Weiss domains
and are called multidomain particles. If one pulverizes2 the material such
that the particles’ diameters go below a critical size, there is only one
Weiss domain for each material particle. If now the interaction of particles
is inhibited (for instance by enforcing a certain distance), each particle
can act magnetically independent.
The spatial direction of the single magnetic moment of each particle is sta-
tistically equally distributed due to thermal fluctuations — independent
of whether the particle is free in space and performs Brownianmolecular
movement or the particle is bound to its environment and the magnetic
moment reorients internally. Thus, the macroscopic net magnetization
of all particles is zero when no magnetic field is applied externally. How-
ever, each particle with its magnetic moment ~m will point towards field
direction by trend if the magnetic energy EM of the externally applied
magnetic field is larger than the thermal energy ET . A grain material is
called superparamagnetic if the net magnetization vanishes to zero again
if an externally applied magnetic field is switched off and does not show
any hysteresis effects within the measurement sampling time. Such super-
paramagnetic materials based on ferro- or ferrimagnetic grain structures
reach their saturation magnetization Ms for comparable low externally
applied magnetic field strengths, but do not show any hysteresis effects
due to the independent interplay of single Weiss domains.

2Please note that typically the manufacturing of such nanoparticles is imple-
mented as a growing process of small particles.
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2.2 Magnetic nanoparticles
Micro- and nanoparticles are naturally occuring or synthetically manufac-
tured grains for which the prefixmicro or nano describes the scale such that
nanoparticles are particles with sizes of some nanometers. Nanoparticles
consist of some hundreds of atoms and typically have diameters of some
nanometers up to approximately 100 nm. Nanoparticles are consequently
in the scale of molecules, viruses [16] or bacteria as illustrated in figure 2.2.
Nanoparticles provide a powerful tool to investigate biochemical reactions

5000 nm

100 nm

100 nm

Escherichia coli bacterium SARS-CoV-2 virus

nanoparticle

magnification

Figure 2.2: Nanoparticles are in the size of bacteria and viruses. An
Escherichia coli bacterium illustration with an approximate length of
5 µm and a severe acute respiratory syndrome-related coronavirus (SARS-
CoV-2) model with an approximate diameter of 100 nm, both provided by
Alissa Eckert, MS via Public Health Image Library (PHIL) from Centers
for Disease Control and Prevention (CDC) under public domain, serve
as objects of comparison for the core-shell MNP (created with blender)
with the size of about 100 nm in diameter.

or the interplay mechanisms on molecular levels in industrial, in-vitro or
in-vivo applications as they can be used as nanoscaled sensors or actuators
[17]. Here, electromagnetic fields can serve as physical mediators to access
the interplay properties via measurable signals. The magnetism of MNPs
is the key of control and sensing. In addition to industrial applications,
nanoparticles are already widely used for medical diagnosis or therapy
purposes [18–22]. While intravenously injected radioactive nanoparticle
markers serve as contrast agents in established imaging modalities, MNP
based contrast agents or tracer material promise significant advantages
in addition to highly reduced side effects. MNPs are characterized by a
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magnetic core providing a magnetic (net) dipole moment, which is the
centerpiece of each nanoparticle and determines the magnetic properties.
MNP can spatially be manipulated by externally applied magnetic fields.
While such nanoparticles can be attracted with the help of inhomogeneous
magnetic fields forming a magnetic gradient, homogeneous field configu-
rations can be used to reorient the magnetic dipole moment of a particle.
In comparison to e.g. optical markers, MNPs enable quantifiable inves-
tigations in opaque tissue without apparent disadvantages of radioactive
markers.

2.2.1 Structure
Due to their core size in the nanometer scale with core diameters 1 nm <
dc < 100 nm, MNPs might show (statically) superparamagnetic behavior
(only one single magnetic Weiss domain per core). Note that the core
diameter must go below a critical diameter size, which depends on the
material properties to show superparamagnetic behavior.
Since iron oxide compounds are non-toxic and show good biocompati-
bilities in animal and human tissue, maghemite (Fe2O3) and magnetite
(Fe3O4) lend themselves to be used in application scenarios. MNP systems
with iron oxide based core materials are often called superparamagnetic
iron oxide nanoparticles (SPIOs). However, also other materials like
cobalt ferrite (CoFe2O4) based nanoparticles can serve as model systems
to investigate physical dependences. The manufacturing process of MNPs
is considerably more sophisticated than aforementioned due to high re-
quired standards with respect to e.g. reproducibility or narrow particle
size distributions to enable quantitative investigations. These standards
further affect requirements of the magnetic moment (strongly depending
on the oxidation state), long-term stability, toxicity [23, 24] and finally
unexplored impacts on living organisms [25]. For example, magnetite
based single-core MNPs typically also contain at least some percentage of
wüstite (FeO) [26], which is more stable but reduces the magnetization
strength of the magnetic response due to antiferromagnetic properties of
the oxidation state. In total, the magnetic core of MNPs can be clas-
sified into single-core and multicore structured ones both made of iron
compounds providing a crystal structure with crystralline anisotropies
and a certain shape with shape anisotropy. The crystalline and the shape
anisotropy are typically expected to be uniaxial and summarized in an ef-
fective anisotropy energy density Keff for the sake of convenience. Typical
MNPs consist of a core made of magnetic materials and a nonmagnetic
shell coating made of an organic (superior for biomedical applications) or
anorganic layer. The shell of such core-shell structured nanoparticles is
used to

• protect each particle core against chemical changes (e.g. oxidation),
• stabilize the particle in the particle’s solvent or matrix,
• protect each particle against agglomeration,
• enable the functionalization of the particles’ surface and to
• ensure biocompatibility for in-vivo applications.
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Typical shell materials are silica (amorphous silicon dioxide, SiO2, provid-
ing high chemical stability) or dextran (C6H10O5). The shell might be
electrically charged and further determines properties like pH resistance.
The molecular layer with thickness hs on the particles’ surface enables
stable colloidal suspensions of the nanoparticles in ordinary liquid carrier
fluids. Such liquid particle suspensions are called ferrofluids. As already
mentioned, the particle including the shell layer with its outer diameter
ds = dc + 2hs can be functionalized — typically with the help of carboxyl
groups — by linking e.g. antibodies or drugs. Depending on the function-
alization and the surface charge of the shell, which might interact with e.g.
water molecule dipoles of the carrier liquid, the particle is further charac-
terized by an effective hydrodynamic diameter dh. The structure of MNPs
has a significant impact on the magnetic behavior. Basically, core-shell
nanoparticles as schematically depicted in figure 2.3 are used. However,

dhdsdc
magnetic core

shell

antibody

~m

hs

hs

Figure 2.3: Illustration of an antibody-functionalized MNP with mag-
netic dipole moment ~m, core diameter dc, shell diameter ds and hydrody-
namic diameter dh.

the core structure of such core-shell particles can further be subclassified
into single- and multicore structures. The core of single core nanoparticles
consists a single magnetic Weiss domain. The core of multicore MNPs on
the contrary exhibits a multicrystalline structure where each crystal has a
separate magneticWeiss domain. Due to dipole-dipole and exchange inter-
actions, separate magnetic domains show influences on adjacent domains.
It is obvious that the mathematical description and modeling of multicore
structured MNPs is much more complex. The manufacturing process of
MNPs and corresponding ferrofluids leads to some obstacles and features,
which must be considered. One could think that it should be quite easy
to produce ”grained rust”. But since the nanoparticles are very small and
there are very specific requirements [27–30] regarding the nanoparticles’
properties, the manufacturing process is quite complicated. There are not
so many techniques, which can be used to observe and ensure the particles’
properties during the manufacturing process. For this reason, companies
keep their prescriptions for long-term stable fabrication processes confi-
dential. For research purposes and modeling, biocompatible single domain
core-shell nanoparticle suspensions with all particles having exactly the
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same properties would be preferred. Unfortunately, even the oxidation
levels of the nanoparticles’ cores are not exactly known in the real world.
Further, the (core and hydrodynamic) diameters of the particles differ
among particles within the ferrofluid [31] and might also change between
different batches. Due to the growing process of the nanoparticles during
the manufacturing, MNPs in ferrofluids typically follow a log-normal size
distribution as exemplarly shown in figure 2.5. Such a size distribution
is describable via equation 2.7 as a function of the diameter d having a
mean diameter µd and a standard deviation σd of the natural logarithm
of d.

f(d,µd,σd) = 1√
2πσdd

exp
(

(ln(d)− µd)2

2σd2

)
(2.7)

Note that µd and σd are unitless and must be converted to the scale in
nanometer via equation 2.8 and 2.9 into corresponding arithmetic mean
dµ and arithmetic standard deviation dσ.

dµ = exp
(
µd + σd

2

2

)
(2.8)

dσ =
√

exp
(
2µd + σd

2) · (exp
(
σd

2)− 1
)

(2.9)

One approach to simulate the magnetic behavior of many non-interacting
particles with different properties (e.g. sizes) is to simulate the super-
position of each single signal generated by each particle. Therefore, a
randomized sampling of the parameters can be used, which reproduces
the size distribution as depicted in both figures 2.4a (linear diameters
scale) and 2.4b (logarithmic diameter scale).

2.2.2 Static properties
With MNPs, it does not matter whether the magnetization of a single
MNP is measured as a function of time or whether the magnetization
of an ensemble of particles is observed. The mean signal of both exper-
iments leads to the same result for an infinitely long period of time or
for an infinite number of particles. Therefore, MNPs can be thermody-
namically referred to as an ergodic system. From a static perspective,
MNPs with spatially equally distributed magnetic moments show a super-
paramagnetic behavior. After applying a homogeneous external magnetic
field, the magnetic moment of each particle reorients towards field direc-
tion. When the external magnetic field is switched off, no remanence
is observed since all magnetic moments of the particles relax thermally
induced equally distributed in all spatial directions again and the sum
of all magnetic moments becomes zero. The static magnetization curve
is described via the Langevin function (see section 2.2.4). Technically
speaking, superparamagnetic properties are only given for adequate time
windows since the dynamic reorientation process must be waited for.
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Figure 2.4: Simulated continuous and randomly discrete sampled (rand.)
log-normal size distribution with dc,µ = 25.0 nm, dc,σ = 1.0, n = 10000
sampled particles with core diameters in the range 0.1 nm ≤ dc ≤
100.0 nm. Here, f(x) is the probability density function and F (x) de-
notes the probability distribution function.

2.2.3 Dynamic properties
The reorientation of the magnetic moment of a single MNP or the net
magnetic moment of a MNP ensemble is a time-dependent process. On
closer inspection, the reorientation does not occur instantaneously but is
delayed. For the case of an applied magnetic field forming a step function,
which is switched off at time t0 when the net magnetization has reached
the equilibrium state, the magnetic response of the sample under test can
be described by an exponential decay with time constant τ as shown in
equation 2.10. Of course, this simplification is just valid for a single type
of MNPs with all particles having the same properties.

M(t) = Ms exp
(
− t
τ

)
(2.10)

Due to thermal fluctuations, the net magnetization decreases until it
vanishes to zero for time t → ∞. The time constant τ can directly be
determined experimentally in magnetorelaxometry (MRX) measurements,
which replicates the abovementioned process of applying and switching off
an external magnetic field. The reason of the reorientation of the magnetic
moment when the applied magnetic field changes is given by two different
mechanisms: the Néel and the Brownian relaxation. Externally applied
magnetic fields orient the magnetic moment towards field direction as a
result of energy minimization. It should be noted that relaxation times
differ between the following two states:
• when the externally applied magnetic field is switched on, the mag-
netic field actively rotates the magnetic moment whereas thermal
fluctuations work against the alignment towards field direction
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• when the externally applied magnetic field is switched off, thermal
fluctuations lead to equally distributed orientations of the magnetic
moments (zero magnetization in sum)

In the following, the relaxation times are separately considered for both
cases. Firstly, zero-field relaxation times (corresponding to the case of
a field, which is switched off) are introduced. The more complicated
field-dependent relaxation times are presented afterwards. For the sake
of convenience, the following considerations presume spherical particles.
Please note that real nanoparticles exist in various geometries and are not
spherical in most cases. For some applications, it must even be desirable
that the geometries of MNPs are not spherical, but, for example, cubic
or cylindrical (called nanorods). However, the average geometry of an
ensemble of MNPs behaves like an examination of spherical particles.
Thus, this approximation is justifiable in most cases.

Néel relaxation
The Néel relaxation [32] specifies the internal reorientation of the mag-
netic moment caused by externally applied magnetic fields. The zero-
field Néel relaxation time τN0 [33–36] is given by the Néel -Svante Arrhe-
nius equation:

τN0 = 1
2DrN

=

τ0︷ ︸︸ ︷√
π

2
√
KeffVc
kBT

Ms(1 + α2)
2Keffγα︸ ︷︷ ︸
τ∗0≈1 ns

exp
(
KeffVc
kBT

)
. (2.11)

It depends on the anisotropy energy EA = KeffVc with the effective
anisotropy energy densityKeff and the core volume Vc, the thermal energy
ET = kBT with the Boltzmann constant kB ≈ 1.38× 10−23 J/K and ab-
solute temperature T , the saturation magnetizationMs, the gyromagnetic
ratio of an electron γ = 1.76× 1011 rad/(s T) and the empirically iden-
tifiable material-specific damping parameter α ≈ 0.1. Here, DrN is the
magnetic diffusion constant. There are different expressions for the zero-
field Néel relaxation time in literature as shown in equations 6.1 to 6.5 in
the appendix B. Some of them are equivalents and some of them are over-
simplified: in some references, the prefactor of the exponential function
is summarized as τ0 for the sake of convenience. Please note that in this
case, the prefactor differs in a wide range 1× 10−13 s / τ0 / 1× 10−9 s
for typical particle properties as used here and it is not as simple as men-
tioned often with τ0 ≈ 1 ns. Legitimately, only the prefactor τ∗0 can be
approximated with τ∗0 ≈ 1 ns [37].
When an external magnetic field is applied, the zero-field relaxation times
are only approximations for the case of low applied magnetic field strengths.
For high magnetic field strengths, there is no proven mathematical ex-
pression but only estimates for the field-dependent Néel relaxation time.
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For a static applied magnetic field and easy axes aligned with the mag-
netic field direction, the field-dependent Néel relaxation time τNH can be
approximated via [37, 38]

τNH =
√
π

2
√
KeffVc
kBT

Ms(1 + α2)
2Keffγα

exp

(
KeffVc
kBT

(
1− µ0HMs

2Keff

)2
)

.

(2.12)

While the prefactor of the exponential factor stays the same, the field
dependence is modeled as an adjusted parameter of the exponential func-
tion.

Brownian relaxation
A single spherical particle with smooth surface, which penetrates a ho-
mogeneous fluid in a laminar flow with velocity ~v, experiences a friction
force ~Fd on its surface. The frictional force depends on the dynamic vis-
cosity η of the surrounding Newtonian liquid and the particle’s radius rp,
both being part of Stokes ’ friction factor for a laminar flow ξlam = 6πηrp
[39]. Note that the dynamic viscosity is generally temperature-dependent.
Stokes ’ drag force is then given by Stokes ’ law of laminar flow shown in
equation 2.13.

~Fd = 6πηrp~v = ξlam~v (2.13)

If the particle contains a magnetic core with magnetic moment ~m and the
particle’s shell surfactant is fixed with the magnetic core, a homogeneous
externally applied magnetic field results in a reorientation with angular
velocity ~ω of the whole particle with the magnetic moment pointing into
field direction due to energy minimization. Again, a frictional force is
acting on the particle’s surface but in this case, Stokes ’ friction factor for
a rotational movement ξrot must be taken into account to calculate the
drag torque ~Td as given in equation 2.14.

~Td = 8πηrp3~ω = ξrot~ω (2.14)

The Stokes -Einstein -Debye equation in 2.15 describes the rotational dif-
fusion coefficient of a rotating sphere. The rotational diffusion constant
DrB defines the relationship between thermal energy ET = kBT and
Stokes ’ rotational friction factor ξrot. With increasing temperatures, the
diffusion is more pronounced and the value of DrB increases as well. This
effect decreases with increasing values of the dynamic viscosity η or for
larger particles.

DrB = ET
ξrot

= kBT

8πηrp3 (2.15)



2.2 Magnetic nanoparticles 15

The hydrodynamic volume Vh = 1
6πdh

3 = 4
3πrh

3 of a particle with hy-
drodynamic diameter dh and hydrodynamic radius rh = dh

2 , respectively,
is an estimate for the effective volume interacting with the surrounding
matrix (liquid, gel, . . . ) of a nanoparticle. The effective volume differs
from the volume covered by the surfactant since surface charges dragging
charged molecules (e.g. H2O) and functionalizations can further increase
the hydrodynamic volume. Taking into account the hydrodynamic vol-
ume, the zero-field Brownian relaxation time τB0 is given by equation
2.16.

τB0 = 1
2DrB

= 1
2

8πηrh3

kBT
= 3ηVh
kBT

(2.16)

Applied magnetic fields ~H with absolute magnetic field strengths H lead
to significant reduction of both the Néel and the Brownian relaxation time.
At present, there are only phenomenologically derived equations to cover
the field dependence of the Brownian relaxation time. One approach to get
an expression describing the field-dependent Brownian relaxation time was
introduced by Yoshida and Enpuku who solved the Fokker-Planck equation
for Brownian particles in a homogeneous sinusoidal field [40]. The derived
equation with fitting parameters αB = 0.126 and βB = 1.72 and ξE =
mµ0H
kBT

= mB
kBT

= EM
ET

being the ratio of magnetic and thermal energy is
shown in equation 2.17.

τBH = 1√
1 + αBξE

βB

τB0 (2.17)

Note that equation 2.17 just holds for ac field excitation and the coefficients
αB and βB have to be adapted to the corresponding application scenario.
A more complicated phenomenological model considering the change of
the ac susceptometry (ACS) spectrum shape at high ac fields can be found
in [41].

Effective relaxation
Both the Néel and the Brownian relaxation time are time constants de-
scribing two different and separate processes of magnetic decays gN (t)
(Néel process) and gB(t) (Brownian process) but in general, both pro-
cesses take place at the same time. The modeling of coupled Néel and
Brownian relaxation processes is very complicated, associated with a huge
computational effort and still subject of research since both processes
interact with each other. Nevertheless, a simple approach to take into
account both processes (without interaction) is to introduce the effective
relaxation time τeff, which represents a good approximation at low ap-
plied magnetic field strengths. The corresponding magnetic decay process
geff(t) is the superposition of both single relaxation processes with the
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Néel relaxation time τN and the Brownian relaxation time τB (indepen-
dent of whether the zero-field or the field-dependent relaxation times are
used):

geff(t) = Ms exp
(
− t

τeff

)
= gN (t)gB(t) (2.18)

= Ms

(
exp
(
− t

τN

)
exp
(
− 1
τB

))
= Ms exp

(
−t
(

1
τN

+ 1
τB

))
(2.19)

The resulting effective relaxation time thus follows

1
τeff

= 1
τN

+ 1
τB

(2.20)

and can be modeled as parallel arrangement of both the Néel and the
Brownian relaxation times as summarized in

τeff = τN τB
τN + τB

. (2.21)

The relaxation time is a measure for the minimum time span the particle
requires to follow an externally applied magnetic field. If the change of the
externally applied magnetic field is slower than the relaxation time, the
particle can of course still follow the field. In the case that the frequency
of the applied magnetic field is much faster than the relaxation time, the
particle is not able to follow the field anymore. Therefore, the inverse
of the effective (characteristic) relaxation time τeff is called the effective
(characteristic) frequency fchar = τeff

−1.
The influence of a monomodal log-normal core and hydrodynamic size
distribution representing a MNP system with constant shell thickness on
the Néel , the Brownian and the effective relaxation time distribution is
shown in figure 2.5. While the Néel relaxation process (depending on the
core size distribution) can result in very short relaxation times for small
core sizes, its exponential dependence ends up in very long relaxation
times for large core sizes and stretches the probability density function
of the relaxation time distribution along the relaxation time axis. The
effective relaxation time is dominated by the shorter one of both relaxation
times and thus the probability density function of the effective relaxation
time adapts to the corresponding curves in figure 2.5b.

Intrinsic loss power & specific absorption rate
MNPs can be used as e.g. contrast agents or tracer material in diagnostic
applications. However, there is also a wide range of applications with
respect to therapeutic usage. Alternating magnetic excitation fields re-
sult in reorientation processes of the magnetic moments of nanoparticles,
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Figure 2.5: Monomodal log-normal core and hydrodynamic size distri-
butions (a) lead to pronounced relaxation time distributions (b).

which in turn yield thermal losses [42]. Such thermal losses can be used
to dissolve thermoresponsive surfactants to deliver surface-mounted drugs
or to generate local heat (local fever) to destroy malign cells when the
nanoparticles are placed in the neighborhood or are linked to them. MH
plays an upcoming important role in cancer treatment. For such appli-
cations, specifically functionalized MNPs, which attach to cancer cells
can be used to induce local temperature increases by externally applied
magnetic ac fields [43]. Since specific functionalization is still subject of
research and might not be available for the corresponding cell structure,
further magnetic gradient fields can be used to guide the magnetic ma-
terial close to the malign tissue. This guiding is called drug targeting
or drug delivery. The induced local fever destroys the cancer cells and
spares surrounding healthy tissue. In comparison to classical cancer treat-
ment like chemotherapeutics, side effects are significantly reduced. The
normal average body temperature is 36.8 ◦C. Cancer cells are induced to
apoptosis at around 42 ◦C, whereas healthy tissue can be exposed to a
little higher temperatures of around 43 ◦C before it is damaged. Thus,
cancer cells are more sensitive to temperature changes. Nevertheless, it
is of utmost importance to be able to control the temperature of heated
MNPs during cancer therapy to reduce side effects. From a physical point
of view, a temperature controller for MH presumes a measurement tool
for the actual value, a temperature predictor for given actuating variables
and a model for the control path. MPI could serve as the measurement
tool for the actual value since the dynamic harmonic fingerprint scales
with temperature changes. Thus, the temperature distribution can be
imaged in parallel to spatial distribution. The heating power of MNPs
is typically modeled by the specific absorption rate (SAR). To measure
the SAR for a given nanoparticle system, the temperature change dT
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of the particles’ matrix is measured in a certain time range dt. Using
the specific thermal capacity ct ([ct] = J/(kg K)) of the matrix material,
the SAR ([SAR] = J/s = W) value can be determined via calorimetric
measurements using the relationship

SAR = ct
dT

dt
. (2.22)

Equation 2.22 assumes the sample under test to be an adiabatic system,
which means that it absorbs the heating power completely and continuous
heating power input leads to linearly increasing temperatures over time.
For the determination of the SAR from experimental data, the sample
under test must therefore be perfectly thermally shielded against its envi-
ronment. Since almost perfect thermal shielding leads to significant and
impractical effort in the measurement system’s design, the SAR value
can just be approximated in the linear range of the diabatic measurement
curve as shown in figure 2.6a. The period of time ∆t, which is required

(a) Adiabatic versus diabatic systems (b) Hysteresis loop

Figure 2.6: Adiabatic versus diabatic systems and Fokker-
Planck simulated hysteresis loop for a particle rotating via Brown-
ian relaxation only (Ms = 360 kA/m, T = 298.15 K, dc = 25.0 nm,
dh = 100.0 nm, f0 = 1.0 kHz, H = 25.0 mT/µ0, η = 1.0 mPa s).

to heat a microtiter well filled with MNP suspension having a sample
mass msample can be determined from the SAR value by equation 2.23
with ct being the specific heat capacity of the medium and ∆T being the
temperature difference.

∆t =
ctmsample∆T

SAR (2.23)

The specific loss power (SLP) is a measure of the heating efficiency of
MNPs, which gives the heating power independent of the sample mass
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msample. It can be derived from the SAR by normalizing the value to the
particle mass as shown in

SLP = SAR
msample

= ct
msample

dT

dt
. (2.24)

The intrinsic loss power in equation 2.25 is another characteristic heating
efficiency parameter.

ILP = SAR
f0H2 = ct

f0H2
dT

dt
(2.25)

Here, f0 denotes the frequency f0 andH is the magnetic field strength am-
plitude of the applied magnetic field. The intrinsic loss power (ILP) value
was introduced as comparable measure when the heating power of MNPs
might be determined with different setups and different measurement pa-
rameters (frequency of magnetic field amplitude). Equation 2.25 assumes
the frequency dependence to be linear and the field dependence to be
squared. Heating power of MNPs excited by externally applied magnetic
fields is generated by the nanoparticles’ Brownian (surface friction losses)
and Néel (reversal magnetization losses) relaxation. Nanoparticle dynam-
ics lead to temporally delayed (phase-shifted) magnetization responses to
externally applied magnetic fields. Thus, statically superparamagnetic
nanoparticles show dynamic hysteresis loops in dynamically stimulated
scenarios. In addition, magnetic hysteresis losses based on exchange in-
teractions in multicore structured nanoparticles are observed.

The intrinsic loss power can be approximated by using the imaginary part
of the magnetic susceptibility χ′′m (complex-valued in frequency space)
from ACS measurement with ρ being the mass density via

ILP = SAR
f0 ·H2 ≈

πµ0χ
′′
m(f0)f0H

2

ρf0H2 = πµ0χ
′′
m(f0)
ρ

(2.26)

or by integrating enclosed area of dynamic magnetic hysteresis loops as
indicated in figure 2.6b and discussed in detail in section 3.3.2.

2.2.4 Modeling
In order to introduce the reader, the most simple models describing the
static properties of MNPs are shown in the beginning of this section. Dy-
namic models [44] require a certain theoretical background and a compre-
hensive literature research incorporating comparisons of theory and valida-
tion. Thus, we start the dynamic modeling section with the basic equation
of the theory of Brownianmovement: the Langevin equation . Please note
that the Langevin function (describing the static magnetization curve) is
completely different from the Langevin equation . The Langevin equa-
tion is an equation of motion and can be used to study dynamic mag-
netization reorientations by simulating the superposition of a sufficient
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number of single particles. Equivalenty, the Landau-Lifshitz-Gilbert equa-
tion corresponds to the Néel relaxation process [45, 46]. A more efficient
way with restrictions regarding mathematical solutions is to describe the
magnetization of a MNP ensemble by time-dependent probability density
functions. The solution of the resulting Fokker-Planck equation exist for
both the description of Néel [47] and Brownian [48] relaxation for one-
dimensional magnetic excitation fields [36, 49–51]. At present, there are
no explicit formulations of Fokker-Planck based models for the description
of three-dimensional excitations of MNP ensembles. First coupled relax-
ations have been studied in [52, 53]. Further, the effective fieldmodel is
introduced, which is a simple model able to approximate three-dimensional
excitation scenarios. However, it fails when having a closer look at the
harmonic response. The section is concluded with the Debyemodel and
its extensions.

When modeling the magnetic response of MNPs with the following models
and their simplifications, please note that at least the following presum-
ably non-correct assumptions are implied in all available models and must
be considered to be part of deviations between simulated and experimental
data:

• approximated field dependence of relaxation times might be over-
simplified

• only decoupled Néel and Brownian relaxation processes are modeled

• relaxation times are derived for static applied fields

• particles are considered to be spherical, of single-core type and
homogeneously magnetized

• anisotropies are modeled as uniaxial effective ones without specifi-
cally distinguishing between crystal and shape anisotropy

• the particles’ surface is assumed to be smooth and fixed sticking to
the core material

• for Brownian rotation, a laminar surface flow is assumed

• the suspension liquid or environmental matrix is described via a
dynamic viscosity which is applicable for incompressible Newtonian
fluids only

• the dynamic nanoviscosity is expected to be the same as the macrorhe-
ologically measured one

• particle-particle interactions are neglected

• the influence of electrical fields is neglected, i.e. the particles are
assumed to be insulating and no eddy currents are taken into account
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Figure 2.7: Illustration of the energy disequilibrium described by the
Stoner-Wohlfarthmodel.

Stoner-Wohlfarth model
The Stoner-Wohlfarthmodel [54] describes the stored energy in a ferromag-
netic system. It can directly be applied to a MNP providing an uniaxial
effective anisotropy with anisotropy energy density Keff, also called the
anisotropy constant [55]. Such effective anisotropies result from crystal,
surface and shape anisotropies. When the magnetic moment ~m is de-
flected out of the easy axis pointing towards the director ~n, the anisotropy
energy required to deflect the magnetic moment depends on the angle
ϕ~m,~n enclosed by the magnetic moment ~m and the director ~n, which can
further be expressed as a function of the angle between both vectors ~m
and ~H: ϕ~m,~n = ϕ

~n, ~H
− ϕ

~m, ~H
with ϕ

~n, ~H
being the angle between the

easy axis’ director ~n and the applied magnetic field ~H. The anisotropy
energy is given by

EA = KeffVc sin2
(
ϕ~m,~n

)
. (2.27)

Now assume that the magnetic moment ~m is in equilibrium state and
points towards the anisotropy axis ~n. If an externally applied magnetic
field ~H with magnitude H = | ~H| and direction ~H| ~H|−1 is applied as
illustrated in figure 2.7, the system exhibits a magnetic energy: The
Zeeman energy is the energy required to deflect the magnetic moment ~m
out of the direction of the applied magnetic field ~H, also called the stored
potential energy. The enclosed angle ϕ

~m, ~H
between both the magnetic

moment and the applied field leads to the Zeeman energy term in equation
2.28.

EZ = −MsVcµ0H cos (ϕ
~m, ~H

) = −mB cos (ϕ
~m, ~H

) (2.28)

The total magnetic energy EM of the ferromagnetic system is given by
the sum from both energies as summarized in equation 2.30.
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Figure 2.8: Normalized Stoner-Wohlfarthmodel energy landscape of a
MNP (Ms = 360 kA/m, dc = 25 nm, Keff = 10 kJ/m3) as a function of
both angles ϕ ~H ,~n

and ϕ~m,~n at different applied magnetic field strengths.

EM = EA + EZ (2.29)

= KeffVc sin2
(
ϕ~m,~n

)
−MsVcµ0H cos (ϕ

~m, ~H
) (2.30)

To write the energy equation as a function of non-squared trigonomet-
ric functions, Stoner and Wohlfarth normalized the equation to 2EA =
2KeffVc as shown in equation 2.31.

EM
2EA

= EM
2KeffVc

= 1
4 −

1
4 cos

(
2ϕ~m,~n

)
− Msµ0H

2Keff
cos
(
ϕ
~m, ~H

)
(2.31)

Figure 2.8 shows the normalized energy landscape of equation 2.31 as
a function of both angles ϕ

~m, ~H
and ϕ~m,~n at different magnetic field

strengths H. Since the total magnetic energy term EM maintains a
direction when introducing angle dependencies of the anisotropy energy
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EA and the Zeeman energy EZ , EM can become negative. The energy
maps are colored from red energy barriers to blue energy minima. Dark
blue areas represent the preferred states of the magnetic moment due
to energy minimization. As can be seen from figure 2.8a, the energy
map is independent of the angle ϕ ~H ,~n

if the magnetic field strength is
H = 0 mT/µ0 and energy minima occur at ϕ~m,~n = 0 and |ϕ~m,~n| = π,
where the magnetic moment points towards the uniaxial easy axis with
director ~n or the opposite direction. If the magnetic field strength H of an
externally applied magnetic field is H > 0, energy minima are observed
for the case that the magnetic energy cancels the anisotropy energy. The
energy equipotential areas shift from vertical towards sloped equipotential
areas with increasing magnetic field strengths H and the energy landscape
tends to EM

2EA

∣∣
ϕ ~H ,~n

=ϕ~m,~n
→ min. at H →∞.

Langevin function
On atomic levels, the magnetization of ideal paramagnets with a quantity
of material N can be described via the Brillouin function [56], which
depends on the total angular quantum number Jtam as follows:

M(H) = NgµBJtam· (2.32)(
2Jtam + 1

2Jtam
coth

(
2Jtam + 1

2Jtam
gµBJtamµ0H

kBT

)
(2.33)

− 1
2Jtam

coth
(

1
2Jtam

gµBJtamµ0H
kBT

))
. (2.34)

When the total angular momentum quantum number Jtam →∞ assumes
all possible values (the magnetic moments are continuously aligned), the
Brillouin function simplifies into the Langevin function [35] L (ξE) =
M(ξE)Ms

−1 shown in equation 2.35 and plotted in figure 2.9.

M(H) = MsL (ξE) = Ms

(
coth (ξE)− ξE−1

)
(2.35)

Here, Ms is the material-specific saturation magnetization. The Langevin
parameter ξE = mµ0H

kBT
= mB

kBT
= EM

ET
denotes the ratio of magnetic

energyEM and thermal energyET . The magnetic energy as a consequence
of applying an external magnetic field is given by the product of the
magnetic moment m of the MNP and the flux density B = µ0H of
the externally applied magnetic field, which can directly converted to
the magnetic field strength H via the permeability µ0 of the vacuum.
Figure 2.9 shows the Langevin function for a typical particle saturation
magnetization Ms = 360 kA/m with a core diameter of dc = 25 nm at
room temperature T = 298.15 K (25.0 ◦C).
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linear range:

χ = dM
dH ≈ ∆M

∆H

nonlinear range

χ 6= const.
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Figure 2.9: Simulated static magnetization curve (a) and its normalized
derivative (b) of typical superparamagnetic nanoparticles with saturation
magnetization Ms = 360 kA/m, dc = 25 nm at room temperature T =
298.15 K. Linear range for low externally applied magnetic field strength
H is highlighted via a gray/blue-colored background area.

Note that the Langevin function considers only the interplay of magnetic
and thermal energy and neglects any anisotropy effects. Further, it de-
scribes the thermodynamic adiabatic case with no thermal interaction
between the particles and their carrier (matrix or liquid). This is why the
Langevin function does not show any hysteresis since enclosed areas under
magnetization curves constitute thermal loss powers.
The Langevin function is the most simple model for MNPs describing the
nonlinear dependence of the magnetization of a superparamagnetic mate-
rial as a function of the applied magnetic field strength. As highlighted
in figure 2.9, the magnetization curve can be sectioned into a linear and
a nonlinear regime. The slope of the magnetization curve — the so-called
magnetic susceptibility χm — is constant in the linear range and depends
on the applied magnetic field strength in the nonlinear range.

Langevin equation
The stochastic Langevin equation [35] in 2.36 is an ordinary differential
equation, which describes the time evolution of the Brownian rotational
movement of a magnetic dipole moment ~m including white-noise thermal
fluctuations ~λwn.

∂ ~m

∂t
= 1
ξrot

thermally induced︷ ︸︸ ︷
~λwn(t)× ~m(t) + 1

ξrot

externally induced︷ ︸︸ ︷
[~m(t)× ~B(t)]× ~m(t) (2.36)

In words, the change of the magnetic moment’s orientation depends
on the stochastic driving torque based on thermal fluctuations (Brow-
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nianmovement) and on the torque based on the externally applied mag-
netic field with flux density ~B. Both torques are reduced by the fric-
tion, modeled by the rotational friction coefficient ξrot = 2kBTτB0 =
2kBT3ηVh(kBT )−1 = 6ηVh, acting on the magnetic dipole during the ro-
tational movement. The mean value of the white noise is given by 〈λi(t)〉 =
0 autocorrelated in time with 〈λwni(t)λwnj (t′)〉 = 2kBTξrotδi,jδ(t− t′).

In principal, the Langevin equation is nothing else than Newton ’s law of
motion. Newton ’s law of motion can be applied to macroscopic physical
processes but to a nanoparticle as well. The well-known relationship
describes the translational movement of a single particle embedded in a
media. The force acting on an accelerated three dimensional object can be
calculated via the force of acceleration ~F~a(t) = mmass ·~a(t). Additionally,
the friction force of the media on the surface of the object ~F~v(t) = ξ ·~v(t)
must be included where ξ is the Stokes ’ friction coefficient and ~v is the
velocity of the object as given by Stokes ’ law. The superposition of the
forces is given in equation 2.37.

∑
i

~F i = mmass ·

~a(t)︷ ︸︸ ︷
∂~x(t)2

dt2︸ ︷︷ ︸
~F~a(t)

+ ξ ·

~v(t)︷ ︸︸ ︷
∂~x(t)
dt︸ ︷︷ ︸

~F~v(t)

= 0 (2.37)

Random fluctuations evoked by temperature influences affect the particle
and can be modeled as a stochastic force source ~F s(t) with 〈~F s(t)〉 = 0 and
〈~F s,i(t)~F s,j(t)〉 = 2ET ξδi,jδ(t−t′) due to collisions with media molecules,
which are continuously acting on the particle. The resulting equation is
given by 2.38.

mmass · ~a(t) + ξ · ~v(t)− ~F s(t) = 0 (2.38)

For spherical particles, the translational Stokes ’ friction factor can be
derived from integrating acting forces on the sphere’s surface and yields
to ξlam = 6πηrh3. The rotational Stokes ’ friction factor is given by
ξrot = 8πηrh3 = 8πη

( 3
4πVh

)
= 6ηVh. Externally applied magnetic fields

usually lead to spatial rotations of the MNPs having a magnetic moment
~m due to magnetic forces acting on the magnetic dipole. A representation
of the Brownian rotation in spherical coordinates, respectively Euler angles
is obvious.

Newton ’s law of rotational motion can be applied to a particle in the
same way as Newton ’s law of translational motion and corresponds to
the Langevin equation in Euler angle representation. It describes the
sum of torques

∑
i

~T i acting on the magnetic dipole. The equation in
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2.39 includes the displacement angle ~ϕ(t) = (ϕx(t),ϕy(t),ϕz(t))T , the
deflecting moment (torsion constant) ~µd(t), the angular velocity ~ω(t) =
∂~ϕ(t)
∂t , the friction tensor Ξ, the angular acceleration ~a(t) = ∂2~ϕ(t)

∂t2
and

the moment of inertia tensor J .

∑
i

~T i = J ·

~a(t)︷ ︸︸ ︷
∂2~ϕ(t)
∂t2︸ ︷︷ ︸

~T~a(t)

+ Ξ ·

~ω(t)︷ ︸︸ ︷
∂~ϕ(t)
∂t︸ ︷︷ ︸

~T~ω(t)

+ ~µd · ~ϕ(t)︸ ︷︷ ︸
~T ~ϕ(t)

= 0 (2.39)

Note that the friction tensor is Ξ = ξrot · I = 6ηVh · I for a sphere
with I being the identity matrix and becomes much more complicated for
arbitrary geometries. The moment of inertia for an ellipsoid is given by

J =

 1
5mmass(ey2 + ez

2) 0 0
0 1

5mmass(ex2 + ez
2) 0

0 0 1
5mmass(ex2 + ey

2)


(2.40)

with ex,ey and ez being the ellipsoidal semiaxes. For a sphere, it simplifies
to rp = ex = ey = ez with the same value on the principal axis of the
matrix J = 2

5mmassrp2 · I for the sphere’s radius rp. Both the friction
and the moment of inertia tensor must be rotated during each time step
of the differential equations’ prosecution.
Similar to the original Langevin equation approach, temperature-dependent
stochastic influences yield a stochastic source torque ~T s(t) acting on the
magnetic dipole moment. An externally applied magnetic field also results
in a source torque ~T ~m(t) = ~m × ~Bext(t) acting on the magnetic dipole
moment ~m.

J ·

~a(t)︷ ︸︸ ︷
∂2~ϕ(t)
∂t2︸ ︷︷ ︸

~T~a(t)

+ Ξ ·

~ω(t)︷ ︸︸ ︷
∂~ϕ(t)
∂t︸ ︷︷ ︸

~T~ω(t)

+ ~µd · ~ϕ(t)︸ ︷︷ ︸
~T ~ϕ(t)

= ~T ~m(t) + ~T s(t) = ~T eff(t) (2.41)

As shown in equation 2.41, both source torques can be combined to an
effective torque ~T eff(t) since thermal fluctuations can also be modeled as
an magnetic fluctuation field (equation 2.42) which can be included in an
effective magnetic field acting on the magnetic dipole moment.

~Heff,B(t) =

external︷ ︸︸ ︷
~Hext(t) +

fluctuations︷ ︸︸ ︷
~Hflc,B(t) (2.42)



2.2 Magnetic nanoparticles 27

This leads to the forced damped rotational oscillation in equation 2.43.

~m(t)×

~Beff,B(t)︷ ︸︸ ︷(
µ0 · ~Heff,B(t)

)︸ ︷︷ ︸
~T eff(t)

= J ·

~a(t)︷ ︸︸ ︷
∂2~ϕ(t)
∂t2

+Ξ ·

~ω(t)︷ ︸︸ ︷
∂~ϕ(t)
∂t

+~µd · ~ϕ(t) (2.43)

In most geometries of MNPs, the deflecting moment can be neglected
since there is almost no torsion on a particle. If the mass mmass of the
particle is small, the moment of inertia J can be neglected as well. Under
these considerations, equation 2.43 simplifies to equation 2.44.

~m(t)×

~Beff,B(t)︷ ︸︸ ︷(
µ0 · ~Heff,B(t)

)︸ ︷︷ ︸
~T ~m(t)

=��7
0

J ·

~a(t)︷ ︸︸ ︷
∂2~ϕ(t)
∂t2

+Ξ ·

~ω(t)︷ ︸︸ ︷
∂~ϕ(t)
∂t

+���
0

~µd · ~ϕ(t) (2.44)

The equation can now be rearranged for the temporal derivation of the
angle ~ϕ(t), which leads to the ordinary differential equation 2.45.

∂~ϕ(t)
∂t

= Ξ−1 ·

~m(t)×

~Beff,B(t)︷ ︸︸ ︷(
µ0 · ~Heff,B(t)

)︸ ︷︷ ︸
~T ~m(t)

 (2.45)

Equation 2.45 is the Euler angle representation equivalent of the Langevin
equation in 2.46 which just requires the introduction of a further cross
product with the magnetic moment vector ~m and is given for spherical
particles with Ξ−1 = (6ηVh)−1.

∂ ~m(t)
∂t

= 1
6ηVh

·

~m(t)×

~Bext(t)︷ ︸︸ ︷
µ0 · ~Hext(t)︸ ︷︷ ︸
~T ~m(t)

−~Ts(t)

× ~m(t) (2.46)

The magnetic moment of a MNP is typically in the range of some aAm2.
To reduce numerical problems for such small numbers and to make re-
sulting values easier to be evaluated, equation 2.46 can be expressed as a
function of the reduced magnetic moment vector ~m0 with |~m0| = 1. The
Langevin equation for the reduced magnetic moment is given in 2.47.

∂ ~m0(t)
∂t

= MsVc
6ηVh

·

~m0(t)×

~Bext(t)︷ ︸︸ ︷
µ0 · ~Hext(t)︸ ︷︷ ︸

~T ~m0(t)

−~Ts(t)

× ~m0(t) (2.47)
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Here, the magnetic moment vector ~m is substituted by the reduced mag-
netic moment via ~m = ~m0MsVc. The stochastic torque ~T s =

√
2 · ξ · ET ·

~λwn is expressed as a zero-mean 〈~λwn〉 = 0, delta-autocorrelated in time
〈~λwn,i~λwn,j〉 =

√
2 · ξ · ET · δijδ(t − t′) white noise process vector ~λwn.

The orientation of the stochastic torque is equally distributed in space.
Therefore, the position of the stochastic term in the cross-product, which
is non-commutative, is insignificant and can directly be included into an
effectively acting field ~Heff,B(t) as shown in equation 2.48 to get a similiar
representation as in 2.45.

∂ ~m0(t)
∂t

= MsVc
6ηVh

·


~m0(t)×

~Beff,B(t)︷ ︸︸ ︷
µ0 · ~Heff,B(t)︸ ︷︷ ︸
~T ~m0(t)

× ~m0(t)

 (2.48)

Equation 2.48 represents a first-order ordinary differential equation, which
in principal could me modeled via the Euler scheme in equation 2.49.

~m0(t+ ∆t) = ~m0(t) + ∂ ~m0(t)
∂t

·∆t (2.49)

However, with thermal influences, corresponding numerical integration
schemes like Euler -Maruyama covering such stochastical impacts must be
used instead of standard integration schemes like Euler or Runge-Kutta .
The Euler angle representation (equation 2.43) of the Langevin equa-
tion has the advantage of preserved lengths of the magnetic moment vec-
tor ~m since the magnetic moment’s magnitude |~m| is independent of the
differential equation, which just models the change in direction. Note
that in simulation scenarios, the absolute value of the magnetic moment
must be constant over time per definition and constitutes a good measure
to validate the reliability of simulation data. A vanishing magnitude of
the magnetic moment during the simulation indicates too large time steps
∆t of the iterative calculation. A further advantage is that additional
particle properties like the particle mass — which might become relevant
for microparticles — can be included into the differential equation.
Figure 2.10 shows a general time-resolved motion simulation of the mag-
netic moment via the Euler angle representation of the Langevin equa-
tion of an ellipsoidal particle with a principal axis pointing towards z
direction and being twice as long as the minor axes (ez = 2 ·ex = 2 ·ey) in-
cluding an exaggerated particle mass to demonstrate resulting overshoots
of the magnetic moment as a response on a magnetic step field. The
color-coding from blue to red in figure 2.10a represents the time evolution
of the magnetic moment. Figure 2.10b shows the corresponding vector
components of the magnetic moment ~m = (mx,my ,mz) and its absolute
value |~m| as a function of time t. Note that the time scale of typical
Brownian relaxation processes of MNPs takes place in the microsecond
range. To generate the simulated data, equation 2.43 has been reordered
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(a) Time-resolved (colored from blue
to red) spatial motion evolution of the
magnetic moment vector as a result
of an externally applied magnetic step
field.

(b) Corresponding time-resolved evolu-
tion of the magnetic moment’s vector
components as a function of time.

Figure 2.10: Exemplarily Langevin equation simulation data.

to achieve equation 2.50, which represents a second order ordinary dif-
ferential equation by neglecting thermal fluctuations within the effective
magnetic field.

~a(t)︷ ︸︸ ︷
∂2~ϕ(t)
∂t2

= ~m(t)×

~Beff,B(t)︷ ︸︸ ︷(
µ0 · ~Heff,B(t)

)︸ ︷︷ ︸
~T ~m(t)

·J−1 − Ξ ·

~ω(t)︷ ︸︸ ︷
∂~ϕ(t)
∂t
·J−1 (2.50)

In every time step, the time-dependent variables have to be accumulated,
whereas the angle ~ϕ(t) depends on the angular velocity ~ω(t) as shown in
equations 2.51 and 2.52.

~ω(t+ ∆t) = ~ω(t) + ∂~ω(t)
∂t

·∆t (2.51)

~ϕ(t+ ∆t) = ~ϕ(t) + ∂~ϕ(t)
∂t

·∆t = ~ϕ(t) + ~ω(t) ·∆t (2.52)

Obviously, the Brownianmotion affects the orientation of the particle’s
magnetic moment ~m, the direction of the moment of inertia J and the di-
rection of the friction tensor Ξ. However, it also affects the direction of the
demagnetization tensor T dmg and the crystal anisotropy axes vector ~n of
the Landau-Lifshitz-Gilbert equationwhen considering both Brownian and
Néel relaxation in a coupled differential equation simulation.



30 2 Magnetism of magnetic nanoparticles

Landau-Lifshitz-Gilbert equation
The Landau-Lifshitz-Gilbert equation [57] describes the internal change of
the magnetization ~M over time t — also called Néel relaxation — and
depends on the material-specific empirical dimensionless damping factor
α ≈ 0.1, the gyromagnetic ratio γ ≈ 1.76 rad/(s T) = 1.76 radm2/(Vs2)
and the magnetic field strength ~H via

∂ ~M

∂t
= − µ0γ

1 + α2

(
~M × ~H + α

Ms

~M ×
(
~M × ~H

))
(2.53)

and can be expressed by using the relationship ~H = ~B
µ0 in dependence of

the magnetic flux density:

∂ ~M

∂t
= − γ

1 + α2

(
~M × ~B + α

Ms

~M ×
(
~M × ~B

))
. (2.54)

Under the assumption that the magnetization is constant in the volume
of the particle’s core, one receives the Landau-Lifshitz-Gilbert equation in
dependence of the magnetic dipole moment ~M = ~m

Vc
:

∂ ~m

∂t
= − γ

1 + α2

(
~m× ~B + α

MsVc
~m×

(
~m× ~B

))
. (2.55)

The magnetic moment can be normalized to its saturation magnetization
and to the core volume which is called the reduced magnetic moment
~m0 = ~m

MsVc
⇒ ~m = ~m0MsVc:

∂ ~m0
∂t

= − γ

1 + α2
(
~m0 × ~B + α · ~m0 ×

(
~m0 × ~B

))
. (2.56)

Note that the Landau-Lifshitz-Gilbert equation is composed of two different
motions: a cylindrically symmetric precession around the effective field
direction and a raise term, which forces the magnetic moment towards
the effective field direction as annotated in the following equation:

∂ ~m0
∂t

=

precession︷ ︸︸ ︷
− γ

1 + α2 ~m0 × ~B

raise︷ ︸︸ ︷
− γ · α

1 + α2 · ~m0 ×
(
~m0 × ~B

)
(2.57)

External as well as internal energy disequilibrium can be modeled via an
effectively acting magnetic field ~Heff,N, which is affected by several contri-
butions. The most obvious cause of an energy disequilibrium resulting in
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motions of the magnetic moment is the externally applied magnetic field
~Hext = µ0

−1 ~B.
Another contribution comes from the internal shape anisotropy, which is
modeled via the stray field

~Hshp = −T dmg · ~M
T . (2.58)

The stray field is given by the product of the demagnetization tensor
T dmg and the transposed current magnetization vector ~MT . The shape
anisotropy of MNPs generally could be modeled by assuming ellipsoidal
shapes. The demagnetization tensor T dmg of a general ellispoid depends
on the axes ratios [58] and is exemplarly given in equation 2.59 for an
ellipsoid with a major axis twice as long as the minor axes.

T dmg =

0.17356 0 0
0 0.41322 0
0 0 0.41322

 (2.59)

Note that the demagnetization tensor is calculated for the major axis
pointing towards x-direction and must be rotated correspondingly to-
wards the inital direction and in each time step of the time-dependent
coupled differential equation if Brownian rotation takes place as well. The
demagnetization tensor simplifies to equation 2.60 for spherical particles.

T dmg =

 1
3 0 0
0 1

3 0
0 0 1

3

 (2.60)

The general crystal anisotropy depends on the material’s crystal structure.
Iron oxides typically show a cubic crystal anisotropy, which can be modeled
via equation 2.61 providing two crystal anisotropy constants K1 and K2
of the crystal anisotropy major axis ~n.

~Hcry = 2K1
µ0Ms2 · ~n

(
~n ~M
)

+ 4K2
µ0Ms4 ~n

(
~n ~M
)4 (2.61)

Again, the crystal anisotropy major axis must be rotated in the same
way as the demagnetization tensor towards Brownian rotation in coupled
scenarios.
Thermal influences are modeled via the thermal fluctuation field ~Hthm,N.
The magnitude of the fluctuation field is Gaussian distributed with

| ~Hthm,N| =
1
µ0

√
2αkBT
µ0γMsVc︸ ︷︷ ︸
σB

(2.62)

and equally distributed in space.
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Finally, the effective magnetic field is assembled by all single contribu-
tions ~Heff =

∑n
i=0

~Hi as summarized in equation 2.63 and expressed as
magnetic flux density in equation 2.64.

~Heff,N(t) =

external︷ ︸︸ ︷
~Hext(t) +

fluctuations︷ ︸︸ ︷
~Hthm,N(t) +

shape anisotropy︷ ︸︸ ︷
~Hshp(t) +

crystal anisotropy︷ ︸︸ ︷
~Hcry(t)

(2.63)
~Beff,N(t) = µ0 ~Heff,N(t) (2.64)

Further contributions like exchange interactions could also be included
into the effective field and would result in even more time-expensive cal-
culations.
Figure 2.11 shows a general time-resolved simulation of the magnetic mo-
ment via the Landau-Lifshitz-Gilbert equation of an ellipsoidal particle
including shape anisotropy. Again, the color scheme from blue to red
represents the time evolution of the magnetic moment. Note that in
such simulation scenarios, the absolute value of the magnetic moment
must be constant over time per definition in the same way as for Brown-
ian simulation. Due to the fast precession process of the magnetic moment,

(a) Color-coded time-resolved (blue to
red) spatial motion evolution of the
magnetic moment vector as a result
of an arbitrary externally applied mag-
netic field including anisotropy effects

(b) Corresponding time-resolved evolu-
tion of the magnetic moment’s vector
components

Figure 2.11: Exemplarily Landau-Lifshitz-Gilbert equation simulation
data.

simulation time steps ∆t of the Landau-Lifshitz-Gilbert equationmust be
reduced to the picosecond scale to generate reliable data. Note that the
time scale of typical Néel relaxation processes of MNPs take place in the
nanosecond range. For this reason, big data is generated when 3D simula-
tion of coupled motion equations is required to explain excitation scenarios
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in the time scale of seconds. Additionally, the simulations incorporating
thermal fluctuations require a high effort to implement the correct scaling
of the stochastic terms and huge computational efforts for the calcula-
tion of white noise processes used in corresponding feasible integration
algorithms.
To reduce numerical errors when solving the (coupled) differential equa-
tions of the Langevin equation and the Landau-Lifshitz-Gilbert equation ,
both processes must be expressed in spherical coordinates instead of carte-
sian coordinates since cartesian coordinates lead to significant impacts
on the magnetic moment’s length during the simulation process. It can
be assumed that the magnetic moment vector’s length must be constant
over time and thus the reduction of length can be corrected in every time
step. Nevertheless, the time-evolution is affected by numerical errors any-
way. However, the discrete time step in numerical simulations using corre-
sponding solvers ,e.g. Euler , Euler -Maruyama orRunge-Kutta integration
schemes for appropriate (stochastic) ordinary differential equations, must
adequately be chosen and correction terms might be implied. It should
be noted that the spherical coordinate formalism is non-trivial and led to
several wrong statements in several references as discussed and corrected
in [59].

Fokker-Planck model
The Fokker-Planck equation is a universal partial differential equation
describing the time evolution of a probability density function W (y, t).
The parameter (set) y and the time t are the dependent variables. It
can be derived from the Chapman-Kolmogorov equation as shown in [35],
which is simplified to Einstein ’s Smoluchowski integral equationwhen
assuming a Markov process3.
For a one-dimensional Markov process, the Fokker-Planck equation de-
pends on a drift D(1) and a diffusion coefficient D(2) as shown in equation
2.65.

∂W (y, t)
∂t

= −∂D
(1)W (y, t)
∂y

+ ∂2D(2)W (y, t)
∂y2 (2.65)

Both D(1) and D(2) are to be identified from the Langevin equation . For
a single spherical MNP, the magnetic moment ~m points into one direction
of space. The orientation of the net magnetic moment of a MNP ensemble
can be described by a probability density function. The time-dependent
(t) probability density function W (θ,ϕ, t) of magnetization orientations
is imaginable as a sphere with radius r = | ~M | = Ms. Here, θ is the polar
angle and ϕ is the azimuthal angle in ISO convention spherical coordinates
(see figure 2.12a). Note that a mathematical notation might confuse since

3A Markov chain is a time-discrete stochastic process, which can be modeled via
a finite state machine with transitions representing the probabilities to switch from
the current state to another one during the next time step. A Markov process is the
time-continuous equivalent.
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(a) Spherical coordinates
in ISO conventions

(b) Equally distributed
net magnetization

(c) Cylindrically symmet-
ric distributiuon of the
net magnetization

Figure 2.12: Spherical particle model to describe the Fokker-
Planck equation. In general, the magnetization ~M with | ~M | = Ms can
point in any direction in space (b). If a magnetic excitation field is applied,
the probability density function becomes cylindrically symmetric (c).

the variables for the polar and the azimuthal angle are swapped. The
saturation magnetization Ms is the magnitude of the net magnetization
of the MNP ensemble. The probability that the net magnetization of
an ensemble of particles points into any direction on the surface of the
probability sphere as illustrated in figure 2.12b is 1. This consideration
leads to the normalization condition of the probability density function
in equation 2.66.

2π∫
θ=0

π∫
ϕ=0

W (θ,ϕ, t)dΩ = 1 (2.66)

Here, dΩ = sin(θ)dθdϕ denotes the spatial integration variable over all
angles of the whole sphere. In general, the probability density function
W (θ,ϕ, t) represents a three-dimensional problem. When the Fokker-
Planck equation is applied to the Langevin equation to describe the Brow-
nian rotation, the probability density function can be written as formu-
lated in equation 2.67. Note that the rotational diffusion coefficient
Dr = kBTζ

−1
rot = (2τD)−1 can further be expressed as a function of

the diffusion time constant τD. The diffusion time constant τD represents
the time constant describing the process of integration of an exponential
decay. For MNPs, it is equivalent to the zero-field relaxation time.

∂W

∂t
= Dr

(
1

sin2(θ)
∂2W
∂ϕ2 + 1

sin(θ)
∂

∂θ
·[

sin(θ)
(
∂W

∂θ
+W

µE

kBT
sin(θ)

)])
(2.67)

If a magnetic field with arbitrary three-dimensional direction is applied,
there is unfortunately no general solution for the Fokker-Planck equation.
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But what happens if an external magnetic field pointing into only one
single direction — let us assume direction z — is applied to the Fokker-
Planck equation? Still, the magnetic moment of each single MNP can point
in any direction, but the net magnetic moment of the MNP ensemble
will point towards field direction z (equally distributed around axis z
as depicted in figure 2.12c) or will be zero if it is equally distributed
in any direction in terms of superparamagnetism for the zero-field case.
Hence, the dependence on the azimuthal angle ϕ vanishes. When an
external magnetic field ~B(t) = B cos(ωt)~ez is applied in z-direction, the
probability density function becomes cylindrically symmetric around axis
z since the degree of freedom of the azimuthal angle ~ϕ is eliminated. In
this case, the probability density function simplifies to equation 2.68 for a
Brownian relaxation process with W (θ, t) [36, 50]. Hence, it just depends
on the polar angle θ and time t. The saturation state ~Mz = cos(θ),
which is the projection of ~M onto the z-axis, depends on the magnetic
and thermal energy ratio ξ = EM

ET
= mB

kBT
. The time evolution of the

probability function leads to a dephasing of the magnetization vector
with increasing temperatures. The reorientation towards field direction
counteracts the dephasing with increasing applied magnetic field strengths.

∂W

∂t
= Dr

∂

∂ cos(θ)

[
(1− cos2(θ))

(
∂W

∂ cos(θ) −W
mB̂

kBT
cos(ωt)

)]
(2.68)

A cylindrically symmetric differential equation in the form of equation 2.68
can be solved by expressing the probability density function as sum of Leg-
endre polynomials4 Pn weighted with time-dependent Legendre coefficients
an(t) as shown in equation 2.69.

W (θ, t) =
∞∑
n=0

an(t)Pn(cos(θ)) (2.69)

The initial value of the coefficient is a0(t) = 0.5, which is due to the
normalization of the probability density function. The particle’s magne-
tization response is then proportional to the first-order moment a1(t) of
the Legendre coefficients as expressed by equation 2.70.

mz ∝ 〈cos(θ(t))〉 = 2
3a1(t) (2.70)

To reduce the length of the following equations, the projection of the
reduced magnetic moment ~m0 = ~m

|~m| , which has a maximum length of 1
per definition, is substituted by

zp = ~m0 · ~ez = ~m

|~m| · ~ez = cos(θ). (2.71)

4Legendre polynomials are a special set of orthogonal functions used to solve many
mathematical problems.
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The solution of the Fokker-Planck equation for Brownian relax-
ation under 1D sinusoidal excitation
There is an exact solution of the one-dimensional Fokker-Planck equation
for sinusoidal excitation picturing the Brownian relaxation process as al-
ready shown in equation 2.68 and summarized in equation 2.72 as a
function of projection zp of the reduced magnetic moment.

∂W

∂t
= DrB

∂

∂zp

[
(1− z2

p)
(
∂W

∂zp
− mB(t)

kBT
W

)]
(2.72)

The solution of the partial differential equation using the Legendre polynomials
is given in [36, 50] and results in the set of Legendre coefficients shown in
equation 2.73.

dan(t)
dt

= n(n+ 1)
2τB0

[
−an + mB(t)

kBT

(
an−1

2n− 1 −
an+1

2n+ 3

)]
(2.73)

The ordinary differential equation of Legendre coefficients can be solved
by using numerical integration schemes; generally applicable ordinary dif-
ferential equation (ODE) solver as available in almost every programming
language as built-in functions or via third-party libraries.

The solution of the Fokker-Planck equation for Néel relaxation
under 1D sinusoidal excitation
The Fokker-Planck equation representing the Néel relaxation process for a
one-dimensional excitation scenario slightly differs from the Brownian one
since contributions of the effective anisotropy have to be taken into account
accordingly. The Fokker-Planck equation in 2.74 further just holds for both
the magnetic interaction energy as well as the easy axes of all particles
being aligned towards field direction z.

∂W

∂t
= DrN

∂

∂zp

[
(1− z2

p)
(
∂W

∂zp
− mB(t)

kBT
W − 2KVc

kBT
zpW

)]
(2.74)

Substituting the probability density function W by its corresponding
Legendre polynomial representation [36] yields

dan(t)
dt

= n(n+ 1)
2τN0

[ equals Brownian Legendre coefficients︷ ︸︸ ︷
−an + mB(t)

kBT

(
an−1

2n− 1 −
an+1

2n+ 3

)
+2KVc
kBT

·(
an−2(n− 1)

(2n− 3)(2n− 1) + an
(2n− 1)(2n+ 3) −

an+2(n+ 2)
(2n+ 3)(2n+ 5)

)]
.

(2.75)

Again, the resulting ordinary differential equation can be solved by using
appropriate numerical integration schemes. However, in this case, the
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equation is a stiff ODE5 and requires special treatment: e.g. MATLAB ’s
ode15s solver can be used to solve the stiff ODE. Note that different rep-
resentation of the abovementioned solution of the Fokker-Planck equation
can be found in literature. Some of them were compared and opposed
to each other (see appendix B, equation 6.6 to 6.11) during this work to
check the consistency.

Effective field model
The Debye form of the effective fieldmodel [60] is a simple ordinary dif-
ferential equations, which describes the change of the magnetization of a
MNP as a function of the particle relaxation time τ , the applied magnetic
field strength and the magnetization of the past. The effective fieldmodel
is a vectorial model and thus can easily be applied to three-dimensional
problems.
The effective field theory is a method approximating a complex physical
relationship by reducing the degrees of freedom to the number required
in order to explain the observation. For the present problem, an equation
to describe the change from a non-equilibrium magnetization state to the
equilibrium state of a MNPs is seeked for. The equilibrium state of the
MNPs’ magnetization is given by the Langevin functionmodeling both
the orientation of the magnetization towards field direction and thermal
fluctuations. When the applied magnetic field changes, the magnetization
experiences a drag force from the prevailing non-equilibrium state towards
a new equilibrium state. The change of the magnetization ∆ ~M(t) arises
from the difference of the target state of the magnetization ~M(t) and the
previous equilibrium state of the magnetization ~M0(t):

∆ ~M(t) = ~M(t)− ~M0(t). (2.76)

The previous equilibrium state of the magnetization is given by

~M0(t) = | ~M |M(H(t))~eH . (2.77)

Here,M(H(t)) = MsL
(
mµ0H(t)
kBT

)
is substituted by the equilibrium value

calculated from the Langevin function . The vectorial change of the mag-
netization d ~M(t)

dt further depends on the relaxation time τ and it can be
expressed by the ordinary differential equation of the effective fieldmodel
in equation 2.78.

d ~M(t)
dt

=
(
~M(t)− ~M0(t)

) 1
τ

(2.78)

5Stiff ordinary differential equations are restrictively stable and require certain
numerical iterative integration schemes to converge.
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A vector containing time-dependent vectorial magnetic field values ~H(t)
can now be applied to the differential equation by numerically solving

~M(t) = ~M(t− dt) + d ~M(t)
dt

· dt (2.79)

Solving the effective fieldmodel analytically for a sinusoidal excitation
assuming the magnetic field amplitude to be sufficiently small to ensure the
linearity of the magnetization curve results in the Debyemodel described
in the following section.

Debye model
In comparison to static (DC) scenarios, where the magnetization of MNPs
can be described via the static Langevin function , MNPs show dynamic
responses to externally applied magnetic alternating (AC) fields. Thus,
the magnetization curve — slope and curvature — changes with amplitude
and frequency of the externally applied magnetic field.
A one-dimensional single harmonic magnetic excitation can be described
as complex-valued rotating pointer via

H(t) = Ĥ exp(−jωt+ φ0) (2.80)

with amplitude Ĥ and phase lag φ0. A harmonic excitation yields a
harmonic magnetization M(t) = M(H(t)) ⇒ M(t) = M̂ exp(−jωt +
φ0) with a defined phase lag φ0 = 0. Thus, the time derivative of the
magnetization is given by

dM(t)
dt

= d

dt
M̂ exp(−jωt) = −jωM̂ exp(−jωt) = −jωM(t). (2.81)

Applying such a signal to equation 2.78 with ∂M
∂H = const. := χ0 and

M0(t) = χ0H(t) being the inital equilibrium magnetization leads to the
expression in 2.84.

dM(t)
dt

= (M(t)−M0(t)) 1
τ

(2.82)

d

dt
M̂ exp(−jωt) = (M(t)− χ0H(t)) 1

τ
(2.83)

−jωM(t) = (M(t)− χ0H(t)) 1
τ

(2.84)

The Debyemodel [61, 62] describes the slope of the magnetization curve,
which is called the magnetic susceptibility χ = ∂M

∂H , as a function of the
angular frequency ω = 2πf in frequency domain. For χ being constant
over magnetic field amplitude in the linear range of the magnetization
curve, equation 2.84 can be reordered as follows:

−jωτM(t) = M(t)− χ0H(t) (2.85)
χ0H(t) = M(t) + jωτM(t) (2.86)
χ0H(t) = M(t)(1 + jωτ) (2.87)
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and results in the Debye equation [63, 64]

χ(ω) = M(t)
H(t) = χ0

1 + jωτ
. (2.88)

Here, the characteristic of the susceptibility χ0 is a function of the particle
volume concentration cvol = nVc, the absolute magnetic dipole moment
m and the thermal energy ET = kBT [63]:

χ0 = nm2

3ET
= cvolm

2

3kBTVc
= cvolMs

2Vc
3kBT

. (2.89)

To transform the complex-valued Debyemodel into real and imaginary
part representation, equation 2.88 must be extended with its complex-
conjugated as shown in equation 2.90.

χ(ω) = χ0 ·
1

1 + jωτ
· 1− jωτ

1− jωτ =

χ′︷ ︸︸ ︷
χ0

1 + (ωτ)2

χ′′︷ ︸︸ ︷
−j · χ0ωτ

1 + (ωτ)2 (2.90)

Typically, the real and imaginary part representation is used and the
negative imaginary part is plotted inversely by convention [65]. As can
be shown easily, the imaginary parts peak position can easily be used
to determine the effective relaxation time τeff since the peak position
corresponds to the point where ωτeff = 1⇒ τeff = ω−1:

d

dωτ

ωτ

1 + (ωτ)2 = 1− (ωτ)2

(1 + (ωτ)2)2
!= 0⇒ ωτ = 1. (2.91)

For low magnetic field amplitudes (in the linear range of the magneti-
zation curve described by the Langevin function ), MNPs exhibit a low
pass characteristic as a first approximation. For low frequencies f , the
magnetic particle response is almost in-phase with externally applied mag-
netic sinusoidal fields. At high frequencies, the particles cannot follow the
field anymore, which results in signal losses (see figure 2.13a). Further,
the phase lag of the particle’s magnetization signal shifts from ϕ = 0°
(in-phase) to ϕ = −90° (out-of-phase) as illustrated in figure 2.13b for
increasing frequencies and shows that a sinusoidal signal with a negative
phase shift of ϕ = −90° is delayed in time referring to a sinusoidal exter-
nally applied magnetic field. A phase shift of −90° can also intuitively be
imagined as maximum possible phase shift, since for a more pronounced
phase shift, the system excited by an externally applied magnetic field
would show overshoots (the magnetization would still be increased at a
point of time where the externally applied magnetic field would force the
magnetization in the opposite direction).
Summarized, the MNP response corresponds to a first-order low pass
transfer function with gain K, complex frequency parameter s and time
constant τ as opposed and compared with the Debyemodel in 2.92.

G(s) = K · 1
1 + sτ

s=jω,K=χ0⇐⇒ χ(ω) = χ0 ·
1

1 + jωτ
(2.92)
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(a) Magnetic linear Debye response to
sinusoidal excitation

(b) Phase shift of −90° of normalized
sinusoidal magnetic response signals.

Figure 2.13: Simulated low-pass characteristic of the time-dependent
magnetization response of an exemplary MNP relaxing via Brown-
ian rotation having a typical hydrodynamic diameter dh = 100 nm. Figure
2.13b emphasizes the −90° phase shift of 2.13a at high excitation frequen-
cies.

Please note that the characteristic frequency (inverse of the effective re-
laxation time) thus corresponds to the cut-off frequency of a low pass
transfer function. Hence, the characteristic frequency is a measure of
where the particles begin to not be able to follow the field anymore and
the gain response is already reduced to 1/

√
2. Figure 2.14 shows an exem-

plary simulated low-pass characteristic of typical nanoparticles relaxing
via Brownian rotation only as magnitude and phase frequency spectra
(figure 2.14a) and real and imaginary part representation (figure 2.14b),
respectively. The height and width as well as the skewness and curvatures
of the curves representing the complex-valued magnetic susceptibility in
frequency domain include information about core and hydrodynamic size
(relaxation time) distributions.
The generalized Debyemodel [66] in equation 2.93 covers the distribution
of relaxation times as a result of superimposed Debye terms by integrating
core size distributions f(dc) and hydrodynamic size distributions g(dh).
Such a model can be used to fit experimental data, which generally show a
dependence on a particle distribution due to their manufacturing process.

χ(ω) = χ0

∞∫
0

g(dh)
∞∫

0

d6
cf(dc)

1
1 + jωτ(dc, dh)ddcddh (2.93)

Note that a superposition of different fitted Debye terms — represented by
the generalized Debyemodel — covering exact size distributions leads to
a significant computational effort. However, the generalized Debyemodel
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Figure 2.14: Simulated low-pass characteristic of the frequency do-
main magnetization response of an exemplary MNP rotating via Brown-
ian rotation having a typical hydrodynamic diameter dh = 100 nm.

yields more significant physical results than more simple phenomenological
models.
To fit experimental data in a first approximation, the phenomenological
Havriliak-Negamimodel 2.94 [67] is often used, e.g. to determine the
imaginary part’s peak position more accurately than with the simple
Debyemodel.

χNari(ω) =
(

γ

1 + (jωτ)1−α

)β
(2.94)

Figure 2.15 shows the color-highlighted influencing factors of the phe-
nomenological model. Here, ωτ shifts the real part’s inflection point and
the imaginary part peak position horizontally, α scales the slope of the
real part and the width of the imaginary part, β scales the asymmetry
of the real part and the skewness of the imaginary part and γ scales the
amplitude of both.
The Debyemodel covers the linear range of the magnetization curve
(χ(H) = const.) only. Thus, only the fundamental frequency is explain-
able with the abovementioned approach. Since the computational effort
to calculate the frequency-dependent susceptibility is small compared to
methods based on Fokker-Planck or motion equations, Viereck et al. pro-
posed a Debyemodel based frequency model to explain the behavior of
single higher harmonics. Here, it was shown that higher harmonics scale
via nωτ with n ∈ Z+ being the harmonic number. The proposed model
particularly fails in confirming with respect to curve overshoots predicted
by Fokker-Planck simulation results, which are shown in [68] for compari-
son purposes. However, it has not been paid much attention to detailed
curve behaviors within thew scope of this publication. Recent investiga-
tions show that such overshoots are also observed in experimental data
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Figure 2.15: Simulated phenomenological Havriliak-
Negami susceptibility model for different parameter configurations.

[69]. One approach to achieve a Debye -like phenomenological model is to
extend the Havriliak-Negamimodel to describe the frequency dependence
of n higher harmonics as follows:

χHarmonics(ω,n) = 1
n

(
γ

1 + (jnωτ)1−α

)n·β
(2.95)

The extended Havriliak-Negamimodel for n = {1, 3, . . . 13} (odd only)
harmonics is exemplary (γ = 1.0, τ = 8× 10−5 s) shown in figure 2.16 for
α = 0.0 and β = 1.0 corresponding to the Debyemodel.

Figure 2.16: Simulated nonlinear extension of the phenomenological
Havriliak-Negamimodel.
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2.2.5 Characterization
To be able to interpret experimental data from spectroscopy and imaging
measurements, some particle properties have to be assumed. There are
several characterization methods to identify the properties of magnetic
nanoparticles and every characterization method provides its advantages
and limitations. Three of the most important characterization tools with
respect to this work are shortly summarized in the following subsections:
dynamic light scattering (DLS), the magnetic property measurement sys-
tem (MPMS) and ACS. MPS and MPI are introduced in a more detailed
manner in the following chapters.

Dynamic light scattering
DLS is a measurement method to identify (hydrodynamic) micro- and
nanoparticle size distributions of diluted particle sample suspensions and
emulsions. A laser beam is applied to the diluted particles under ther-
mal motion. The laser beam is scattered on the surfce of the particles.
The scattered light intensities are then — depending on the method —
auto-correlated or cross-correlated in time. Typically, the conventional
analysis via auto-correlation method is called photon correlation spec-
troscopy (PCS), whereas the cross-correlation based approach is called
photon cross-correlation spectroscopy (PCCS). For PCCS, two separately
induced scattered light intensities are required. This approach elimi-
nates the limitations of PCS, that an extremely diluted particle sample
is required to get reliable results. Hence, the PCCS measurement tech-
nique is almost independent of particle concentration. During this work,
a NANOPHOXparticle size analyzer from Sympatec GmbH (Clausthal-
Zellerfeld, Germany)was used, which combines both PCS and PCCS in a
single device to profite from both advantages.

Magnetic Property Measurement System
The device name MPMS represents a product family of Quantum Design
(San Diego, USA) . A MPMS enables temperature and magnetic field
amplitude dependent measurements of the magnetic moment of a sample.
Hence, static magnetization curves can be measured (magnetic moment
m as a function of the externally applied magnetic field amplitude H).
Both the MPMS-XL-5 used for comparative measurements in [69] and
the institute’s MPMS® 3, which is the successor model, are high-sensitive
superconducting quantum interference device (SQUID) based magnetome-
ters. While the MPMS-XL-5 utilizes the traditional DC scan method, the
MPMS® 3 provides an additional vibrating sample magnetometer (VSM)
mode [70].
Using the DC scan mode, a superconducting 2nd order gradiometer is
inductively coupled to a SQUID consisting of a superconducting ring
with two Josephson junctions. A linear transport motor scans the sample
through the entire length of the gradiometric detection coil resulting in gen-
erated sample position-dependent screening currents, which are detected
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by the SQUID sensor acting as a sensitive current-to-voltage converter.
The magnetic moment is then calculated from fitted spatial-dependent
voltage waveforms assuming the sample to be a infinitesimal point-like
magnetic dipole.
In the VSM mode, which allows faster data acquisition, the sample is
vibrated via a sinusoidal oscillation at the center position of the 2nd
order gradiometer instead of scanning the sample along the entire length
of the gradiometer. Then, only a small part of the spatial-dependent
voltage waveform is acquired, which can be fitted with a parabola function.
Utilizing lockin technique to measure the second harmonic reduces the
measurement noise and the induced voltage depends on the amplitude
squared, which enables a large dynamic range. In addition to the DC
scan and the VSM mode, the MPMS® 3 optionally implements an ACS
option to measure the complex-valued magnetic response to AC magnetic
fields in the frequency range from 0.1 Hz to 1 kHz.

AC susceptometry

The ACS measures the magnetic volume susceptibility χ = ∂M
∂H as a

function of the angular frequency ω = 2πf0 of a pure sinusoidal excitation
with H(t) = Ĥ exp(jωt) in frequency domain. The susceptibility, or the
slope of the magnetization curve respectively, changes with frequency
due to the low-pass characteristic of MNPs, which cannot follow the field
at high frequencies anymore. The characteristic frequency at ωτ = 1
(peak of the susceptibility’s imaginary part) of the Debyemodel, which
describes the frequency-dependent susceptibility in a first approximation,
corresponds to the characteristic low-pass cut-off frequency. It can be
used to directly read the effective relaxation time from frequency domain
ACS data.
A sinusoidal excitation field with low magnetic field strengths of typically
Ĥ ≤ 100 µT/µ0 is utilized to excite the particle sample, which is placed
in a field generator coil. Due to comparable low magnetic field strengths,
the particles are excited in the linear range of their magnetization curve.
A detection coil can be used as inductive sensor to measure the sam-
ple signal. Keep in mind that experimental data must be corrected in
terms of Faraday ’s law of induction. Since the measurement signal is the
fundamental U(f1) of the particles and it is superimposed by the funda-
mental feed through u(f0) of the excitation signal, a differential pick-up
coil design helps to eliminate the fundamental feed through u(f0). The
differential pick-up design is realized by placing an identical compensation
coil with opposing winding direction, which is connected in series with
the detection coil, in a gradiometric arrangement or in a second solenoidal
field generator. Both the detection coil and the compensation coil see the
(almost) same magnetic field, but the voltage induced by the feed through
u(f0) cancels out. Thus, only the fundamental particle signal u(f1) is left.
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The induced voltage u(f1,ϕ) is further phase-shifted in relation to the
magnetic excitation field and thus also a function of the phase-lag ϕ
depending on the particle dynamics. The induced voltage

u(f1,ϕ) ∝ −nt ·
∂Φ
∂t
∝ −nt ·

∂M

∂t
(2.96)

is proportional to the number of turns nt and the time-derivative of the
magnetization ∂M

∂t . To achieve the frequency-dependent susceptibility,
the inverted receive signal −u(f1,ϕ) ∝ ∂M

∂t must be weighted with the
inverse of the time-derivative of the applied magnetic field as depicted in
equation 2.97.

∂M

∂t
·
(
∂H

∂t

)−1
= ∂M

∂H
= χ (2.97)

Further, a calibration of the setup with e.g. Dy2O3 is required to correct
amplitude and phase. The slope of the magnetization curve χ is then
supposed to be constant over the applied magnetic field amplitude but
of course it still depends on the excitation frequency f0. The magnetic
susceptibility χ(ωτ) = χ′(ωτ)+jχ′′(ωτ) provides real <{χ(ωτ)} = χ′(ωτ)
and imaginary part ={χ(ωτ)} = χ′′(ωτ) in frequency domain, which are
generally plotted as a function of frequency f0. Experimental data can
be compared to Debyemodel (or its extended versions) simulation results
since the low field amplitude generally ensures magnetizations in the lin-
ear range of the magnetization curves. Note that due to convention in
literature, the imaginary part is defined as the negative of the imaginary
part in comparison to the definition mentioned before. Hence, the imag-
inary part is typically flipped in illustrated representation. Within this
work, custom-built ac susceptometers — a low-frequency (LF) and a high-
frequency (HF) setup — were used, which were already available at the
institute.

2.2.6 Materials
Within the scope of the DFG priority program SPP1681, different commer-
cially available and custom-built particle systems were used to investigate
the particle-matrix interactions. In this context, the matrix represents
the medium in which the particles are embedded. MNPs interact with the
matrix via Brownian relaxation or magnetization losses transformed into
heat. The following sections focus on the property description of particles
and matrices used in this work.

Particle systems
The following paragraphs summarize the most important characterized
properties of the MNPs. Note that multi-core core-shell (MCCS) and
single-core core-shell particles (SCCS) will be distinguished by their ab-
breviations. The paragraphs are sorted from multi-core particle systems
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Figure 2.17: Log-normal size distributions of core (red) and hydrody-
namic (blue) diameters of MNPs used within this work.

and wide size distributions to single-core particles with narrow size dis-
tributions. Figure 2.17 gives an overview of the core and hydrodynamic
size distributions of the MNPs used within this work. Obviously, most of
the particles have distributions of both the core and the hydrodynamic
size in the range of smaller than 150 nm. Interestingly, perimag® shows
the broadest hydrodynamic size distribution. However, perimag® offers
a multi-core structure and the Néel -dominated relaxation of the internal
dynamic magnetization of such cores results in improved suitability for
MPI.

perimag®& synomag®-D
The company micro caps Entwicklungs- und Vertriebs GmbHwas founded
in 1994 and renamed to micromod Partikeltechnologie GmbH (Rostock,
Germany) in 1999. The company promotes itself with modular designed
particles and has its expertise in the development and production of
monodisperse micro- and nanoparticles and corresponding surfactants.
Both perimag® and synomag®-D are multi-core structured MNPs, which
were optimized for MPI and MH applications. Particle properties, which
are available from the technical datasheet, are summarized in table 2.1.

FeraSpin™ XL
The company nanoPET Pharma GmbH (Berlin, Germany) has been fo-
cusing on research and development, production and marketing of drug
substances for several diagnostic imaging modalities like MRI, micro
computed tomography (microCT), ultrasound and optical imaging since
2010. The portfolio of products incorporates the Viscover™FeraSpin™
series , which essentially are specialized pre-clinical magnetic contrast
agents for MRI. The particle series involves Fe3O4 based multi-core par-
ticles of different size distributions subclassified into FeraSpin™ XS to
FeraSpin™ XXL and derived from FeraSpin™ R. Some of the fractions
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Table 2.1: Particle properties of micromod Partikeltechnologie GmbH
(Rostock, Germany) perimag® and synomag®-D. Note that particle prop-
erties are given for plain particles.

perimag® synomag®-D
Structure MCCS MCCS
Core material Fe3O4 Fe3O4
Shell material Dextrane Dextrane
Core diameter −− −−
Hydrodynamic diameter µdh ≈ 130 nm µdh ≈ 50 nm
Magnetization mkg ≈ 80 Am2/kg mkg ≈ 100 Am2/kg
Functionalization plain, NH2, streptavidin, PEG-OMe
Particle concentration 25 mg/mL 25 mg/mL
Iron concentration 8.5 mg/mL 10 mg/mL
Volume density 1.6× 1013/mL 1.5× 1014/mL
Mass density 6.2× 1011/mg 6.1× 1012/mg
Pricing (RRP, Feb. 2020) 19e/mL 27e/mL

also provide suitable properties for MPI. The fraction FeraSpin™ XL is
characterized by a hydrodynamic mean diameter of 50 nm ≤ µdh ≤ 60 nm
and was used in addition to other particle systems within this work due to
the pronounced contribution of particles relaxing via Brownian rotation,
which is important for the investigation of particle-matrix interactions.
Particle properties, which are available from the corresponding technical
datasheet, are summarized in table 2.2.

Table 2.2: Particle properties of nanoPET Pharma GmbH (Berlin, Ger-
many)FeraSpin™ XL.

FeraSpin™ XL
Structure MCCS
Core material Fe3O4
Shell material −−
Core diameter −−
Hydrodynamic diameter 50 nm ≤ µdh ≤ 60 nm
Hydrodynamic diameter 4.0073± 0.090357
Functionalization plain
Iron concentration 10 mM (0.56 mg/mL)
Pricing (RRP, Sept. 2020) $1280/mL (990,00e)
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SHP series
Both SHP-25 and SHP-30 are aqueous suspensions of single-core MNPs
suspended in water from Ocean NanoTech (San Diego, California) . Par-
ticle properties, which are available from the corresponding technical
datasheet, are summarized in table 2.3.

Table 2.3: Particle properties of Ocean NanoTech (San Diego, Califor-
nia) SHP-25 and SHP-30.

SHP-25 SHP-30
Structure SCCS SCCS
Core material Fe3O4 Fe3O4
Shell material Carboxylic acid
Core diameter µdc ± σdc 25 nm± 2.5 nm 30 nm± 2.5 nm
Core diameter µc ± σc 3.2189± 0.09926 3.4012± 0.082905
Functionalization −−
Iron concentration 5 mg/mL 5 mg/mL
Volume density 0.29 nmol/mL 0.17 nmol/mL
Solvent DI H2O, 0.02% NaN3
Pricing (RRP, Feb. 2020) $150/mL $150/mL

Custom-built CoFe2O4 nanoparticles
The custom-built CoFe2O4 nanoparticles were designed and produced
by Niklas Lucht (group of Dr. Birgit Hankiewicz from University of
Hamburg) within the scope of the DFG priority program SPP1681. All
measured particle properties [69] are summarized in table 2.4. Static
magnetization curve measurements were performed by Dr. Dirk Menzel

Table 2.4: Nominal particle properties of CoFe2O4 nanoparticles from
Niklas Lucht (group of Dr. Birgit Hankiewicz from University of Hamburg,
DFG).

CoFe2O4

Structure SCCS, partly clustered
Core material CoFe2O4
Shell material Trisodium citrate
Core diameter µdc ± σdc ≈ 15.5 nm± 2.0 nm
Hydrodynamic diameter µdh ± σdh ≈ 38.6 nm± 5.1 nm
Saturation magnetization Ms ≈ 380 kA/m
Functionalization Tetramethylammonium hydroxide
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from Technical University of Braunschweig using a Quantum Design (San
Diego, USA)MPMS XL-5. Hydrodynamic size distributions were mea-
sured by fitting DLS data. Figure 2.18 shows microscopy images of the
CoFe2O4 particles, which are partly clustered. Image data were used to

50 nm

(a) TEM

200 nm

(b) CryoTEM

20 nm

(c) SEM of MNP chain

24 nm

(d) SEM of MNP trimer

Figure 2.18: Microscopy images of partly clustered
CoFe2O4 nanoparticles. Reprinted (adapted) with permission from
[69]. Copyright 2019 American Chemical Society.

determine the core size distribution. The very fast nucleation and short
reaction time during the manufacturing process yield an almost Gaussian
size distribution (narrow log-normal distribution) of both the core and
the hydrodynamic sizes of the particles. Figure 2.18 shows transmission
electron microscopy (TEM), cryogenic transmission electron microscopy
(CryoTEM) and scanning electron microscopy (SEM) images of a diluted
suspension dried on a silicon substrate. TEM and CryoTEM images were
acquired with a Tecnai G2 Spirit TWIN (FEI Company, USA) by Niklas
Lucht (group of Dr. Birgit Fischer from University of Hamburg), SEM
images were taken with a SUPRA 35 VP (Carl Zeiss Microscopy GmbH,
Germany) by Dr. Michael Martens from the Technical University of
Braunschweig.
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Matrices
To investigate the particle-matrix interactions, the particles were embed-
ded in Newtonian water-glycerol mixtures. Newtonian liquids have an
almost linear relationship between the shear stress τshear and the shear
rate dγshear

dt via τshear = η
dγshear
dt with η = const. being the dynamic vis-

cosity. For studying more complicated interactions in non-linear matrices,
gelatine-water mixtures were used as non-Newtonian liquids. The extreme
case of bound particles is realized via D-mannitol matrices utilizing the
freeze-drying process.

Immobilization: freeze-drying process
The freeze-drying process is a standard method to embed MNPs in a
solid matrix. The goal is to suppress the Brownian relaxation process by
immobilization without reducing the interparticle distances. Hence, sam-
ples prepared as freeze-dried versions show Néel relaxation only. There
are many alternatives to immobilize MNPs, e.g. binding them with two-
component adhesive incorporating catalysts. However, each type of im-
mobilization has some limitations like required pH persistency of the
MNPs including the surfactants if embedding them into specific solvents.
Available alternatives of immobilization methods were investigated in [71]
within the European Union funded NanoMag project (FP7/2007-2013,
grant agreement no. 604448) in detail. Note that the particles must be
immobilized in-place without showing any newly induced particle interac-
tions to achieve reliable measurement results comparable to suspensions.
In this work, the freeze-drying process in D-mannitol is expected to be the
gold standard [71] for immobilization. The freeze-drying method is based
on the sublimation (transition from the solid state to the gas state) pro-
cess of the particles’ solvent. Typically, MNPs are shipped in water-based
solvents. Freeze-drying assumes the phase of the solvent to switch from
the liquid to the gas (water vapor) state via the solid state (ice), which
means that the water is removed from the particles’ matrix during the
solid state only to prevent the clustering of particles. The phase transi-
tion diagram of pure water is already very complicated including different
crystal structures of ices, and therefore only a schematic excerpt is shown
in figure 2.19 assuming the phase transition from liquid to solid to be
constant over pressure. There are two equations to calculate the phase
transitions between different phases: the more general Clapeyron equation
describing the liquid-solid transition, called freezing, and the derived Clau-
sius -Clapeyron equation [72], which holds for the transition from liquid
or solid to gas, called vaporization. Considering two chemical potentials
µa(p,T ) and µb(p,T ) (both are dependent on the pressure p and the tem-
perature T ) being in equilibrium state with dµa(p,T ) = dµb(p,T ) gives
the pressure-temperature function representing the phase transition line.
The resulting partial differential equation yields the Clapeyron equation
2.98 being dependent on the molar change of enthalpy energy ∆H and
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Figure 2.19: Phase transition diagram of water illustrating the freeze-
drying process to immobilize MNPs in D-mannitol matrices.

the molar change of volume ∆V during phase transition.

dp

dT
= Hs1 −Hs2
T
(
V s1 −Hs2

) = ∆H
T∆V

(2.98)

Note that the overline-notation is related to molar based quantities and
indices s1 and s2 denote two different states of the phase. The volume of
water in the gas state V s1 = V gas >> V s2 = V liquid is much larger than
the volume of water in the liquid state. Hence, the volume in the liquid
state V liquid can approximately be neglected in relation to V gas. Further,
the volume in the gas state can be substituted via pV g = RT ⇒ V g =
RTp−1 by introducing the ideal gas constant R. The relationship results
in equation 2.99 with Hvap representing the molar change of enthalpy
energy during the vaporization process.

dp

dT
≈ ∆Hvap
T∆RTp−1 = ∆Hvapp

RT 2 (2.99)

The equation can easily be transformed via

1
p
dp

1
dT
≈ ∆Hvap

RT 2 with
∫

1
p
dp = ln(p) +���

0
C (2.100)

to derive the Clausius-Clapeyron equation. The Clausius-Clapeyron equa-
tion shown in equation 2.101 expresses the pressure p as a function of
the ideal gas constant R (assuming water vapor to be an ideal gas), the
temperature T and the molar enthalpy vaporization energy ∆Hvap of the
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thermodynamic system, which is expected to be constant in a certain
range of temperature.

d

dT
ln(p) ≈ ∆Hvap

RT 2 (2.101)

Note that the enthalpy energy ∆Hvap = f(T ) changes with temperature
in general but must expected to be constant with temperature to solve
the equation. Therefore, the enthalpy energy values are empirically deter-
mined and tabularized for small temperature ranges in general [73]. To get
the transition function p(T ), which represents the vaporization transition,
the function must be reordered as done in equation 2.102 to 2.105.

p1∫
p0

1d ln(p) ≈

T1∫
T0

∆Hvap
RT 2 dT (2.102)

[ln(p)]p1
p0 = ln(p1)− ln(p0) ≈ ∆Hvap

R

[
− 1
T

]T1

T0
+���

0
C (2.103)

ln
(
p1
p0

)
≈ ∆Hvap

R

(
− 1
T1

+ 1
T0

)
≈ ∆Hvap

R

(
1
T0
− 1
T1

)
(2.104)

p1 ≈ p0 · exp
(

∆Hvap
R

(
1
T0
− 1
T1

))
(2.105)

Finally, the enthalpy energy ∆Hvap = 51 kJ/mol at the triple point of
water (p0 = 6.11 hPa, T0 = 273.15 K) can be inserted with the ideal gas
constant R ≈ 8.314 J/(mol K) and an estimate for the vaporization curve
of water is given by equation 2.106.

p1 ≈ 6.11× 102 Pa exp
(

51 kJ/mol
8.314 J/(mol K)

(
1

273.15 K −
1
T1

))
(2.106)

The relationship is plotted in figure 2.19. Please note that solving the
Clapeyron equation for the phase transition from liquid to ice is much
more complicated [74] and only experimentally determined values of the
enthalpy energies exist. For this reason, the liquid-ice transition line in
figure 2.19 is expected to be constant over pressure, which approximately
fits to experimental data in the given range of pressure. For freeze-drying
MNPs, the particle suspension is filled into prepared microtiters containing
150 mg previously freeze-dried D-mannitol. The samples are then frozen
down to T ≈ −20 ◦C. Afterwards, the frozen suspension is placed without
its lid in a vacuum bell jar surrounded by ice to prevent the suspension
from melting during the sublimation process.
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Viscosity series
The dynamic viscosity is a measure of the viscidity of liquids or gases.
Within this work, viscosity series incorporate MNPs embedded in New-
tonian liquids, which are describable via the dynamic viscosity η. An
almost Newtonian liquid medium for such series is given by water-glycerol
mixtures serving as so-called embedding particle matrix.
Please note that the dynamic viscosity η is temperature-dependent. The
temperature dependence of the dynamic viscosity of water is described
via the Svante Arrhenius -Andrade equation [75–77]

η(T ) = η0 · exp
(
EA
kBT

)
(2.107)

with η0 being the initial viscosity of water at room temperature, EA being
the liquid-specific activation energy and ET = kBT being the thermal
energy [78]. Empirical equations for the temperature dependence of the
viscosity of pure water and glycerol are given in 2.108 and 2.109 [79].

ηH2O(T°C) = 1.79 mPa s · exp
(

(−1230 ◦C− T°C) · T°C
36 100 ◦C2 + 360 ◦C · T°C

)
(2.108)

ηglycerol(T°C) = 12 100 mPa s · exp
(

(−1233 ◦C + T°C) · T°C
9900 ◦C2 + 70 ◦C · T°C

)
(2.109)

Note that the empirical equations are given for temperature values in
degree Celsius with [T°C] = ◦C and are only applicable to liquid phases
of the materials or even more precisely: the valid temperature range is
given with 0 ◦C < T°C ≤ 100 ◦C [79].
The dynamic viscosity of a mixture of pure water and glycerol can be
approximated via

ηmix = ηαH2O · η
1−α
glycerol. (2.110)

The mixture viscosity is the product of the single dynamic viscosities of the
ingredients, each exponentially weighted by the empirically determined
weighting factor α shown in equation 2.111, which is a function of the
glycerol concentration cglycerol and temperature T .

α = 1− cglycerol +
a · b · cglycerol · (1− cglycerol)
a · cglycerol + b · (1− cglycerol)

(2.111)

The temperature dependence is further summarized in two coefficients
a and b, where b is a function of the coefficient b as can be seen from
equation 2.112 and 2.112, respectively.

a = (0.705 ◦C− 0.0017 · T°C)/◦C (2.112)

b = (4.9 ◦C + 0.036 · T°C)/◦C · a2.5 (2.113)
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To reduce the relative preparation error within the sample series, samples
with lower viscosities are derived iteratively from the highest viscosity
sample filled up with the lowest viscosity sample. This process is called
cross-mixing approach. A corresponding example of a viscosity series using
Cheng’s approach incorporating the cross-mixing approach is summarized
in table 3.8.

Functionalization
The shell of magnetic core-shell nanoparticles protects the particles against
agglomeration. It is further a promising tool since specific magnetic parti-
cle surfactants allow the conjugation of functional molecules. The oppor-
tunity of functionalization of MNPs enables a wide range of diagnostic or
therapeutic applications in biomedicine. By the way of example, the cur-
rent intravenous injection of chemotherapeutics like Paclitaxel for breast
cancer treatment is always linked to the assumption of risk due to huge
side effects since substantial doses of the drug are required to affect the
tumor tissue. A guided transport of MNPs functionalized with such drugs
as exemplary shown in [6] could significantly reduce the required doses.
MDT could further be combined with MH to perform thermally induced
drug release at the specific location of the disease. Furthermore, the func-
tionalization enables bioassays and rapid tests using MNPs. Exemplary,
antibodies can be bound to a streptavidin-functionalized particle surface
via streptavidin-biotin binding, which is the strongest known non-covalent
binding.
Antibodies, also called immunoglobulins (Ig), are part of the immune
system and are made of Y-shaped proteins in the size of approximately
14.5 nm × 8.5 nm × 4.0 nm [80]. They occur in different classes distin-
guishing their types of heavy chains. Hence, IgA, IgG, IgD, IgE and IgM
correspond to alpha, gamma, delta, epsilon and mu heavy chains. Im-
munoglobulins are fabricated by B cells within the immune system and
help to identify and mark foreign substances in the human or animal body.
The synthetic fabrication of immunoglobulins or fragments is embraced
by the term protein engineering.

Monoclonal versus polyclonal immunoglobulins
Monoclonal immunoglobulins specifically bind to a particular epitope on
an antigen since these immunoglobulins come from a single B-cell parent
or clone of the parent. Hence, monoclonal immunoglobulins are monospe-
cific or monovalent. The immune response of multiple B-cells yield a
heterogeneous mix of immunoglobulins, called polyclonal immunoglobu-
lins [81]. Such immunoglobulins are also called polyspecific or polyvalent.
Thus, it is important to note that the terms monoclonal or polyclonal
relate to the antigen-binding fragment (Fab) of immunoglobulins. Figure
2.20 illustrates the difference of polyclonal and monoclonal immunoglob-
ulins. Polyclonal immunoglobulins are built by multiple B-cell parents
and provide multi-epitope specificity, which means that they can bind
to different epitopes of the same antigen as shown in figure 2.20a. Mon-
oclonal immunoglobulins are characterized by high specificity to only a
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(a) Polyclonal antibodies (b) Monoclonal antibodies

Figure 2.20: Illustration of polyclonal and monoclonal antibodies binding
to epitopes of antigens.

single epitope of an antigen. As depicted in figure 2.20b, the monoclonal
immunoglobulins just attach to free specific epitopes.
But how can the functional antibodies now be bound to the MNPs? The
organic layer (shell) of MNPs typically consists of oleic acids or amphiphilic
polymers, which means that the polymer provides both hydrophilic and
hydrophobic parts. Carboxy acid groups, which might already be avail-
able on the surface due to the manufacturing process, enable easy con-
jugation of biomolecules. Further, many manufacturers already provide
corresponding functionalizable coatings, e.g. streptavidin coating. Strep-
tavidin, the bacteria-made variant of avidin, enables streptavidin-biotin
binding. Nevertheless, it should be noted that streptavidin-biotin linking
yields unreliable bindings and is suitable for initial experiments only.

Streptavidin-biotin binding
Using specific groups on the MNPs’ surfactants, an additional strepta-
vidin coating can be attached to the surface to build tailored streptavidin-
modified nanoparticles. Streptavidin, which is of approximately 5 nm in
diameter, generally provides four protein slots, which specifically bind to
biotin via a non-covalent binding mechanism. Proteins like immunoglob-
ulin can be biotinylated endogenously via covalent binding of the biotin’s
provided carboxy acid group. Note that the biotinylation affects the frag-
ment crystallizable region (Fc) and not the antigen-binding fragment (Fab).
Both a streptavidin-modified MNP and a biotinylated immunoglobulin
are illustrated in figure 2.21a. For commercially available biotinylated im-
munoglobulin G, the molecular weight of e.g. mM = 70 kDa is given in the
datasheet. The weight unit Dalton (Da), which is equivalent to the atomic
mass unit (u) can be converted to gram (g) using the conversion factor
1 g = 6.022 140 762 1(18)× 1023 u or 1 u = 1.660 539 066 60(50)× 10−24 g
vice versa. Thus, one mol (NA = 6.022 140 76× 1023/mol molecules)
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(a) Streptavidin-modified MNP and
biotinylated immunoglobulin

(b) MNP with monoclonal im-
munoglobulin functionalization via
streptavidin-biotin binding

Figure 2.21: Schematic of avidin-biotin binding on the MNP’s surfactant.

of immunoglobulin G antibodies bound to biotin with a molar mass of
mM = 70 kDa weights

wIgG/Biotin = NA ·mM (2.114)

≈ 6.022× 1023 ·70 kDa

= 6.022× 1023 ·70× 103 · 1.6605× 10−24 g
= 70 kg,

which means that the mass of IgG/Biotin is mIgG/Biotin = 70 kg/mol.
For MNP suspensions, the number of particles per volume is typically
also given in the datasheet. In this way, approximate calculations can be
performed as to how many immunoglobulin molecules per particle exist
in a mixture sample.

Coatings and binding opportunities
In principal, there are several opportunities to bind functional groups
to MNP surfaces. Streptavidin-biotin bindings are easy to realize and
therefore lend itself to perform initial experiments. However, these kind
of conjugation is not very reliable with respect to repeatability and con-
trollability. Carboxy (COOH) or amino (NH2) acid group bindings show
more promising results in general. As stated in technotes by the particle
manufacturer micromod Partikeltechnologie GmbH (Rostock, Germany) ,
an efficient conjugation of biomolecules is based on maleimide (C4H3NO2)
functionalized MNPs [82, 83].



3 Magnetic particle spectroscopy

Magnetic particle spectroscopy (MPS) is a characterization method, which
originally was invented to prove the suitability of MNPs for the strongly re-
lated imaging modality MPI. The technique, which was firstly introduced
in [84, 85], is based on the nonlinearity of the sample material’s magneti-
zation curve. The method gains in importance and currently establishes
as a prevalent characterization tool, which is used for e.g. immunoassays
and which already serves as a base of comparison for newly introduced
techniques [86].

3.1 Basics
A core-less solenoid — the drive-field generator or transmit coil — is used
to generate a sinusoidal magnetic field as illustrated in figure 3.1a. The
applied magnetic field B(t) with an adequate magnetic field strength in
the range of several millitesla (figure 3.1a) forces the magnetization of
the sample (sum of all magnetic moments of the magnetic nanoparticles
in the sample volume) periodically into saturation via the particles’ mag-
netization curve m(B). Neglecting the particle dynamics for the sake of
simplicity, the magnetization curve (figure 3.1b) is modeled by the static
Langevin function , which is introduced in section 2.2.4. Consequently,
the resulting magnetic response of the sample m(t) (figure 3.1c) is al-
most rectangularly shaped. An inductive sensor is used to detect the
magnetic response. Thus, the induced voltage signal u(t) (figure 3.1d)
is proportional to the change of the magnetic flux and the number of
turns of the receive coil. Typically, the receive signal is transformed
to frequency domain via fast Fourier transform (FFT) or digital lockin
method (DLM) and analyzed as magnitude and phase spectra as depicted
in figure 3.1e and 3.1f, respectively. The more pronounced the harmonic
response, which is also called the harmonic fingerprint, the better the
MNPs are suitable for MPS and MPI applications. Hence, the total har-
monic distortion (THD) plural is one measure of the suitability. Please
note that the harmonic response could also be detected by using other
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Figure 3.1: Illustration of the MPS signals and principle.

wideband magnetic field sensors1 and strongly depends on the dynamic
magnetization response of the MNPs incorporating both the Néel and the
Brownian rotation. The Brownian part of the harmonic response, which
is due to mechanical motion, can further be analyzed by magnetomotive
techniques [87].

3.2 Hardware & characterization
For the investigation of the temperature dependence of the magnetic
nanoparticles’ harmonic response, a custom-built temperature-controlled
magnetic particle spectrometer [88] was designed and realized.

3.2.1 Transmit coil
The core element of a magnetic particle spectrometer is the ac field genera-
tor coil, which is build in a core-less solenoidal coil design. The generated
magnetic excitation field amplitude must be sufficient to saturate the sam-
ple nanoparticles placed at the center position of the field generator. Here,
the excitation coil has its best homogeneity of the generated magnetic field.
Typical magnetic field strengths to saturate MNPs, which are suitable for

1A receive coil has several advantages: It is an easy-to-build low-cost sensor
enabling gradiometric feed-through compensation and comes with a physical based
frequency proportional gain sensitively amplifying high-order harmonics.
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MPI, are around 10 mT/µ0 ≤ Ĥ ≤ 25 mT/µ0. Note that this assumption
strongly depends on the particle properties and can approximately be
derived from the Langevin function . To ensure generally applicable field
strengths for future experiments, the maximum supported magnetic field
strength at the center of the coil was chosen to be Ĥ ≤ 30 mT/µ0. The
limits of the excitation amplifiers are decisive for the choice of the final
coil design. A DC-enabled AE Techron 7224 power amplifier (PA) was
allocated to the setup. The chosen PA is characterized by high linearity
(total harmonic distortion THD < 0.1% for 0 Hz ≤ f ≤ 30 kHz) and up to
î ≤ 26.2 A (û ≤ 57 V) at RL = 2 Ω load resistance in a wide bandwidth
of up to f ≤ 300 kHz in the continuous (1 h @ 100% duty cycle) mid-level
operating mode. Hence, the PA provides an adequate reserve with respect
to linearity, which dramatically decreases when operating such amplifiers
close to their specifications. However, such information like the depen-
dence of linearity as a function of amplitude and load is typically too
specific and generally missing in specifications and datasheets. A good
rule of thumb is to operate the PA at half of the values specified in the
datasheet to achieve a suitable compromise between power and linearity.
The electrical impedance

ZL(ω) = jωLc (3.1)

of the excitation coil is primarily not resistive but inductive and thus
frequency-dependent with Lc being the inductance of the coil. Generally
admitted, the coil is made of electrical conductive material, typically
copper based wire, which has a significant resistance Rs particularly for
DC currents and must be considered in an electrical equivalent circuit.
Furthermore, the winding technique leads to adjacent wires, which have a
difference of electrical potentials for high frequencies. Such a voltage drop
between adjacent wires and winding layers can be attributed to an effective
capacitance Cp in the coil model. The inductance Lp (corresponds to Lc
in the equivalent circuit but might have slightly different values) and Cp
together build an internal parallel resonance circuit with the self-resonant
frequency fself. The self-resonant frequency is the crossing point of the
coil at which the complex-valued impedance switches from an inductive
behavior to a capacitive one. A further parallel resistor Rp must be
introduced to model the maximum impedance value at the resonance point.
The abovementioned considerations yield the L-model approximating a
coil’s impedance Zcoil with the corresponding impedance equation

Zcoil(ω) ≈ RsRp + jωRpLp

Rs +Rp − ω2RpLpCp + jω(Lp +RsRpCp)

=

<{ZL}︷ ︸︸ ︷
[R2
sRp +RsR

2
p + ω2RpL

2
p]

={ZL}︷ ︸︸ ︷
−j · [ω(R2

sR
2
pCp −R2

pLp) + ω3R2
pL

2
pCp]

R2
s +R2

p + 2RsRp + ω2(L2
p +R2

sR
2
pC

2
p − 2R2

pLpCp) + ω4R2
pL

2
pC

2
p

.

(3.2)

Here, <{ZL} and ={ZL} denote the real and imaginary parts of the
complex impedance ZL. Please note that the L-model is just a generally
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adequate model to describe the frequency-dependent coil impedance up to
and shortly above its first natural resonance. Typically, further resonances
occur in experimental data which could be covered by further inductors,
capacitors and resistors in an extended equivalent circuit. Using equation
3.2, experimental data acquired with an impedance analyzer can be fitted
to determine the equivalent circuit parameters Rs, Lp, Cp and Rp. For
low frequencies, the impedance of the coil might be sufficiently small to
impress the required current to generate the magnetic field. A continuous
frequency selection range is available until the impedance becomes too
large at high frequencies. Indeed, the impedance increases rapidly for
increasing frequencies in such a way that the power reserve of the PA
is insufficient. To a limited extent, this restriction can be bypassed by
connecting a further capacitor in parallel or in series to the coil and
compensating the imaginary part ={Zcoil} to reduce the impedance’s
magnitude to its real part <{Zcoil} (with an additional small impact
of the capacitor’s real part) at a certain discrete frequency fr. Such a
parallel or series resonant circuit yields current and/or voltage peaking,
respectively. The selection of parallel or series capacitors to build the
resonance circuit for a specific resonance frequency fr is based on the
inductance Lp measured with the impedance analyzer (here: Agilent
4294A Precision Impedance Analyzer providing a measurement bandwidth
40 Hz ≤ f ≤ 110 MHz). It should be noted that the capacitors also have
parasitic properties, which must be considered when modeling is required.
In a first coarse approximation, the required capacitance values Cr can
be estimated from the well-known resonance equation with ωr = 2πfr of
a parallel or series resonant circuit in equation 3.3 to adapt corresponding
resonance frequencies.

ω2
r ≈ (LpCr)−1 ⇒ Cr ≈ (ω2

rLp)−1 (3.3)

Note that better approximations are derived from more complex equa-
tions by taking into account further parasitic components. Depending on
their dielectric medium and geometry, capacitors might generate nonlinear
voltages and currents or instabilities, which disturb the almost pure sinu-
soidal generated field in a way that harmonics of the MNP magnetization
signal are masked or obscured. For this reason, it is important to select
appropriate and high-quality components. Typically, polypropylen foil
based capacitors in radial geometries should be preferred, which further
offer self-healing effects when high voltages lead to internal damaging.
However, when foil capacitors are operated close to their specification
thresholds, the aging process is promoted. For this reason, it is necessary
to pay attention to appropriate current and voltage ratings. To adapt a
specific capacitor value to the resonant circuit, parallel (for ensuring the
ampacity) and series (for ensuring the withstand voltage) connections of
multiple capacitors of similar type are essential. At high frequencies, the
skin effect (and further effects like the proximity and bundle effect) might
lead to a further increase of the coil’s impedance. Due to a non-uniform
current distribution based on self-induced current flows as a result of self-
induced magnetic fields inside the conductor when time-varying currents
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flow, the effective wire diameter decreases. These parasitic effects can be
reduced by choosing an appropriate litz wire geometry. Litz wires consist
of single strands, which are isolated against each other via non-conductive
synthetic coatings, e.g. polyurethane. Such single strands are bundled to
form a wire. There is a trade-off between the number of strands and the
effective copper cross section per outer diameter, since more strands also
lead to more space filled with coatings and gaps between the single strands
as they are packed almost as dense as possible (dense circle packing in a
cross section area). The excitation coil design was planned with Finite El-
ement Method Magnetics (FEMM) by David Meeker, an open-source tool
for electromagnetic field simulations. FEMM supports 2.5 dimensional
(axially symmetric) AC field problems and can be controlled via Lua script-
ing or a MathWorks®MATLABand GNUOctave interface. The provided
interface is elementary and has been extended by an object-oriented MAT-
LABclass, which supports high-level methods to easily simulate solenoids
with different geometries. Manual optimizations maintained the decision
to utilize AWG41x420 (420 strands of copper wire with each strand provid-
ing a wire diameter of dlitz = 0.071 mm) litz wire, which was ordered from
PACK LitzWire (Rudolf Pack GmbH & Co. KG, Germany) . The bundle
is wrapped by silk insulation for mechanically adhesive purposes. The
same type of wire has been used to design an outer-mounted Helmholtz
coil, which provides the opportunity to superimpose a magnetic DC offset
field. The spatial magnetic flux density magnitude profiles of both the
AC and the DC drive field coils are shown in figure 3.2. Both profiles are

(a) AC drive field coil (b) DC drive field coil

Figure 3.2: Normalized spatial magnetic flux density magnitude profiles
of both the AC (3.2a) and the DC (3.2b) drive field coils.

normalized to their respective maximum value of the flux density |Bmax|.
As can be seen from both figures, the center area provides the most ho-
mogeneous plateau of the magnetic flux density. The corresponding coil
parameters (note that self-capacitances and natural resonances are not



62 3 Magnetic particle spectroscopy

Table 3.1: Simulated MPS coil model parameters of the AC transmit
coil TxCAC, the DC transmit coil TxCDC and the receive coil RxC. Note
that the detection coil (total number of turns 228) and the compensation
coil (total number of turns 215) were later realized slightly different due
to mechanical deviations and gradiometric adjustment.

Coil Lp/µH Rs / Ω Turns × layers
TxCAC 117.25 108.46m 30× 4
TxCDC 109.95 95.78m 2(5× 6)
RxC 886.01 24.45 + j · 55.67 72× 3 + 2(35× 3)

Table 3.2: Coil constants of the MPS setup’s AC and DC coil.

Coil Kc,sim / (mT/A) Kc,exp / (mT/A)
Drive field, AC 2.25 2.26
Drive field, DC 0.92 0.93

available from simulation results) of both the AC and the DC drive field
generator coils are shown in table 3.1. The coil constantKc of a generator
coil specifies the generated magnetic flux density peak value B̂ in the cen-
ter position of the coil as a function of the impressed current î. From the
coil constant, the current î = K−1

c B̂ can be calculated, which is required
to generate the desired magnetic flux density. To determine the coil con-
stant experimentally, a DC current of i = 1.0 A was impressed directly
into the drive field generator coils. A F.W. Bell® 5180 Gauss / Tesla me-
ter (Oregon, USA)was then used to measure the corresponding generated
flux density at the center position. Simulated Kc,sim and measured Kc,exp
coil constants of the AC drive field coil and the DC Helmholtz coil pair
are compared in table 3.2. Simulation and experimental results of the
coil constants match with 0.5% deviation for the AC drive field coil with
Kc,ac = 2.26 mT/A and 1.0% deviation for the DC drive field coil with
Kc,dc = 0.93 mT/A, respectively, within the scope of the measurement
inaccuracy.
Impedance curves of the coils in different circuitries were measured with an
Agilent 4294A Precision Impedance Analyzer. Since both the AC and the
DC coils are generating magnetic fields towards the same spatial direction,
the coupling between both coils is pronounced (48.6% in simulation).
Note that corresponding filter circuits are required to protect the DC
power amplifier against AC coupled signals when the DC Helmholtz coil
is connected. To investigate the coupling between both drive field coils,
impedances were measured for both the case in which the corresponding
other coil was short-circuited and the case in which it was open-ended.
Figure 3.3 shows the impedance curves of the AC drive field coil for a open-
ended DC coil (top row) and for a short-circuited DC coil (bottom row).
The left column contains the magnitudes and resistances of the impedances
whereas the right column depicts the corresponding phase. Note that
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(b) Phase, open-ended DC coil
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(c) Impedance, short-circuited DC coil
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(d) Phase, short-circuited DC coil

Figure 3.3: Impedance curves of the AC drive field coil.

imaginary parts are neglected due to the logarithmic scaling. Impedance
curves of the DC drive field coil are shown in figure 3.4 accordingly. Keep
in mind that the resistance is the limiting factor for resonant circuit based
operation. Neglecting the resistance of the additional capacitor in the
resonance operating mode, the AC coil could be used up to fr ≈ 360 kHz
at which the resistance reaches <{Zcoil,AC} ≈ 2 Ω when the DC coil is
removed or short-circuited. Further, the influence of the DC coil on the
AC coil’s impedance seems to be negligible since only comparably small
changes in magnitude and resistance (especially above the first natural
resonance frequency) and small changes in the phase (also in the lower
frequency range) can be observed on the logarithmic scale. However,
the summarized fitted values in table 3.3 also show significant changes
in the inductance and self-capacitance values, which shift the resonance
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(a) Impedance, open-ended AC coil
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(b) Phase, open-ended AC coil
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(c) Impedance, short-circuited AC coil
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(d) Phase, short-circuited AC coil

Figure 3.4: Impedance curves of the DC Helmholtz coil pair.

frequency by |(1.37 MHz− 1.69 MHz)|/1.37 MHz ≈ 23%. Still, the impact
on the resistance in the lower frequency range is marginal and just lead
to changes in the mΩ range. The impact of the AC drive field coil
on the DC Helmholtz coil’s impedance is much more pronounced when
having a closer look at the natural resonance frequency. The first natural
frequency shifts by a factor of |(1.35 MHz−3.07 MHz)|/1.35 MHz ≈ 127%
when switching from open-ended to short-circuited. It is obvious that the
first occuring natural resonance is dominated by the AC drive field coil and
the impedance of both the AC and the DC drive field coils decrease when
the particular other coil is short-circuited. Note that the DC Helmholtz
coil, which unfortunately provides a smaller coil constant, could also be
used as an AC field generator up to 400 kHz (<{Zcoil,DC} ≈ 2 Ω for a
short-circuited AC coil) if required.
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Table 3.3: Measured MPS coil L-model parameters for the AC drive
field coil (AC), the DC Helmholtz drive field coil (DC12) consisting of two
single coils (DC1 and DC2). The AC coil parameters are further shown
for an open-ended (o.) and a short-circuited (s.) mounted DC drive field
coil. DC coil parameters were measured accordingly with open-ended and
short-circuited AC coil configurations.

Coil Lp/µH Cp / pF Rs / mΩ Rp / kΩ fr / Hz
AC 137.0 91.0 107.0 30.5 1.42M
AC, DC12 o. 137.0 99.3 107.0 29.4 1.37M
AC, DC12 s. 97.3 90.0 120.0 23.3 1.69M
DC1 45.5 62.5 37.8 23.0 2.97M
DC2 45.5 50.7 36.8 24.0 3.29M
DC12 110.0 32.0 95.4 48.0 2.67M
DC12, AC o. 109.8 125.0 95.0 11.0 1.35M
DC12, AC s. 78.0 34.0 102.0 32.0 3.07M

3.2.2 Receive coil
Magnetization signals are often measured with inductive sensors due to
their high sensitivity at high frequencies and good noise performance in
relation to their simple structure. The received induction voltage signal in
such inductive sensors is proportional to the time derivative of the change
of magnetization as a result of Faraday ’s law of induction. The receive
coil must be placed as close as possible to the sample under test to achieve
an optimized filling factor. However, the drive field feed-through induces
a huge voltage signal into the receive coil and thus the harmonic response
of the MNPs is lost in the digitized signal due to dynamic limitations.
Two different solutions could solve this problem:

• use a notch filter to eliminate the fundamental or

• use a differential pick-up coil design to suppress the fundamental
feed-through.

Note that the fundamental is required to reconstruct dynamic magneti-
zation curves. To make the fundamental available, a differential pick-up
coil design is used. The receive coil on the one hand has to be designed as
sensitive as possible to detect smallest changes in the magnetization of the
sample under test. On the other hand, the noise background with spec-
tral power noise density Sv = 4kBT<{Zcoil} of the receive coil increases
with increasing resistance. Again, a trade-off must be handled with re-
spect to the number of the receive coils’ turns and layers. One design
goal was to be very sensitive in the lower frequency range to investigate
particle-matrix interactions being dependent on the Brownian relaxation
of MNPs. For this reason, a comparably large number of windings (443
for the compensated receive coil in total) is required. The receive coil wire
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diameter was chosen to be 0.1 mm. Note that enameled copper wire is
used instead of litz wire, since litz wire does not make any sense due to a
high resistive readout (negligible current flow → insignificant skin effect).
Quite the contrary, litz wire would increase the resistance of the receive
coil significantly and thus leads to higher noise levels. The receive coil
is designed as a solenoidal detection coil and an additional splitted com-
pensation coil pair. Simulated sensitivity profiles of the detection and the
compensation coils are shown in figure 3.5. In figure 3.6, a superimposed

(a) Detection coil (b) Compensation coil pair

Figure 3.5: Normalized spatial magnetic sensitivity profiles of the detec-
tion coil (3.5a) and the compensation coils (3.5b), both normalized to the
detection coil’s flux density magnitude maximum value.

plot of both the AC/DC generator fields and the sensitivity profiles of
the receive coil are depicted. The detection coil, which covers the sample
volume, measures both the drive field feed-through µ0 ~H and the sample’s
magnetization signal µ0 ~M with n̂ being the collinear vector component
of the magnetic flux density pointing towards the surface normal of the
coil with area A. The induced voltage per coil turn Ndet of the detection
coil is given by

uind,det
Ndet

=
∮
C

~Ed~l = −dΦ
dt

= − d

dt

∫
A

~BHM︷ ︸︸ ︷
µ0( ~H + d~mdV −1︸ ︷︷ ︸

~M

) ·n̂dA (3.4)

with ~BHM being the flux density of the superposition of both the magnetic
field ~H and the magnetization ~M . The series-connected compensation
coils on the contrary measure the drive field (almost) exclusively.
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Figure 3.6: Normalized generator field (Tx) and sensitivity (Rx) line
profiles (at rotational axis position r = 0) of the receive coil. AC and
DC generator fields are each normalized to their corresponding maximum.
The detection and compensation sensitivity profiles are both normalized
to the detection sensitivity maximum to emphasize that the splitted com-
pensation coil must provide the same sensitivity to the excitation field in
total.

The induced voltage uind,com of the compensation coil with Ncom winding
turns is given by

uind,com
Ncom

≈ − d

dt

∫
A

~BH︷︸︸︷
µ0 ~H ·n̂dA (3.5)

with ~BH being the flux density of the externally applied magnetic field ~H.
Both the detection coil and the compensation coil pair are again connected
in series, but the sense of winding is opposite. Thus, the induced voltage
uind,com is inverted with respect to uind,det. In total, the feed-through
cancels out and the magnetization signal of the sample, measured by the
detection coil only, remains. For both coils providing identical properties,
the resulting induced voltage

urx = uind,det − uind,com ≈ −Ndet ·
d

dt

∫
A

~BM︷ ︸︸ ︷
µ0 d~mdV

−1︸ ︷︷ ︸
~M

·n̂dA (3.6)

in the receive coil does not show any impact of the drive field ~H and just
depends on the magnetic flux density ~BM of the sample’s magnetization.
However, this approach assumes both the detection and the compensation
coils providing exactly the same geometry. Furthermore, both coils must
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see exactly the same drive field, which is unrealizable due to inhomo-
geneities of the drive field flux density. For this reason, the number of
turns of the detection and compensation coils must be adjusted. For the
MPS setup, a gradiometric balance with 69 dB fundamental feed-through
attenuation at f0 = 25.0 kHz was obtained. The receive coil parame-
ters are summarized in table 3.4. The receive coil is connected to a

Table 3.4: Measured MPS coil L-model parameters for the detection coil
(D), the compensation coil (C12) consisting of two series connected single
coils (C1 and C2). The complete receive coil (RX) is composed of a series
connection of the detection coil (D) and the splitted also series connected
compensation coil (C12) with opposing winding direction.

Coil Lp/µH Cp / pF Rs / Ω Rp / kΩ fr / Hz
D 569.86 90.1 21.05 118.0 0.731M
C1 202.8 53.7 11.288 74.0 1.522M
C2 196.3 45.2 11.127 67.0 1.691M
C12 401.9 33.8 22.407 140 1.37M
RX 897.1 63.0 43.931 120.0 0.6671M

preamplifier module, which was built from a Texas Instruments (Dallas,
Texas, USA) INA103 instrumentational amplifier. The gain is adjustable
via jumper selection. Currently, the gain is set to a factor of two, which is
already sufficient to saturate the preamplifier with typical commercially
available suspended stock material of MNP ferrofluids at f0 = 25 kHz.
For that reason, some ferrofluids (e.g. perimag® ) must be diluted at high
excitation frequencies for measurements. The preamplified signal is then
recorded with data acquisition (DAQ) cards from National Instruments
(Austin, Texas, USA) .

3.2.3 Temperature controller
The mounting of the transmit and receive coils were strongly linked to
the temperature controller design. MNP samples are usually prepared
in microtiter or glass wells both having similar geometries. Therefore,
all custom-built magnetic characterization setups at the institute provide
an inlet to place such sample bins. For enabling the investigation of
the temperature dependence of the MNPs’ harmonic response in a wide
temperature range of −20 ◦C ≤ T ≤ 120 ◦C, heating and cooling the
sample should be possible. Since the measurement method must not be
influenced by the temperature controller, only indirect heat energy supply
or reduction and indirect temperature measurements for controlling are
applicable. Nevertheless, several methods for regulating the temperature
are conceivable:

• use temperature controlled airstreams to cool or heat the sample
bin
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• use cold nitrogen gas flow for cooling purposes and use an additional
coil to heat against the cooling to control the temperature

• use thermally conductive material connected to a heat source

For the first and second approach, the sample bin must be placed in a
mechanical skeleton to ensure the relative position with respect to the
detection coil. Such a construction yields a huge effort regarding de-
sign, material selection and fabrication. For this reason, the focus was
on the third approach. Materials with high thermal conductivity like
copper (κth,Cu ≈ 300 W/(m K)) typically also provide a high electrical
conductivity (κel,Cu ≈ 58× 106 S/m) at room temperature. When a ma-
terial with electrical conductivity is placed in ac magnetic fields, eddy
currents are induced into the material, which work against the applied
magnetic field. Significant power losses prevail and magnetic field dis-
tributions become inhomogeneous. A rod made of Shapal™ Hi-M soft is
utilized as a thermally conductive sample holder, which further serves as
the receive coil bobbin. Required material characteristics (high thermal
conductance of κth,Shapal ≈ 92 W K/m and high electrical insulation with
electrical DC conductivity κel,Shapal ≈ 1× 10−13 S/m) are provided by
the so-called Shapal™ Hi-M softmaterial [89], an aluminium nitride based
ceramic, from Tokuyama Soda Co. Ltd. (Japan) (distributed by Goodfel-
low GmbH (Friedberg, Germany) ). The material’s datasheet specifies a
minor thermal expansion coefficient with αth,Shapal ≈ 4.8× 10−6/K due
to its ceramic nature. Hence, a significant detuning of the receive coil’s
gradiometric balance is precluded. For thermal decoupling, an air-filled
gap of 0.5 mm between the ceramic rod and the transmit coil holding
fixture is designed. The transmit coil holding fixture is manufactured
from polyetheretherketone (PEEK), distributed by KTK Kunststofftech-
nik Vetriebs GmbH (Germering, Germany) . The synthetic PEEK is a
high performance polymer having a continuous operating temperature of
T ≤ 260 ◦C. To assure the mechanically stable coupling between both the
ceramic rod incorporating the receive coil and the PEEK transmit coil
holding fixture, a Macor® glass ceramic heat shield disc connects them
via a small bearing area in the bottom of the PEEK housing. Further
housing parts, which are not directly affected by temperature influences
are made of less-expensive polyvinylchloride (PVC). The ceramic rod
can be closed with a lid made of the same material to prevent thermal
convection. Platin based Pt-100 temperature sensors2 are placed in the
top of the lid and in the bottom of the rod to enable a remote temperature
measurement estimating the temperature of the sample, which is placed
in the center of the rod, by interpolation. The computer-aided design
(CAD) model of the setup is shown in figure 3.12.

2Platin is typically contaminated with iron and might produce parasitic signals in
the MPS setup. The insignificance of such sensors placed close to the desired position
was evaluated in a test setup during the system design process and ensured in the
final setup.
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Peltier element based temperature actuator
A multi stage stack Peltier element of type TEC3-127-71-31-06 shown in
figure 3.7 from Thermonamic Electronics Corp., Ltd. (Jianxi, China)with
40 mm× 40 mm base and 20 mm× 20 mm top size (i ≤ 5 A, u ≤ 14.6 V)
serves as temperature actuator and is thermally connected to the bottom
end of the Shapal™ Hi-M soft rod via silver based heat transfer paste. A

(a) Photography of the mounted device

n-doped
p-doped
n-doped

stage 3
stage 2

stage 1

(b) 3D CAD model

Figure 3.7: Photography of the Peltier element installed in the MPS
setup (left) and three-quarter section view of a colored 3D CAD model
(right) designed in AutoDesk® Inventor® .

Peltier element offers the opportunity to generate a temperature gradient
between its top and bottom side as a result of charge carrier shifts in in se-
ries connected n- and p-doped semiconductors. Note that the meandering
current flow due to the typical specific arrangement of the semiconductors
fortunately results in minor magnetic stray fields, which would be recog-
nizable as disturbance variable within the spectroscopic measurements. It
depends on the polarity of the impressed current whether the temperature
of the top side is higher or lower than the temperature on the bottom side.
Hence, the Peltier temperature actuator enables cooling and heating of
the ceramic rod. Since the Peltier element generates a heat gradient, one
side of the Peltier element must be kept constant at a certain temperature
(here: room temperature) to enable absolute actuating temperature val-
ues instead of relative ones. The Peltier element is therefore placed and
thermally connected to a cuplex kryos HF cooling unit (Aqua Computer
GmbH & Co. KG, Germany). From a control engineering point of view,
the Peltier element and the ceramic rod and the sample to be controlled
are parts of the closed loop controlled system. The step response of the
control path gives an overview of how fast the control path reacts to
temperature changes. The first step responses measured with the given
setup were published in [88]. To measure the step responses, a microtiter
well was filled with deionized water. A platin based Pt-100 temperature
sensor was placed directly in the sample bin. The resistance of the Pt-100
sensor was measured with a Keithley System 199 DMM / scanner high-
precision digital multimeter. A constant voltage source was connected to
the Peltier element to impress a constant current. The changing resistance
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Figure 3.8: Temperature step responses of the MPS setup’s temper-
ature control path. Reproduced from [88] (2017) CC BY 4.0 (https:
//creativecommons.org/licenses/by/4.0/).

RPt100 ∝ T is plotted as a function of time in figure 3.8. As can be seen,
the control path can be described via a PT1 transfer function with time
constant TPT1 and dead time Tdead according to

G(s) = Y (s)
U(s) = GPT1(s) ·Gdead(s) = K

1 + sTPT1
· exp(−sTdead).

(3.7)

A reproducible jump of the temperature was observed for cooling the
sample down to T ≈ −6 ◦C (RPt100 = 97.6 Ω). The jumps of both blue
curves indicate a phase transition of the subcooled deionized water to ice.
Hence, the system also enables the investigation of dynamic immobiliza-
tion processes by freezing the MNP carrier liquid. Further, MNPs could
serve as nanoscopic sensors to investigate phase transitions of solvents.

Programmable high-current bipolar current source and
temperature controlling unit
All temperature-dependent experimental results shown in this work are
based on the temperature controlling unit using a bipolar high-power
current source designed by Felix Nording, which is described in [90] in more
detail. However, to further reduce the size and complexity of the setup in
a later state, a bipolar current source was realized with an OPA549 high-
voltage high-current operational amplifier to drive the Peltier element. For
documentation purposes, the following subsection introduces the bipolar
high-power current source, which is currently installed within the MPS
setup. The OPA549 chip offers high continuous output currents of up to
|̂i| ≤ 8 A and supports a wide dual input voltage supply of ±4 V ≤ ±V0 ≤
±30 V. The schematic of the bipolar current source is shown in figure
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Figure 3.9: Basic schematic of the OPA549 operational amplifier based
high-current bipolar current source (left) and TL072 based voltage level
shifting and scaling to enable current and voltage measurements via the
ESP32 chip.
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Figure 3.10: 3D KiCAD model of the programmable high-current bipolar
current source based on an OPA549 operational amplifier.
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3.9. The current source was designed in KiCAD. Corresponding exported
3D models with annotations are depicted in figure 3.10. The most simple
configuration of the current source sufficient for resistive loads is a P-
controller feedback containing the shunt resistor Rshunt and the P-indexed
resistors RP in figure 3.9. The circuit can easily be extended to a PID-
controller by adding appropriate components RI , CI and CD to stabilize
the circuit for non-resistive loads. The capacitor C0 serves as low-pass
stage and R0 ensures that the input capacitors of the operational amplifier
can discharge. Both components R0 and C0 are optional since the bipolar
current source still works without them. However, the I- and D-indexed
elements can be used to increase the current source bandwidth. The power
supply voltage has to be selected depending on the load. The Peltier
element offers an almost real-valued frequency-independent resistive load
withRload = 2.73 Ω as it was measured with an Agilent 4294A impedance
analyzer. A power supply voltage V0 = ±12 V allows load currents of up
to Iout = ±3 A. The implemented version offers a constant amplitude
response up to f ≈ 3 kHz as depicted in figure 3.11. In the frequency
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Figure 3.11: Simulated frequency response of the OPA549 based bipolar
high-current source using LTSpice® XVIIwith a resistive load Rload =
2.73 Ω corresponding to the Peltier element’s impedance and an input
peak voltage û = ±2.5 V to ensure the output current to be Iout = ±3 A.

range 3 kHz ≤ f ≤ 50 kHz, a resonance occurs. The bipolar current
source is still able to provide currents of even more than Iout = ±3 A,
but the input voltage must be adapted. An additional precontroller could
be implemented, which controls the current by measuring the voltage
drop through the shunt resistor. For this application, a DC current is
required to drive the Peltier element. Hence, the bandwidth is less relevant.
Note that the current source is easily extendable to higher currents by
parallel arrangements of further OPA549 stages. The comparably simple
electrical circuit in figure 3.9 was extended with a HELTEC HTIT-WB32
evaluation board based on an ESP32 chip including an OLED display
to present DC current and voltage values. Voltage level shifting and
scaling of the measured current (as a function of the shunt resistor’s
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Table 3.5: MPS system properties.

AC field amplitude Ĥ ≤ 30 mT/µ0
DC field amplitude H ≤ 30 mT/µ0
Frequency f0 ∈ {0 ≤ 1 kHz} or

f0 = {2.5 kHz, 5.0 kHz, 10.0 kHz, 25.0 kHz}
Sample temperature −20 ◦C ≤ T ≤ 120 ◦C

voltage drop) and voltage signals are realized with TL072 operational
amplifier based differential amplifiers as depicted in figure 3.9. Further,
an on-board digital-analog converter (DAC) is connectable to the bipolar
current source via jumper configurations to enable the ESP32 to serve
as (bluetooth, WLAN or serial port) programmable bipolar high-current
source. The ESP32 chip itself was programmed via the Thonny IDE in
micropython.
Based on a microcontroller of type ATmega64a (Microchip Technology
Inc., USA), the temperature controlling unit was designed and installed
by Klaas-Julian Janssen within the scope of his master thesis. The de-
signed PCB enables the readout of the Pt-100 temperature sensors via
appropriate operational amplifier based circuits. A digital PID controller
was implemented on the microcontroller, which controls a calibrated
curve of two Pt-100 temperature sensors as the estimate of the sam-
ple temperature: one temperature sensor is placed in the bottom of the
Shapal™ Hi-M soft rod, the other temperature sensor is mounted in the
lid of the Shapal™ Hi-M soft rod.

3.2.4 Assembly
The system housing and assembly of the MPS setup was designed with
the computer-aided design (CAD) tool AutoDesk® Inventor® from Au-
todesk, Inc. (San Rafael, USA). A three quarter-section view of the
temperature-controlled MPS CAD model is depicted in figure 3.12. Since
the impedance of the AC drive field coil is small for the frequency range
DC ≤ f0 ≤ 1.0 kHz, the coil can directly by connected to the power am-
plifier via a series resistor with R0 = 0.5 Ω, which ensures the minimum
resistance with respect to the PA’s specification. AC drive field series
resonance circuits were implemented for a set of excitation frequencies
f0 = {2.5 kHz, 5.0 kHz, 10.0 kHz, 25.0 kHz}. The system’s main properties
are summarized in table 3.5. Photographies of the realized setup and the
bipolar current source of the temperature controlling unit are depicted in
figure 3.13.

3.2.5 Calibration
The calibration of the MPS setup allows one to derive a magnetic unit
from the experimentally measured signal. The measured induction voltage
signal from the differential receive coil is proportional to the net magnetic
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Figure 3.12: Quarter-section view of the MPS setup CAD model. The
PEEK and PVC housing is illustrated opaque to show coil geometries in
more detail.

moment of the investigated sample. A dysprosium oxide3 (Dy2O3) powder
sample is used to calibrate the measured signal value for an absolute
magnetic moment scale. The molar mass of dysprosium oxide can be
determined with the atomic masses uDy = 162.5001 g/mol and uO =
15.999 43 g/mol, as well as the number of atoms per molecule:

mmol,Dy2O3 = 2 · uDy + 3 · uO (3.8)
= 372.9985 g/mol. (3.9)

The molar susceptibility of dysprosium oxide is given in the cgs unit system
by χmol,Dy2O3,CGS = 89 600 cm3/mol. The Dy2O3 sample is placed in
a VDy2O3 = 150× 10−6 L = 150× 10−9 m3 microtiter well and weighs
mDy2O3 = 0.3704 g. The mass density ρDy2O3 of the sample calculates
as follows:

ρDy2O3 =
mDy2O3
VDy2O3

= 2.4693× 106 g/m3. (3.10)

3Dysprosium oxide shows an highly magnetic and almost linear magnetic behavior
for a wide frequency range.
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(a) Coil center part (b) Bipolar current source

Figure 3.13: Photographies of the MPS coil system (3.13a) and the bipo-
lar current source (3.13b) for sample temperature regulation via Peltier
element. Reprinted (adapted) with permission from [69]. Copyright 2019
American Chemical Society.

The mass susceptibility is the fraction of the molar susceptibility and the
molar mass:

χmass,Dy2O3,CGS =
χmol,Dy2O3,CGS
mmol,Dy2O3

(3.11)

= 240.2154× 10−12 m3/g (3.12)

and is needed to calculate the volume susceptibility

χvol,Dy2O3,CGS = χmass,Dy2O3,CGS · ρDy2O3 (3.13)

= 593.1720× 10−6. (3.14)

The result must be converted to the SI unit system

χvol,Dy2O3,SI = 4π · χvol,Dy2O3,CGS (3.15)

= 7.4540× 10−3 (3.16)
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to calculate the sample’s magnitude of the magnetic moment, which de-
pends on the magnetic field strength H:

|~mDy2O3 | = χvol,Dy2O3,SI · VDy2O3 ·H. (3.17)

The measured voltage signal can now be mapped to the corresponding
magnetic moment value of the dysprosium oxide sample at a certain fre-
quency. Please be aware of that the dysprosium oxide sample provides an
almost linear magnetization curve (also depending on the chemical purity)
and does not show any measurable higher harmonics in the MPS setup.
Hence, the fundamental can be calibrated only and higher harmonics must
be expected to scale the same way. The evaluation of a reliable phase
calibration at high frequencies is still missing. However, the almost linear
transfer function of the preamplifier module is valid for up to 1 MHz and
reconstructed magnetization curves as well as the complex-valued higher
harmonics of the viscosity series in section 3.4.4 scale the same way as
predicted from Fokker-Planck simulations. Note that in principle, a cali-
bration of the MPS setup incorporating higher harmonics could also be
performed by referring to calorimetric measurements by normalizing the
measured dynamic hysteresis loop of a magnetic nanoparticle sample to
reliable calorimetric measurement results.

3.3 Signal post processing
For the evaluation of MPS measurement data, signal postprocessing is
required. The following subsections focus on the most significant aspects
for this work.

3.3.1 Fourier transform & digital lockin method
The Laplace transform (LT) and the Fourier transform (FT) constitute
important tools for the analysis of MPS data. For the sake of complete-
ness and due to the importance when discussing the harmonic response
of MNPs, a short overview repeats the basic ideas. It further facilitates
the comparison with the digital lockin method (DLM).

The most common representation of physical signals, e.g. voltages, cur-
rents or magnetization signals, is the time domain representation. Usually,
these kind of signals are real-valued. Actually, all physical observables are
real-valued by definition. Thus, e.g. amplitudes can be plotted as a func-
tion of time. From an engineering point of view, the Laplace transform
is a mathematical tool to simplify complex calculations by transform-
ing a time-domain problem to a frequency-domain one. In terms of the
Laplace transform, each (periodic) signal can be composed by complex-
valued base functions û · exp (st+ φ) with the complex angular frequency
s = σ + jω ∈ C and phase φ. The Laplace transform shown in equation
3.18 is a integral transform and provides a back transform — the in-
verse Laplace transform shown in equation 3.19 to transform a frequency
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domain signal (back) to the time domain.

U(s) = L{u(t)} =
∞∫

t=0

u(t) exp (−st) dt (3.18)

u(t) = L−1{U(s)} = 1
2πj

γ+j∞∫
s=γ−j∞

U(s) exp (st) ds (3.19)

The Laplace transform is the more general transform but very similar to
the FT. The main difference is that the FT with s =�>

0
σ+jω with ω = 2πf

is only applicable to causal systems, which are common in engineering
problems. However, the Laplace transform typically yields more clearly
arranged results when calculating e.g. transfer functions manually. For
the FT, time domain signals are transformed to the frequency domain by
expressing them as superpositions of the real and imaginary parts modeled
by trigonometric functions

U(f) = û · exp (jωt+ φ) =

<{U(ω)}︷ ︸︸ ︷
û · cos (ωt+ φ) +j

={U(ω)}︷ ︸︸ ︷
û · sin (ωt+ φ) .

The forward and the inverse FT are shown in equations 3.20 and 3.21.

U(f) = F{u(t)} =
∞∫

t=0

u(t) exp (−jωt)dt (3.20)

u(t) = F−1{U(f)} = 1
2π

∞∫
f=−∞

U(f) exp (jωt)df (3.21)

The base function exp(jωt) = cos(ωt) + j sin(ωt) for the inverse FT can
be imagined as a pointer with magnitude û rotating in the complex-valued
plane. Often not explicitly mentioned, the phase φ = 0 refers to a reference
signal, which is generally a cosine signal for the real part by definition.
This means, that a sinusoidal signal which is analyzed with the transform
results in a discrete frequency component with phase φ = −π/2.
Although negative frequencies are unphysical, this is mathematically cor-
rect. The energy of each frequency component is splitted in two parts
(negative and positive) in the frequency space, except of the offset, which
occurs at f = 0. The amplitude of a given frequency component of interest
(FOI) can be read from symmetric Fourier magnitude spectra by summing
the corresponding values at f = −fFOI and f = fFOI (or multiplying the
corresponding value at f = fFOI with a factor of 2). Phase angles can
directly be read at f = fFOI from phase spectra relating to the cosine
reference signal. The FT frequency resolution df = 1/tm is proportional
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to the measurement time tm. The theoretical bandwidth fB < fs/2 is
restricted to Nyquist-Shannon theorem and depends on the sampling fre-
quency fs.

Nearly all programming languages offer toolboxes with FFT implemen-
tations (e.g. the built-in package numpy in python or the third-party
library ILNumerics in C#) to directly calculate the FT of signals. Real
and imaginary parts (magnitudes and phases respectively) could directly
be extracted from FFT spectra. However, if the time domain signal is
short, the frequency density in frequency domain is low. Further, window
functions, which are required to suppress the spectral leakage effect, lead
to deviations to the real spectra. Thus, magnitude and phase determina-
tions are defective. To improve the signal evaluation, the corrective DLM
can be used for which real and imaginary parts of each selected frequency
component are determined separately. Even if the time domain signal
is short (consisting of only a few periods), the DLM approach generates
much more accurate results.

The cross-correlation factor is a measure of the similarity of two signals
x(t) and y(t) depending on the same parameter t:

ϕxy = lim
T→∞

1
2T

∫ T

t=−T
x(t)y(t)dt. (3.22)

In terms of the FT, each (periodic) signal can be composed of complex base
functions, which can be expressed as trigonometric functions for the real
and imaginary parts 1

N exp 2πinu
N = 1

N cos ( 2πnu
N ) + i 1

N sin ( 2πnu
N ). The

cross-correlation of a measured signal y(t) and the corresponding trigono-
metric function part of the complex base function of the FT results in
real and imaginary parts of the frequency component. The in-phase (real)
<(fn) and the out-of-phase (imaginary) =(fn) parts are given by the
cross-correlation of the signal with corresponding trigonometric functions
as follows:

<(fn) = 1
t1 − t0

∫ t1

t=t0

xa(t)︷ ︸︸ ︷
+ cos (2πfnt+ ϕ) y(t)dt (3.23)

=(fn) = 1
t1 − t0

∫ t1

t=t0

xb(t)︷ ︸︸ ︷
− sin (2πfnt+ ϕ) y(t)dt (3.24)

Here, we assume that the lockin reference is a cosine function to be
comparable to standard FFT implementations. For a sinusoidal (sine
function) reference signal, the inner functions xa(t) = + cos (2πfnt+ ϕ)
and xb(t) = − sin (2πfnt+ ϕ) have to be replaced by their primitives
xa(t) = + sin (2πfnt+ ϕ) and xb(t) = + cos (2πfnt+ ϕ) (both shifted by
π/2). The resulting frequency component is

fn = 2 · (<(fn) + j=(fn)). (3.25)
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To analyze the frequency component fn in a discretely sampled signal
y(t), the corresponding reference signals xa(t) and xb(t) must be generated
with the same sampling length as y(t). From a discrete perspective, all
signal arrays must contain the same number of samples.
The DLM can also be implemented by means of matrix calculations and
a matrix with discrete Fourier coefficients [91]. The DLM using the dis-
crete FT approach implicates a higher computational effort for a single
execution, but it can be more efficient when it is used to determine mul-
tiple frequency components in different input signals of the same length.
In essence, precalculating the coefficient matrix trades high memory usage.

In general, both the FFT and the DLM approach can produce the same
results. The main difference (without taking into account the different
computational efforts) is that the FFT, which is the only feasible transform
for actual signals of large amounts of data that require a lot of memory,
has a limited frequency resolution. The number of FFT frequency bins
is given by the sample rate and number of samples. But the calculated
result of each bin also depends on the window function, which is used to
reduce the spectral leakage effect. For that reason, it is not possible to
restore any arbitrary frequency component (magnitude and phase) from
the FFT. The DLM is limited to discrete frequency components, but
generally works for any arbitrary frequency component, independent of
the sample rate. In addition, a small number of periods of the frequency
component to be evaluated is sufficient to achieve small computational
errors. The measurement time can thus be reduced significantly.

3.3.2 Dynamic magnetization curve reconstruction
Incorporating the information from section 3.3.1, the harmonic response
of MPS data can be used to restore corresponding dynamic magnetization
curves. Particularly when MNP samples with low iron concentrations are
measured, magnetic characterization methods have to deal with signal-to-
noise ratios (SNRs) that are comparatively poorly conditioned. However,
conspicuous signal shapes with distinct spectral fingerprints (individual
discrete evaluable spectral components are known a-priori) are expected,
which qualify the DLM for signal preprocessing. Remember that due to
the induction based sensor principle, the measured signal is proportional
to the time derivative of the magnetization. When the receive signal u0(t)
(figure 3.14 (a)) is preprocessed via the DLM and hence the receive signal
is available in the form of discrete complex-valued harmonics U0(f) in
frequency domain (figure 3.14 (b)), the magnetization m(t) ∝ u1(t) as
a function of time (figure 3.14 (d)) can easily be reconstructed from its
frequency domain representation U1(f) (figure 3.14 (c)) with the help
of FT calculation rules, which are illustrated and summarized in figure
3.14. Note that phase spectra of the complex-valued frequency domain
signal are neglected in the illustration for the sake of convenience. A time
derivative signal, which is available in frequency domain representation
must just be multiplied by (jω)−1 = (j2πf)−1 with f being adapted for
the corresponding frequency component to obtain the frequency domain
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Figure 3.14: Time- and frequency domain circle of integration and differ-
entiation. The primitive (d) of a derivative signal (a) can be calculated in
the frequency domain by multiplying the frequency spectra of the deriva-
tive (b) by (jω)−1 = (j2πf)−1. The resulting frequency spectrum (c)
represents the FT of the primitive. As illustrated, the explained procedure
is also realizable in the corresponding reverse order.
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representation of the time signal’s primitive. The inverse FT then yields
the corresponding primitive time domain representation. A derivation of
the relationship is as trivial as shown in equations 3.26 to 3.28.

d

dt
u(t) = 1

2π

∞∫
−∞

U(f) d
dt

exp(jωt)df (3.26)

= 1
2π

∞∫
−∞

jωU(f) exp(jωt)df (3.27)

= F−1{jωU(f)} = F−1{

=F
{
d
dtu(t)

}︷ ︸︸ ︷
jωF{u(t)} } (3.28)

Since both the FT and the DLM yield the same results in frequency
domain, the FT rules can also be applied to the DLM results of single
frequency components. Note that uind ∝ −dφdt and thus, the time domain
signal of MPS receive signals must be inverted, i.e. the frequency domain
signal must be phase-shifted by −π or the multiplied factor jω must be
substitued by −jω.

Of course, this kind of integration scheme and corresponding operators
are valid for and applicable to any kind of signals. For those who are not
that familiar with time-dependent voltage signals, it might be a little bit
more comprehensible for even more complex signals like two-dimensional
space signals — also called images — like shown in figure 3.15. Obviously,
the differentiation corresponds to high-pass filtering process resulting in
pronounced edges. The integration operator results in low-pass filtering
of the image signal, which is a blurred version of the original. Note that
figure 3.15 is referred to again in section 4.4.3 to discuss the relationship
between spatial frequencies of images and harmonic frequencies used in
image reconstruction of MPI data.

The abovementioned approach to reconstruct the magnetization signal
in the frequency domain can furthermore be used to upscale the time
resolution in the derived time domain signal in contrast to upsample the
magnetization curve in time domain by using e.g. linear or nonlinear
interpolation. The reconstructed time domain signal can be understood
as a superposition (called Fourier synthesis, which is the inverse of the
Fourier analysis) of time domain signals reconstructed from each single
frequency component fn with phase φn using the calibration factor arec
to directly recover the magnetization signal mrec(t) from voltage signals
u(t) according to

mrec(t) = acal

∞∑
n=1

cos(2πfnt+ φn). (3.29)
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Figure 3.15: Space- and corresponding spatial frequency domain circle
of integration and differentiation. Low spatial frequencies are depicted
centered in the 2D frequency spectra (bottom row). Note that each color
channel (r,g,b) of the colored image corresponds to one of the stacked 2D
spectra. Within each spectrum, the contrast represents the magnitude and
the color-coding from blue to red indicates the phase value. Integrating
the original image leads to a low-pass filtered spatial frequency spectrum.
The spatial derivative of the original image yields a high-pass filtered
version. The figure shows the structural effect of filtering on the image.
Photography credit of the original image: Leevke Draack.

The time vector t can now be adjusted to the requirements. If a sin-
gle period of the magnetization signal as a response to the excitation
field with frequency f0 is of interest, the length of t must be set to f−1

0 .
The time resolution ∆t can be chosen continuously. The resulting time
domain signal corresponds to an intrinsically averaged (due to FT or
DLM) interpolation based upscaled recovery of the original signal with
an — as one could assume — artificially improved signal-to-noise ratio
when the extracted harmonics were physically reasonable and stable over
the measurement period of time. Note that preprocessed data never has
more information than the experimental data provides and thus DLM
is a bandwidth reduction technique which removes the broadband white
background noise by selecting only a few discrete frequency components.
However, depicted recovered curves show relevant data only and thus are
easier to interpret. Furthermore, integrating areas under curves becomes
possible. The applied magnetic field time domain signal with flux density
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B(t) is reconstructed from the acquired current signal during the measure-
ment. The current signal i(t) must be multiplied with the coil constant K
to achieve the time-dependent flux density B(t). To plot magnetization
curvesM(H) orm(B), the magnetization signal is plotted as a function of
the externally applied magnetic field. Figure 3.16a shows the exemplary
recovered magnetization signal mrec as a function of B(t). Of course, re-
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Figure 3.16: Illustration of the integration scheme for dynamic magne-
tization curves.

covered dynamic magnetization curves can further be postprocessed to e.g.
calculate first and second order time derivatives or corresponding point
spread functions (PSFs), which enable detailed analysis of measurement
data.

Calculating the specific absorption rate from dynamic
magnetization curves
From the reconstructed magnetization curve, the SAR can be found by
integrating the area under curve [35]:

SAR = |∆Eloss|
∆t = f0

∮
m
M(t)
Ms

µ0dH(t) = f0

∮
m(t)dB(t). (3.30)

The unit of the area under the curve is given as energy in [m ·B] = Am2 ·
T = Am2 ·Vs/m2 = V A s = J. The SAR is the energy, which is converted
into thermal losses per time. The area under dynamic magnetization
curves gives the released energy during a single period of the excitation
signal. Thus, the energy must be multiplied by the frequency of the
external excitation field to get the intrinsic loss power.
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Note that this approach to measure the SAR can also be used to calibrate
the system for the magnetic moment when trustable and exact SAR data
are available (e.g. from calorimetric or ACS measurements).
The integration scheme of dynamic magnetization curves is illustrated
in figure 3.16. The area under curve of dynamic magnetization curves
in MPS measurements can be calculated by integrating the area under
falling edges (green-colored area in figure 3.16b) and subtracting the area
under rising edges (red-colored area in figure 3.16b). Therefore, for each
value of the dynamic m(B)-curve, rising parts must be distinguished from
falling parts after shifting the magnetization curve into the positive range
of values by subtracting the minimal value (figure 3.16a). For rising parts,
the derivatives of the external excitation fields are positive, whereas they
are negative for falling parts.

3.3.3 Spectral decomposition
Spectral decomposition or multispectral MPS represents a method to eval-
uate the harmonic response in MPS measurements in frequency domain.
Taking its cue from the f-space reconstruction in MPI, spectral decompo-
sition uses reference measurements to estimate particle properties from
experimental data. Thus, spectral decomposition enables e.g. quantitative
estimations of particle percentages of different particle types in mixture
samples [92] or the quantitative estimation of temperature or viscosity
values using data of a single MPS measurement.
Assuming a given orthogonality in measurement data in single measure-
ments, the measurement of a sample mixture can mathematically be
described as a superposition of the single measurements, which are rep-
resented via linearly independent feature vectors. The basic idea of the
spectral decomposition method is that a superposition of unique feature
vectors representating the measurement result is again decomposable into
the unique feature vectors. In this case, the discrete unique harmonic
fingerprints serve as feature vectors. Assume that the superposition of dif-
ferent particle system properties yields a linear relationship with respect
to the resulting receive signal in measurements. The harmonic response is
then describable via the superposition of harmonic response signals, which
can be acquired within calibration measurements and summarized in a
system matrix Am×n. The system matrix Am×n consists of m frequency
components and n references. It is related to a measurement vector ~bm of
size m via the corresponding reference vector ~xn of size n and constitutes
the linear system of equations in 3.31.

Am×n · ~xn = ~bm (3.31)

For calibration, a single type of particle property is measured at a time.
Thus, the particle properties are coded in the reference vector ~xn, which
only has to contain the value 1 at the index ni for this single property
related calibration in order to select the corresponding column ni in the
system matrix Am×n. All other values in the vector should be 0 by defini-
tion unless the corresponding measurement vector represents a weighted
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superposition of more than one column of the system matrix. Note that
a reconstruction value of xi = 0.5, where xi is a single element in the
reference vector, can be interpreted in such a way that the corresponding
column in the system matrix matches the measurement with 50%. After
calibration of all selected properties, the system matrix Am×n is filled but
the reference vector ~xn of a given measurement vector ~bm is unknown.
To estimate particle properties from a given measurement vector ~bm via
spectral decomposition, the linear system of equations has to be reordered
and solved. Multiplying the inverse system matrix A−1

m×n to both sides
of the equation yields equation 3.32 with Im×n being the identity matrix.

A−1
m×nAm×n · ~xn = Im×n · ~xn = A−1

m×n~bm (3.32)

The desired variable ~xn is thus given by

~xn = A−1
m×n ·~bm, (3.33)

hence the inverse A−1
m×n of the system matrix is required. The number

m of available harmonics is generally much larger than the number n of
references for this kind of reconstruction problems. Thus, the problem is
overdetermined — it might also be underdetermined when the number of
references is larger than the numbers of frequency components. Anyway,
the inverse system matrix A−1

m×n does not exist for non-square thus non-
regular and noise-afflicted matrices with n 6= m. Fortunately, there are
mathematical tools to approximate the inverse of a matrix by determining
the so-called pseudo-inverse A+

m×n. The singular value decomposition
(SVD) is a powerful mathematical tool to calculate the pseudo-inverse
of matrices. The matrix Am×n = Um×mΣm×nV∗n×n is deconstructed
into a unitary matrix Um×m, a rectangular diagonal matrix Σm×n and
the Hermitian conjugate matrix V∗n×n. Both the unitary matrix Um×m
and the Hermitian conjugate matrix V∗n×n are square. Further, the
rectangular diagonal matrix Σm×n is sorted by its eigenvalues σi (called
singular values in this context) with i indexing the position on the principal
diagonal. Still, the rectangular diagonal matrix is non-square and not
invertible but due to its properties, it can be approximated by extracting
the singular values σi from Σm×n and placing them inverted onto the
principal diagonal of Σ+

n×n as can be seen from equation 3.34.(
Σ+
n×n

)
ij

=
{ 1

σi
, i = j ≤ n,

0, else
(3.34)

Note that Σ+
n×n is of rank n×n and thus is already truncated by resizing

the rectangular shaped diagonal matrix Σ+
m×n to a squared one. The

influence of truncation is comparably small since the singular values were
already sorted by their impact. Thus, only singular values with marginal
impact are neglected. The pseudo-inverse A+

m×n is then constructed via
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equation 3.35. Here, Vn×n and U∗m×m denote the Hermitian conjugate
matrices of V∗n×n and Um×m.

A+
m×n = Vn×nΣ+

n×nU∗m×m (3.35)

When measured data are noise-afflicted, which is indicated via low signal-
to-noise ratios, the reconstruction may already fail due to the fact that
some of the singular values σi are dominated by that noise and do not
contain reliable information. One might find a remedy in further trun-
cating Σ+

n×n by just using singular values up to rank k and setting all
other components subsequent elements of the principal diagonal to zero.
This method is called truncated singular value decomposition (tSVD)
and leads to equation 3.36 with

(
Σ+
n×n

)
k
being the rectangular diagonal

matrix truncated to rank k.

A+
m×n = Vn×n

(
Σ+
n×n

)
k

U∗m×m (3.36)

Using the pseudo-inverse A+
m×n, the estimated reconstruction result ~̃xn

can be obtained by equation 3.37.

~xn ≈ ~̃xn = A+
m×n~bm (3.37)

The n references to be calibrated and summarized in the system matrix
Am×n can be harmonic responses of different particle types (to analyze
percentages of mixtures), certain viscosity values or temperatures to esti-
mate these properties from any given measurements~bm via reconstruction.
Anyway, there is a wide range of possible applications for this approach.
It should be stated that spectral decomposition implies the possibility to
perform prior calibrations of the investigated particle properties. In some
cases, a direct mapping can be achieved for a limited value range. How-
ever, spectral decomposition is a generic and empirical approach, which is
applicable to non-trivial relations between MPS measurement results and
the quantity under test (e.g. particle type, temperature and viscosity) in
complex real-world data.

3.4 Applications
The main goal of building the new temperature-controlled MPS setup
was to study the particle-matrix interactions within the priority program
SPP1681 of the DFG . This subsection covers the determination of the
setup’s detection limit followed by introducing a method to evaluate time-
resolved experimental data with high temporal resolution. Afterwards,
the temperature and dynamic viscosity dependence are studied in detail.
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3.4.1 Detection limit
To determine the detection limit of the MPS setup with respect to the
lowest detectable particle concentration, a binary diluted concentration
series of perimag®was prepared. The sample series was created in an
iterative way to prevent pipetting errors at such low concentrations: in
each iterative step, a new sample was prepared by mixing 50%vol of
the previous step with 50%vol deionized water. The sample series with
samples Sk is depicted in figure 3.17a as part of the figure’s legend with
its corresponding colors. Dilution factors fdil and particle weight contents
mp are summarized in table 3.6.

Table 3.6: Binary dilution series of perimag®

Sample S1 S2 S3 S4 S5
fdil 2−1 2−2 2−3 2−4 2−5

mp/g 1.8750 m 937.50 µ 468.75 µ 234.38 µ 117.19 µ
Sample S6 S7 S8 S9 S10
fdil 2−6 2−7 2−8 2−9 2−10

mp/g 58.594 µ 29.297 µ 14.648 µ 7.3242 µ 3.6621 µ
Sample S11 S12 S13 S14 S15
fdil 2−11 2−12 2−13 2−14 2−15

mp/g 1.8311 µ 915.53 n 457.76 n 228.88 n 114.44 n
Sample S16 S17 S18 - -
fdil 2−16 2−17 2−18

mp/g 57.220 n 28.610 n 14.305 n

Since the particle stock suspension provides a particle concentration of
cp = 25 mg/mL, a microtiter well filled with Vsample = 150 µL of the
stock material contains a particle mass of mp = 3.75 mg. A microtiter
well containing 3.75 mg already significantly saturates the preamplifier
module at an excitation frequency of f0 = 25.0 kHz. For this reason, the
first sample S1 (k = 1) does not contain the stock material but the first
dilution step of the binary diluation series withmp,k = fdil,k ·cp ·Vsample =
1.8750 mg of perimag® particles. Note that fdil,k = 2−k denotes the binary
dilution factor with k being the sample index.
Figure 3.17 shows the magnitude harmonic spectra (3.17b, 3.17c and
3.17d) and reconstructed dynamic magnetization curves (3.17e, 3.17f and
3.17g) of the dilution series for a set of three different excitation frequencies
f0 = {1.0 kHz, 10.0 kHz, 25.0 kHz}. To rate the evaluability of the data,
the residual error εres was measured by placing an empty microtiter well
in the system. It can be noted that especially for f0 = 25 kHz the resid-
ual feed-through, which is definitely based on instabilities of the power
amplifier (a blank measurement subtraction was already performed), is
significant not only for the fundamental but also for higher harmonics.
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(e) m(B) at 1.0 kHz (f) m(B) at 10.0 kHz (g) m(B) at 25.0 kHz

Figure 3.17: Photography of the binary dilution sample series (a) with
corresponding color-coding, normalized (S1) harmonic magnitude spectra
m(f) (b, c and d) and reconstructed normalized (each) dynamic magne-
tization curves m(B) (e, f and g) measured at different magnetic field
excitation frequencies f0 = {1.0 kHz, 10.0 kHz, 25.0 kHz}.
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Further, the knick of the harmonic spectra at fn ≈ 500 kHz for the sam-
ple S1 is attributed to the preamplifier’s nonlinearity. It approaches the
saturation regime at f0 = 25 kHz much faster than for low excitation
frequencies due to Faraday ’s law of induction.
Figures 3.17e, 3.17f and 3.17g show reconstructed dynamic magnetiza-
tion curves, each normalized to its corresponding maximum value. The
normalized dynamic magnetization curves of the samples S1 to S8 show
almost the same behavior for a certain excitation frequency f0. However,
a shift to steeper slopes of the curves is observed, which continuously
migrates to negative hysteresis due to the diamagnetic background of the
aqueous solvent. Further, the dynamic coercive field strength (crossing
points of the curves with the axis of abcissae at the ordinate’s origin) and
thus the hysteresis width increases with increasing excitation frequency
and is almost independent of the samples’ iron concentration. For all ex-
citation frequencies, recovered magnetization curves obviously show that
for the sample S10 containing 3.6621 µg (highlighted in figure 3.17a), the
fundamental magnetization signal begins to be dominated by the diamag-
netism of the nanoparticles’ solvent at high magnetic field strengths. Still,
higher harmonics of the MNPs can be observed. The sample S10 repre-
sents the crossing point where the particle solvents’ magnetizations begin
to dominate the fundamental signal. For all samples with k > 10, the
magnetization curves tend to a pronounced diamagnetic behavior with a
magnetic susceptibility χm < 0. To further ensure that the diamagnetic
slope is not due to a systematic measurement error, the reconstructed
magnetization curves of the residual signal annotated as residual error εr
are plotted, which show that the gradiometric systematic error shows a
significant phase shift towards paramagnetic behavior with χm > 0 for all
frequencies. The same behavior is observed for repeated measurements.
For each excitation frequency f0, the detection limit of the particle con-
centration was evaluated for the fundamental signal f1 = 1f0 and for har-
monic frequency components fn in the range 3f0 = f3 ≤ fn ≤ f11 = 11f0.
Please note that the number of required evaluable and meaningful fre-
quency components strongly depends on the application but at least some
of them (also depending on the SNR) are required to e.g. reconstruct
dynamic magnetization curves, to obtain particle properties or to apply
the spectral decomposition approach. The detection limit was determined
by manually seeking the sample approaching the corresponding noise level
represented via the residual error εr. The detection limits for the different
excitation frequencies and the appropriate frequency components are sum-
marized in table 3.7. The detection limit is marked with "−" for those
frequency components at which the receive signal was still above the resid-
ual error level for all samples of the series. It was found that the lowest
concentration of the series S18 was still detectable at all frequencies for at
least one frequency component (5f0 at f0 = 1.0 kHz, {1, 3, 5, 9, 11}f0 at
f0 = 10.0 kHz and 1f0 at f0 = 25.0 kHz). Nevertheless, it is questionable
whether the signal would have been interpreted as physical magnetization
signal or residual error if the corresponding curves of the series are miss-
ing. Note that all curves together build a guide to the eye. The worst
result with this evaluation method was identified for f0 = 1 kHz for the
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Table 3.7: Experimental results on the detection limit of the custom-built
MPS setup.

Frequency 1.0 kHz 10.0 kHz 25.0 kHz
1f0 1.8311 µg (S11) – –
3f0 114.44 ng (S15) – 57.220 ng (S16)
5f0 – – 114.44 ng (S15)
7f0 457.76 ng (S13) 57.220 ng (S16) 114.44 ng (S15)
9f0 114.44 ng (S15) – 228.88 ng (S14)
11f0 457.76 ng (S13) 14.305 ng (S18) 457.76 ng (S13)

fundamental frequency component. Remember that the induced voltage
is proportional to the frequency and the coil sensitivity decreases for de-
creasing frequencies. This fact is reflected by the distinct noise of the
reconstructed magnetization curves in direct comparison to the results
at higher excitation frequencies. However, still the diamagnetic behavior
of sample S18 can be recovered since the fundamental magnitude signal
increases at further decreasing particle content. This indicates a partial
elimination of the fundamental signal due to the interplay of superpara-
magnetic and diamagnetic superposition. Hence, the applied method to
evaluate the detection limit is questionable. Anyway, it is nearly impos-
sible to determine a meaningful limit of detection if the threshold is in
the range of the (dia-)magnetic background level of the embedding carrier
fluid or matrix or even lower. It should further be noted that the detection
limit strongly depends on the specific used type of MNPs.
At high excitation frequencies (f0 = 25 kHz), the residual level increases as
can be seen from figure 3.17d. This fact might be due to the nonlinearity
and instability of the PA. A closer look at the data shows that the trend
of the series’ harmonic spectra resumes at high frequencies even below
the residual error threshold. These circumstances indicate the preampli-
fier module to be instable when the input signal is too low. No higher
harmonics are to be expected for diamagnetism, since it has (an almost)
linear field dependence. Nevertheless, significant higher harmonics occur
for the sample S18 at f0 = 25 kHz. Even though the harmonics’ shoul-
der seems to become apparent for the previous sample S17 as well, the
observations currently must be attributed to the power amplifier’s non-
linearity4 since there is no other explanation. Hence, the detection limit
for perimag®particles is in the range of very low particle concentrations
of 14 ng(f11) at f0 = 10 kHz to some 100 ng for other frequency compo-
nents fn and excitation frequencies f0. Particle concentrations of 14 ng
perimag® correspond to 4.76 ng iron content. It should be mentioned that
the detection limit further strongly depends on the MNPs, which are used
for the evaluation.

4Please note that excitation field nonlinearities are not completely canceled by
the gradiometric receive coil due to finite geometries.
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Summarized, the detection limit of the MPS setup is in the range of
the diamagnetic background of typical MNP carrier liquids. However,
the required number of harmonics for experimental requirements always
depends on the application. The spectral decomposition method, for ex-
ample, utilizes as much information (harmonics) as possible, to not fail
due to an ill-posed mathematical problem.

3.4.2 Time-resolved harmonic spectra
Short-time fast fourier transform or short-time DLM evaluation of MPS
measurement data allow investigations of time-resolved processes in the
millisecond range. The time resolution depends on the chosen excitation
frequency since at least one period is required to achieve reliable data
from DLM evaluation. The evaluation accuracy increases with increas-
ing number of periods in each time slice due to intrinsic averaging. The
short-time evaluation in MPS is a sensitive method to investigate dynamic
magnetization processes, which are linked to hydrodynamic changes of
the nanoparticles when constituting measurement conditions at which
the relaxation processes are Brownian dominated. To demonstrate the
short-time analysis and its opportunities, figure 3.18 shows exemplarily
time-resolved harmonic spectra of FeraSpin™ XL, which were filled up
with fetal calf serum (FCS) during the measurement. Originally, the

Figure 3.18: Time-resolved harmonic spectra of FeraSpin™ XL incu-
bated with fetal calf serum at t ≈ 2 s.

experiment was performed to demonstrate the expected protein corona
formation. The total measurement time was 4 s. FCS was filled into
the sample after approximately 2 s. Incubation was performed by pipet-
ting FCS into the mounted sample vial and led to changes of the iron
concentration during the pipetting process. To still get reliable data of
relative changes of the harmonic response, the data was normalized to
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the fundamental. Thus, the fundamental response is constant over time.
However, the normalized spectra of higher harmonics show a significant
increase in magnitude referenced to the fundamental frequency after FCS
incubation. Unfortunately, nanoparticle agglomerations were visually de-
termined after removing the sample from the setup. For this reason, it
is questionable whether the harmonic changes should be attributed to
protein corona formation or agglomeration-induced particle-particle inter-
actions. Nevertheless, the measurement scenario introduces short-time
spectra evaluation using MPS data as a powerful tool.

3.4.3 Temperature dependence
The investigation of the temperature dependence of harmonic spectra at
high magnetic field strengths is of high interest for biomedical applications.
MNPs could serve as nanoscaled temperature sensors [93] in in vivo appli-
cations during MPI imaging promising high spatial resolution. Note that
MPI requires an accumulation of MNPs to achieve adequate evaluable
magnetization signals and does not provide spatial imaging resolutions in
the nanometer scale at this point in time. Nevertheless, imaging resolu-
tions in the micrometer scale (e.g. 50 µm to 100 µm) might be possible
in the future. In addition to MPI applications, a detailed comprehension
of the temperature-dependent dynamic magnetization behavior of MNPs
is required for therapy approaches like MH. MNPs could also be used
as nanoprobes for industrial applications [12, 94] or for investigating the
temperature dependence of the dynamic viscosity of (low viscous) liquids.
The MPS system enables temperature-dependent investigations of the har-
monic response of MNPs at high magnetic field strengths Ĥ ≤ 30 mT/µ0
and in a wide temperature range −20 ◦C ≤ T ≤ 120 ◦C. The temperature-
controlled MPS system and first temperature-dependent measurements of
FeraSpin™ XL from nanoPET Pharma GmbH (Berlin, Germany)were
presented in [88]. Figure 3.19 shows temperature-dependent harmonic
magnitude spectra of diluted (10%vol of stock concentration) FeraSpin™ XL
in suspended (sp) and freeze-dried (fd) states at f0 = 5 kHz and Ĥ =
25 mT/µ0. For both the suspended and the freeze-dried sample, magni-
tude spectra are depicted as series of curves, which are color-coded from
blue (T = 0 ◦C) to red (T = 70 ◦C). While the freeze-dried sample shows
a significant trend from low magnitudes to high magnitudes for increas-
ing temperatures, the suspended sample’s temperature dependence is less
pronounced but interestingly tends towards the opposite direction. Note
that the magnitude spectra were not calibrated to the magnetic moment
m and not corrected with respect to Faraday ’s law of induction at this
point in time. Nevertheless, the trend would be preserved for corrected
data. It is well-known that FeraSpin™ R is a multicore particle system
and the extracted fraction FeraSpin™ XL, which is part of the FeraSpin™
series , contains almost only large particles of hydrodynamic size distri-
bution with a hydrodynamic mean diameter of 50 nm ≤ µdh ≤ 60 nm).
Hence, it provides more particles contributing to signal generation via the
Brownian relaxation.
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Figure 3.19: First temperature-dependent magnitude harmonic spec-
tra of diluted FeraSpin™ XL particles, measured at f0 = 5 kHz,
Ĥ = 25 mT/µ0. Reproduced from [88] (2017) CC BY 4.0 (https:
//creativecommons.org/licenses/by/4.0/).

The temperature dependence of the Langevin functionmodel is depicted
in figure 3.20 for common MPI particle properties (dc = 25 nm, Ms =
300 kA/m). Though the simulated particle properties might not perfectly
fit the properties of FeraSpin™ XL, the series of curves correctly indi-
cate the expected trend for changing temperatures. The Langevin func-
tion predicts the static (non-dynamic) behavior of superparamagnetic ma-
terial. For an increasing temperature T , the Langevin parameter ξ = mB

kBT
decreases. It can easily be shown by simulations that the increase of tem-
perature thus corresponds to a decrease of the magnetization response
for all harmonics. In other words, the magnetization vanishes to zero for
increasing temperatures T → TC with TC being the Curie temperature
as shown in equation 3.38.

lim
T→TC

L (ξ) = lim
T→TC

coth
(
mB

kBT

)
− kBT

mB
= 0 (3.38)

Note that this assumption already disagrees with measured data of the
freeze-dried FeraSpin™ XL sample in figure 3.19. The discrepancy may
come from neglecting the particle dynamics.
The temperature-dependent observations of the harmonic response of
MNPs were investigated in [95] in more detail. To offer explanations for
the temperature-dependent trends of the series of curves, corresponding
simulations including particle dynamics were performed. Furthermore,
other particle systems were used, which promised recent insights. The ex-
citation frequency for the following experiments was set to a lower value of
f0 = 1 kHz to be even more sensitive to Brownian rotation of the particles.
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Figure 3.20: Exemplary temperature-dependent Langevin func-
tion simulations of common MPI-optimized particle properties (dc =
25 nm, Ms = 300 kA/m). The legend of figure 3.20b fits for both fig-
ures 3.20a and 3.20b.

To study such relationships in more detail, Fokker-Planck simulations for
Brownian and Néel relaxation were performed for typical particle proper-
ties of two completely different particle systems: the single-core SHP-30
particles from Ocean NanoTech (San Diego, California) and multi-core
synomag®-D particles from micromod Partikeltechnologie GmbH (Ros-
tock, Germany) . The corresponding Fokker-Planck simulation results are
shown in figure 3.21. Please note that the Brownian simulation results
show a positive temperature coefficient (higher harmonics increase by
trend with increasing temperature), whereas Néel simulation results coin-
cide with the prediction of the Langevin functionmodel having a negative
temperature coefficient (higher harmonics decrease by trend with increas-
ing temperature). Further, the Brownian harmonic magnitudes posses a
much steeper slope than the magnetization response in Néel simulations5.
Experimental results of both particle systems are shown for suspended par-
ticle solutions in figure 3.22. Obviously, the harmonic magnitude spectra
of both particle systems show distinctly different trends for changing tem-
peratures. The single-core SHP-30 particles’ harmonics increase, whereas
the harmonics of the multi-core structured synomag®-D particles drop for
increasing temperatures. By comparing the experimental results with cor-
responding Fokker-Planck simulation results, the temperature-dependent
trends can be attributed to the dominating relaxation mechanism: the
single-core SHP-30 particles are Brownian -dominated and the multi-core
structured synomag®-D particles are Néel -dominated under prevailed ex-
perimental conditions. The experimental results further show that the

5For this reason, an appropriate contribution of Néel dominated particles is ben-
eficial for MPI
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(a) SHP-30 (b) synomag®-D

Figure 3.21: Temperature-dependent Fokker-Planck simulations of
Brownian and Néel relaxation for typical single-core (SHP-30 from
Ocean NanoTech (San Diego, California) : Ms = 366 kA/m, dc =
30 nm, dh = 57 nm, K = 5.0 kJ/m3) and multi-core (synomag®-D
from micromod Partikeltechnologie GmbH (Rostock, Germany) : Ms =
366 kA/m, dc = 20 nm, dh = 34 nm, K = 5.0 kJ/m3) particle properties.
Reprinted (adapted) with permission from [95].

(a) SHP-30 (suspension) (b) synomag®-D (suspension)

Figure 3.22: Measured temperature-dependent MPS harmonic spectra
(f0 = 1.0 kHz, H = 25 mT/µ0) of typical single-core (SHP-30 from Ocean
NanoTech) and multi-core (synomag®-D from micromod Partikeltechnolo-
gie GmbH) particle systems as suspension samples. Reprinted (adapted)
with permission from [95].
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temperature dependence of freeze-dried FeraSpin™ XL are not explain-
able with Fokker-Planck simulations, since the Néel relaxation mechanism
describing the immobilized state of MNPs should always predict a drop of
the higher harmonics for increasing temperatures. Note that the Langevin
function results support this assumption.
It should be noted that under certain measurement conditions and using
specific nanoparticle systems, a superposition of both the Brownian and
the Néel relaxation process is observable. Figure 3.23 refers to experimen-
tal temperature-dependent measurements (f0 = 5 kHz, Ĥ = 25 mT/µ0)
performed on SHP-25 particles from Ocean NanoTech (San Diego, Cal-
ifornia) prepared as a stock-concentrated suspension and a correspond-
ing freeze-dried sample. In comparison to SHP-30, SHP-25 — still a
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Figure 3.23: Temperature-dependent magnitude spectra of SHP-25 at
f0 = 5 kHz and Ĥ = 25 mT/µ0 of the suspension (sp) sample (left)
show both Brownian and Néel -dominated contributions as superposition.
The temperature dependence on freeze-dried (fd) samples (right) is not
explainable via modeling at the current time. Reprinted (adapted) with
permission from [95].

single-core particle system — exhibits a smaller mean core diameters of
dc = 25 nm. The measured magnitude spectra show a crossing of the
temperature-dependent series of curves for the suspension sample (see
figure 3.23a). Using the abovementioned background knowledge of in-
vestigations, the temperature dependence of the lower harmonics can be
attributed to the Brownian contribution, whereas the opposing tempera-
ture dependence for higher harmonics is related to Néel relaxation. Figure
3.23b shows corresponding measurements on a freeze-dried SHP-25 sam-
ple for a series of temperatures. A similar temperature dependence as
for FeraSpin™ XL (cf. figure 3.19) is observed. Further, the tempera-
ture dependence of higher harmonics is more pronounced than for the
suspension sample. As already stated for the series of measurements on
the FeraSpin™ XL sample, the behavior for freeze-dried samples is not
explainable by modeling at the current time. Thus, the increase of the
freeze-dried samples’ magnitude harmonics in both figures 3.19 and 3.23b
must be attributed to particle-particle interactions or unbound states of
the particles embedded in the D-mannitol matrix.
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Spectral decomposition of temperature
The spectral decomposition approach was first introduced in [92] to suc-
cessfully demonstrate the ability to distinguish different particle types
in a suspension mixtures of MNPs. Each type of nanoparticle shows
different harmonic responses — so-called fingerprints — and thus the
superposition of a mixture can be decomposed if the individual harmonic
responses are identified and summarized in a calibration system matrix.
The method can further be used to distinguish every parameter, which
yields a change in the harmonic magnetization response of MNPs. As
shown in section 3.4.3, changing temperatures result in different harmonic
fingerprints. Hence, temperatures of nanoparticle samples can be esti-
mated between two calibrated references using the spectral decomposition
method. The temperature-dependent discrete unique harmonic finger-
prints of the magnetization response acquired for n temperature refer-
ences serve as feature vectors to compose the system matrix. Figure 3.24
shows the spectral decomposition of temperature using two temperature
references of a temperature measurement series of SHP-25 suspensions,
which generally provides an even more complicated temperature depen-
dence than FeraSpin™ XL or SHP-30 as shown in figure 3.23a. Since the
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Figure 3.24: Spectral decomposition of the harmonic response tempera-
ture dependence of SHP-25 nanoparticles. Reproduced from [96] (2021)
CC BY 4.0 (https://creativecommons.org/licenses/by/4.0/).

spectral decomposition method initially yields an unspecific reconstruction
result to be interpreted, a mapping function as shown in figure 3.24 is re-
quired. Such a mapping function maps the reconstruction result x, which
generally might be complex-valued, into the physical parameter space of
an estimated temperature T̃ . For Tref,i−1 being the temperature of the
lower reference and Tref,i being the upper temperature reference of the
bordered mapping range, a temperature mapping function is given by

T̃ = Tref,i −
[
(1− x) · (Tref,i − Tref,i−1)

]
. (3.39)
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Here, i denotes the reference index.
The dashed mapping function in figure 3.24 assumes a linear relationship
between the actual parameter (actual temperature T ) and the estimated
parameter (estimated temperature T̃ ).
The assumption of the step-wise linear relationship by introducing several
reference samples (here, eight samples were used) results in a nonlinear
mapping function as annotated with reconstruction in figure 3.24 and
indicates systematic errors when assuming a linear dependence. Note
that the depicted mapping function provides higher sensitivities for low
temperatures than for high temperatures, which might be due to the fact
that the harmonic response shows more pronounced changes in the lower
temperature range than at higher temperatures. Deviations might be
significant if linear mapping is assumed since the difference between the
estimate and the linear mapping is up to approx. 10 ◦C. Nevertheless,
it should be stated that the measurements results cover a comparatively
large temperature range with regard to e.g. nanothermometry or MH
applications. The temperature-dependent relationship from detailed ex-
cerpts is almost linear and further the nonlinearity results in systematic
errors, which could easily be corrected by choosing an appropriate nonlin-
ear mapping function, e.g. polynomial functions instead of linear mapping
functions.

3.4.4 Viscosity dependence
Investigations of the MNPs’ harmonic response with respect to the viscos-
ity dependence require a significant contribution of Brownian relaxation
due to the coupling of the rotation mechanism with the embedding matrix
via the dynamic viscosity η. This coupling mechanism is the key to access
matrix properties from dynamic magnetization measurements. Due to
the high effective anisotropy constant of CoFe2O4 and core properties of
the MNPs [69], the Néel relaxation is almost completely blocked. For
this reason, the Brownian rotation is the only relaxation mechanism avail-
able and CoFe2O4 nanoparticles are well-suited for the investigation of
particle-matrix interactions — even for more complicated non-Newtonian
viscoelastic matrics [97].

A CoFe2O4 based viscosity series was prepared by embedding the MNPs
in water-glycerol mixtures and filling 150 mg of each viscosity level into
350 µL-sized glass vials as shown in figure 3.25. All glass vials were sealed
with synthetic lids and Parafilm® from Sigma-Aldrich Chemie GmbH (Mu-
nich, Germany) to prevent evaporation of the water during the measure-
ment time. The dynamic viscosity value η was designed to be logarith-
mic equally distributed in the range 0.935 mPa s ≤ η ≤ 989.435 mPa s
via Cheng’s approach [79] described in section 2.2.6 in detail. The
CoFe2O4 particles were provided in two different parent sample liquids
during the manufacturing process to ensure the same iron content for
the derived viscosity sample series. The first provided parent sample M1
contained 99.60%wt glycerol and 0.40%wt CoFe2O4 nanoparticles. The
second provided parent sample M20 contained 0%wt glycerol but 99.60%wt
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Figure 3.25: Photography of the CoFe2O4 viscosity series with corre-
sponding viscosity values and color coding.

deionized (DI) water and 0.40%wt nanoparticles. Due to the negligible
particle content with respect to the weight percentage and to be able
to estimate the dynamic viscosity by calculation, the particle suspension
content was assumed to have the same density (and weight) as water. A
cross-mixing approach was used to significantly reduce preparation errors:
all samples of the series were diluted iteratively towards low viscosity
levels. The detailed preparation table 3.8 shows the weight of the first
derived mixture M2 from the origin material down to the last viscosity
level of sample M19 of the mixtures.
To verify the Brownian relaxation process to be dominant and to check
the equally distributed viscosity levels, ac susceptometry measurements
were performed on the series. Real and imaginary (flipped by convention)
parts of the complex-valued magnetic volume susceptibility χ for each
sample of the series are shown in figure 3.26 as a function of frequency f .
Obviously, the reflection point of the real part and the peak position of
imaginary part, both corresponding to the characteristic low-pass cut-off

Figure 3.26: Experimental ACS data of the water-glycerol viscosity series
embedding CoFe2O4 nanoparticles. Reprinted (adapted) with permission
from [69]. Copyright 2019 American Chemical Society.
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frequency, shift to lower frequencies as a function of increasing glycerol
content and dynamic viscosity η. As expected, with increasing dynamic
viscosity of the carrier liquid, the particles cannot follow the field anymore
at high frequencies and the phase lag between the excitation field and
the magnetization response becomes larger. This fact is the same reason,
why the magnitude of the susceptibility (or the amplitude of both the
real and the imaginary part) also decrease with increasing viscosity values.
Further, it should be noted that the distance between two adjacent curves
is almost constant and equally distributed on the logarithmic scale of the
frequency axis. Hence, relative preparation errors are small.
MPS measurements were performed on the same viscosity series with
varying the field amplitude Ĥ and the excitation frequency f0.

Frequency-dependent measurements
Experimental frequency-dependent magnitude spectra and reconstructed
dynamic magnetization curves are shown in figure 3.27 and 3.28. Please
note that the following harmonic spectra and magnetization curves are
plotted in comparison to the corresponding black-colored residual error
εr to demonstrate the significance of experimental data points. The col-
ors of the curves correspond to the color-coding scheme in figure 3.25 if
not differently stated via an additional legend. The relationship of the
decreasing fundamental magnitudes |m| for increasing dynamic viscosity
values at a specific frequency on the ordinate in ac susceptometry data
sustains in MPS measurements as can be seen in figure 3.27a to 3.27f.
Increasing dynamic viscosity values at a single excitation frequency fur-
ther lead to continuous drops of the higher harmonics in the harmonic
magnetization response. This relationship corresponds to the slope of
the reconstructed dynamic magnetization curves in figure 3.28a and 3.28f
approaching a more linear magnetization (less harmonics) with vanishing
hysteresis. As can be seen from the harmonic magnitude spectra, the
viscosity series provides a broad harmonic response at low frequencies
(cf. 3.27a) and significantly thins out at increasing frequencies (cf. 3.27f):
the harmonic magnitude curves at high excitation frequencies approach
a converging harmonic band for increasing dynamic viscosity values of
the sample series. This effect becomes noticeable in the dynamic mag-
netization curve representation via less saturated and more linear loops,
which further experience a more pronounced phase-lag at high excitation
frequencies since the particles are not able to follow the field anymore.
Therefore, the particles reorient again without having reached the (almost)
saturated state. At low excitation frequencies (see figure 3.28a) on the
other hand, the dynamic magnetization curves of the sample suspended in
pure water approaches the static magnetization curve and the area under
curve decreases to zero. Hence, the dynamic magnetization curve shows
an almost superparamagnetic behavior.
If the magnetic field amplitude is constant, the viscosity-dependence of
the normalized magnetization loop can be imaged as tube-like function of
viscosity with an excitation frequency dependent shift along the tube as
shown in figure 3.29. Note that the SAR has its maximum if the enclosed
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Figure 3.27: Frequency-dependent MPS harmonic magnitude spectra of
the CoFe2O4 nanoparticle viscosity series at 100 Hz ≤ f0 ≤ 25 kHz and
Ĥ = 25 mT/µ0.
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Figure 3.28: Frequency-dependent reconstructed dynamic magnetization
curves of the CoFe2O4 nanoparticle viscosity series at 100 Hz ≤ f0 ≤
25 kHz and Ĥ = 25 mT/µ0.
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Figure 3.29: 3D plot of magnetization curves as a function of viscosity at
different excitation frequencies f0. With increasing excitation frequency
(right) the three-dimensional hose-like function shifts towards low viscosi-
ties in comparison to low excitation frequencies (left).

area under the dynamic magnetization curve is maximum. Hence, the
power loss for f0 = 500 Hz is maximum for the sample M8 with η ≈
76 mPa s and it is maximum for the sample M17 with η ≈ 2.8 mPa s at f0 =
10 kHz. This means that dynamic magnetization curve reconstruction
from multiparametric MPS measurements can be used to optimize the
MH parameters. A more detailed discussion is given in section 3.4.4
comparing both frequency- and amplitude-dependent results.
Each of the harmonics plotted in the magnitude spectra in figure 3.27b
and 3.27e is actually complex-valued. Thus, each single harmonic provides
a real and imaginary part the same way as the fundamental in ACS does.
In ac susceptometry, the fundamental magnetization response f1 ∝ χ
is typically plotted as a function of excitation frequency f0 as shown in
figure 3.26. Nevertheless, since spectra scale with ωτ , the ordinate axis
might be substituted by the viscosity to get a similar representation of the
curves. Applying these considerations to MPS data of the fundamental
f1 and odd higher harmonics f3 ≤ fn ≤ f11 results in figure 3.30. Here,
the vanishing opacity of each colored curve corresponds to increasing ex-
citation frequencies f0, whereas each colored curve represents a single
harmonic f1 ≤ fn ≤ f11 as a function of the dynamic viscosity η with
the crosses and the dots being the measured result (real and imaginary
part) of a single sample of the viscosity series. The imaginary part’s
peak6 position of the fundamental now shifts from high to low viscosities
with increasing excitation frequencies f0. In other words: the lower the
excitation frequency f0 the broader the range of viscosities which can be
covered from the MNPs acting as sensor. At very high excitation frequen-
cies, neither the fundamental nor the higher harmonics yield information

6Note that the term peak is used instead of maximum since the imaginary part
is plotted inversely due to typical Debye model conventions.
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(a) Full view (b) Detailed excerpt

Figure 3.30: Experimental real <{fn(η)} and imaginary ={fn(η)} parts
of the complex-valued harmonics fn as a function of dynamic viscosity
η. Vanishing opacities correspond to increasing excitation frequencies f0.
Reprinted (adapted) with permission from [69]. Copyright 2019 American
Chemical Society.

about the high-viscous matrix properties due to a vanishing magnetization
response. To access information about high-viscous viscosity levels or even
the particles’ binding states, low excitation frequencies are required. Both
the fundamental’s characteristic low-pass cut-off frequency (the imaginary
part’s peak position) and the higher harmonics’ cut-off frequencies shift
to low viscosities for high excitation frequencies. At this point, it should
be noted that the imaginary part’s peak position also corresponds to a
pronounced rate of signal change, which means that higher harmonics are
very sensitive to extremely low-viscous properties of the embedding liquid
and thus could be used as high-sensitive sensors if sufficient SNRs are
given. From both figures the full representation in figure 3.30a and the
detailed excerpt in figure 3.30b it can be seen that the amplitudes of real
and imaginary parts do not only shift but also decrease at low excitation
frequencies. This fact is due to a partly-blocked particle contribution,
which cannot follow the field at high excitation frequencies. Hence, differ-
ent particle contributions account for the magnetization response when
changing the excitation frequency. As further can be seen from the de-
tailed excerpt, the magnetization response of the higher harmonics are not
describable with a Debye -like model since asymmetries and overshoots
occur.
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As seen from previous results, low excitation frequencies promise good
results in the fundamental and higher harmonics with respect to particle-
matrix interactions even though the sensitivity of the receive coil decreases
at low excitation frequencies and a trade-off must be handled. For this
reason, the following field-dependent measurements were performed at
f0 = 1.0 kHz.

Amplitude-dependent measurements
Figure 3.31 and figure 3.32 show amplitude-dependent magnitude har-
monic spectra (figures 3.31a to 3.31e) and corresponding reconstructed
dynamic magnetization curves (figures 3.32a to 3.32e). Furthermore, fig-
ures 3.31f and 3.32f show a direct comparison of the amplitude-dependent
magnitude harmonic spectra of the least viscous sample M20 suspended
in pure water representing the dynamic viscosity η = 0.9351 mPa s. Here,
vanishing opacities represent decreasing excitation field amplitudes. The
magnetic excitation field amplitude was varied in the range 5 mT ≤ µ0Ĥ ≤
25 mT in 5 mT steps, whereas the excitation frequency was constantly set
to f0 = 1.0 kHz. The magnitude harmonic spectra in figure 3.31 show
that the viscosity-dependent harmonic response significantly expands with
increasing magnetic excitation field amplitudes with respect to both the
fundamental’s and higher harmonics’ magnitudes. As noticeable from
figure 3.32, the observation corresponds to pronounced nonlinearities of
the magnetization curves, more saturated magnetization states at peak
values Ĥ of the excitation field and distinct openings of the high-viscous
samples’ dynamic magnetization curves. At low magnetic field strengths
(cf. figure 3.31a), higher harmonics are significantly reduced and the har-
monic magnetization response is almost composed of just the fundamental.
Note that this is why ACS data acquired at low magnetic field strengths
is explainable via the linear approximation of the Debyemodel.
Real and imaginary parts of the fundamental f0 and higher harmonics fn
are plotted in figure 3.33 as a function of the dynamic viscosity η of the
sample series as already proposed in the previous section. The detailed
excerpt in figure 3.33b shows overshoots in both real and imaginary parts
of the higher harmonics as discussed in section 2.2.4. A shift of the imag-
inary parts’ peak positions to higher dynamic viscosity values is observed
for increasing magnetic excitation field amplitudes: the higher the field
amplitude the higher the viscosity at which the magnetic nanoparticles
are still able to follow the field via Brownian rotation. In other words:
The nanoparticles suspended in high viscous solvents cannot follow the
field if the applied magnetic field strength is too weak.

Evaluation & discussion
The discussion of the results derived from the viscosity series is subdivided
into several paragraphs. The first paragraph focuses on the effective pa-
rameters estimated from experimental MPS data. The second paragraph
concentrates on the relationship between complex-valued higher harmonics
and the dynamic viscosity. Following Fokker-Planck simulations support
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Figure 3.31: Amplitude-dependent harmonic spectra of the
CoFe2O4MNP viscosity series at 5 mT ≤ µ0Ĥ ≤ 25 mT and f0 = 1.0 kHz.
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Figure 3.32: Amplitude-dependent reconstructed dynamic magnetiza-
tion curves of the CoFe2O4MNP viscosity series at 5 mT ≤ µ0Ĥ ≤ 25 mT
and f0 = 1.0 kHz.
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Figure 3.33: Experimental real <{fn(η)} and imaginary ={fn(η)} parts
of the complex-valued harmonics fn as a function of dynamic viscosity η.
Increasing opacities correspond to increasing magnetic excitation field am-
plitudes µ0Ĥ. Reprinted (adapted) with permission from [69]. Copyright
2019 American Chemical Society.

experimental observations. Results up to this point were already pub-
lished and discussed in [69]. Based on that findings, experimental data
were further investigated with respect to the viscosity dependence of the
SAR and the ILP, which are significant parameters with respect to MH
applications.

Estimating effective particle parameters
The following considerations focus on frequency-dependent data restricted
to the frequency range of 100 Hz ≤ f0 ≤ 10 kHz as published in [69].
Measurements performed at f0 = 25 kHz show a fundamental imaginary
part peak outside the viscosity range of the sample series when complex-
valued data is plotted as a function of dynamic viscosity. Hence, including
the data would negatively bias the overall outcome of the fitting result.
Based on the approach of using the susceptibility’s imaginary peak to
estimate the particles’ core and hydrodynamic mean diameter from AC
susceptometry spectra, the fundamental’s peak position from frequency-
(see figure 3.30) and amplitude-dependent (see figure 3.33) MPS real and
imaginary data as a function of the dynamic viscosity η of the sample series
can be used to estimate the hydrodynamic mean diameter dh. Assuming
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a narrow particle size distribution (which is given here), the Debyemodel
predicts the imaginary part peak position to match with

ω1τ1 = ω1τB0 = (2πf1)3η1Vh0
kBT

=
π2η1f1d

3
h0

kBT
= 1 (3.40)

(cf. equation 2.91 in section 2.2.4). Note that η1 = η|ωτ=1 is the dy-
namic viscosity for which the fundamental’s imaginary part absolute value
|={f1}| is maximum. Further, Vh0 and dh0 denote the hydrodynamic vol-
ume and the hydrodynamic diameter corresponding to the Brownian zero-
field relaxation time τB0 considering Brownian rotation only. The De-
byemodel is only valid for the fundamental frequency’s description in the
linear range of the magnetization curve since the zero-field relaxation
time is inserted. The hydrodynamic diameter dh0 assuming the zero-field
relaxation time can be estimated by simply reordering equation 3.40 to
receive equation 3.41.

dh0 = 3
√

kBT

π2η1f1
(3.41)

However, the zero-field relaxation time τB0 must be substituted by the
field-dependent Brownian relaxation time τBH to make the relationship
applicable to MPS data of the fundamental’s imaginary part. The esti-
mated hydrodynamic diameter is then given by

dhH =
3

√√√√√kBT

√
1 + 0.126

(
meffB
kBT

)1.72

π2η1f1
. (3.42)

The comparably sparse and non-continuous fundamental frequency values
as a function of the dynamic viscosity hinder one to directly read the
exact viscosity value on the logarithmic ordinate from figure 3.30 and
3.33. A non-negative least-square (NNLS) fit was applied to the measured
data to identify the viscosity value corresponding to the fundamental’s
imaginary part peak as a function of excitation frequency and magnetic
field amplitude. The function to fit the fundamental’s imaginary part data
is depicted in equation 3.43. Note that the parameter χfit was introduced
as degree of freedom to fit the maximum value.

={η} = − ω1τ1
1 + (ω1τ1)2 = −

π2f1d3
h

kBT
η

1 +
(
π2f1d3

h
kBT

η

) · χfit (3.43)

In addition, the effective magnetic moment in equation 3.44 representing
the appearing magnetic moment of a clustered core [98, 99] consisting of
k single crystallites was applied to equation 3.42.

meff = m
√
k

[
1 + (k − 1)

2

(
mB

3kBT

)2
]

(3.44)
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Note that equation 3.44 is actually applicable to applications with low
magnetic field strength and for non-interacting particles. Nevertheless,
it gives a better approximation than the non-consideration of clusters.
The findings assuming the zero-field relaxation time and assuming the
field-dependent relaxation time for both frequency- and field amplitude-
dependent measurements are separately summarized in table 3.9 and 3.10.
The hydrodynamic diameters estimated from clustered cores assuming

Table 3.9: Dynamic viscosity values η1 corresponding to the fundamen-
tal’s imaginary part peak identified from frequency-dependent experimen-
tal MPS data with constant field amplitude Ĥ = 25 mT/µ0. Here, f0 is
the excitation frequency, η1 is the viscosity of the fundamental’s imaginary
part peak position, dh0 is the hydrodynamic diameter estimated from the
zero-field relaxation time and dhH to dhH3 define the estimated hydrody-
namic diameter for mono-, di- and trimers including the field dependence
of the relaxation time τBH .

f0/kHz η1/mPa s dh0/nm dhH/nm dhH2/nm dhH3/nm

0.1 344.449 22.9 27.0 34.7 41.2
0.5 73.284 22.4 26.4 34.0 40.4
1.0 33.082 23.2 27.4 35.2 41.8
2.5 12.625 23.6 27.8 35.8 42.4
5.0 6.248 23.7 27.9 35.9 42.6

10.0 3.092 23.8 28.0 36.0 42.7
25.0 −− −− −− −− −−

Table 3.10: Dynamic viscosity values η1 corresponding to the funda-
mental’s imaginary part peak identified from amplitude-dependent exper-
imental MPS data with constant excitation frequency f0 = 1 kHz. Here,
µ0Ĥ is the magnetic excitation field amplitude, η1 is the viscosity of the
fundamental’s imaginary part peak position, dh0 is the hydrodynamic
diameter estimated from the zero-field relaxation time and dhH to dhH3
define the estimated hydrodynamic diameter for mono-, di- and trimers
including the field dependence of the relaxation time τBH .

µ0Ĥ/mT η1/mPa s dh0/nm dhH/nm dhH2/nm dhH3/nm

5.0 7.716 37.7 38.4 38.9 39.5
10.0 14.532 30.5 32.1 33.8 35.6
15.0 20.658 27.2 29.7 33.1 36.6
20.0 27.371 24.7 28.1 33.6 38.7
25.0 36.266 22.5 26.5 34.1 40.5
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to be dimers or trimers are indicated as dhH2 and dhH3 (including the
field dependence), respectively.
Experimental results of the determined dynamic viscosity η1 at which
the fundamental’s imaginary part ={f1} becomes maximum are shown in
figure 3.34 as a function of the excitation frequency f0 (figure 3.34a) and as
a function of the applied magnetic field amplitude µ0Ĥ (figure 3.34b). The
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Figure 3.34: Dynamic viscosity η1 corresponding to the fundamental’s
imaginary part peak value as a function of excitation frequency f0 (left)
and as a function of field amplitude µ0Ĥ (right). Both functions η1(f0)
and η1(µ0Ĥ) were fitted to determine the effective magnetic moment meff
and the hydrodynamic mean size dh. The fitting results are shown as
dashed lines.

data points from both parameter sets were fitted separately via equation
3.45 with the effective magnetic moment meff and the hydrodynamic
diameter dh as coefficients to be fitted via nonlinear least-square fits using
the Curve Fitting Toolbox in MATLAB (MathWorks® ). The frequency
f and the viscosity η were selected as the independent and dependent
parameters, respectively.

η1 =
kBT

√
1 + 0.126

(
meffB
kBT

)1.72

π2fd3
h

(3.45)

The fits are shown as dashed lines in figure 3.34 and result in meff =
(3.544±0.066)aAm2 and dh = (39.4±0.2)nm for the frequency-dependent
measurements and inmeff = (4.919±0.061)aAm2 and dh = (43.5±1.5)nm
for the amplitude-dependent measurements. Both uncertainties corre-
spond to 95% confidence intervals. The resulting number of crystallites in
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Figure 3.35: Number of particles in a cluster k as a function of the effec-
tive magnetic moment meff according to equation 3.44. Data points f-est.
and a-est. correspond to frequency-dependent and amplitude-dependent
fits of the measured data.

a core cluster as a function of the determined effective magnetic moment
meff is shown in figure 3.35 for both varied parameters. The dashed line
(model) represents the number of particles in a cluster k as a function
of the effective magnetic moment meff according to equation 3.44. The
data points f-est. and a-est. represent the estimate values from frequency-
dependent and amplitude-dependent measurements, respectively. Suppos-
ing the single-core mean diameter to be dc = 15.5 nm as determined from
TEM images, the fit results in the effective number k ≈ 2.7 particles per
cluster for the frequency-dependent data and k ≈ 3.3 for the amplitude-
dependent data. The MNPs thus appear on average as trimers. The effec-
tive core diameters were calculated as dc,eff = 26.1 nm and dc,eff = 29.1 nm
for both mean effective magnetic moments of the fits mentioned above
using the effective core diameter

dc,eff = 3
√

6meff
πMs

(3.46)

and assuming the saturation magnetization to be Ms = 380 kA/m as
determined via VSM measurements. Hence, the average effective mean
diameter is given by dc,eff = (26.1 nm + 29.1 nm)/2 = 27.6 nm.

The shift of higher harmonics
The fundamental’s imaginary part peak and real part inflection point shifts
were explained with the Debyemodel and considering the field-dependent
Brownian relaxation time. However, there is no established expression to
explain the shifts of the complex-valued higher harmonics. As can be seen
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from figure 3.30 and 3.33, real and imaginary parts exhibit skewnesses and
overshoots, which are not covered by the Debyemodel. For this reason, the
peak positions were identified visually to check whether the harmonics shift
with nωnτn = 1 as proposed in [68]. Both tables 3.11 and 3.12 summarize
the dynamic viscosity values η3 and η5, which correspond to the imaginary
parts’ peaks of the third and fifth harmonic as functions of excitation
frequency f0 and field amplitude µ0Ĥ. Such as the peak position of the

Table 3.11: Frequency-dependent peak positions of the fundamental’s
and higher harmonics’ imaginary parts at Ĥ = 25 mT/µ0 and correction
factors ε3 = η1/(3η3) and ε5 = η1/(5η5).

f0/kHz η1/mPa s η3/mPa s η5/mPa s η1/(3η3) η1/(5η5)

0.1 344.449 109.7 25.32 1.05 2.72
0.5 73.284 17.55 5.845 1.39 2.51
1.0 33.082 5.845 2.808 1.89 2.36
2.5 12.625 1.946 – 2.16 –
5.0 6.248 1.0 – 2.08 –

10.0 3.092 – – – –
25.0 – – – – –

Table 3.12: Amplitude-dependent peak positions of the fundamental’s
and higher harmonics’ imaginary parts at Ĥ = 25 mT/µ0 and correction
factors ε3 = η1/(3η3) and ε5 = η1/(5η5).

µ0Ĥ/mT η1/mPa s η3/mPa s η5/mPa s η1/(3η3) η1/(5η5)

5.0 7.716 1.0 – 2.57 –
10.0 15.59 2.504 – 2.08 –
15.0 22.16 3.317 1.155 2.23 3.84
20.0 25.32 4.71 1.761 1.79 2.88
25.0 36.54 5.845 2.808 2.08 2.60

fundamentals’ imaginary part maximum at f0 = 25 kHz, corresponding
higher harmonics’ imaginary part peak values were not identifiable at
low excitation frequencies if the peak shifts outside the dynamic viscosity
measurement window. Indeterminable values are marked via lines in
both tables. Further, higher harmonics with orders higher than five were
indeterminable due to the same effect. Additionally, both tables show the
correction factors ε3 = η1/(3η3) and ε5 = η1/(5η5), which must be taken
into account to correct the proposed relationship via εnnωnτn = 1. Since
all correction factors are εn 6= 1 and all correction factors are unequal,
the relationship is more complicated than proposed. Furthermore, the
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observed overshoots and skewnesses of the higher harmonics’ real and
imaginary parts show a more complex dependence than explainable via a
simple extension of the Debyemodel. In contrast to the Debyemodel, the
Fokker-Planckmodel covers the nonlinear behavior of higher harmonics.
For this reason, Fokker-Planckmodel based simulations were performed.

Fokker-Planck simulations
The values derived from experimental results shown in table 3.13 were
used to perform Fokker-Planck simulations for validation purposes. All

Table 3.13: Fokker-Planck simulation parameters derived from experi-
mental results.

Parameter Value

Magnetic field strength amplitude Ĥ 25 mT/µ0
Excitation frequency f0 1.0 kHz
Temperature T◦C 25 ◦C
Viscosity η 1.0 mPa s
Saturation magnetization Ms 380 kA/m
Size distribution type Log-normal
Core mean diameter µdc 27.6 nm
Core standard deviation σc 0.127
Hydrodynamic mean diameter µdh 41.5 nm
Hydrodynamic standard deviation σh 0.132
Number of particles np 1000

parameters depicted in table 3.13 were kept constant except the appro-
priately varied parameter. Fokker-Planck simulations were performed for
the same parameter variations as done for the measurements. Figure 3.36
shows the simulation results of the fundamental’s and higher harmonics’
real and imaginary parts as a function of excitation frequency in the range
500 Hz ≤ f0 ≤ 10 kHz. Compared to experimental data in figure 3.30, the
horizontal shift of the real parts’ inflection points and the imaginary parts’
peaks in simulated data in figure 3.36 coincide. Hence, estimated effective
mean values appropriately describe the particle properties under measure-
ment conditions. Asymmetric curve shapes, overshoots and skewnesses
of higher harmonics’ real and imaginary parts observed in experimental
data are supported by the Fokker-Planck simulation results. Obviously,
the magnitude (or the amplitude of real and imaginary parts) is constant
and does not change in simulation data. Interestingly, the magnitude
increases at high excitation frequencies in experimental data. Hence, this
effect is not explainable by particles, which might not contribute to the
magnetization signal at high frequencies, because they cannot follow the
field. Further, presented data are already corrected by Faraday ’s law of
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Figure 3.36: Simulated Fokker-Planckmodel real <{fn(η)} and imagi-
nary ={fn(η)} parts of the complex-valued harmonics fn as a function
of dynamic viscosity η. Vanishing opacities correspond to increasing ex-
citation frequencies f0. Reprinted (adapted) with permission from [69].
Copyright 2019 American Chemical Society.

induction. Thus, the effect is also not due to higher sensitivities of the
receive coil at high frequencies. Additionally, overshoots in the real parts
are modeled but not measured as realizable when comparing the detailed
excerpts in figure 3.33b and 3.36c. An explanation for all these facts is
given later when discussing the impact of the standard deviation of the
particles’ size distribution.
Figure 3.37 shows Fokker-Planck based simulation results as a function
of the applied magnetic field amplitude. The shift of the curves based
on the field dependence of the Brownian relaxation time matches experi-
mental data. Hence, the estimate of the field-dependent extension of the
Brownian zero-field relaxation time (equation 2.17) is supported by the
measurement results. Further, the magnetization amplitudes and over-
shoots of the higher harmonics’ imaginary parts increase with increasing
field amplitude as observed by trend in experimental data. Nevertheless,
the effect in experimental data is not as pronounced as in simulated data.
Theses circumstances and deviations with respect to frequency-dependent
data can be explained by the following considerations.
In a detailed direct comparison, the frequency-dependent and amplitude-
dependent simulated data show more distinct overshoots of higher har-
monics than experimentally observed. Further, simulated curves of the
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Figure 3.37: Simulated Fokker-Planckmodel real <{fn(η)} and imagi-
nary ={fn(η)} parts of the complex-valued harmonics fn as a function
of dynamic viscosity η. Increasing opacities correspond to increasing
magnetic excitation field amplitudes µ0Ĥ. Reprinted (adapted) with
permission from [69]. Copyright 2019 American Chemical Society.

real parts are steeper and imaginary parts are more narrow than corre-
sponding experimental curves. In Fokker-Planck simulations, these effects
can be modeled by varying the particle size distribution as shown in figure
3.38. With respect to the broadening of the curves and with respect to the
ratio between real and imaginary part amplitude in frequency-dependent
data, the simulated data fits best to experimental results at f0 = 10 kHz.
To achieve a similar good fit at low excitation frequencies, the standard
deviation of the hydrodynamic size distribution must be adapted. This
observation yields frequency-dependent changes of the magnetically ob-
served size distribution, which become larger for decreasing excitation
frequencies. From the current point of view, the explanation could be
that the MNPs have more time to build small clusters at low excitation
frequencies, whereas such clusters are disrupted at high excitation fre-
quencies. The same explanation clarifies a less pronounced increase of
the imaginary part’s magnetization signal with increasing applied field
amplitudes since the broadening of the size distribution diminishes the
increase of the ratio between real and imaginary part as well as overshoots
of the higher harmonics.
In conclusion, multiparametric MPS provides a powerful tool to investigate
the impact of particle-matrix interactions on the harmonic magnetization
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Figure 3.38: Simulated Fokker-Planckmodel real <{fn(η)} and imagi-
nary ={fn(η)} parts of the complex-valued harmonics fn as a function
of dynamic viscosity η. Increasing opacities correspond to increasing
standard deviations σh of the hydrodynamic log-normal size distribution.
Reprinted (adapted) with permission from [69]. Copyright 2019 American
Chemical Society.

response. Together with appropriate sample series and comparisons with
Fokker-Planck simulations, derived observations yield detailed insights into
nanomagnetic interactions and help to find particle properties by extend-
ing the pool of established magnetic characterization methods.
It should further be noted that both the harmonic magnitude spectra
of Brownian -dominated experimental data and Fokker-Planck simulation
data show that only low harmonics significantly attribute to the Brow-
nian rotation process since higher harmonics rapidly drop towards the
noise level. This observation is in good agreement with the temperature-
dependent harmonic spectra in figure 3.23a showing both Brownian and
Néel contribution and corresponding Fokker-Planck simulations in figure
3.21. The observation emphasizes the importance of a sufficient Néel -
dominated contribution for MPI, which requires a broad harmonic re-
sponse for unambiguous spatial mappings. Please note that independent
observations of Brownian and Néel relaxation only works for thermally
blocked MNP material types like CoFe2O4 particles. For typical iron ox-
ide based MNPs, mixed relaxation behavior was generally observed and
modeling via Fokker-Planck becomes much more complicated [53] or even
impossible — at least infeasible at the current time.
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Specific absorption rate and intrinsic loss power
Both the frequency- and amplitude-dependent experimental data were
used to reconstruct the dynamic magnetization curves of viscosity sam-
ples series. For each frequency and each amplitude, the area under the
dynamic magnetization curve was determined to study the influence of
the parameters on the SAR attributed to the Brownian relaxation process
due to thermally blocked particles. The SAR (see section 2.2.3) with
[mµ0Hf0] = Am2Ts = W is plotted as a function of frequency in fig-
ure 3.39a and as a function of the excitation field amplitude in figure
3.39b. Obviously, the SAR increases by trend for the whole sample series
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(b) SAR(µ0Ĥ) 3D plot

Figure 3.39: Frequency- (3.39a) and amplitude-dependent (3.39b) SARs
of the viscosity series.

with both increasing excitation frequency f0 and with increasing magnetic
field amplitudes µ0Ĥ. For this reason, high magnetic field amplitudes
and high frequencies are used in typical MH applications. However, both
the frequency-dependent data and the amplitude-dependent data show
that the SAR has optima at certain dynamic viscosity values for each
excitation frequency or magnetic field amplitude. For increasing excita-
tion frequencies f0, the SAR optimum shifts towards low viscosities. An
opposing trend is observed for increasing magnetic field amplitudes µ0Ĥ.
Here, the SAR shifts towards high viscosities at high magnetic field am-
plitudes. A more detailed representation of the SAR and ILP data are
shown in figure 3.40. Figure 3.40a and 3.40b show the frequency- and
amplitude-dependent SAR data from figure 3.39 as two-dimensional plot
with linear ordinate scale. Figure 3.40c and 3.40d depict corresponding
ILP curves. Remember that frequency-dependent measurements were
performed at a constant magnetic field strength H = 25 mT/µ0 and
amplitude-dependent measurements were performed at a constant excita-
tion frequency f0 = 1.0 kHz. As it can be seen in figure 3.40c, the ILP
maximum, which is proportional to the magnetic susceptibility’s imag-
inary part’s peak (cf. equation 2.26), shifts towards low viscosities for
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Figure 3.40: Frequency- (left) and amplitude-dependent (right) SARs
and ILP of the viscosity series.
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increasing excitation frequencies. This effect is explainable by the condi-
tion ωτ = const., which yields fη = const. for τ = τBH being dependent
on the Brownian relaxation. Further, increasing ILP maximum values are
observable for increasing excitation frequencies. The observation agrees
with current investigations suggesting to prefer high excitation frequen-
cies for MH applications. However, it further highlights that optimal
application parameters are more complicated: The relationship between
frequency and maximum ILP value also depends on the viscosity when
considering MNPs relaxing via Brownian rotation. While the ILP value is
maximum at f0 = 25 kHz at low viscosity η ≈ 1 mPa s and it is minimum
at f0 = 100 Hz for the investigated frequency range, the effect is inverted
at high viscosity η ≈ 1 Pa s. Still, please note that this effect is related
to the ILP, which is normalized to the frequency, and does not give any
information about the real generated heat power, which is related to the
SAR. As observable in figure 3.40b, the SAR value significantly increases
with increasing magnetic field strengths. Nevertheless, the ILP in figure
3.40d, which is the SAR normalized to the excitation frequency and the
squared magnetic field strength, decreases with increasing magnetic field
strengths. While the right branch of the ILP curve as a function of viscos-
ity is almost congruent with all the other curves of the amplitude series,
the decrease of the maximum value with increasing field strengths involves
a shift towards high viscosity values. Such experimental data could be
used to further investigate the field dependence of the Brownian relaxation
time.

Spectral decomposition of viscosity
As already demonstrated for temperature-dependent measurements in
section 3.4.3, the spectral decomposition method can also be applied to
viscosity series to estimate the dynamic viscosity η of a liquid sample
between references. As will be shown, a complex-valued reconstruction is
required to estimate viscosity values. To demonstrate the spectral decom-
position of viscosity, two harmonic fingerprints of the CoFe2O4 viscosity
series serve as feature vectors to compose the system matrix. To be able
to estimate the viscosity values of the whole series, the two extrema M1
and M20 lend itself to be the references. Figure 3.41 shows the recon-
structed real and imaginary parts of the complex-valued reconstruction
result x for the whole viscosity series. As can be seen from the detailed
excerpt in figure 3.41b, the reconstructed value x is real-valued for sample
reconstructed with itself only: the reconstruction result is x = 1 + j · 0 for
the viscosity η = 0.9351 mPa s when reconstructed with the corresponding
sample M20 and it is x = 1 + j · 0 for the viscosity η = 989.4345 mPa s
when reconstructed with the corresponding sample M1. Further, it is
x = 0 + j · 0 for both when reconstructed vice versa. Intermediate values,
which are not part of the system matrix, become complex-valued with
distinct oscillations of the real and imaginary parts for reconstructions
with both references.
Figure 3.42 shows the case when one more reference sample M11 close to
the center of the viscosity series is included. Again, the reconstruction
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(a) Full view (b) Detailed excerpt

Figure 3.41: Spectral decomposition of the harmonic response viscosity
dependence of CoFe2O4 nanoparticles with two references. The legend in
the left figure is valid for both figures. Reproduced from [96] (2021) CC
BY 4.0 (https://creativecommons.org/licenses/by/4.0/).

values x are well-defined for the samples, which build the system matrix:
the reconstruction value is x = 1 + j · 0 for all the samples, which are
reconstructed with themselves and it is x = 0 + j · 0 for the calibrated
samples when reconstructed with another sample than itself. However,
the oscillation for intermediate samples is still pronounced. The linear
function in equation 3.47 (cf. section 3.4.3) was chosen to demonstrate
the mapping of the reconstruction result x into the viscosity space with
the viscosity estimate η̃, which depends on the viscosity values of the
adjacent references ηref,i−1 and ηref,i.

η̃ = ηref,i −
[
(1− x) · (ηref,i − ηref,i−1)

]
(3.47)

Figure 3.43 shows the mapping function applied to both scenarios in-
cluding two (figure 3.43a) or three (figure 3.43b) references in the system
matrix. As mentioned before, the reconstruction value x is complex-valued.
The mapping function was evaluated for x being substituted by the real
part <{x}, the imaginary part ={x} and the magnitude |x| of the recon-
struction result. Both the real-valued and the imaginary-valued mapping
fail for intermediate samples of the references due to ambiguities in the
reconstruction result as shown in both figures 3.43a and 3.43b. Note that
a complex-valued reconstruction was used to generate the data shown
in the figures. Nevertheless, it was found that using a real-valued re-
construction also failed for mapping purposes due to ambiguities. It is
therefore necessary to allow complex values within the reconstruction in
order to be able to create unique mappings. Overshoots of both map-
ping functions refuse a unique classification. Using the magnitude |x| as



124 3 Magnetic particle spectroscopy

(a) Full view (b) Detailed excerpt

Figure 3.42: Spectral decomposition of the harmonic response viscosity
dependence of CoFe2O4 nanoparticles with three references. The legend
in the left figure is valid for both figures. Reproduced from [96] (2021)
CC BY 4.0 (https://creativecommons.org/licenses/by/4.0/).

10−3 10−2 10−1 100
10−3

10−2

10−1

100

η / Pa s

η̃
/
P
a
s

<{x}
={x}
|x|
references

(a) Two references

10−3 10−2 10−1 100
10−3

10−2

10−1

100

η / Pa s

η̃
/
P
a
s

(b) Three references

Figure 3.43: Viscosity mapping functions of the CoFe2O4 viscosity series
for two (left) and three (right) references. The legend in the left figure
is valid for both figures. Reproduced from [96] (2021) CC BY 4.0 (https:
//creativecommons.org/licenses/by/4.0/).
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mapping function parameter enables an unique assignment. Even though
the mapping is unique, it becomes worse for increasing viscosities on the
right hand side of included references. As can be seen from figure 3.43b,
an additional reference close to the center of the viscosity series improves
the mapping for samples with higher viscosities than the viscosity of the
included reference sample. However the effect of occuring nonlinearities
for high viscosities on the left hand side of references resumes. To circum-
vent these effects, a nonlinear mapping function must be used to achieve
an unique identification of viscosity values from reconstruction results.
However, in contrast to temperature estimation, the measurement results
show that a complex-valued reconstruction is required to estimate vis-
cosity values from spectral decomposition. Note that these findings can
directly be transferred to reconstruction in magnetic particle imaging due
to the similarity of both methods.
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Magnetic particle imaging (MPI) was invented in 2001 and introduced by
Bernhard Gleich and Jürgen Weizenecker who published their idea the first
time in 2005 [11] in the journal of science Nature. In contrast to e.g. MRI,
MPI is based on signals generated from the applied tracer material only
and promises to be a quantitative [100] and functional imaging modality
with the opportunity to be traceable to fundamental physical constants.
MNPs show a much more pronounced magnetic response than the spin of
hydrogen atoms. For this reason, MPI promises improved signal-to-noise
ratios. Essentially, MPI was developed to be a new diagnostic imaging
modality, which complements existing modalities like MRI, computed to-
mography (CT), single photon emission computed tomography (SPECT)
or positron emission tomography (PET). However, MPI abstains from
radioactive tracer material and thus reduces the risk of significant side ef-
fects. For medical in-vivo imaging purposes with MPI, MNPs are injected
intravenously or cell-loaded by e.g. injecting MNP suspensions directly
into tumor tissue or sentinel lymph nodes. At the current state, MPI
is used in preclinical applications [101–104] and it is still on the way to
optimization [105, 106] within the field of fundamental research. Commer-
cial scanners are e.g. available from Magnetic Insight, Inc. (California,
USA) [107] and Bruker Corp., (Massachusetts, USA) [108].

4.1 Basics
Introductively, it should be noted that there are several approaches to
perform imaging with MNPs [109], which significantly differ from the
standard approach. Some of these approaches will be discussed later. The
following MPI introduction will focus on the established standard ap-
proach using reconstruction in frequency domain [110]. In order to avoid
confusion, the established MPI is referred to in the following as f-space
magnetic particle imaging (f-space MPI). Standard f-space MPI is very
similar to its related MNP characterization method MPS since the latter
was developed to evaluate the suitability of MNPs for the imaging modal-
ity. To enable multidimensional imaging of magnetic tracer distributions,
additional gradient fields and multidimensional excitation are introduced.
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These additional magnetic fields further complicate MPI compared to
MPS and add new effects also for the dynamic MNP relaxation. Hence,
especially the modeling approaches (including Fokker-Planck simulation
as used in MPS) become much more challenging, which means that typical
MPS modeling techniques are not sufficient to describe the situation in
MPI scenarios.
For the following considerations it is assumed that the reader is familiar
with the characterization method MPS in section 3. MPS is an integral
method, which measures the total harmonic response of MNPs in small
volumes. To perform imaging with MNPs, the harmonic response of a
huge volume must contain information about the spatial distribution of
the tracer material. For this reason, additionally to the excitation field, a
magnetic DC gradient field is introduced: the selection field. The selection
field enables a spatial encoding of the harmonic response by selecting a
region of interest. The selection field generates a field-free region, gen-
erally a field-free point (FFP) or a field-free line (FFL) Let us assume
a FFP: all particles outside the FFP are saturated and their magnetic
dipole moment is fixed towards the gradient direction. If an external
magnetic field is applied, only particles, which are located in the FFP
can contribute to the magnetization response. Using a comparable slow
imaging mode, the FFP could now be shifted sequentially in the volume
to acquire the nanoparticle’s response at each position. There is a trick to
increase the imaging speed. For fast imaging, the selection field must be
inhomogeneous in space to facilitate an unique assignment, which means
that the harmonic response of the tracer must differ for different points in
space. Typically, such selection fields are implemented as (almost) linear
gradient fields. The FFP selection gradient field already provides the re-
quirement of an inhomogeneous field distribution in space. For this reason,
an externally applied magnetic AC field — the drive field — performs
two tasks in parallel: shifting the FFP via e.g. Lissajous trajectories and
exciting the particles to generate the measurement signal.
The spatial resolution of MPI depends on particle properties but also
on the Lissajous trajectory of the FFP and the gradient strength of the
selection field. High gradient strengths yield high theoretical spatial reso-
lutions but limit the deflection of the FFP, which corresponds to the size
of the field of view (FOV) plural. For this reason, the FOV is typically
in the size of some centimeters in each direction only. To increase the
total FOV in MPI, additional DC offset fields — called focus fields — are
superimposed to shift the partial FOV over larger scales.
A small particle diameter leads to flattened (less steep) magnetization
curves resulting in a broader and less pronounced PSF. Hence, the induced
voltage in the receive coil serving as inductive sensor decreases. Large
particle diameters on the other hand yield significant phase lags due to
the relaxation based delay of the particle response and corresponding
broadening of the PSF. For this reason, only specific particle properties
(e.g. diameters [111]) fit typical f-space MPI requirements.
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4.1.1 Imaging modi
Since the development of the MPI idea in 2005, several imaging modi have
been reported and studied. There are two native imaging modi, which
strictly differ from their perspectives to have a look at acquired data: the
x-space and the f-space imaging approach. The following subsections in-
troduce the basics of both imaging methods. Subsequently, the institute’s
instrumentation of the custom-built MPI scanner is introduced.

x-space
The x-space evaluation method [112–114] is directly related to the time-
domain signal of the inductive sensor, which is the induced voltage uind(t).
No frequency domain transform is required. The induced voltage is a func-
tion of several parameters: the receive coil sensitivity σcoil, the magnetic
moment m of the MNPs, the saturation field strength Hs required to
saturate the tracer and the field gradient strength G(r). Assuming the
imaging method to be FFP based, the velocity of the FFP d

dtrFFP(t) has
to be taken into account. Furthermore, the induced voltage depends on
the particle concentration c(rFFP) at the current position rFFP of the
FFP, which must be convoluted with the PSF h(r) of the particles and
builds the desired variable. Summarized, the induced voltage is given by

uind(t) = σcoilm
G(r)
Hs

drFFP(t)
dt

c(r) ∗ h(r)|r=rFFP(t). (4.1)

The image should represent the particle concentration c as a function of
the spatial position r. Reordering equation 4.1 yields

c(r) ∗ h(r)|r=rFFP(t) = uind(t)Hs
σcoilmG(r) ddtrFFP(t)

. (4.2)

The resulting native image consists of the spatial dependent particle con-
centration incorporating the convolution with the PSF, which describes
the response of a single dot sample. Still, the PSF is required as deconvo-
lution kernel to transfer the spatial-dependent particle concentration into
the image matrix representing the concentration distribution since the
weighted induced voltage must be deconvolved with the spatial dependent
PSF to directly measure the image signal.
Assuming a sinusoidal excitation signal shifting the FFP through the FOV
and neglecting particle dynamics, the PSF can be approximated to be
the derivative of the static Langevin function incorporating both the time
derivative of the magnetic flux due to the receive coil as inductive sensor
and the time derivative (rate of change) of the applied magnetic field.
Hence, the estimated concentration c̃(xFFP(t)) is given by

c̃(xFFP(t)) = c(r) ∗ L′
(
G(r)r
Hs

)∣∣∣
r=rFFP(t)

. (4.3)
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The derivative of the Langevin function is given by

d

dξ
L(ξ) = − 1

sinh2(ξ)
+ 1
ξ2 . (4.4)

For sinusoidal excitation signals, the derivative of the Langevin func-
tionwith respect to the applied magnetic field gives an estimate for the
PSF, which limits the achievable spatial resolution in the imaging modal-
ity MPI. The derivate of the Langevin function is shown in figure 2.9b
as a function of the Langevin parameter ξ = EME−1

T with EM = mB
being the magnetic energy and ET = kBT being the thermal energy.
Note that particle dynamics further blur the PSF and are neglected when
approximating the spatial resolution via the derivative of the Langevin
function . However, a resolution criteria for MPI is given by two clearly
separable points, which means that the superposition of both PSFs must
not merge to a single one. This consideration yields the full width at
half maximum (FWHM) to be the adiabatic estimate for the maximum
theoretically achievable resolution. Unfortunately, there is no closed ex-
pression to solve equation 4.4 for ξ. However, the slope of the Langevin
function tends to 1/3 for ξ → 0 as shown in equation 4.5.

lim
ξ→0

(
d

dξ

(
coth(ξ)− 1

ξ

))
= lim
ξ→0

(
− 1

sinh2(ξ)
+ 1
ξ2

)
= 1

3 (4.5)

Numerical integration of the PSF normalized to its maximum value 1/3
yields |ξ| = 2.08051 at 3 · dLdξ−1 = 0.5. Hence, the FWHM is given with
2 · 2.08051 ≈ 4.16.
Given the gradient strength G(r), the Langevin parameter ξ = mµ0H

kBT

equals ξ = mµ0G(r)∆r
kBT

and consequently the FWHM of the PSF can be
attributed to the spatial resolution estimate in equation 4.6.

∆r ≈ 4.16 · kBT

MsVcµ0G(r) = 4.16 · 6 · kBT
πd3
cMsµ0G(r)

(4.6)

Thus, the imaging resolution can be improved [114] by increasing the
gradient strength (∆r ∝ G(r)−1), by using MNPs with high values of the
magnetic moment m corresponding to large core diameters and high sat-
uration magnetizations (∆r ∝ d−3

c and ∆r ∝M−1
s ) or by decreasing the

temperature, which might not be applicable in in-vivo applications. Large
particle diameters further lead to pronounced relaxation times, which were
neglected for the derivation of the adiabatic intrinsic resolution estimate
and result in blurred PSFs again. Considering this trade-off, a certain size
of particles is optimal for common MPI approaches. Note that dynamic
characteristics of the Lissajous trajectory and the spatial dilatation of the
PSF also have significant impacts on the spatial resolution.
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f-space
The f-space MPI imaging mode is referred to as the standard procedure
in MPI to generate images of MNP concentration distributions and linked
properties. In contrary to x-space MPI, it is based on the frequency domain
representation and evaluation of acquired data and thus makes use of the
same underlying physics as its related integral method MPS. In f-space
MPI, the field-free region — let us assume the FFP again — is shifted
through the FOV via Lissajous trajectories. MNPs serving as tracer are
excited at the position of the FFP at a certain point of time only since
all particles outside the FOV are saturated and their magnetic moment
is fixed towards gradient direction. However, in f-space MPI, a single
measurement consists of the tracer response of at least a full repetition
time of the Lissajous trajectory, which means that the induced voltage
signal in the receive coil is measured for a complete closed-loop shift of the
FFP in the designated FOV. The frequency domain representation, which
is calculated via FT or DLM, constitutes an average of the time-domain
signal.
For this reason, the simultaneous excitation requires calibration and re-
construction. The harmonic response of a single measurement consists
of a superposition of harmonic responses of the particle distribution at
all positions within the imaging volume — the so-called FOV. Note that
such a reconstruction approach is only successfully realizable if the cor-
responding mathematical problem can be formulated as linear system
of equations, which means that the harmonic response at each position
is unique — a so-called fingerprint — and the superposition of unique
responses scales linearly with concentration.
Since complex-valued harmonics of the harmonic response serve as feature
vectors in f-space MPI to reconstruct the position, the iron content and
maybe further particle properties, the number of evaluable harmonics
significantly influences the reconstruction’s quality. In the end, a linear
system of equations is only solvable if the number of available information
is greater than or equal to the number of variables to determine. Note that
approximate solutions can also be found for underdetermined systems of
equations by e.g. utilizing regularization. Since experimental data are
noise-afflicted and conditionally stable, much more information is required
to receive acceptable reconstruction results. A first step to improve the
reconstruction is to subtract blank spectra (empty measurements) from
the raw data to remove stable (non-fluctuating in time) higher harmonics
resulting from the power amplifier’s feedthrough. Further corresponding
filtering is required: the fundamental feedthrough in correspondence to
insufficient achievable gradiometric balances of the receive coil requires
the cancellation of the fundamental receive signal.
In contrast to typical MPS data, the harmonic response in MPI consists
not only of odd but also of even higher harmonics. The selection field
yields magnetic DC offsets for the tracer contribution, which is slightly
outside the FFP. The rows in figure 4.1 exemplary depict the simpli-
fied MPI signal generation at different DC offset fields as can be seen
in the first column from the vertical shift of the sinusoidal excitation
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signals B(t). The second column illustrates the stimulation regime of
the magnetization curve, which is approximated by the static Langevin
function for simplification purposes. The resulting magnetization signals
m(t) in the third column of the figures yield the induction signals u(t) in
the fourth column. The fifth and the sixth column show the correspond-
ing magnitude and phase spectra. Thus, a superimposed DC offset field
results in asymmetric magnetization responses providing a significantly
influenced harmonic fingerprint. Based on this information, still the har-
monic response might not provide enough information to reconstruct high
resolution images, i.e. there are much less frequency components than
image pixels to be reconstructed and the linear system of equations is
underdetermined. Fortunately, the nonlinear characteristics of the mag-
netization response enable further information. Multidimensional drive
fields (e.g. two directions x and y) generate intermodulation frequency
components when exciting nonlinear materials. The harmonic response of
MNPs in multidimensional excitation scenarios thus theoretically is a well-
posed offer of information. The intermodulation frequency components
occur as side products at fmix = k∆fx,y = kxfx ± kyfy (intermodu-
lation products) with kx, ky ∈ N representing the order of all odd and
even higher harmonics of both excitation frequencies fx and fy. Hence,
the broadband harmonic response is not only limited by the detection
bandwidth and the SNR as a result of dropping magnitudes at high fre-
quencies but also by the noise-level in the lower frequency regime as
exemplary depicted in figure 4.2 representing a real measured phantom
spectrum for both receive channels (x and y) at the higher frequency set
{fhx = 25.0 kHz, fhy = 25.641 kHz}. Please note that the spatial mag-
nitude distribution of each complex-valued single frequency component
within the FOV results in a geometric wave-like structure, which is simil-
iar to and mathematically expressible via tensor products of Chebyshev
polynomials [115].
The abovementioned relationships require high-linear transmit and receive
components (power amplifiers, low-noise amplifiers and passive electrical
circuit components for filtering), which were implemented in the custom-
built MPI scanner as introduced in the following section.
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Figure 4.1: Spatial decoding principle via selection field in f-space MPI.
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Figure 4.2: Measured 2D MPI spectrum of an E phantom (large), ac-
quired at {fhx = 25.0 kHz, fhy = 25.641 kHz} representing intermodula-
tion frequencies.

4.2 Instrumentation
The institute’s dual-frequency MPI scanner [116] enables 2D imaging via
two fast-scanning channels x and y at two different excitation frequencies
fl and fh, each providing 2D Lissajous trajectories of a FFP. It is based
on first conceptional designs by Dr.-Ing. Thilo Viereck [117] and was
designed and manufactured by Dr.-Ing. Christian Kuhlmann, Dr.-Ing.
Thilo Viereck and me with the help of the institute’s workshop with Har-
ald Schmidt, Jan Pförtner and Hartmut Müller during my master thesis.
The coil system with its framing installed in the electrical shielding room
and a back view of the setup are depicted in figure 4.3. The third spa-
tial dimension z is covered via slow mechanical shifting of the selection
field as discussed in section 4.2.1. For this reason, the scanner is desig-
nated as 2.5D scanner. The higher excitation frequency was chosen to be
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(a) MPI top view (b) MPI back view

Figure 4.3: The institute’s MPI scanner coil system with its framing
(left) and a back view of the setup (right).

fh = 25 kHz to enable measurement comparisons to commercially avail-
abe setups. The lower frequency fl ≈ 10 kHz constitutes a compromise:
low excitation frequencies yield pronounced peripheral nerve stimulation
(PNS) effects and low sensitivities of the receive coil, but high frequen-
cies require high detection bandwidths, high linearity requirements for
the transmit chain and — even more important — lead to distinct Néel -
dominated dynamic relaxation processes of the tracer. Thus, the chosen
frequency represents the result of that trade-off to enable the access to
particle-matrix interactions based on the Brownian relaxation. The access
on Brownian particle dynamics or binding states of the particles embed-
ded in matrices within MPI measurements is called mobility magnetic
particle imaging (mMPI) [118]. Dual-frequency reconstruction using two
different excitation frequencies in a single scanner device improves the
mobility contrast and makes the institute’s setup unique in the world.
Figure 4.4 depicts the basic MPI setup circuitry of a single channel and
schematic illustrations of the magnitude harmonic spectra at specific lo-
cations of the signal chain. The tracer material acts as a nonlinear me-
diator between transmitting and receiving ends. The initial point of the
signal chain is based on a PCI-6133device from National Instruments
(Austin, Texas, USA) , which serves as signal source of the sinusoidal
excitation signal. The output is directly connected to the input of an
AE Techron 7548power amplifier via Bayonet Neill Concelman (BNC)
cables. Even though the power amplifier is operated within its specifica-
tions, it shows significant nonlinearities with respect to f-space MPI. For
this reason, a bandpass-filter improves the drive field signal quality by
reducing the feed-through of higher harmonics. It should be noted that
such higher harmonics can mask the higher harmonics generated by the
MNPs and cannot be distinguished from spatial information in the case
of temporal instabilities. The coil system, related mechanics and parts
of the passive filters are installed in an electrical shielding chamber. The
capacitor Ce4 serves as feed-through capacitor to lead the signal into the
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Figure 4.4: Schematic of the MPI circuitry.

chamber. Inside the chamber, the excitation coil is connected to a series
resonant circuit to enable high currents in the drive field coil Le.
The generated drive field excites the magnetic tracer material, which again
induces voltages including higher harmonics based on the magnetization’s
nonlinearity in a differential receive coil. Note that the drive field feed-
through of the fundamental is reduced by the differential design of the
receive coil but due to the larger geometries, the compensation is not
as fine-tuned as in MPS. Still, the fundamental dominates the received
signal and would saturate the preamplifier. A notch filter is required to
suppress the fundamental feed-through of the drive field. Afterwards, a
preamplifier gains the receive signal, which is then digitized outside the
chamber via the synchronized PCI-6733 device from National Instruments
(Austin, Texas, USA) .
A diaphoretic challenge in MPI instrumentation is to find the reason for
significant instable higher harmonics in the blank spectra, which are sub-
tracted from the raw data to reduce the feed-through impact of the power
amplifier and nonlinearities occuring in the parasitics from the passive
filter components. Remember that very high SNRs and very low THDs are
required. To identify such disturbing sources (based on bad electrical con-
nections between the passive components in most cases), high-linear and
low-cost current sensors were built: Rogowski coils. The Rogowski coils
serve as evaluation toolkit for finding disturbances and high-current sen-
sors. Since the Rogowski coils are not calibrated, anisotropic magnetoresis-
tance (AMR) effect based commercial Sensitec CMS-3025 current sensors
are additionally installed to control the current during calibration pro-
cesses and measurements, which ensures a stable excitation. Note that
neglecting the current controller would lead to significant drops of the
drive field amplitude due to thermal-induced changes of the electrical
components’ impedances during operations.
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4.2.1 Selection field
The selection field is realized as FFP gradient field by two opposing
neodymium iron boron (Nd2Fe14B ) magnets. Both permanent magnets
are comparably large (80 mm outer diameter, 50 mm thickness) to fulfill
the required specifications (e.g. to generate magnetic gradient fields of
up to 3 T/(mµ0) in the imaging plane). Hence, the handling with those
magnets is quite dangerous since the retention force corresponds to some
equivalent tons of weight. Special attention was paid to the holding fix-
ture during the design of the housings. The support enables independent
electronically controlled mechanical shifts of both magnets towards the
z-direction. The top and the bottom sections, each housing one of the
magnets and made from PVC synthetics, are mounted via two elevat-
ing screws operable by 15.3:1 planetary gear Nema 23 stepper motors.
The motors are powered via Trinamic TMCM-1110 StepRocker modules.
Using the RS485 interface of the motor drivers via a serial connection
from the measurement terminal PC, the gradient strength can be ad-
justed by shifting both magnets towards each other as depicted in figure
4.5. The gradient strength depends on the positioning of the opposing

(a) Gradient 0 (b) Gradient 1

Figure 4.5: Permanent magnet based mechanical gradient adjustment
by shifting each magnet support in opposing direction.

selection field generating Nd2Fe14Bmagnets. Figure 4.5a illustrates the
magnet support positions for a maximum achievable gradient strength of
Gz ≈ 7.2 T/(mµ0) in the principal direction and Gr ≈ 3 T/(mµ0) in the
isotropic xy-imaging plane. A positioning as depicted in figure 4.5b yields
weaker gradient strengths but enables slice selection via parallel shifting.
The gradient strength in the isotropic imaging plane as a function of the
distance between the two magnets and the system’s origin was calculated
from FEMM simulations and is plotted in figure 4.6. Note that the gra-
dient strength towards the gradient’s main direction z is approximately
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Figure 4.6: Gradient strength in the isotropic xy imaging plane as a
function of the distance d0 between each of the the magnets (symmetric)
and the system’s origin.

twice as large as the gradient in the minor axes in the isotropic imaging
plane xy. The main axis was not chosen to be the main imaging axis due
to geometrical limitations. Further, a gradient strength twice as large as
the currently used one would decrease the size of the FOV by a factor of
two — or a current twice as large would be needed to accommodate the
effect.
Due to changing curvatures of the magnetic field’s streamlines, the gra-
dient strength scales nonlinearly in dependence of the distance of both
magnets as depicted in figure 4.6. For the measurements shown in this
work, the gradient was adjusted to be Gr = 2.0 T/(mµ0) by driving both
magnets to a distance of |d0| = 60 mm from the system’s origin. Addition-
ally, the space reserve enables parallel shifts of the Nd2Fe14Bmagnets for
slice selection if the gradient is not set to its maximum value as shown in
figure 4.7. The shifted positioning of the magnet supports in figure 4.7a
yields a slice selection at the top of the imaging bore. Both magnet sup-
ports can be shifted towards the bottom direction in parallel as depicted
in figure 4.7b to select a slice at the bottom of the imaging bore.

4.2.2 Drive field
The drive field was realized via two different coil geometries providing
2D fast-imaging. The drive field coil in x direction is the centerpiece of
the system since all other components were built around the solenoid. It
offers a bore diameter of dx = 34 mm including the receive coil bobbin,
which means that the size of the animal or phantom under test is lim-
ited by this diameter. The main reason of choosing the geometry were
hardware requirements and limitations. The design requirement of the x
drive field coil was the opportunity to generate a magnetic field strength
of Ĥx ≤ 30 mT/µ0 at Î ≤ 30 A generated by a commercially available
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(a) Shift 0 (b) Shift 1

Figure 4.7: Permanent magnet based mechanical plane selection by shift-
ing both magnet supports in parallel.

AE Techron 7548 power amplifier. The maximum magnetic field strength
of the drive field corresponds to Ĥx ·G−1

r = 30 mT/µ0 ·(3.0 T/(mµ0))−1 =
10 mm deflection of the FFP in both directions of the FOV origin. The
first generation drive field generator coil for axis x as described in [116,
119] was built from 420xAWG41 litz wire and provided a power loss of
Px,old = (17.69 A/

√
2)2 · 1.67 Ω = 261.3 W at 25 kHz to generate a mag-

netic field of Ĥ = 30 mT/µ0 with its coil constant Kx,old = 1.696 mT/A.
A revised version using 270xAWG38 litz wire reduced the coil constant
to Kx,new = 1.445 mT/A, but advantageously significantly reduced the
power loss by a factor of 1.78 to Px,old = (20.76 A/

√
2)2 ·0.68 Ω = 146.5 W

at 25 kHz for the same generated magnetic field.
The solenoidal drive field generator for axis x is enclosed by a Helmholtz
coil configuration forming an orthogonal drive field generator in y-direction.
Many coil windings are required to generate a sufficient field strength with
a distantly placed Helmholtz coil in comparison to a cylindrical solenoid,
which is placed close to the investigated object. On the other hand, many
turns and layers lead to a significant increase of the resistance. To re-
duce the effect, the slice winding technique was used: the Helmholtz
coil is designed from two nested Helmholtz coils, which yield minor self-
capacitance values and results in shifts of the natural resonance towards
higher frequencies. The maximum field strength of the y-axis drive field
generator is given with Ĥy ≤ 15 mT/µ0 at Î ≤ 30 A corresponding to
Ĥy · G−1

r = 15 mT/µ0 · (3.0 T/(mµ0))−1 = 5 mm deflection of the FFP
in both directions of the FOV origin. Consequently, the FOV is of size
20 mm × 10 mm at maximum gradient and maximum specified current.
However, the size of the FOV can be increased by decreasing the gradient
strength.
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Both drive field generators were optimized with respect to their homo-
geneity. However, note that the drive field coil generating a magnetic
drive field in x-direction provides a considerably higher coil constant due
to its geometry advantage since it its placed closer to the system’s origin.
The drive field coils were made from 270xAWG38 litz wire to reduce the
skin effect and are water-cooled. During the design process of the coils,
it was paid attention to reduce the real part of the coils’ complex-valued
impedance to the resistance at 25 kHz. Hence, it was ensured that both
coils can be operated with frequencies up to fh ≤ 25 kHz in resonance
circuits.
For each implemented excitation frequency of the dual-frequency MPI
scanner, the two orthogonally arranged drive field generators enable Lis-
sajous trajectory excitations based on corresponding frequency ratios of
the slightly different resonance frequencies in both directions. A base fre-
quency of fb = 1.0 MHz and the sets of integer divisors {Nlx = 100,Nly =
96} and {Nhx = 40,Nhy = 39} were chosen to determine the excitation
frequencies for the closed Lissajous trajectory. Hence, the lower frequen-
cies were set to flx = fb/Nlx = 10.0 kHz and fly = fb/Nly = 10.417 kHz
resulting in the Lissajous trajectory depicted in figure 4.8a. The higher
frequency set fhx = fb/Nhx = 25.0 kHz and fhy = fb/Nhy = 25.641 kHz
results in a more dense Lissajous trajectory as depicted in figure 4.8b.
Both Lissajous trajectories are shown with an aspect ratio corresponding
to approximate equal peak currents of both drive field generators due to
the different coil constants: the coil constant of the field generator of axis
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(d) 25 kHz FFP velocity profile

Figure 4.8: Implemented dual-frequency MPI Lissajous trajectories and
corresponding FFP velocity profiles.
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y is approximately half of the coil constant in axis x. Further, the illus-
tration of both trajectories is color-coded from blue to red representing
the spatial-dependent velocity of the FFP. Note that the speed is highest
close to the center of the FOV and it vanishes towards the edges. For
this reason, the sensitivity of the inductive sensor is almost zero at the
edge positions and the image reconstruction becomes worse. This effect
is referred to as the Lissajous trajectory fade-out effect in the following.
Further, both trajectories are plotted for a complete closed loop of the
FFP. Note that both trajectories have different repetition times: the
10 kHz trajectory has a repetition time of Tl = lcm(Nlx,Nly)/fb = 2.4 ms
and the 25 kHz trajectory corresponds to a repetition time of Th =
lcm(Nhx,Nhy)/fb = 1.56 ms. Here, the operator lcm denotes least com-
mon multiple. Figures 4.8c and 4.8d show the FFP velocity profiles for
both frequency sets as a function of time for a repetition time period.
The repetition time of the Lissajous trajectory corresponds to a single
measurement of the complete FOV. Repetitions of single measurements
can be used to average the magnetization response assuming the response
to be constant until the measurement is finished.

4.3 Signal processing
The common f-space MPI requires reconstruction in frequency domain.
The following subsections will introduce the calibration process and re-
construction algorithms.

4.3.1 Calibration process
Figure 4.9 illustrates the system matrix composition during (or respec-
tively after) the calibration process. The calibration robot shown in figure
4.10 places the delta sample (a very small sample generating a represen-
tative magnetic response of an ideally infinitesimal small point) at each
position to be calibrated in the FOV. At each of these positions, the
spatial-dependent unique fingerprint (harmonic response) is recorded. Ex-
tracted complex-valued (magnitude and phase or real and imaginary parts)
harmonics with indexm are saved in the system matrix Am,n column-wise
as a function of the spatial position n. Thus, each entry (m,n) in the
system matrix corresponds to a frequency component m of the position n.
Note that all points (image pixels or voxels) are numbered consecutively
although the image generally is multidimensional. Of course, the same
order of points must be considered when images are reconstructed from
measurements by using the inverse of the system matrix to solve the linear
system of equations.
Since the harmonic response of the delta sample is unique and can be at-
tributed to the position in the FOV, an unknown distribution of particle
responses in a single measurement vector can be interpreted as a linear
superposition of single fingerprints. Thus, the particle concentration dis-
tribution can be estimated by reconstruction solving the mathematically
formulated problem by inverting the linear system of equations.
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Figure 4.9: Illustration of a 2D excitation calibration process and system
matrix composition. Intermodulation frequency components are neglected
in the schematic spectrum for the sake of clarity. However, all available
significant spatial-dependent frequency components with adequate signal-
to-noise ratio should be taken into account.
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Figure 4.10: MPI calibration robot
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4.3.2 Image reconstruction
The mathematical problem to be solved in f-space MPI is based on the
linear system of equations in equation 4.7, where Am×n is the system
matrix ofm frequency components and n positions, ~xn is the reconstructed
image with n pixels and~bm is the measurement vector containing the same
number of frequency components m like the system matrix .

Am×n~xn = ~bm (4.7)

The system matrix represents both the system properties and the particle
properties. Furthermore, it incorporates measurement parameters like
trajectory settings. Since the system matrix is typically non-square and
noise-afflicted, the exact inverse A−1

m×n is indeterminable but required to
reconstruct MPI images by solving ~xn = A−1

m×n
~bm. To approximate the

solution of the linear system of equations, the pseudo-inverse can be used
to estimate the reconstruction result. In the following, commonly used
algorithms are introduced, which enable the calculation of the pseudo-
inverse of the system matrix A+

m×n with ~xn ≈ ~̃xn = A+
m×n

~bm and com-
plement the (truncated) singular value decomposition, which was already
introduced in section 3.3.3. Please note that imaging performance can
further be improved in time effort, memory demand and quality. Faster
and less memory intensive (but more complicated) reconstruction schemes
exist, e.g. based on the assumption that the spatial structure of the sys-
tem matrix frequency components are expressible as tensor products of
Chebyshev polynomials [120]. Imaging quality could be improved by using
advanced reconstruction algorithms, e.g. weighting schemes [121, 122],
and image post processing.

Tikhonov regularization
Calibration data in MPI is significantly noise-afflicted. For this reason,
a very robust reconstruction algorithm is required to solve the underly-
ing mathematical problem. The Tikhonov regularization [123–125] is a
special method introducing a regularization parameter to improve the
conditioning of the inverse problem. The regularization parameter can
then be varied to better fit the reconstruction estimate to the expected
result. Note that the expected results matches given geometries in phan-
tom samples. The regularization parameter is then treated as a constant
value during measurements of experimental data.
The linear system of equations Am×n~xn = ~bm with the system ma-
trix Am×n of m frequency components and n positions in space, the
(image) result vector ~xn and the measurement vector ~bm is typically refor-
mulated into a minimization problem since the relationship Am×n~xn−~bm
limits zero (Am×n~xn −~bm → 0) in optimal scenarios. If the solution is
not exact or even not unique, the problem is ill-posed and only estimates
can be used to approximate a global or local optimal solution. A typical
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approach to calculate a model, which fits to the data, is the method of
least squares, such that

||R||22 = ||Am×n~xn −~bm||22 → min. = argmin
~xn

{||Am×n~xn −~bm||22}

(4.8)

converges to a minimum by minimizing the sum of residuals R of the
Euclidean norm ||R||22, also called L2 regularization. If more than one
solution generate optima for solving the problem, the solution might be
randomly depending on the reconstruction scheme and thus may not fit
the requirements. To find a remedy and to force the solution into a
preferred direction, the Tikhonov matrix Γm×n of the same size as Am×n
is introduced as shown in equation 4.9.

~̃xn = argmin
~xn

{||Am×n~xn −~bm||22 + ||Γm×n~xn||22} (4.9)

Using the Tikhonov matrix, the solution of the problem is given by

~̃xn = A+
m×n~bm = (AT

m×nAm×n + ΓTm×nΓm×n)−1AT
m×n~bm. (4.10)

The Tikhonov matrix can be composed by the product of a scalar regu-
larization parameter λ1 and the identity matrix Im×n:

~̃xn = argmin
~xn

{||Am×n~xn −~bm||22 + ||λIm×n~xn||22}. (4.11)

Now, an explicit solution is given by

~̃xn = A+
m×n~bm = (AT

m×nAm×n + λITm×nIm×n)−1AT
m×n~bm. (4.12)

Note that the regularization parameter λ could equivalently be added
to the SVD based spectral decomposition approach described in section
3.3.3 with Σ+

n×n approximated via the diagonal matrix with substituted
eigenvalues on the principal axis, which depend on the regularization
parameter as depicted in equation 4.13.(

Σ+
n×n

)
ij

=

{
σi

σ2
i

+λ2 , i = j ≤ n,

0, else
(4.13)

1The choice of the dimensionless regularization parameter 0 ≤ λ ≤ 1 depends
on the underlying measurement data. Noisy datasets require high regularization
parameters, whereas λ should be set to λ = 0 for noiseless and stable measurement
data. Please note that both under- and overregularized data lead to unsatisfactorily
results. Typically, regularization parameters of around λ / 0.01 are sufficient to
achieve qualitatively good reconstruction results for MPI data acquired with the
institute’s scanner.
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The reconstruction estimate is then given by

~̃xn = A+
m×n~bm = Vn×nΣ+

n×nU∗m×m~bm. (4.14)

The result vector ~̃xn is a one-dimensional vector. To reconstruct a 2D
image or 3D volume data, the positions are trivially stacked consecutively
in the same order as they were already composed column-wise in the
corresponding system matrix .

Kaczmarz method
The Kaczmarzmethod is an iterative algorithm to estimate the inverse
of a complex-valued matrix, which can be applied to the standard re-
construction or e.g. the Tikhonov regularization problem. Such iterative
algorithms are primarily used in large-scale problems as it is the case for
f-space MPI with a large number of pixels or voxels and frequency com-
ponents. They benefit from the advantage that the explicit calculation of
the inverse of the system matrix is not required to get an estimate of the
reconstruction result and the inclusion of additional information can be
dispensed with when the abort criteria are met.
The Kaczmarzmethod computes the reconstruction estimate ~̃xn without
explicitly calculating the inverse of the system matrix . The iterative
reconstruction algorithm with k steps emanates from an arbitrary complex-
valued initial condition of the reconstruction result ~̃x0

n in the first step
k = 0. The next iterative step uses the previous reconstruction result to
estimate a better solution by the iterative reconstruction scheme [126]
shown in

~̃xk+1
n = ~̃xkn + bi − 〈~ai, ~̃xkn〉

||~ai||2
~a∗i . (4.15)

Here, ~̃xk+1
n is the reconstruction estimate of the next iterative step k + 1

and ~̃xkn is the current reconstruction estimate. The next reconstruction
estimate depends on bi being the i-th element of m elements of ~b, ~ai
being the i-th row of m rows of the system matrix Am×n and ~a∗i being
the complex-conjugated of the m-th row of Am×n. The reconstruction
result ~̃xkn converges to the minimum-norm solution by iterating the rows
i = k mod m = {1, 2, . . . ,m} with mod being the modulo operator.

The randomized Kaczmarz algorithm [126] is a robust variant, which se-
lects the rows of the system matrix randomly during the iterative process.
Note that the randomized Kaczmarz algorithm especially yields good re-
construction results for overdetermined problems (number of rows / fre-
quency components larger than number of points to be reconstructed:
m > n).
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4.4 Applications
The following experimental results demonstrate the capabilities of the
institute’s custom-built dual-frequency FFP MPI scanner with respect to
mMPI and imaging of dynamic processes in complex matrices. Initially,
explanations of the used terminology are given in subsequent paragraphs.

Overscan area
The PSF of very small geometries — called delta samples— extends be-
yond the size of a single pixel in a reconstructed image due to relaxation
based blurring effects of the magnetic tracer response. Additionally, re-
construction fails in mapping such blurring effects back to a single result
image pixel due to noise-afflicted artifacts in measurement data[127]. For
this reason, the FOV must be chosen larger than the image to be recon-
structed. Otherwise, the reconstructed image of tracer material placed
close to the border of the FOV would be affected by significant imaging
artifacts. The extension of the field of excitation (FOX) to the applied
FOV as illustrated in figure 4.11 is called overscan area. In figure 4.11 the
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Figure 4.11: Illustration of overscan area versus field of excitation (FOX)
at two different Lissajous trajectories.

subdivision of both the low and the high frequency Lissajous trajectories
are exemplarily shown for a grid of 19× 11 pixels providing an overscan
area of 2 pixels in each direction. Hence, the FOX results in a grid of
15× 7 pixels. Note that the reconstruction result always consists of the
FOX only, even though the realized FOV during the measurement might
be larger. It is obvious that both chosen Lissajous trajectory frequency
sets result in different densities per pixel. However, the density of the
Lissajous trajectory further limits the maximum spatial resolution. If
a comparison of dual-frequency data is required, the spatial resolution
is limited by the 10 kHz Lissajous trajectory. Additionally, it should be
noted that the imaging resolution may not be isotropic, which means that
pixels might represent non-quadratic regions in the FOV.
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Patch
Patches enable the enlargement of the reconstructed image by stitching
partial FOVs to a large composed FOV, which means that several small
images of different areas of the imaged object are merged into a single
large one. This operation can be performed by merging several single
reconstructed images or by incorporating this operation into the recon-
struction process directly. In this case, the system matrix is composed of
several stacked system matrices, which are valid for different positions. If
the sample is shifted in relation to the imaging system (e.g. by mechanical
robot shifts), the same system matrix can be used to be stacked. Empty
indices of the composed system matrix are substituted by zero-padding.
The measurement vector of different measurements must then be stacked
in the same way. To ensure smooth transitions between different areas of
the image, overlap regions are typically used as illustrated in figure 4.12
via a dashed pattern in the reconstruction result vector ~x. The overlap
corresponds to the vertical overlap of both the system matrix A0

m×n and
the horizontally shifted system matrix A1

m×n.

A0
m×n

A1
m×n

·
x0
n

x1
n

=

b0m

b1m

Figure 4.12: Illustration of the linear system of equations for the patched
reconstruction.

4.4.1 Phantom preparation
For calibration purposes (system matrix acquisition), delta samples are
required, which generate a point-like magnetization response at each point
in the FOV. Point-like structures suggest very small volume amounts, but
especially for the calibration high SNRs are needed to avoid numerical
problems during reconstruction. To improve the magnetization signal
strength during the calibration, the volume of the delta samples can be
enlarged in z-direction, which is not used within the 2D fast-scanning
Lissajous trajectory. Note that highly concentrated samples provide im-
proved SNRs in MPI signal generation, however, the MNP concentra-
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tion in calibration samples should be chosen similar to expected con-
centrations in imaging scenarios since the calibration must match the
imaging results and e.g. particle-particle interactions in highly concen-
trated samples could have impacts on the dynamic magnetization be-
havior [128]. Figure 4.13 shows such cylindrically shaped delta sam-
ples prepared in cutted glass capillaries with an approximate length of
10 mm on the left hand side, which are typically stored in a sample fridge
in Eppendorf Tubes® to prevent the samples from vaporization. The glass
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Figure 4.13: MPI phantoms: Empty glass capillaries (left); two calibra-
tion samples: mobile (stock material) and immobile (freeze-dried) and 3D
printed calibration holder; three E-phantoms in different sizes (right).

capillaries are sealed with UV-light cured glue by BLUFIXX GmbHand
mounted in 3D printed holders attached to the calibration robot during
the calibration process. To perform measurements with different particle
types, geometries and to study imaging artifacts, test objects — so-called
phantoms — were designed in AutoDesk® Inventor® and realized by using
a formlabs Form 2 stereolithography (SLA) 3D printer. The resin based
printing method provides suitable surface qualities and almost imper-
meable printed objects with complex structures. Figure 4.13 exemplarily
shows phantoms representing the letter E filled with perimag® tracer in dif-
ferent sizes on the right hand side. Each of the phantoms was sealed with
a synthetic cover glued with UV-light cured glue by BLUFIXX GmbH .

4.4.2 Cartesian MPI
As discussed in section 3.4.4, the estimation of mobility between cali-
brated dynamic viscosity values requires multiple calibration supporting
points. Unfortunately, a calibration in MPI is time-consuming and even
spontaneous feasibility studies require some experimental planning. For
such purposes, cartesian magnetic particle imaging (CartMPI) is intro-
duced. It combines both ideas of a fast scanning imaging method and a
more simple approach with respect to modeling and significantly reduced
calibration time. Additionally, CartMPI promises to better preserve ge-
ometric features like edges and corners in reconstructed images due to
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reduced trajectory based fade-out effects and redundancy in orthogonal
direction.

Therefore, the approach utilizes a one-dimensional excitation along a
single direction x. Still, the calibrated area must be extended due to
magnetic crosstalk effects, which are coupled to the geometric dilation of
the PSF. Such crosstalk effects are characterized by magnetically induced
signals of tracer material, which is placed close to the theoretically in-
finitesimal thin line of excitation. Practically, the dilation of the FFP
is finite and neighboring tracer material, which is not completely satu-
rated, reorients with changing positions of the FFP — additionally to the
tracer material directly placed along the line of excitation. For this reason,
an overscan area must be introduced to cover the area contributing to
measurements within the calibration process. However, the area to be
calibrated can significantly be reduced in comparison to standard f-space
MPI: due to the one-dimensional excitation field, the system matrix is
symmetric perpendicular to the direction of excitation x (assuming the
FFP generating gradient field to be almost perfectly isotropic). Hence,
the calibration must be performed for a single half-plane (left or right
of the excitation line only) and measured data can be mirrored along
the excitation line. Incidentally, symmetries in system matrices can also
lead to significant improvements with respect to calibration time effort in
standard MPI [129], but setup requirements are more sophisticated than
in CartMPI. Furthermore, a sparse scan of the additional half-plane is
sufficient and interpolation methods can be used to estimate intermediate
values. Since much less harmonics have to be evaluated than in multidi-
mensional drive field scenarios (significantly reduced number of frequency
components), the DLM is used instead of FFT evaluation to enable a
better SNR.

CartMPI was introduced as a tool to investigate spatially-resolved time-
dependent binding kinetics based on dynamic particle-matrix interactions
within the priority program SPP1681 of the DFG . Exemplary, gelation
processes of gelatine-water mixtures serving as a complex phantom matrix
material were observed in [130]. These measurements were performed in
equidistant point of times within time periods of up to 100 min. Due to
its visco-elastic properties, complicated mathematical models describing
the dependence of the nonlinear harmonic response as a function of the
applied magnetic field are currently missing, but still qualitative informa-
tion about the gelation process (the gelation time) is determinable from
experimental results.

4.4.3 Dual-frequency f-space MPI
The standard MPI reconstruction proposed in [11] is the f-space approach,
which was performed with the institute’s MPI scanner to check the func-
tionality and to study imaging artifacts. Calibrations were performed for
suspension and freeze-dried perimag® samples, both prepared from stock
concentrated material (cp = 25 mg/mL, cFe = 8.5 mg/mL) in glass vials
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with di = 1 mm as shown in figure 4.13, at both available excitation fre-
quency sets fl ≈ 10 kHz and fh ≈ 25 kHz. It should be noted that the size
of the calibration sample geometry limits the imaging resolution and thus
following reconstruction results cannot provide better resolutions than
the PSF of the calibration sample. However, at the current state of the
instrumentation, good SNRs are required to get reliable reconstruction
results and certain amounts of tracer material are necessary.

The following 2D measurements were performed in a fast scanning (cov-
ered by the Lissajous trajectory) FOV having a size of 31.0 mm× 9.8 mm
corresponding to 31× 7 pixels. Note that quadratically illustrated pixels
correspond to anisotropic geometric areas of size 1.0 mm × 1.4 mm. An
overscan area of the size of one pixel was added around the FOV to re-
duce imaging border artifacts. The gradient strength was determined to
2.0 T/m/µ0 in the isotropic xy imaging plane. Blank measurements were
performed with 50 averages whereas imaging results were done with 25
averages. The duty cycle of calibration and measurement series was set to
40% (40% on, 60% off) to reduce powerloss based thermal heating effects.

Selected representative system matrix components using a perimag®
suspension delta sample (sp) are presented in figure 4.14 for the lower exci-
tation frequency set {flx = 10.0 kHz, fly = 10.417 kHz} and in figure 4.16
for the higher excitation frequency set {fhx = 25.0 kHz, fhy = 25.641 kHz}.
Corresponding selected system matrix components for the freeze-dried
delta sample (fd) can be found in figure 4.15 and 4.17, respectively. The
chosen representation of spatial-dependent magnitude (contrast) spectra
of the single frequency components — each normalized to its maximum
value — is colored with the corresponding phase value from π (blue) to −π
(red) of the complex-valued harmonics. It is used to easily select appro-
priate stable frequency components for reconstruction. Therefore, a full
spectrum of the receive signal is calculated, but only certain discrete fre-
quency components can theoretically contain information: higher harmon-
ics of the fundamental frequencies of excitation frequencies in both receive
directions and corresponding intermodulation frequencies. Please note
that some of the intermodulation frequency components lead to the same
physical frequency value (e.g. 2fx + 2fy and 2fy + 2fx) and some of the
mixing frequencies are related to the same bin of the Fourier transformed
data due to its corresponding limited frequency resolution. For example,
figure 4.14d shows a system matrix component that theoretically contains
three different frequency components (−24fx + 25fy), (1fx + 1fy) and
(26fx − 23fy). Such a combination would generate a superimposed pat-
tern of each single pattern, however, it is obvious that only the frequency
component (1fx + 1fy) is observable since both frequency components
(−24fx + 25fy) and (26fx − 23fy) have a very low energy level due to
their high orders. For this reason, superimposed frequency components
generally do not have any significant negative impacts on reconstruction
quality. An automatic preselection was performed by applying a specific
energy threshold applied to frequency components of the Fourier spectrum.
However, still some noise-afflicted frequency components have to be sorted
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out manually. In total, 262 (10 kHz trajectory, suspension based system
matrix ), 160 (10 kHz trajectory, freeze-dried based system matrix ), 291
(25 kHz trajectory, suspension based system matrix ) and 298 (25 kHz tra-
jectory, freeze-dried based system matrix ) frequency components were
remaining and used for reconstruction after visual inspection. Please
note that the number of evaluable frequency components is significantly
reduced at the lower excitation frequency set when switching from the
suspension based to the freeze-dried based system matrix , whereas the
number of evaluable frequency components is almost constant at the higher
excitation frequency set. As can be seen from figures 4.14, 4.15, 4.16
and 4.17, most of the remaining system matrix components show model-
like behavior. However, the right and left side positions in the FOV are
significantly affected by the fade-out effect of the Lissajous trajectory as
discussed in section 4.2.2. Having a closer look at e.g. figure 4.14n, 4.14v
or 4.15q, a jump from red-colored to blue-colored pixels corresponds to
discontinuities of unwrapped phase values and does not affect the recon-
struction result. However, noise-afflicted frequency components should be
removed (or be weighted with e.g. their corresponding energy level) before
reconstructing images since it is obvious that such frequency components
do not contribute to the reconstruction problem with reliable data. Such
noise-afflicted frequency components can easily be identified in the given
representation since they exhibit irregular or noisy patterns. The higher
the order of the frequency component, the less pronounced the magnitude
of the component due to reduced energy and the worse the SNR. For this
reason, higher frequency components are more noise-afflicted by trend.
Note that low frequency components (coarse patterns in the system ma-
trix within the FOV) correspond to low spatial frequency components of
the reconstructed image and high frequency components (fine patterns
in the system matrix within the FOV) correspond to detailed geometric
informations like edges and corners in the reconstructed image. The rela-
tionship might become more comprehensible when having a look at figure
3.15 again.

The suspension calibration sample placed in the center of the FOV was
reconstructed with both the system matrix based on the freeze-dried (fd)
sample and the system matrix based on the suspension sample (sp) for
both excitation frequency sets. The reconstruction result corresponds to
the PSF of the sample and should theoretically result in a single pixel in the
center of the image. Figure 4.18 shows the corresponding reconstruction
results. In fact, a reconstructed delta sample already shows a pronounced
spatial dilatation since low-order harmonics build the preferred informa-
tion source of the reconstruction due to higher energy content. The effect
becomes more pronounced for the reconstruction using system matrices of
freeze-dried samples because high-order harmonics have even worse SNRs.
Furthermore, changing particle dynamics of the freeze-dried sample (elim-
ination of Brownian relaxation) yield magnetically induced signals, which
do not perfectly fit to the suspension based system matrix . However, a
similar effect would be observed in x-space MPI since the transition from
Brownian to Néel relaxation dominated magnetization signals result in a
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(a) 4fx−2fy (b) 3fx−1fy (c) 2fx+0fy (d) 1fx+1fy (e) 0fx+2fy

(f) 4fx−1fy (g) 3fx+0fy (h) 2fx+1fy (i) 1fx+2fy (j) 6fx−2fy

(k) 5fx−1fy (l) 4fx+0fy (m) 3fx+1fy (n) 2fx+2fy (o) 7fx−2fy

(p) 6fx−1fy (q) 5fx+0fy (r) 4fx+1fy (s) 3fx+2fy (t) 2fx+3fy

(u) 8fx−2fy (v) 7fx−1fy (w) 6fx+0fy (x) 5fx+1fy (y) 4fx+2fy

(z) 3fx+3fy (aa) 8fx−1fy (ab) 7fx+0fy (ac) 6fx+1fy (ad) 5fx+2fy

(ae) 4fx+3fy (af) 9fx−1fy (ag) 8fx+0fy (ah) 7fx+1fy (ai) 6fx+2fy

(aj) 5fx+3fy (ak) 10fx−1fy (al) 9fx+0fy (am) 8fx+1fy (an) 7fx+2fy

(ao) 6fx+3fy (ap) 11fx−1fy (aq) 10fx+0fy (ar) 9fx+1fy (as) 8fx+2fy

(at) 7fx+3fy (au) 6fx+4fy (av) 12fx−1fy (aw) 11fx+0fy (ax) 10fx+1fy

(ay) 9fx+2fy (az) 8fx+3fy (ba) 7fx+4fy (bb) 13fx−1fy (bc) 12fx+0fy

(bd) 11fx+1fy (be) 10fx+2fy (bf) 9fx+3fy (bg) 8fx+4fy (bh) 14fx−1fy

(bi) 13fx+0fy (bj) 12fx+1fy (bk) 11fx+2fy (bl) 10fx+3fy (bm) 9fx+4fy

(bn) 8fx+5fy (bo) 15fx−1fy (bp) 14fx+0fy (bq) 13fx+1fy (br) 12fx+2fy

(bs) 11fx+3fy (bt) 10fx+4fy (bu) 16fx−1fy (bv) 15fx+0fy (bw) 14fx+1fy

Figure 4.14: Overview of selected 10 kHz system matrix components
using a perimag® (cp = 25 mg/mL) suspension (sp) delta sample .
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(a) 4fx−2fy (b) 3fx−1fy (c) 2fx+0fy (d) 1fx+1fy (e) 0fx+2fy

(f) −1fx+3fy (g) 5fx−2fy (h) 4fx−1fy (i) 3fx+0fy (j) 2fx+1fy

(k) 1fx+2fy (l) 7fx−3fy (m) 6fx−2fy (n) 5fx−1fy (o) 4fx+0fy

(p) 3fx+1fy (q) 2fx+2fy (r) 9fx−4fy (s) 8fx−3fy (t) 7fx−2fy

(u) 6fx−1fy (v) 5fx+0fy (w) 4fx+1fy (x) 3fx+2fy (y) 2fx+3fy

(z) 9fx−3fy (aa) 8fx−2fy (ab) 7fx−1fy (ac) 6fx+0fy (ad) 5fx+1fy

(ae) 4fx+2fy (af) 3fx+3fy (ag) 11fx−4fy (ah) 10fx−3fy (ai) 9fx−2fy

(aj) 8fx−1fy (ak) 7fx+0fy (al) 6fx+1fy (am) 5fx+2fy (an) 4fx+3fy

(ao) 12fx−4fy (ap) 11fx−3fy (aq) 10fx−2fy (ar) 9fx−1fy (as) 8fx+0fy

(at) 7fx+1fy (au) 6fx+2fy (av) 5fx+3fy (aw) 4fx+4fy (ax) 13fx−4fy

(ay) 12fx−3fy (az) 11fx−2fy (ba) 10fx−1fy (bb) 9fx+0fy (bc) 8fx+1fy

(bd) 7fx+2fy (be) 6fx+3fy (bf) 5fx+4fy (bg) 14fx−4fy (bh) 13fx−3fy

(bi) 12fx−2fy (bj) 11fx−1fy (bk) 10fx+0fy (bl) 9fx+1fy (bm) 8fx+2fy

(bn) 7fx+3fy (bo) 6fx+4fy (bp) 14fx−3fy (bq) 13fx−2fy (br) 12fx−1fy

(bs) 11fx+0fy (bt) 10fx+1fy (bu) 9fx+2fy (bv) 8fx+3fy (bw) 7fx+4fy

Figure 4.15: Overview of selected 10 kHz system matrix components
using a perimag® (cp = 25 mg/mL) freeze-dried (fd) delta sample .
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(a) 11fx−8fy (b) 10fx−7fy (c) 9fx−6fy (d) 8fx−5fy (e) −1fx+4fy

(f) 12fx−8fy (g) 11fx−7fy (h) 10fx−6fy (i) 9fx−5fy (j) 7fx−3fy

(k) 6fx−2fy (l) 5fx−1fy (m) 4fx+0fy (n) 3fx+1fy (o) 2fx+2fy

(p) 1fx+3fy (q) −1fx+5fy (r) −3fx+7fy (s) −4fx+8fy (t) 13fx−8fy

(u) 12fx−7fy (v) 11fx−6fy (w) 10fx−5fy (x) 9fx−4fy (y) 6fx−1fy

(z) 5fx+0fy (aa) 4fx+1fy (ab) 3fx+2fy (ac) 2fx+3fy (ad) 1fx+4fy

(ae) −1fx+6fy (af) −2fx+7fy (ag) −3fx+8fy (ah) 14fx−8fy (ai) 13fx−7fy

(aj) 12fx−6fy (ak) 11fx−5fy (al) 10fx−4fy (am) 7fx−1fy (an) 6fx+0fy

(ao) 5fx+1fy (ap) 4fx+2fy (aq) 3fx+3fy (ar) −1fx+7fy (as) −2fx+8fy

(at) −3fx+9fy (au) 15fx−8fy (av) 14fx−7fy (aw) 13fx−6fy (ax) 12fx−5fy

(ay) 11fx−4fy (az) 10fx−3fy (ba) 9fx−2fy (bb) 8fx−1fy (bc) 7fx+0fy

(bd) 6fx+1fy (be) 5fx+2fy (bf) 4fx+3fy (bg) 16fx−8fy (bh) 15fx−7fy

(bi) 14fx−6fy (bj) 13fx−5fy (bk) 12fx−4fy (bl) 11fx−3fy (bm) 10fx−2fy

(bn) 9fx−1fy (bo) 8fx+0fy (bp) 7fx+1fy (bq) 6fx+2fy (br) 5fx+3fy

(bs) 16fx−7fy (bt) 15fx−6fy (bu) 14fx−5fy (bv) 13fx−4fy (bw) 12fx−3fy

Figure 4.16: Overview of selected 25 kHz system matrix components
using a perimag® (cp = 25 mg/mL) suspension (sp) delta sample .
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(a) 6fx−4fy (b) 5fx−3fy (c) 4fx−2fy (d) 3fx−1fy (e) 2fx+0fy

(f) 1fx+1fy (g) 0fx+2fy (h) −1fx+3fy (i) 7fx−4fy (j) 6fx−3fy

(k) 5fx−2fy (l) 4fx−1fy (m) 1fx+2fy (n) 8fx−4fy (o) 7fx−3fy

(p) 6fx−2fy (q) 4fx+0fy (r) 3fx+1fy (s) 2fx+2fy (t) 1fx+3fy

(u) 9fx−4fy (v) 8fx−3fy (w) 7fx−2fy (x) 6fx−1fy (y) 4fx+1fy

(z) 3fx+2fy (aa) 2fx+3fy (ab) 10fx−4fy (ac) 9fx−3fy (ad) 8fx−2fy

(ae) 7fx−1fy (af) 5fx+1fy (ag) 4fx+2fy (ah) 3fx+3fy (ai) 11fx−4fy

(aj) 10fx−3fy (ak) 9fx−2fy (al) 8fx−1fy (am) 6fx+1fy (an) 5fx+2fy

(ao) 4fx+3fy (ap) 12fx−4fy (aq) 11fx−3fy (ar) 10fx−2fy (as) 9fx−1fy

(at) 8fx+0fy (au) 7fx+1fy (av) 6fx+2fy (aw) 5fx+3fy (ax) 12fx−3fy

(ay) 11fx−2fy (az) 10fx−1fy (ba) 8fx+1fy (bb) 7fx+2fy (bc) 6fx+3fy

(bd) 5fx+4fy (be) 13fx−3fy (bf) 12fx−2fy (bg) 11fx−1fy (bh) 9fx+1fy

(bi) 8fx+2fy (bj) 7fx+3fy (bk) 14fx−3fy (bl) 13fx−2fy (bm) 12fx−1fy

(bn) 10fx+1fy (bo) 9fx+2fy (bp) 8fx+3fy (bq) 7fx+4fy (br) 15fx−3fy

(bs) 14fx−2fy (bt) 13fx−1fy (bu) 11fx+1fy (bv) 10fx+2fy (bw) 9fx+3fy

Figure 4.17: Overview of selected 25 kHz system matrix components
using a perimag® (cp = 25 mg/mL) freeze-dried (fd) delta sample .
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(a) 10 kHz sp system matrix (b) 25 kHz sp system matrix

(c) 10 kHz fd system matrix (d) 25 kHz fd system matrix

Figure 4.18: Suspension delta sample reconstructed via both the system
matrix based on the suspension (sp) delta sample and the system matrix
based on the freeze-dried (fd) delta sample at both frequency sets.

delayed and blurred PSF of the magnetic nanoparticles.

The phantoms of the letter E as shown in the photography in figure
4.13 were measured and reconstructed with the corresponding system ma-
trices acquired at both excitation frequency sets {flx = 10.0 kHz, fly =
10.417 kHz} and {fhx = 25.0 kHz, fhy = 25.641 kHz}. Figure 4.19 shows

(a) E (L) top left (b) E (L) top (c) E (L) top right

(d) E (L) left (e) E (L) center (f) E (L) right

(g) E (L) bottom left (h) E (L) bottom (i) E (L) bottom right

Figure 4.19: Large (L) sized MPI E phantom at different positions
in the FOV, shifted by ∆x = 5 mm, ∆y = 2 mm acquired at {flx =
10.0 kHz, fly = 10.417 kHz}.

10 kHz reconstruction results of the large E phantom positioned at differ-
ent locations in the FOV by shifting the phantom towards both directions
by ∆x = 5 mm and ∆y = 2 mm emanating from the center position
as shown in figure 4.19e. All following reconstructed images were lin-
early upscaled by a factor of two to get a better visual impression of the
imaging quality (cf. figure 4.18 providing the raw reconstruction qual-
ity). The medium and the small E phantom reconstruction results are
shown in figure 4.20 and 4.21, respectively. Note that all following re-
constructed images represent direct reconstruction results without any
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(a) E (M) top left (b) E (M) top (c) E (M) top right

(d) E (M) left (e) E (M) center (f) E (M) right

(g) E (M) bottom left (h) E (M) bottom (i) E (M) bottom right

Figure 4.20: Medium (M) sized MPI E phantom at different positions
in the FOV, shifted by ∆x = 5 mm, ∆y = 2 mm acquired at {flx =
10.0 kHz, fly = 10.417 kHz}.

(a) E (S) top left (b) E (S) top (c) E (S) top right

(d) E (S) left (e) E (S) center (f) E (S) right

(g) E (S) bottom left (h) E (S) bottom (i) E (S) bottom right

Figure 4.21: Small (S) sized MPI E phantom at different positions
in the FOV, shifted by ∆x = 5 mm, ∆y = 2 mm acquired at {flx =
10.0 kHz, fly = 10.417 kHz}.

post-processing, which can improve optical impressions but might falsify
the real reconstruction quality. Reconstruction results acquired at the
higher frequency set {fhx = 25.0 kHz, fhy = 25.641 kHz} are shown in
figures 4.22, 4.23 and 4.24. Figure 4.24 shows reconstructed images of
the small E phantom centered at the system’s origin position (4.24e) and
shifted positions (∆x = 5 mm, ∆y = 2 mm) in the xy-plane. Obviously,
the phantom’s shape could be estimated or guessed but the blurring of
the depicted sample material yields non-optimal image reconstruction re-
sults. The imaging quality indicates an inadequately optimized selection
of system matrix components. All positions of the large, medium and
small E phantoms are reconstructable and lead to E-shaped reconstruction
results. Obviously, the low-order frequency components providing high
SNR build the preferred base of reconstruction: edges and corners, which
correspond to high spatial frequency components in image space are less
pronounced than expected. For this reason, rounded edges occur in the
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(a) E (L) top left (b) E (L) top (c) E (L) top right

(d) E (L) left (e) E (L) center (f) E (L) right

(g) E (L) bottom left (h) E (L) bottom (i) E (L) bottom right

Figure 4.22: Large (L) sized MPI E phantom at different positions
in the FOV, shifted by ∆x = 5 mm, ∆y = 2 mm acquired at {fhx =
25.0 kHz, fhy = 25.641 kHz}.

(a) E (M) top left (b) E (M) top (c) E (M) top right

(d) E (M) left (e) E (M) center (f) E (M) right

(g) E (M) bottom left (h) E (M) bottom (i) E (M) bottom right

Figure 4.23: Medium (M) sized MPI E phantom at different positions
in the FOV, shifted by ∆x = 5 mm, ∆y = 2 mm acquired at {fhx =
25.0 kHz, fhy = 25.641 kHz}.

(a) E (S) top left (b) E (S) top (c) E (S) top right

(d) E (S) left (e) E (S) center (f) E (S) right

(g) E (S) bottom left (h) E (S) bottom (i) E (S) bottom right

Figure 4.24: Small (S) sized MPI E phantom at different positions
in the FOV, shifted by ∆x = 5 mm, ∆y = 2 mm acquired at {fhx =
25.0 kHz, fhy = 25.641 kHz}.
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reconstructed images. In other words, the effect of the spatially dilated
PSF yields blurred reconstructed images. Further, the fade-out effect of
the Lissajous trajectory results in dark areas in the left and right parts of
the images. Especially reconstructed images of phantoms placed at the
top position indicate insufficient sizes of the calibrated overscan areas:
mirror-like ghost images occur at the bottom edge of the images. Such
reconstruction artifacts could be reduced by incorporating larger overscan
areas, which have to be chosen in a range that the PSF at each border of
the FOV is faded to zero signal within the space of the overscan area.

To demonstrate the ability to generate 3D images from stacked 2D im-
ages, the large E phantom was placed at the center position and shifted
from z = −9 mm to z = 9 mm in 1 mm steps via the robot perpendic-
ular to the xy imaging plane. Fast-scanning 2D images were acquired
at each position at both frequency sets. The stacked 3D results are
shown in figure 4.25. Figures 4.25a and 4.25c show the stacked 3D vol-

(a) 10 kHz stack view 1 (b) 25 kHz stack view 1

(c) 10 kHz stack view 2 (d) 25 kHz stack view 2

Figure 4.25: Imaging reconstruction results of stacked (z-plane) E (large)
phantom images acquired at both frequency sets.

ume plot of the E phantom acquired at the lower excitation frequency
set {flx = 10.0 kHz, fly = 10.417 kHz} from two different perspectives,
whereas figures 4.25b and 4.25d show the data acquired at the higher
frequency set {fhx = 25.0 kHz, fhy = 25.641 kHz}, respectively.
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4.4.4 Detection limit
To determine the institute’s MPI setup detection limit, glass capillary delta
sampleswere filled with different volume percentages of perimag® particles
as summarized in table 4.1 and exemplary shown in figure 4.26 for the
samples D1 to D6. All glass capillaries with an inner diameter of

Table 4.1: Glass capillary delta samples for MPI detection limit de-
termination using perimag®particles. Determined detection limits are
highlighted for the lower excitation frequency set {flx = 10.0 kHz, fly =
10.417 kHz} (red) and the higher excitation frequency set {fhx =
25.0 kHz, fhy = 25.641 kHz} (green).

sample %vol cp cFe mp mFe

D0 100 25 mg/mL 8.5 mg/mL 196.35 µg 66.759 µg
D1 10 2.5 mg/mL 0.85 mg/mL 19.635 µg 6.6759 µg
D2 5 1.25 mg/mL 0.425 mg/mL 9.8175 µg 3.3380 µg
D3 2 500 µg/mL 170 µg/mL 3.9270 µg 1.3352 µg
D4 1 250 µg/mL 85 µg/mL 1.9635 µg 667.59 ng
D5 0.5 125 µg/mL 42.5 µg/mL 981.75 ng 333.80 ng
D6 0.1 25 µg/mL 8.5 µg/mL 196.35 ng 66.759 ng

di = 1 mm have an approximate (cutted by hand) volume of Vdelta =
πr2h = π(0.5 mm)210 mm ≈ 7.854 µL. There are several opportunities
to determine the detection limit of a MPI system, e.g. specifying the

Figure 4.26: Diluted MPI detection limit delta sample series (D6 to D1
from left to right).
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detection limit of particles distinguishable in raw spectra compared to the
residual error or the detection limit to reconstruct images requiring a cor-
responding set of frequency components. Unfortunately, different groups
and companies typically define their own specific criteria and there is no
global agreement for a specification harmonization. For this reason, at
this point it should be noted that the following experiments to determine
the detection limit are based on and are restricted to individual imaging
properties. The following measurements are performed using 50 averages
for blank measurements (empty measurements) and 25 averages for each
calibrated point in space as a result of time efficiency. The corresponding
system matrices, which are used to reconstruct images from measurement
data, were composed of manually selected frequency components showing
typical individually evaluated frequency component patterns with ade-
quate signal-to-noise ratios and sufficiently reduced impacts of discrete
interferences. The resulting selection weighting matrix was further logi-
cally combined with a relative reconstruction value based minimum energy
threshold level of 100× 10−6 via conjunction. Measurements of the di-
luted samples were performed at 50 averages for blank measurements
(similar to the number of averages for the blank measurements within the
system matrix) and 100 averages for the sample signal. Note that the
number of averages used for the following experiments are low compared
to similar results of other groups. Hence, experimental results represent
an upper bound of the possible achievable detection limit and could be
further improved by e.g. using a larger number of averages, increasing the
gain of the preamplifier module or improving the receive chain sensitivity.
The determination of the detection limit was performed by placing all
single delta samples in the FOV of the MPI scanner at both excitation
frequency sets. Each sample was shifted 1 mm in x-direction to validate
the sample signal against background noise.

Detection limit at 10 kHz
Figure 4.27 shows imaging reconstruction results of the delta samplesD1
(top row) and D2 (bottom row). Both samples were placed at the system’s
origin position (left column), which is the most sensitive imaging area. Re-
constructed imaging results are compared to reconstructed images of the
same samples shifted 1 mm out of the center position to validate results
against reconstruction artifacts. Note that all images were reconstructed
using the same reconstruction parameters to ensure a fair comparison (reg-
ularized Kaczmarz reconstruction with regularization parameter λ = 0.01
and 10 iterations, manually selected frequency components within the
system matrix ). Obviously, the delta sampleD1 generates significant
magnetization signals and shifting the sample position yields shifted re-
construction results. Thus, the maximum spot in figures 4.27a and 4.27b
can certainly be attributed to the delta sample even though some imaging
artifacts are already observable. The significance of the data is visually
highlighted in figure 4.28, which shows the same data as a surface plot
in a three-dimensional grid. As can be seen in figures 4.27c and 4.27d or
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(a) D1 @ x = 0 mm (b) D1 @ x = 1 mm

(c) D2 @ x = 0 mm (d) D2 @ x = 1 mm

Figure 4.27: Detection limit evaluation images acquired at the lower
frequency set {flx = 10.0 kHz, fly = 10.417 kHz} using the dilution series
shown in table 4.1. Each diluted sample was imaged at the system’s origin
position x = 0 mm and at a shifted position x = 1 mm for evaluation
purposes.

(a) D1 @ x = 0 mm (b) D1 @ x = 1 mm

(c) D2 @ x = 0 mm (d) D2 @ x = 1 mm

Figure 4.28: Surface plots of the detection limit evaluation images ac-
quired at the lower frequency set {flx = 10.0 kHz, fly = 10.417 kHz} using
the dilution series shown in table 4.1. Each diluted sample was imaged at
the system’s origin position x = 0 mm and at a shifted position x = 1 mm
for evaluation purposes.
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from the surface plots in figures 4.28c and 4.28d, respectively, the recon-
struction artifacts of the images of the delta sampleD2 are in the same
order as (or very close to) the expected sample signals. The reconstructed
maximum spots can not exactly be attributed to the sample position. For
this reason, the detection limit is in the range of 6 µg ≥ mFe ≥ 3 µg at
the lower frequency set {flx = 10.0 kHz, fly = 10.417 kHz}. Please note
that elongated and dilated geometric structures in the reconstructed im-
ages of the expected point-like phantom indicate non-optimally selected
frequency components for the reconstruction. The selection could be op-
timized to preserve geometric structures, however, it was found that the
detection limit could not be optimized in this way using the available
acquired calibration data.

Detection limit at 25 kHz
The detection limit at the higher frequency set {fhx = 25.0 kHz, fhy =
25.641 kHz} was identified equivalently to the detection limit determina-
tion at the lower frequency set as described in the previous subsection.
However, it was found that the system is much more sensitive at the
higher frequency set. For this reason, reconstructed imaging results are
shown for delta samplesD5 and D6 in figure 4.29 and the corresponding
surface plots of the same imaging data in figure 4.30. Again, the delta
sample positions were shifted by 1 mm in x-direction and imaging results
were generated using the same reconstruction parameters to enable fair
comparisons. Please note that technically speaking, imaging results are
comparable within each frequency set, but not among both sets since
different frequency components were used and different SNRs exist.
As shown in figures 4.29a and 4.29b, the delta sampleD5 produces a
significant magnetization response resulting in a reconstructed white spot,
which can doubtlessly be attributed to the sample in both reconstructed
images with almost no discernible imaging artifacts. Imaging artifacts are

(a) D5 @ x = 0 mm (b) D5 @ x = 1 mm

(c) D6 @ x = 0 mm (d) D6 @ x = 1 mm

Figure 4.29: Detection limit evaluation images acquired at the higher
frequency set {fhx = 25.0 kHz, fhy = 25.641 kHz} using the dilution series
shown in table 4.1. Each diluted sample was imaged at the system’s origin
position x = 0 mm and at a shifted position x = 1 mm for evaluation
purposes.
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in the same order as the sample signals when using the delta sampleD6 as
can be seen in figures 4.29c and 4.29d or even better in the corresponding
surface plots in figures 4.30c and 4.30d. Hence, the detection limit is
identified to be in the range 300 ng ≥ mFe ≥ 67 ng at the higher frequency
set {fhx = 25.0 kHz, fhy = 25.641 kHz}.

(a) D5 @ x = 0 mm (b) D5 @ x = 1 mm

(c) D6 @ x = 0 mm (d) D6 @ x = 1 mm

Figure 4.30: Surface plots of the detection limit evaluation images ac-
quired at the higher frequency set {fhx = 25.0 kHz, fhy = 25.641 kHz}
using the dilution series shown in table 4.1. Each diluted sample was
imaged at the system’s origin position x = 0 mm and at a shifted position
x = 1 mm for evaluation purposes.
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4.4.5 Mobility MPI
In MPI, the unique fingerprint of the harmonic response of MNPs is chang-
ing as function in space (as a result of the selection field) and as function
of the spatial tracer’s concentration distribution. However, this is only
half the truth, since the unique fingerprint also changes as a function of
the dynamic relaxation effects of the MNPs. Such effects are typically
neglected and lead to significant imaging artifacts or must be attempted
to be compensated for.

With suitable assumptions, relaxation effects can be corrected or elimi-
nated. A better way to deal with relaxation effects is to use the additional
information. Physical properties like temperature, viscosity or binding
state of the MNPs are strongly related to the measured signal. Having
two calibrations of one of these parameters, intermediate values can be
estimated from reconstruction (cf. section 3.4.3 and 3.4.4). Incorporating
the dynamic viscosity of the matrix material embedding the MNPs or the
binding state in complex matrices as parameter to be estimated is sum-
marized in the term mMPI [118]. With mMPI it is possible to estimate
both the concentration distribution and the spatial mobility state of the
tracer at the same time using a single measurement result. The approach
is based on the so-called multicolor reconstruction [131, 132] incorporating
two or more different properties into a single merged system matrix for
f-space reconstruction. Using a dual-frequency MPI scanner, the recon-
struction quality of the particles’ mobility profits from the effect that the
Brownian relaxation behavior is accentuated at low excitation frequencies,
whereas high excitation frequencies suppress the Brownian relaxation ef-
fect. The dynamic magnetization process of the MNPs is then dominated
by Néel relaxation during the measurement process. The combination of
both frequency sets enables an improved mobility contrast [133]. Figure
4.31 schematizes possible system matrix compositions and corresponding
geometries of the result and the measurement vectors or matrices. The
typical multicolor reconstruction approach assumes the result of the linear
system of equations to be vectorial-shaped as depicted in figure 4.31a and
4.31b. Typical commercially available MPI scanners provide a single drive
field frequency only. Hence, the linear system of equations, which is illus-
trated in figure 4.31a, must be considered for multicolor reconstruction:
two system matrices A0

m×n and A1
m×n both representing a calibration

value of one parameter with m complex-valued harmonics of n positions.
The result vector ~xn is composed of two stacked result images ~x0

n and
~x1
n, which directly could represent two different color channels of a sin-

gle image to achieve a false-color overlay image. Both the horizontally
stacked system matrix and the vertically stacked result vector correspond
to a single measurement vector ~b0m. Thus, both result images (or image
channels) can be reconstructed from a single measurement using a horizon-
tally stacked system matrix. Note that the linear system of equations can
easily be extended in the same way by stacking further system matrices
horizontally and result vectors vertically.
The institute’s dual-frequency MPI scanner enables improved reconstruc-
tion quality of the mobility in mMPI by calibrating both parameter values
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A0
m×n A1

m×n

·

x0
n

x1
n

=

b0m

b3m

(a) Horizontally stacked system matri-
ces

A0
m×n A1

m×n

A2
m×n A3

m×n

·

x0
n

x1
n

=

b3m

b0m

b1m

(b) Horizontally and vertically stacked
system matrices

Figure 4.31: Dual-frequency and dual-viscosity reconstruction.

at two different drive field frequency sets fl and fh resulting in four dif-
ferent calibrations (two parameter values, two frequencies). While A0

m×n
and A1

m×n in figure 4.31b correspond to the two calibrated values of the
parameter to be estimated (e.g. two different dynamic viscosity levels)
at the drive field frequency set fl, A2

m×n and A3
m×n represent the same

calibrations at the frequency set fh. The combined reconstruction yields
two result vectors (images) ~x0

n and ~x1
n from two different measurement

vectors ~b0m and ~b1m acquired at the two different drive field frequencies.

To demonstrate parameter reconstruction in MPI, both the suspension
(sp) and the freeze-dried (fd) calibration sample were mounted vertically
on the sample holder and measured at the same time as shown in figure
4.32 at the higher frequency set {fhx = 25.0 kHz, fhy = 25.641 kHz} repre-
senting a mMPI measurement result, which is comparable to commercially
available MPI scanners. Even though the Brownian relaxation effect is
more visible at the lower excitation frequency set and contrast might show
some differences, the 25 kHz data support the message to be discussed
here. Each sample was centered in the FOV to compare both images
(e.g. figure 4.32a and 4.32c) to another image centering the center of both
samples in the origin of the FOV (e.g. figure 4.32b). The measurement
procedure of changing the sample position was performed to enable fair
comparisons to combined dual-frequency experimental results because the
reconstruction quality is best in the center of the FOV. All three dif-
ferent positions were reconstructed using both the suspension (sp) and
the freeze-dried (fd) calibration via the regularized Kaczmarz algorithm
(regularization parameter λ = 0.001, number of iterations n = 10). Re-
construction results using the suspension sample calibration are colored
turquoise whereas the color was chosen to be pink for reconstruction re-
sults using the calibration based on the freeze-dried sample. Both samples
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(a) fd-centered sp-reco (b) sp-reco (c) sp-centered sp-reco

(d) fd-centered fd-reco (e) fd-reco (f) sp-centered fd-reco

(g) fd-centered overlay (h) overlay (i) sp-centered overlay

Figure 4.32: Suspension (abbreviated with sp, left sample position) and
freeze-dried (abbreviated with fd, right sample position) perimag® delta
sample reconstructed with suspension based (sp-reco) system matrix (top
row) and freeze-dried based (fd-reco) system matrix (center row) and false-
color overlay (bottom row) of both. Measurements and calibrations used
for the reconstruction were performed at the higher excitation frequency
set {fhx = 25.0 kHz, fhy = 25.641 kHz}.

are visible in the reconstructed images for using both calibrations. How-
ever, it is obvious that the reconstruction of the freeze-dried sample is
best when using the freeze-dried calibration and positioned at the origin
position of the FOV. The suspension sample is much more pronounced
for both the reconstruction with the suspension sample based and the
freeze-dried sample based calibration. Figure 4.32g, 4.32h and 4.32i show
corresponding false-color overlay images of both the suspension and the
freeze-dried based calibration. The coloring indicates that mobile and
immobile samples are distinguishable since the turquoise percentage in
the left sample is higher than for the right one. It should be noted that
the reconstruction using the freeze-dried sample based calibration leads to
significant blurring of the reconstructed dots due to worse SNRs. Another
very important effect is observable: The contrast of the reconstructed
freeze-dried sample is much less pronounced than the contrast of the re-
constructed suspension sample in all images in figure 4.32 even though
the iron content of both samples is the same. Hence, the iron concentra-
tion would be underestimated for particles changing the mobility state in
standard MPI scanners providing a single excitation frequency set. Note
that such mobility changes might be side effects in in-vivo experiments
as results of particle-matrix interactions.

Significantly improved mobility contrasts and preserved concentration con-
trasts are achieved by incorporating both calibrations in the same recon-
struction — the so-called color reconstruction — following the schematic il-
lustrations in figures 4.31a (color reconstruction) and 4.31b (dual-frequency
color reconstruction). To emphasize the difference of the reconstruction
approach, the reconstruction result terminology is changed: the following
reconstructed images c0 and c1 are image representations of the solution
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vectors ~x0
n and ~x1

n resulting from the combined reconstruction whereas
latter results were based on independent reconstructions using different
system matrices .

Figures 4.33, 4.34 and 4.35 show 10 kHz, 25 kHz and dual-frequency re-
construction results. All following reconstruction results are based on
the regularized Kaczmarz reconstruction with the same regularization pa-
rameter λ and the same number of iterations n to ensure comparability.
The regularization parameter and the number of iterations were chosen
to be λ = 0.4 and n = 40 as manually identified optima for the whole
set of reconstruction results. In each figure, the first column shows the
reconstruction results image based on the suspension sample calibration,
the second column shows the reconstruction result image based on the
freeze-dried sample calibration and the last column shows a false-color
overlay of both reconstruction result images, where the suspension sample
based reconstruction result is colored blue and the freeze-dried sample
based reconstruction result is colored red. Each row in each figure shows
the reconstruction result of different shifted positions of the sample phan-
tom corresponding to the previously shown results. Thus, the first row
shows a freeze-dried sample centered position, the second row corresponds
to a phantom position centered with respect to the middle of both sam-
ples and the third row shows the reconstruction results of the suspension
sample centered position. As can be seen from the 10 kHz data in figures

(a) c0 reconstruction (b) c1 reconstruction (c) false-color overlay

(d) c0 reconstruction (e) c1 reconstruction (f) false-color overlay

(g) c0 reconstruction (h) c1 reconstruction (i) false-color overlay

Figure 4.33: Mobility MPI results (λ = 0.4, niterations = 40) of the
suspension (c0) and the freeze-dried (c1) sample using color reconstruction
at the lower drive field excitation frequency set {flx = 10.0 kHz, fly =
10.417 kHz}. The reconstructed images c0 and c1 result from the combined
(same) reconstruction and are combined in the third column as false-color
overlay image by assigning different color channels (red and blue). Each
row shows the reconstruction results of the samples placed at different
positions.

4.33c, 4.33f and 4.33i (and corresponding reconstruction data based on
the freeze-dried sample), the reconstruction of the freeze-dried sample is
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significantly noise-afflicted in comparison to the suspension sample based
reconstruction results. This fact is due to the low SNR of both the mea-
surement data but even more important the corresponding calibration of
the freeze-dried sample. Still, both the suspension based calibration and
the freeze-dried based calibration yield distinguishable and iron content
preserving results, which show much better mobility contrasts than sin-
gle reconstructions as shown in figure 4.32. The reconstruction artifacts

(a) c0 reconstruction (b) c1 reconstruction (c) false-color overlay

(d) c0 reconstruction (e) c1 reconstruction (f) false-color overlay

(g) c0 reconstruction (h) c1 reconstruction (i) false-color overlay

Figure 4.34: Mobility MPI results (λ = 0.4, niterations = 40) of the
suspension (c0) and the freeze-dried (c1) sample using color reconstruction
at the higher drive field excitation frequency set {fhx = 25.0 kHz, fhy =
25.641 kHz}. The reconstructed images c0 and c1 result from the combined
(same) reconstruction and are combined in the third column as false-color
overlay image by assigning different color channels (red and blue). Each
row shows the reconstruction results of the samples placed at different
positions.

observed in the 10 kHz data are much less pronounced in the 25 kHz data
shown in figure 4.34 since the SNR of the underlying calibration (and
measurement) data is better. A combined dual-frequency color recon-
struction shows very similar results as can be seen from figure 4.35. At
this point, one might ask what the advantage of the dual-frequency color
reconstruction is. For this reason, the following investigations focus on
estimating the mobility of intermediate values within the calibrated states.

Assuming the particle suspension to provide the same dynamic viscosity
as water, which corresponds to neglecting the change of viscosity due to
vanishing particle mass percentages in typical nanoparticle-water-solvents,
the dynamic viscosity of a glycerol-water mixture can be controlled via
the glycerol percentage as described Cheng’s mixing rule [79]. Table 4.2
shows selected glycerol percentages and corresponding resulting dynamic
viscosities of the water-glycerol mixtures. Three different selected vis-
cosity mixtures (0 wt% glycerol, 50 wt% glycerol and 70 wt% glycerol)
were prepared as delta sample phantoms in glass capillaries to demon-
strate dual-frequency color reconstruction in mMPI. All three samples
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(a) c0 reconstruction (b) c1 reconstruction (c) false-color overlay

(d) c0 reconstruction (e) c1 reconstruction (f) false-color overlay

(g) c0 reconstruction (h) c1 reconstruction (i) false-color overlay

Figure 4.35: Mobility MPI results (λ = 0.4, niterations = 40) of the
suspension (c0) and the freeze-dried (c1) sample using color reconstruction
at both drive field excitation frequency sets as combined dual-frequency
color reconstruction. The reconstructed images c0 and c1 result from the
combined (same) reconstruction and are combined in the third column
as false-color overlay image by assigning different color channels (red and
blue). Each row shows the reconstruction results of the samples placed at
different positions.

Table 4.2: Glycerol percentages of water-glycerol mixtures and resulting
dynamic viscosites calculated via the rule of Cheng et al. for T = 25 ◦C
and highlighted (colored corresponding to the color estimate in recon-
structed false-color overlay images) selected percentages for viscosity delta
samples used for mMPI experiments.

wt% glycerol ηmix

0 0.8937 mPa s
10 1.1468 mPa s
20 1.5261 mPa s
30 2.1259 mPa s
40 3.1401 mPa s
50 5.0079 mPa s
60 8.8544 mPa s
70 18.068 mPa s
80 45.372 mPa s
90 156.39 mPa s

100 905.68 mPa s

were placed next to each other in the abovementioned order from left to
right with a distance of 6.5 mm in x-direction each.
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Figures 4.36, 4.37 and 4.38 show 10 kHz, 25 kHz and dual-frequency color
reconstruction results of all three samples with different dynamic viscosi-
ties, respectively. The first column of each figure shows reconstruction
results based on the 0 wt% glycerol sample based calibration c0. The
second column shows reconstruction results based on the 70 wt% glycerol
sampled based calibration c1. The third column shows a false-color overlay
of both reconstruction results, where red corresponds to c0 (calibration
0: 0 wt% glycerol) and blue corresponds to c1 (calibration 1: 70 wt%
glycerol). Hence, the color (viscosity) of the third sample, providing 50
wt% glycerol and placed in the middle position, is estimated from both
calibrated colors in the false-color overlay image. The false-color overlay
colors theoretically correspond to the colors, which were used to highlight
the specific samples in table 4.2. The rows in figure 4.36 to 4.38 corre-
spond to different shifted positions (shifts of 3.25 mm towards x-direction)
of the three samples providing different dynamic viscosities. Here, the
first row corresponds to a centered 70 wt% glycerol sample (c1) and the
last row corresponds to a centered 0 wt% glycerol sample (c0). Please
note that all three samples provide the same iron content.

Depending on the sample positions, the reconstructed contrasts in the
10 kHz data in figure 4.36 are confounded with respect to iron content
and mobility in some cases. Exemplarly, the contrast of the right sample
in figure 4.36k is less pronounced than the adjacent sample even though
the iron content is the same and the right sample should better fit to
the underlying calibration. The resulting false-color overlay leads to the
assumption that both the right and the centered sample provide almost
the same dynamic viscosity. Furthermore, distinct fade-out effects are
observable at the borders as can be seen in e.g. figure 4.36c and 4.36o.
Figure 4.37 shows the 25 kHz data, which are much more noise-afflicted
than the 10 kHz data with respect to imaging artifacts. Both the left
sample matching c0 and the right sample matching c1 show comparably
good reconstruction results for all sample positions, however, the quality
of the estimated intermediate value (centered sample position) is poor
and geometries seem to change within the reconstruction series as a result
of the imaging artifacts. Figure 4.38 shows the reconstruction results
of the dynamic viscosity delta sample series using dual-frequency color
reconstruction. Obviously, both the estimation of the parameter (color,
here: dynamic viscosity) as well as the estimation of the geometries of
the point-like structures are significantly improved in comparison to both
color reconstruction results incorporating a single excitation frequency
set only. Note that the reconstructed positions of the samples are not
exactly the same for both reconstructed colors, which is due to relaxation
based blurring. Still, reconstruction results based on the color c1 (higher
dynamic viscosity) providing a low SNR show larger dilation of the recon-
structed points. A quantitative evaluation of the data is further hindered
because of the missing mapping function, which maps the reconstruction
value into the parameter space of the dynamic viscosity. However, please
note that using such a (probably non-linear) mapping function (cf. sec-
tion 3.4.4) enables one to quantitatively estimate the particle mobility or
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(a) c0 reconstruction (b) c1 reconstruction (c) false-color overlay

(d) c0 reconstruction (e) c1 reconstruction (f) false-color overlay

(g) c0 reconstruction (h) c1 reconstruction (i) false-color overlay

(j) c0 reconstruction (k) c1 reconstruction (l) false-color overlay

(m) c0 reconstruction (n) c1 reconstruction (o) false-color overlay

Figure 4.36: Mobility MPI results (λ = 0.4, niterations = 40) of the dy-
namic viscosity delta sample series using color reconstruction at the lower
drive field excitation frequency set {flx = 10.0 kHz, fly = 10.417 kHz}.
Each row corresponds to a shifted positioning of the three samples in
relation to the FOV.

carrier viscosity. Advanced mathematical based modeling techniques and
further experimental investigations are required to derive such mapping
functions for multidimensional excitation scenarios. Nevertheless, the re-
sults in figure 4.38 impressively show the advantages and potentials of
dual-frequency based color reconstruction in mMPI.
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(a) c0 reconstruction (b) c1 reconstruction (c) false-color overlay

(d) c0 reconstruction (e) c1 reconstruction (f) false-color overlay

(g) c0 reconstruction (h) c1 reconstruction (i) false-color overlay

(j) c0 reconstruction (k) c1 reconstruction (l) false-color overlay

(m) c0 reconstruction (n) c1 reconstruction (o) false-color overlay

Figure 4.37: Mobility MPI results (λ = 0.4, niterations = 40) of the dy-
namic viscosity delta sample series using color reconstruction at the higher
drive field excitation frequency set {fhx = 25.0 kHz, fhy = 25.641 kHz}.
Each row corresponds to a shifted positioning of the three samples in
relation to the FOV.
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(a) c0 reconstruction (b) c1 reconstruction (c) false-color overlay

(d) c0 reconstruction (e) c1 reconstruction (f) false-color overlay

(g) c0 reconstruction (h) c1 reconstruction (i) false-color overlay

(j) c0 reconstruction (k) c1 reconstruction (l) false-color overlay

(m) c0 reconstruction (n) c1 reconstruction (o) false-color overlay

Figure 4.38: Mobility MPI results (λ = 0.4, niterations = 40) of the
dynamic viscosity delta sample series using dual-frequency color recon-
struction. Each row corresponds to a shifted positioning of the three
samples in relation to the FOV.
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Magnetic nanoparticles (MNPs) provide significant advantages as sub-
stitutes for e.g. radioactive or fluorescent tracer material in established
medical imaging techniques and are already widely used in diagnostics and
therapeutics. In comparison to any other tracers, MNP provide qualita-
tively and quantitatively evaluable physical signals — independent of the
tissue depth by utilizing their magnetic fields. Their biological, physical
and chemical properties promise extraordinary potentials in future med-
ical and industrial applications. Still, the exact magnetic behavior and
especially interactions with its embedding environment of MNPs are not
well understood and need detailed studies in further in-vitro and in-vivo
experiments. When applied as tracer material, MNPs might change their
physical, chemical and biological properties as a result of particle-matrix
interactions. The investigation of particle-matrix interactions is of high
importance, especially with respect to impacts on biocompatibility and
toxicity but also with respect to e.g. changing dynamic magnetization
responses, which could lead to misinterpretation of the corresponding
measurement data.

There are many projects focusing on the application of MNPs and ad-
dressing the abovementioned topics, which are financed via international
and national research programs. This work and associated publications
[5, 6, 17, 24, 31, 69, 86–88, 92, 95, 96, 119, 130, 133–135] were financially
supported via the priority program SPP1681 of the DFG . Within the
scope of the DFG project, interdisciplinary groups with chemical, biologi-
cal, medical, mathematical, physical and engineering backgrounds worked
on the investigation of field-controlled particle-matrix interactions with
focus on synthesis, multiscale modeling and application of magnetic hy-
brid materials.

The first chapter of this work introduces basics and the mathematical de-
scription of MNPs. However, modeling of the dynamic magnetic response
of MNPs to arbitrary externally applied magnetic fields and correspond-
ing simulation studies is still a very important field of research. All
currently available models are restricted, e.g. with respect to assumed
geometries, and most of them are limited to specific application scenarios,
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e.g. one-dimensional and/or sinusoidal externally applied magnetic excita-
tion fields. Hence, typical simulation studies just approximate real-world
problems. Reliable predictions would significantly improve the applica-
bility and accelerate development proceedings. Within this work, most
promising models were applied and compared to experimental data. Using
experimentally relevant data, it was found that frequently used, highly
simplified mathematical models like the effective fieldmodel are not suf-
ficient to describe the data in detail and thus more complicated models
based on Fokker-Planck simulations have to be consulted in most cases.

As demonstrated in this work, MPS and its related imaging modality
MPI are both promising characterization methods to investigate particle-
matrix interactions [96]. Even though, MPS was first introduced as a
technique to evaluate the suitability of MNPs for MPI only, the similarity
and coupling to MPI supports and highlights the importance of utiliz-
ing MPS as a characterization tool for MNPs [69, 95, 136] since their
magnetic response significantly differs at low- and high-field applications
and particle-particle as well as particle-matrix interactions become more
complicated at high-field scenarios. Hence, the findings in this work also
complement experimental investigations performed with low-field mea-
surement setups like MRX or ACS [137]. Furthermore, compared to MPI,
the reduced effort of hardware in MPS setups enables the development
of hand-held sized devices for bioassay applications [138, 139]. The wide
range of possible applications require multi-parametric comprehensive in-
vestigations with respect to utilizations and suitability.
Within the scope of this work, a temperature-controlled MPS setup was
realized to study the effects of the magnetic field amplitude, the excitation
frequency, viscosity and temperature on the MNPs’ nonlinear harmonic re-
sponse, which is the basis for the (more complex) corresponding imaging
modality MPI. The developed Peltier element based temperature con-
troller incorporating a bipolar high-current current source allows cooling
and heating of the samples to be investigated in a wide temperature range.
Cooling below temperatures of −10 ◦C enables in-place immobilization of
the particles to further investigate particle-particle interactions in compar-
ison to freeze-dried samples. The temperature controller principle is easily
transferable to further custom-built magnetic characterization setups.
Time-resolved harmonic spectra based on short-time FFT or DLM eval-
uation were found to be a very helpful MPS tool to investigate dynamic
physical, biological and chemical processes in the millisecond range. Initial
experiments in section 3.4.2 show that higher harmonics provide sensi-
tive information about significant changes for particle-matrix interactions.
Additional experiments might help to investigate and understand e.g. the
protein corona formation [140].
The temperature dependent harmonic spectra and resulting series of curves
in section 3.4.3 are found to be strongly dependent on the relaxation mech-
anisms such that it was possible to show that the dominating relaxation
mechanism can be determined from temperature dependent experimen-
tal results by comparing them with Fokker-Planck simulation results [95].
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Here, it was found that the trend of temperature-dependent harmonic spec-
tra could be used to distinguish Néel and Brownian dominated MNP sus-
pensions and freeze-dried samples. Furthermore, it is shown that selected
particle systems show both Brownian and Néel dynamic relaxation at the
same time and lower harmonics are dominated by Brownian relaxation,
whereas higher harmonics are attributed to Néel dominated relaxation.
An additional comprehensive MPS study of multiparametric experiments
incorporating a viscosity sample series based on tailored Brownian
dominated CoFe2O4 nanoparticle system in section 3.4.4 highlights the im-
portance of incorporating higher harmonics for understanding signal gener-
ation at high magnetic field strengths [69]. Again, Fokker-Planck simulations
are utilized to compare experimental results with consistent modeled data.
Due to the good agreement, particle properties and particle-matrix inter-
actions can be investigated in a qualitative and quantitative matter. It
is shown that modeling and experimental data match for the case ema-
nating from dimer or trimer structures. Hence, experimental data can be
attributed to such nanoscopic structures.
The findings in this work emphasize the importance to access experimental
information about the fundamental frequency in spectroscopy applications
to allow approximated comparisons to low-field Debyemodels typically
referred to in ACS measurements and to be able to reconstruct dynamic
magnetization curves. As shown in section 3.4.4, reconstructed dynamic
magnetization curves further enable the investigation of heating effects
and quantitative SAR estimations, which are comparable with established
SAR measurements. Hence, MPS qualifies as a characterization tool for
multiparametric analysis of MNP, but also for testing the suitability for
both MPI and MH applications in the fields of medical diagnosis and
therapy.
Spectral decomposition of experimental MPS data allows one to quali-
tatively and quantitatively estimate desired parameters like percentages
in particle mixtures [92], temperatures or dynamic viscosities [96], which
are the keys to access particle-matrix interactions. Corresponding de-
rived parameter mapping functions show the functional dependence of
reconstruction results as a function of the investigated parameter and are
directly transferable to imaging results using MPI. Indeed, the evaluation
of the transferability to MPI data is still pending and further investiga-
tions are required on this topic as an outlook of this work.
The introduced institute’s MPS setup supports different almost discrete
excitation frequencies as a result of selectable series capacitors. However,
the impedance of the transmit coil is low at low frequencies with f ≤ 1 kHz.
Hence, ACS measurements can be performed from DC to 1 kHz with the
setup, which enables the frequency-continuous investigation of the funda-
mental and harmonic response at high magnetic field strengths. Accepting
varying excitation field amplitudes, even arbitrary wideband signals can
be used to study dynamic magnetization responses [141]. Furthermore,
quantitative SAR estimates from dynamic magnetization curve recon-
structions should be compared to well-established methods. Subsequently,
multiparametric experimental results could provide a detailed understand-
ing of heating effects and particle-matrix interactions in MH applications.
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Obviously, the investigations of MPS spectra show that even more com-
plicated evaluations of mMPI data require complex-valued reconstruction
[96] to establish MPI as a quantitative imaging modality providing support
for multiparametric tracer property evaluation. Dual-frequency MPI data
incorporating measurements acquired at two different excitation frequency
sets show that imaging artifacts are significantly reduced and parameter
estimation is improved.
MPI is promoted to enable 2D and 3D imaging with multiple frames
per second. Two-dimensional Lissajous trajectory excitation was used to
demonstrate the current institute’s scanner capabilities with respect to
dual-frequency f-space imaging at both excitation frequency sets around
10 kHz and 25 kHz. The main advantages of using two different frequency
sets are the improved mobility contrast [133] and the improved quan-
tifiability in mMPI [96]. Furthermore, the approach enables imaging
and determination of particle properties like particle mobility, dynamic
viscosity of the carrier matrix or temperature additional to the spatial
concentration distribution.
Typically, MPI suffers from time-consuming calibration processes (sys-
tem matrix acquisition), especially when different parameters have to be
incorporated for reconstruction based intermediate value estimation. Sig-
nificant reduction of time effort was achieved by introducing CartMPI as
an imaging method, which — as expected — further profits from reduced
imaging artifacts and apparently simpler required modeling. As demon-
strated in this work, CartMPI qualifies for the investigation of spatially
resolved time-dependent binding kinetics and dynamic particle-matrix in-
teractions, which happen in the minute range [130].
The outcome of this work successfully demonstrates opportunities to qual-
itative and quantitative estimate particle-matrix based interactions (with
the dynamic viscosity being the key) from numerical reconstruction of
harmonic responses in MPS. Resulting mapping functions can directly be
transferred to the corresponding imaging modality MPI due to its physical
relationship. Nevertheless, the current f-space reconstruction approach
assumes both the particle and the system properties being modeled via
the system matrix and both properties are not separable. For this reason,
the parameters to be estimated from reconstruction must be calibrated
for each available setup on the market. Potentially, there might be a
model-based reconstruction available in the future. Besides, it should
be noted that the introduced MPS setup enabling multiparametric ex-
periments, the dual-frequency MPI setup and the additional institute’s
copper-tube based MPI setup (for which the basis was realized within this
work) provide easily extendable basis to further investigate a multitude
of interesting and highly relevant research topics.
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A Instrumentation limitations
The current institute’s MPI scanner prototype has to deal with the fol-
lowing limitations, which should be kept in mind for a revised version.
The selection of the perfect material for a MPI scanner is a comparably
complex task since one should try to abstain from metal materials for the
center parts due to eddy current based power losses and high magnetic field
strengths. The polymer material polyamide 6 (PA6) has been selected as
coil bobbin and housing material because of its promising temperature
stability in comparison to the comparably cost-efficient PVC. It turned
out that the water retention resistance of PA6 is a significant problem due
to non-sticking adhesive connections if thermal expansions of the material
occur. Several times, the setup exhibited defects in the liquid tightness of
the coil carrier housing. A revised version should therefore make use of
the following suggestions. The center materials could better be made of
3D printed parts, which can be glued with the same material when using
stereolithography technology. Another approach could be the application
of ultrasonic welding to ensure long-term stability of the interlinked parts
made of polymers.
However, there are still general limitations of the new imaging modality.
Currently, the MPI modality has to deal with e.g. following constraints.

The hardware of MPI systems has to deal with remarkable challenges
with respect to linearity of electrical components and system stability at
high power transmit and high sensitivity receive specifications. In ideal
circumstances, the transmit chain does not generate any nonlinear signal
contributions interfering with the desired tracer signal, which is many
orders lower than the fundamental feed-through signal of the drive field.
A sharp notch filter is required in the receive chain to separate the fun-
damental feed-through signal from the harmonic response of the tracer
material. Again, the practically realized filter components must be as
linear as possible at high induced voltages. Since power amplifiers in the
class of required high powers, which are further linked to high power dis-
sipation, typically do not fulfill the requirements with respect to linearity,
generated higher harmonics interfering with the desired tracer signal at



180 6 Appendix

least should be stable over time to enable reliable blank measurement
subtractions. In f-space MPI, higher harmonics of the harmonic response
build the required basis of information: the more reliable higher harmon-
ics are available, the better the conditioning of the mathematical problem
to be reconstructed and the better the imaging quality. From this per-
spective, a very high detection bandwidth is required — assuming the
particles to generate a broad harmonic response at the given measurement
conditions [142, 143]. Further, ultra-low noise electronics must be used in
the receive chain to enable the access on fast-dropping intermodulation
frequencies available in multidimensional drive field scenarios. In addition
to the abovementioned instrumentational challenges, MPI implies almost
perfectly matching tracer properties of the MNP. Here, long-term parti-
cle stability and reproducability during different production charges are
essential. Long-term side effects of the nano-sized tracer material to be
injected into human tissue have to be prevented and its harmlessness must
be guaranteed and attested. Furthermore, particle-particle and particle-
matrix interactions could significantly bias the applications. Fortunately,
these effects might also be exploited when corresponding mathematical
models and behaviors are derived from experimental investigations.
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B Equations
Zero-field Néel relaxation time
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Fokker-Planck Legendre polynomials
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