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Abstract

Tools to automatic program verification have been a central research topic
over the last decades. Often disparaged as slow in the past, the steady
enhancement of tools paid off in recent years. In fact, tool-based approaches
to verification have proven themselves to be rather efficient and applicable.
This development has led to a gap between theory and practice. While
tools perform well, verification tasks are still deemed computationally hard by
classical complexity theory. This has two reasons. On the one hand, tools
identify and exploit structures that are characteristic for practical instances.
On the other hand, worst-case complexity relies on artificial instances that do
not occur in practice. In order to bridge the gap, we employ Parameterized and
more specific Fine-Grained Complexity to tackle the latter reason.

The problem with classical complexity theory is that its measurements
are solely based on the size of an instance. Structural characteristics and pa-
rameters are ignored. Parameterized complexity takes additional parameters
of an instance into account and generates a finer picture of the complexity of
a problem. It allows for measuring time and space requirements in terms of
these parameters. Fine-grained complexity even goes one step further and
proves the optimality of obtained algorithms.

We provide an interdisciplinary study connecting program verification
and parameterized complexity. To this end, we conducted several fine-
grained complexity analyses of typical tasks from the spectrum of program
verification. This includes classical safety verification problems like bounded
context switching and its variants, safety and liveness verification problems
for parameterized systems, as well as consistency testing problems for shared
memories. Our main findings are new and provably optimal verification al-
gorithms for each of the considered problems. These reveal the precise time
requirements for solving these tasks. Moreover, we provide new hardness
results that distinguish between tractable and intractable parameters.

Altogether, our study shows that program verification greatly benefits
from the algorithmic techniques and lower bound frameworks provided by
parameterized and fine-grained complexity. Our results contribute to under-
standing the complexity of the considered verification tasks in more detail
and ultimately help to identify simple and hard instances.
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Zusammenfassung

Tools zur automatisierten Verifikation von Programmen sind schon seit eini-
gen Jahrzehnten zentraler Gegenstand der Forschung. In der Vergangenheit
oft als langsam erachtet, hat sich das Bild über Verifikationstools jedoch aus
heutiger Sicht gewandelt. Die stetige Weiterentwicklung tool-basierter An-
sätze hat dazu geführt, dass sich selbige als sehr effizient und einfach anwend-
bar erwiesen haben. Dies führte jedoch unweigerlich zu einer Diskrepanz
zwischen Theorie und Praxis. Während Verifikationstools verlässlich und
effizient Programme auf ihre Korrektheit überprüfen, gelten die zugrun-
deliegenden Verifikationsaufgaben immer noch als sehr rechenaufwendig.
Dies hat zwei Gründe. Einerseits nutzen Tools strukturelle Eigenschaften,
die typisch für Instanzen aus der Praxis sind, aus, um das implementierte
Verifikationsverfahren zu beschleunigen. Andererseits basiert die Worst-
Case-Komplexität von Verifikationsaufgaben auf künstlichen Instanzen, die
in der Praxis ohnehin nicht vorkommen. Mit dieser Arbeit leisten wir einen
ersten Beitrag zur Aufhebung dieser Diskrepanz. Dazu nutzen wir zwei
neue Arten von Komplexitätstheorien, die bei letzterem Grund für obige
Diskrepanz ansetzen: nämlich die Parametrisierte Komplexitätstheorie und die
sogenannte Feingranulare Komplexitätstheorie.

Das Problem der klassischen Komplexitätstheorie ist, dass ihre Messun-
gen ausschließlich auf der Eingabegröße einer Instanz beruhen. Strukturelle
Besonderheiten und Parameter werden jedoch ignoriert. Parametrisierte
Komplexitätstheorie misst Zeit- und Platzbedarf in Abhängigkeit dieser Pa-
rameter und bietet daher ein deutlich detaillierteres Bild der Komplexität
eines Problems. Mit feingranularer Komplexitätstheorie ist es sogar möglich,
zu beweisen, dass ein gefundener Algorithmus für das zugrundeliegende
Problem optimal ist bezüglich Zeit- oder Platzverbrauch.

Diese Arbeit umfasst eine interdisziplinäre Studie, die Programmveri-
fikation und parametrisierte Komplexitätstheorie vereint. Gegenstand der
Studie sindmehrere feingranulare Komplexitätsanalysen von Problemen, die
dem Spektrumder Programmverifikation zugeordnetwerden. Dazu gehören
klassische Problemewie Bounded Context Switching und Variationen davon,
sowie Safety- und Liveness-Verifikationsprobleme für parametrisierte Sys-
teme und Testing-Probleme für verteilte Speicher. Diewichtigsten Ergebnisse
sind neue, optimale, Verifikationsverfahren für jedes der betrachteten Prob-
leme. Diese lösen die betrachteten Verifikationsproblem in der genau dafür
benötigten Zeit. Zudembeweisenwir neueHardness-Resultate, die zwischen
effizient nutzbaren und übrigen Parametern unterscheiden.
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Unsere Studie zeigt, dassProgrammverifikationvonalgorithmischenTech-
niken und Frameworks für untere Schranken, die aus der parametrisierten
Komplexitätstheorie bekannt sind, profitieren kann. Die Ergebnisse tragen
dazu bei, die Komplexität von Verifikationsproblemen genauer zu verstehen
und helfen letztlich, einfache und schwierige Instanzen zu unterscheiden.
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Preface

Parts of this thesis have already been published within one of our peer-
reviewed works [91, 93, 94, 95, 96, 98]. The thesis can be seen as a summary
and an extension of these papers. Other peer-reviewedworks by us that were
not incorporated into this thesis are [89] and [90]. All the cliparts that appear
in the following have been taken from www.nicepng.com.

ix

www.nicepng.com


x



Acknowledgments

Foremost, I would like to thankmy supervisor RolandMeyer for his guidance
during the last years. The initial idea of this interdisciplinary study is due
to him and I am grateful for his support, the shared ideas and experience,
and of course for countless sessions in front of the board that often lasted for
hours. Working with him always encouraged me to tune our results and it
made sentences like, do we already have kk , unforgettable.

I would also like to thank Javier Esparza for accepting to review this thesis.

I am further beholden to my friend and companion in the jungle of re-
search, Prakash Saivasan. We have been struggling together through many
of the results and we always managed to push our upper and lower bounds
to the optimum— even if this caused sleepless nights sometimes.

Myparents, Christine andKlaus-Peter, aswell asmyparents-in-law,Gisela
and Richard, also deserve my thanks. Without their steady support, I would
not have had the opportunity to begin or complete this thesis.

I would also like to thank my sister Lisa, my brother Sebastian with his
family Rahel, Paul, and Martha, as well as many friends and colleagues that I
met along the way: Simon Böhm, Sebastian Wolff, Sebastian Muskalla, Timo
Seibel, Philipp Schon, Yannick Bender, Pascal Elarbi, Anja Flucke, Christina
Gillmann, Hannah, Daniel & Mattis Schmitt, Thorsten & Sonja May, Fadi
Almouhanna, Elisabeth Neumann, Johannes Mohr, Emanuele D’Osualdo,
Florian Furbach, Rehab Massoud, Mike Becker, Thomas Haas, and Sören van
der Wall.

Finally I thank you, Charlotte, for always supporting me and especially
for helping me through the last years while facing your own PhD.

xi



xii



Contents

Abstract v

Zusammenfassung vii

Preface ix

Acknowledgments xi

List of Figures xix

List of Tables xxi

1 Introduction 1

1.1 Program Verification . . . . . . . . . . . . . . . . . . . . . . . . 3
1.1.1 Model Checking . . . . . . . . . . . . . . . . . . . . . . 4
1.1.2 Testing . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.2 Parameterized Complexity . . . . . . . . . . . . . . . . . . . . . 8
1.2.1 Fixed-Parameter Tractability . . . . . . . . . . . . . . . 8
1.2.2 Hardness Theory . . . . . . . . . . . . . . . . . . . . . . 9
1.2.3 Fine-Grained Complexity . . . . . . . . . . . . . . . . . 10

1.3 Contribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
1.3.1 Bounded Context Switching . . . . . . . . . . . . . . . . 12
1.3.2 Liveness in Broadcast Networks . . . . . . . . . . . . . 12
1.3.3 Safety and Liveness in Leader Contributor Systems . . 13
1.3.4 Memory Consistency . . . . . . . . . . . . . . . . . . . . 14

1.4 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

I Parameterized and Fine-Grained Complexity 17

2 The Importance of Parameters 19

2.1 Introductory Example . . . . . . . . . . . . . . . . . . . . . . . 19
2.2 Parameterized Problems . . . . . . . . . . . . . . . . . . . . . . 23

3 Fixed-Parameter Tractability 25

3.1 Basic Parameterized Complexity Classes . . . . . . . . . . . . . 25
3.2 Dynamic Programming . . . . . . . . . . . . . . . . . . . . . . 27

3.2.1 Dynamic Programming for Hamiltonian Cycle . . . . . 28
3.2.2 Dynamic Programming for Set Cover . . . . . . . . . . 31

xiii



Contents

3.3 Subset Convolution . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.3.1 Fast Transforms . . . . . . . . . . . . . . . . . . . . . . . 35
3.3.2 Fast Subset Convolution . . . . . . . . . . . . . . . . . . 40
3.3.3 Counting Partitions and Colorings . . . . . . . . . . . . 42
3.3.4 Cover Product . . . . . . . . . . . . . . . . . . . . . . . . 45

3.4 Kernelizations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.4.1 A Kernelization for Vertex Cover . . . . . . . . . . . . . 49
3.4.2 A Kernelization for Maximum Satisfiability . . . . . . . 51

4 A Theory of Hardness 55

4.1 Parameterized Reductions . . . . . . . . . . . . . . . . . . . . . 56
4.1.1 Features of Parameterized Reductions . . . . . . . . . . 57
4.1.2 Reductions among Parameterized Problems . . . . . . 59

4.2 The W-hierarchy . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
4.2.1 Circuits . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
4.2.2 Classes of Intractability . . . . . . . . . . . . . . . . . . 65

4.3 The First Level . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
4.3.1 Parameterized Cook-Levin . . . . . . . . . . . . . . . . 70
4.3.2 Complete Problems . . . . . . . . . . . . . . . . . . . . . 72

4.4 The Second Level . . . . . . . . . . . . . . . . . . . . . . . . . . 73
4.4.1 Normalization Theorem . . . . . . . . . . . . . . . . . . 73
4.4.2 Complete Problems . . . . . . . . . . . . . . . . . . . . . 74

5 Fine-Grained Analyses 77

5.1 The Exponential Time Hypothesis . . . . . . . . . . . . . . . . 79
5.1.1 Sparsification . . . . . . . . . . . . . . . . . . . . . . . . 80
5.1.2 Linear Reductions . . . . . . . . . . . . . . . . . . . . . 82
5.1.3 Slightly Superexponential Lower Bounds . . . . . . . . 87
5.1.4 The ETH for Intractable Problems . . . . . . . . . . . . 90

5.2 The Strong Exponential Time Hypothesis . . . . . . . . . . . . 93
5.3 The Set Cover Conjecture . . . . . . . . . . . . . . . . . . . . . . 96
5.4 Lower Bounds for Kernels . . . . . . . . . . . . . . . . . . . . . 100

5.4.1 Non-uniform Polynomial-Time . . . . . . . . . . . . . . 101
5.4.2 OR-Distillations . . . . . . . . . . . . . . . . . . . . . . . 104
5.4.3 Cross-Compositions . . . . . . . . . . . . . . . . . . . . 105

II Fine-Grained Complexity Analyses of Verification Tasks 111

6 Bounded Context Switching and Variants 113

6.1 Popular Under-Approximations . . . . . . . . . . . . . . . . . . 113
6.1.1 Bounded Context Switching . . . . . . . . . . . . . . . . 114
6.1.2 Round Robin . . . . . . . . . . . . . . . . . . . . . . . . 117
6.1.3 Bounded Stage . . . . . . . . . . . . . . . . . . . . . . . 118

xiv



Contents

6.2 Fine-Grained Complexity of Bounded Context Switching . . . 119
6.2.1 Shared-Memory Concurrent Programs and BCS . . . . 119
6.2.2 Upper Bounds . . . . . . . . . . . . . . . . . . . . . . . . 124
6.2.3 Lower Bounds . . . . . . . . . . . . . . . . . . . . . . . . 129
6.2.4 Intractability Results . . . . . . . . . . . . . . . . . . . . 133

6.3 Local Variant of Bounded Context Switching . . . . . . . . . . 136
6.3.1 Scheduling Dimension and LBCS . . . . . . . . . . . . . 136
6.3.2 An Algorithm for LBCS . . . . . . . . . . . . . . . . . . 141
6.3.3 Round Robin . . . . . . . . . . . . . . . . . . . . . . . . 146

6.4 The Complexity of Bounded Stage . . . . . . . . . . . . . . . . 148
6.4.1 Read-Write SMCPs and BSR . . . . . . . . . . . . . . . . 149
6.4.2 Upper and Lower Bound . . . . . . . . . . . . . . . . . 153
6.4.3 Absence of a Polynomial Kernel . . . . . . . . . . . . . 155
6.4.4 Intractability . . . . . . . . . . . . . . . . . . . . . . . . . 158

7 Liveness Verification in Broadcast Networks 161

7.1 Verification of Broadcast Networks . . . . . . . . . . . . . . . . 161
7.1.1 Safety Verification . . . . . . . . . . . . . . . . . . . . . 165
7.1.2 Liveness Verification . . . . . . . . . . . . . . . . . . . . 165
7.1.3 Fair Liveness . . . . . . . . . . . . . . . . . . . . . . . . 166

7.2 Complexity of Liveness in Broadcast Networks . . . . . . . . . 166
7.2.1 Broadcast Networks and BNL . . . . . . . . . . . . . . . 167
7.2.2 Graph Abstraction . . . . . . . . . . . . . . . . . . . . . 171
7.2.3 Algorithm . . . . . . . . . . . . . . . . . . . . . . . . . . 176

7.3 Complexity of Fair Liveness . . . . . . . . . . . . . . . . . . . . 179
7.3.1 Fair Computations and FBNL . . . . . . . . . . . . . . . 180
7.3.2 Reduction to BNL . . . . . . . . . . . . . . . . . . . . . . 181

8 Safety and Liveness in Leader Contributor Systems 187

8.1 Verification of Leader Contributor Systems . . . . . . . . . . . 188
8.1.1 Safety Verification . . . . . . . . . . . . . . . . . . . . . 190
8.1.2 Liveness Verification . . . . . . . . . . . . . . . . . . . . 192

8.2 Safety Verification Algorithms . . . . . . . . . . . . . . . . . . . 193
8.2.1 Leader Contributor Systems and LCR . . . . . . . . . . 193
8.2.2 Parameterization by Domain and Leader . . . . . . . . 198
8.2.3 Parameterization by Contributor . . . . . . . . . . . . . 210

8.3 Lower Bounds for Safety Verification . . . . . . . . . . . . . . . 216
8.3.1 Optimality of Safety Verification Algorithms . . . . . . 216
8.3.2 Kernel Lower Bounds . . . . . . . . . . . . . . . . . . . 219
8.3.3 Intractability . . . . . . . . . . . . . . . . . . . . . . . . . 223

8.4 Fine-Grained Complexity of Liveness Verification . . . . . . . 225
8.4.1 The Problem LCL . . . . . . . . . . . . . . . . . . . . . . 225
8.4.2 Interfaces . . . . . . . . . . . . . . . . . . . . . . . . . . 227
8.4.3 Finding Cycles . . . . . . . . . . . . . . . . . . . . . . . 229

xv



Contents

8.4.4 Liveness Verification Algorithms . . . . . . . . . . . . . 236

9 Memory Consistency 239

9.1 Testing Consistency of Shared Memories . . . . . . . . . . . . . 239
9.1.1 Classical Complexity Results . . . . . . . . . . . . . . . 242
9.1.2 Framework for Consistency Algorithms . . . . . . . . . 244

9.2 Framework . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 245
9.2.1 Memory Models . . . . . . . . . . . . . . . . . . . . . . 246
9.2.2 Universal Consistency . . . . . . . . . . . . . . . . . . . 249
9.2.3 Upper Bound . . . . . . . . . . . . . . . . . . . . . . . . 253

9.3 Instantiating the Framework . . . . . . . . . . . . . . . . . . . . 259
9.3.1 Validity versus Consistency . . . . . . . . . . . . . . . . 259
9.3.2 Instances . . . . . . . . . . . . . . . . . . . . . . . . . . . 262

9.4 Lower Bounds . . . . . . . . . . . . . . . . . . . . . . . . . . . . 267
9.4.1 Sequential Consistency . . . . . . . . . . . . . . . . . . . 268
9.4.2 Total and Partial Store Order . . . . . . . . . . . . . . . 271

III Discussion 275

10 Related Work 277

10.1 Program Verification . . . . . . . . . . . . . . . . . . . . . . . . 277
10.1.1 Model Checking . . . . . . . . . . . . . . . . . . . . . . 277
10.1.2 Concurrency Bug Prediction and Consistency . . . . . 278
10.1.3 Static Analysis and Parsing . . . . . . . . . . . . . . . . 278

10.2 Automata Theory . . . . . . . . . . . . . . . . . . . . . . . . . . 279

11 Future Work 281

11.1 Verification Tasks . . . . . . . . . . . . . . . . . . . . . . . . . . 281
11.2 Further Problems . . . . . . . . . . . . . . . . . . . . . . . . . . 283

12 Conclusion 285

Bibliography 287

Appendix 313

A Additional Material: Parameterized and Fine-Grained Complexity 315

A.1 Additional Material and Proofs for Chapter 3 . . . . . . . . . . 315
A.2 Additional Material and Proofs for Chapter 4 . . . . . . . . . . 319
A.3 Additional Material and Proofs for Chapter 5 . . . . . . . . . . 321

B Detailed Proofs and Further Concepts 333

B.1 Proofs for Chapter 6 . . . . . . . . . . . . . . . . . . . . . . . . . 333

xvi



Contents

B.2 Proofs for Chapter 7 . . . . . . . . . . . . . . . . . . . . . . . . . 357
B.3 Proofs for Chapter 8 . . . . . . . . . . . . . . . . . . . . . . . . . 362
B.4 Proofs for Chapter 9 . . . . . . . . . . . . . . . . . . . . . . . . . 404

xvii



xviii



List of Figures

1.1 A simple program . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
1.2 An example for testing . . . . . . . . . . . . . . . . . . . . . . . . . 7

2.1 Example of a vertex cover . . . . . . . . . . . . . . . . . . . . . . . 20
2.2 A bounded search tree for finding a vertex cover . . . . . . . . . . 22

3.1 A Hamiltonian cycle . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.2 Idea of dynamic programming for Hamiltonian Cycle . . . . . . 31
3.3 Overview of fast subset convolution . . . . . . . . . . . . . . . . . 36
3.4 A 3-coloring of a graph . . . . . . . . . . . . . . . . . . . . . . . . . 44

4.1 A Boolean circuit . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
4.2 A circuit for modeling cliques . . . . . . . . . . . . . . . . . . . . . 67
4.3 A circuit for finding set covers . . . . . . . . . . . . . . . . . . . . . 68
4.4 W[1]-complete problems . . . . . . . . . . . . . . . . . . . . . . . . 72
4.5 W[2]-complete problems . . . . . . . . . . . . . . . . . . . . . . . . 75

5.1 Reduction from 3-SAT to Vertex Cover . . . . . . . . . . . . . . . . 85
5.2 Idea of cross-compositions . . . . . . . . . . . . . . . . . . . . . . . 106

6.1 Example of a shared-memory concurrent program . . . . . . . . . 114
6.2 A formal shared-memory concurrent program (SMCP) . . . . . . 123
6.3 A scheduling graph . . . . . . . . . . . . . . . . . . . . . . . . . . . 137
6.4 Comparison of contraction processes . . . . . . . . . . . . . . . . . 139
6.5 Contraction process for round robin . . . . . . . . . . . . . . . . . 147
6.6 A read-write SMCP . . . . . . . . . . . . . . . . . . . . . . . . . . . 152
6.7 Idea of cross-composition of 3-SAT into BSR(p, t) . . . . . . . . . . 156
6.8 Bit checkers in the cross-composition of 3-SAT into BSR(p, t) . . . 157

7.1 Schematic multiprocessor system . . . . . . . . . . . . . . . . . . . 162
7.2 Cache-coherence protocol MSI . . . . . . . . . . . . . . . . . . . . 163
7.3 Client of a broadcast network . . . . . . . . . . . . . . . . . . . . . 170
7.4 A cycle in the abstraction graph . . . . . . . . . . . . . . . . . . . . 173
7.5 Broadcast network instrumentation to detect good cycles . . . . . 183

8.1 A simple wireless sensor network . . . . . . . . . . . . . . . . . . . 188
8.2 A leader contributor system (LCS) . . . . . . . . . . . . . . . . . . 189
8.3 An LCS modeling a mutual exclusion . . . . . . . . . . . . . . . . 197

xix



List of Figures

8.4 An unsafe leader contributor system . . . . . . . . . . . . . . . . . 198
8.5 A simple leader contributor system . . . . . . . . . . . . . . . . . . 211
8.6 A saturation graph of an LCS . . . . . . . . . . . . . . . . . . . . . 212
8.7 Reduction from k × k-Clique to LCR . . . . . . . . . . . . . . . . . 218
8.8 Reduction from Set Cover to LCR . . . . . . . . . . . . . . . . . . . 220
8.9 Leader in cross-composition of 3-SAT into LCR(d, l) . . . . . . . . 221
8.10 Contributor in cross-composition of 3-SAT into LCR(d, l) . . . . . 223
8.11 Leader contributor system with live computation . . . . . . . . . . 226
8.12 Various graphs with enabled reads . . . . . . . . . . . . . . . . . . 231

9.1 Execution over a shared memory . . . . . . . . . . . . . . . . . . . 240
9.2 Shared memory with FIFO buffers . . . . . . . . . . . . . . . . . . 242
9.3 Example of a history . . . . . . . . . . . . . . . . . . . . . . . . . . 248
9.4 The conflict relation . . . . . . . . . . . . . . . . . . . . . . . . . . . 250
9.5 A graph Gsc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 251
9.6 A graph Gsc(tw[V]) . . . . . . . . . . . . . . . . . . . . . . . . . . . 255
9.7 Schematic coherence graph . . . . . . . . . . . . . . . . . . . . . . 257
9.8 A graph Gww

sc
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 260

9.9 A graph Gtso . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 264
9.10 An extended history with dependency cycle . . . . . . . . . . . . . 266
9.11 History hϕ in reduction from 3-SAT to SC-Cons . . . . . . . . . . . 268
9.12 Conflict relation in hϕ . . . . . . . . . . . . . . . . . . . . . . . . . . 270
9.13 History h′ϕ in reduction from 3-SAT to TSO-Cons / PSO-Cons . . 273

A.1 A domatic partition . . . . . . . . . . . . . . . . . . . . . . . . . . . 317
A.2 Reduction from Set Cover to Dominating Set . . . . . . . . . . . . 320
A.3 Reduction from 3-SAT to Directed Ham. Cycle . . . . . . . . . . . 323
A.4 Reduction from 3-SAT to 3-Coloring . . . . . . . . . . . . . . . . . 325

xx



List of Tables

6.1 Fine-grained complexity of BCS . . . . . . . . . . . . . . . . . . . . 116
6.2 Fine-grained complexity of LBCS and Round Rob . . . . . . . . . 118
6.3 Fine-grained complexity of BSR . . . . . . . . . . . . . . . . . . . . 119

8.1 Fine-grained complexity of LCR . . . . . . . . . . . . . . . . . . . . 191
8.2 Fine-grained complexity of LCL and CYC . . . . . . . . . . . . . . 193

9.1 Fine-grained complexity of checking consistency . . . . . . . . . . 244

xxi



xxii



1. Introduction

P |� ϕ

f (k) · nc

Software systems appear essentially
everywhere in our everyday life.
They are not only the backbone of
computers and mobile devices but
also the foundation of large cloud
applications like streaming services
and social media. Unfortunately,
many software systems suffer from
bugs and this is not just subjective
perception. In fact, software devel-

opers make 100 to 150 errors for every

thousand lines of code on average [213].
While most software errors do not
cause severe damage in general, there are some bugs in software and hard-
ware systems that either negatively affected the life of millions of people or
were even lethal. An example is the infamous bug in the Therac-25 radiation
therapy machine [24, 254]. Between 1985 and 1987, a software bug caused
several lethal radiation overdoses. A further example is a bug in an energy
management system by General Electric which led to the so-called Northeast

blackout in 2003 [107]. This shortage of electricity affected around 55 million
people in the US and Canada and lasted for two days. There are many more
examples of software bugs with fatal consequences like these.

What the two mentioned bugs have in common is that they appeared in
concurrent software systems. The performance-oriented design and intricate
behaviors make these systems hard to program and prone to errors. Finding
errors in concurrent systems is a topic within a research field called Program

Verification [24, 102]. Roughly, program verification aims to show that a given
program behaves according to its specification — this includes finding bugs
and also proving their absence. The probably simplest form of verification are
type systems of programming languages as well as assertions that are placed
into the code. Program verification is a significant part of quality assurance
and essential to each software development process.

Methods to program verification are being developed since the late 1960s.
One of the most prominent methods is to manually construct a proof for a
given programwith so-calledHoare triples [164, 210]. While the manual proof
construction works well for sequential programs, for concurrent programs
one would need to construct a proof for each possible interleaving of threads.
Due to the large number of such interleavings, the construction is typically
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1. Introduction

not feasible. Subsequently, the development of automated verification proce-
dures for concurrent programs began. Such a procedure takes a concurrent
program, or a model of it, as its input and reports bugs automatically. Often,
various procedures are implemented within a verification tool. Such a tool
does not only have the advantage of being more efficient than searching a
proof by hand, but also simplifies integrating verification into software de-
velopment. Over the last decades, substantial effort has been devoted to the
development of verification tools. Consequently, the applicability steadily
increased and has seen great success in recent years [102]. A prime example
is the verification tool INFER [75] by Facebook which is currently employed
by many leading IT and software development companies.

The current success of tools stands in contrast to the computational com-
plexity of program verification tasks. Measured in classical complexity, these
tasks are typically located in the spectrum of classes above NP. This shows
a well-known gap between practice and theory which occurs due to two rea-
sons. On the one hand, tools are tuned towards industrial instances. They
identify certain structures or parameters within the programs which they
can exploit algorithmically. On the other hand, classical complexity theory
is stuck with relying solely on the input size as a measure while other pa-
rameters are ignored. Consequently, worst-case complexity estimations are
typically obtained from made-up instances that do not occur in practice but
nevertheless push the hardness of the verification task.

In this thesis, we examine the capability of Parameterized Complexity as a
theory for explaining and ultimately bridging the gap. Parameterized com-
plexity [112, 141, 167] is a new field within complexity theory that allows
for fine-grained complexity judgments. The theory does not only base its
measurements on the input size, like classical complexity theory does, but
also determines the influence of structural parameters on a problem’s time and
space consumption. We conducted several parameterized complexity anal-
yses of typical verification tasks, providing an interdisciplinary study that
connects parameterized complexity and program verification.

Our results show that parameterized complexity is capable of bringing
theory and practice of program verification closer together. We provide
new verification algorithms which are based on the rich source of algorith-
mic techniques known from parameterized complexity. Many of our pro-
vided algorithms are provably optimal. Parameterized complexity comes with
a framework for proving lower bounds. We adapted the framework to pro-
gram verification and were able to prove that algorithms faster than ours
are highly unlikely to exist. We furthermore reveal new hardness results that
serve two purposes. First, they determine parameters of the considered
verification tasks that are not sufficient to guarantee an efficient algorithm.
Moreover, they classify these parameters along the level of intractability that
they cause. Altogether, we obtain a clear picture of the parameterized com-
plexity for each of the verification tasks we considered in this thesis. Our
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1.1. Program Verification

`1 : x � 0;

`2 : while (y !� 0)

`3 : x ++;

`4 : end while

`5 : if (x !� 0)

`6 : goto `1;

`7 : end if;

T1

`′1 : y � 1;

`′2 : if (x �� 0)

`′3 : y � 0;

`′4 : end if

`′5 : goto `′1;

T2

Figure 1.1: A simple program with two concurrent threads T1 , T2 that act on
integer variables x , y. Each instruction is decorated by a label.

results separate tractable from intractable parameters and ultimately help to
distinguish between hard and simple instances.

Before we give an overview of our contribution, we first elaborate on
the two main ingredients of our interdisciplinary study, namely program
verification and parameterized complexity, in more detail.

1.1 Program Verification

When designing a program, there is always some sort of intended behavior
that we associate with it. For instance, it should not get stuck in a deadlock, it
should not reach a certain point, or it should eventually give a response after
receiving an input. Program Verification [24, 102] is the task of proving that a
given program follows its intended behavior. If it does, we consider the given
program correct. Otherwise, the program contains a bug.

For proving correctness of a program, we need a description of what its
intended behavior should be. This is captured in the program’s specification.
Consequently, a program is correct if it satisfies its specification and a bug oc-
curs if it shows behavior outside its specification. Then, program verification
can be understood as the following decision problem: given a program P and
a specification ϕ, decide whether P satisfies ϕ, written

P |� ϕ.

3
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Consider the program P in Figure 1.1. It consists of two concurrently run-
ning threads, T1 and T2, that manipulate the integer variables x and y. Each
instruction has a label to identify its location in the code. A specification ϕ
could postulate that the threads cannot simultaneously reach `6 and `′5. We
show that P does not satisfy ϕ—meaning that P contains a bug.

It can quickly be seen that there is a computation of P which brings both
threads to the locations prohibited by ϕ. In fact, T1 may start by setting x
to 0, followed by T2 which performs `′1 and `′2. It does not proceed with
setting y to 0. Instead, the computation is interfered by T1 which jumps into
its while-loop and increases x at least once. Then T2 executes `′3 and `′4 and
goes to `′5. Note that this breaks the loop of thread T1. Now x is different
from 0 and T1 can reach `6. Altogether, P does not satisfy its specification ϕ.

While in the example disproving correctness was simple, the general task
of (dis)proving that a given program satisfies its specification requires more
elaborate methods. One of the earliest and still prominent methods goes back
to Floyd and Hoare [164, 210]. They provided a logic that allows for the
manual construction of correctness proofs along the statements of a program.
While this method works well for sequential programs, constructing a proof
by hand can be quite tedious [100] when concurrency is involved. In fact, the
sheer number of interleavings of threads in a concurrent program can make
finding such a proof an infeasible task. Clarke and Emerson [100] had the idea
to replace the manual construction by an automated process, a verification
tool that takes a program P and a specification ϕ and automatically checks
whether P |� ϕ. Such a tool is not only faster than finding a proof by hand
but it can also be integrated into software development.

Unfortunately, the computational requirements of automatically proving
correctness are high and an immediate algorithm is out of reach. In fact, since
most programming languages are able to simulate general Turing machines,
testing whether an arbitrary program satisfies a specification is typically an
undecidable problem [316]. To overcome the undecidability, it is common to
approximate the program’s behavior. In this thesis, we consider two corre-
sponding approaches: Model Checking and Testing.

1.1.1 Model Checking

The idea behind model checking is to capture a program’s semantics by a
precise mathematical model and to formalize the specification. Then, instead
of working with the actual program and the specification directly, it is rather
checked whether the model satisfies the formalization. The idea goes back to
the 1980’s work of Clarke and Emerson [100] and Queille and Sifakis [294].

Typically, in model checking programs are captured by an automaton
model [212] while the specification is described in terms of a logic [148]
like LTL [290, 332] or CTL [36, 100]. Since the 1980s, model checking has
evolved to one of the major verification techniques [24, 101, 102]. Besides
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its immanent mathematical elegance, the popularity of model checking is
due to its steadily increasing applicability. The latter relies on striking ideas
like Symbolic Model Checking [67, 274], Partial Order Reduction [184, 289, 318],
and Bounded Model Checking [41, 42] that pushed the applicability of model
checking towards industrial-scaled systems [101]. In 2007, Clarke, Emerson,
and Sifakis received the Turing award for their pioneering work.

In this thesis, we consider tasks of two different types that are common
in program verification and model checking. We will explain them in more
detail below. The basis of our study are concurrent programs.

Safety Verification We speak of safety verification if the specification that our
program has to satisfy encodes a so-called safety property. Intuitively, such a
property states that nothing bad should happen [232, 249]. For instance, a dead-
lock or the simultaneous arrival of two threads in a critical section [24]. The
term safety propertygoesback toLamport [249]. Followinghiswork, therewere
several attempts to mathematically capture what a safety property actually
is. Consequently, there are various definitions [10, 15, 120, 255] with ranging
expressiveness and some of them coincide under certain assumptions [14].

What the definitions have in common is that a finite execution of the
program suffices to detect whether the safety property is violated. This
means, a safety property partitions the states of a program into unsafe and
safe states. Hence, proving that such a property holds amounts to showing
that no unsafe state is reachable. It fails if we can show that an unsafe state
can be reached. The latter formulation allows for capturing safety verification
algorithmically— as a reachability problem. The safety verification problems
in this thesis are all formulated in terms of reachability.

As an example, reconsider the program P from Figure 1.1 along with
its specification ϕ. It encodes that the threads T1 and T2 cannot reach the
locations `6 and `′5 simultaneously. This is clearly a safety property — we
may think of T1 and T2 both arriving at a critical section which should be
exclusive to one thread. As we have seen, the property does not hold since
the unsafe state is indeed reachable. Consequently, P is unsafe.

LivenessVerification If the specification of our programencodes a so-called
liveness property, we speak of liveness verification. Unlike safety properties,
liveness properties do not avoid the occurrence of a bad event. Instead, they
express that something good eventually happens [232, 249]. Typical examples
are that each thread of a program eventually enters its critical section or that
it visits its critical section infinitely often [24]. Liveness properties were first
mentioned by Lamport [249] but they were heavily influenced by Pnueli’s
work [290] who realized that program verification questions at that point
mainly targeted programs with a clear beginning and end. Programs that
need to satisfy a liveness property typically do not terminate.
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We follow the approach to liveness verification by Vardi andWolper [320].
The authors reduced checking for liveness properties to an automata theo-
retical problem. To this end, Vardi and Wolper suggested to describe the
property that needs to be checked in terms of a Büchi automaton [145], a
finite-state automata over infinite words. The approach covers properties
defined in LTL [320] and MSO [70, 71] and furthermore allows for capturing
liveness verification algorithmically — in terms of a repeated reachability
problem. In fact, let Aϕ be the Büchi automaton of a liveness property ϕ.
A program P satisfies ϕ if each infinite execution of P is accepted by Aϕ.
Phrased differently, ϕ is not satisfied if A¬ϕ and P share an infinite execution.
The latter is a repeated reachability problem on the system A¬ϕ×P. Since the
problems that we consider in this thesis typically rely on finite-state models,
our liveness verification tasks are all stated in terms of repeated reachability.

We consider an example of a liveness property. Suppose, wewant to check
whether the program P given in Figure 1.1 can reach the pair (`6 , `′5) of labels
infinitely often. Let the specification ψ capture the requirement. We have
already seen earlier that P can reach the pair via some execution ρ. Since `6
and `′5 reset the corresponding thread to the beginning, the program can just
repeat ρ and again arrive at (`6 , `′5). This meanswe can perform the execution
infinitely often. Hence, we found an infinite execution, namely ρω, that
satisfies the property ψ. However, not each infinite execution of P satisfies ψ.
Note that for instance, threadT1 can cycle forever in its loopwhileT2 gets stuck
at `′2. Since liveness properties need to be satisfied by all infinite executions
of a program, we consequently have P 6 |� ψ.

1.1.2 Testing

Software Testing [32, 102, 282] is an under-approximate method that runs the
software or the program at hand on a particular input, a so-called test. The
idea is to execute the program along a certain path. The actual outcome of
this execution path is then compared to the anticipated outcome described
by the specification. If the two outcomes do not match, we can report a bug.
Otherwise, we can deduce that the tested execution is safe.

Testing is one of thepredominant techniques for finding errors in software.
In general, it accounts for around 50% of the total software development
costs [24, 282]. The popularity of testing is due to the fact that integration
into the software development process is comparatively simple and, unlike
model checking, testing does not require a mathematical model of the system
or program at hand— it only requires a (compiled) piece of code. Testing can
hence be employed whenever systemmodels cannot be derived. For instance
if we do not have access to a piece of code, or if the software or hardware
at hand is too intricate to being reflected by a simple model. The latter is
typically the case in the context of shared-memory implementations [183]
which is where we will consider testing problems in this thesis.
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`1 : x � 1;

`2 : if (2y �� x)

`3 : error();

`4 : end if

T1

`′1 : x � 2;

T2

Figure 1.2: Program with two threads T1 , T2 over integer variables x and y.
The value of y is given as an input and is therefore unknown.

Despite its success, testing has its limitations. While the technique is ca-
pable of detecting bugs, it cannot prove their absence. In fact, one would
need to test all inputs to a program in order to reason about all possible exe-
cutions, something that is not feasible in practice. But there have been efforts
to increase the expressiveness of testing. One of the most important ap-
proaches is automatic test case generation [282], a technique that autonomously
generates test cases which should trigger unsafe executions of the program.
Test case generation is typically divided into static [39, 109, 233, 321] and
dynamic [72, 185, 186, 187, 188, 189, 238] generation. Roughly, the former
technique derives test cases by inspecting the program code, the latter first
runs the program and then generates test cases based on the outcome.

We consider a simple example. The program P given in Figure 1.2 consists
of two threads T1 and T2 that act on the integer variables x and y. Assume
that the value of y is not determined by the program but is given as an input,
for instance through interaction with a user. The function error() called in
thread T1 represents an error state that the thread should not be able to reach.

We determine whether T1 can actually reach the label `3 and throw the er-
ror. To this end, consider a test case that fixes the input y � 1 and lets threadT2
run before T1. In the resulting execution `′1.`1.`2.`4, the if-statement in T1
fails since we have 2y � 2 and x � 1. Hence, T1 does not reach `3 with this
particular execution. If we keep the value of y but change the scheduling
of the threads so that T2 interferes the computation of T1 between `1 and `2,
we obtain the corresponding execution `1.`′1.`2.`3. Note that this time, the
if-statement in T1 succeeds since 2y � 2 � x and consequently, the execution
reaches error(). The test case therefore exposes that T1 can indeed reach the
error state and that the program P contains a bug.
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1.2 Parameterized Complexity

In fields like program verification, where the goal is to solve computationally
intricate problems, often a gap between theory and practice occurs. Although
problems have a high worst-case complexity, tools may still solve them quite
efficiently. Algorithms often exploit structures or parameters of a problem
which results in a speed-up. Classical complexity theory is not precise enough
to capture such parameters. The theory bases its measurements only on the
input size and groups problems into classes like NP that do not distinguish
between its members properly. The best one can hope for are results that
assume certain parameters of the problem to be constant [225, 264] in order
to obtain a polynomial-time algorithm. However, if the running time of the
algorithm is nk where n is the input size and k is the parameter, this still does
not explain that the problem can be solved efficiently. Although for fixed k
such an algorithm runs in polynomial time, the degree of the polynomial
grows with increasing values of the parameter k.

Parameterized Complexity [112, 141, 167] is a new field within complexity
theory that is capable of closing the above gap. It measures the complexity
of a problem in a way that overcomes the weakness of being bound to the
input size only. Instead, parameterized complexity measures the influence of
parameters on a problem’s complexity. These parameters may either describe
the shape of the input or the structure of the desired solution in more detail.
Including them in the measurement provides a much finer picture of the
complexity and helps to distinguish simpler from harder instances.

The early development of parameterized complexity is mainly attributed
to Downey and Fellows [5, 135, 136, 157, 158]. Since its discovery, correspond-
ing parameterized complexity analyses have been performed for all kinds of
algorithmic problems from various fields within computer science andmath-
ematics [112, 167, 141]. Nowadays, parameterized complexity has evolved to
an integral part of complexity theory which provides many techniques that
have become standard. Subsequently, we give a short overview following
three fields within parameterized complexity: Fixed-Parameter Tractability, a
corresponding Hardness Theory, and Fine-Grained Complexity.

1.2.1 Fixed-Parameter Tractability

One of the most important tasks of parameterized complexity is to examine
whether a given problem is fixed-parameter tractable (FPT). The notion formal-
izes whenwe consider parameters of a problem influential enough to provide
an efficient algorithm. Fixed-parameter tractability requires an algorithm that
runs in time exponential, or worse, only in the considered parameters and
polynomially in the input size. Formally,

f (k) · nd
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where f is a function depending only on the considered parameters k, n is
the size of the input, and d ∈ N is a constant. This restricts the expensive part
of the algorithm to the parameters k. If these can assumed to be small in
practical instances, the algorithm has almost polynomial running time.

The complexity class of all problems that are fixed-parameter tractable is
denoted by FPT as well. The running time of the corresponding algorithms
is typically abbreviated by O∗( f (k)) to emphasize the dominant part. Note
that for a fixed parameter k, this yields a polynomial-time algorithm running
in time nd with a constant d independent from k. This stands in contrast to
problems that can only be solved in time nk . If k is constant in the latter case,
the resulting algorithm runs in polynomial time as well but the degree of the
polynomial depends on the actual value of k.

Since the formulation of fixed-parameter tractability [5, 136, 157, 158]
many famous decision problems were shown to be FPT. However, finding an
algorithmwith the required running time can be tricky. As a consequence, the
development of FPT-techniques [112, 170] began. These are algorithmic frame-
works and techniques that have proven useful in developing FPT-algorithms.
Some of these techniques are well-known classics, for instance dynamic pro-

gramming [33, 106], others were developed only recently [113] and take ad-
vantage of algebra [48, 240] or probability theory [13]. We will employ these
FPT-techniques to solve verification tasks. The particular techniques that
we rely on will be introduced later.

1.2.2 Hardness Theory

While many classical decision problems were shown to be fixed-parameter
tractable, one problem remained unrelenting. Namely finding a clique of
size k in a given graph, denoted by Clique. Despite extensive effort, no
algorithm for Clique running in time f (k) · nd was found. The parameter k
did not seem powerful enough to tame the computational hardness and to
guarantee membership in FPT. This raised the question of whether Clique is
FPT at all and in fact, we can say that it is highly unlikely.

To answer questions like the one above, parameterized complexity offers a
theory of relative hardness. The idea of this theory is to separate tractable from
intractable problems like it is achieved in classical complexity theory via P and
NP — by relying on the hardness of certain decision problems. But instead
of having only a single class comprising the intractable problems, Downey
and Fellows [135, 136, 137, 138, 139] have shown that, in the parameterized
world, there is a whole hierarchy of intractability classes. The latter is calledW-

hierarchy. It consists of infinitely many increasing levels, one for each degree
of intractability. The t-th level is denoted by W[t] and the first level W[1]
contains the class FPT. Consequently, the hierarchy can be drawn as follows:

FPT ⊆ W[1] ⊆ W[2] ⊆ . . .

9
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Like for P and NP, it is widely believed that FPT and W[1] do not coin-
cide [112]. Hence, a problem hard forW[1] is generally considered unlikely to
be fixed-parameter tractable. For the problem Clique, this is the case. But for
a corresponding statement, we need to bemore precise and explicitlymention
the underlying parameter: Clique(k) is W[1]-complete. Note that it could be
the case that for a parameter different from k, the problem is FPT.

Like in classical complexity, the relative hardness theory in parameterized
complexity relies on a suitable notion of reduction, so-called parameterized

reductions. Roughly, these are reductions that keep the parameter small but
allow to take FPT-time. As expected, FPT and the intractability classes W[t]
are robust under this kind of reduction [112, 141, 167]. This means we can
reason like in classical complexity theory. When we suspect that a problem
at hand might be intractable, we can try to reduce from Clique(k). Once this
is successful, we obtain that the problem is W[1]-hard.

1.2.3 Fine-Grained Complexity

From a theoretical point of view, proving a problem fixed-parameter tractable
might be sufficient for considering it as efficiently solvable. However, the
definition of FPT still allows for large functions f (k). In practice it can make a
huge difference whether f (k) is of the form kk or 2k . Fine-Grained Complexity

is the study of the precise function f (k) that is needed to solve a problem.
Obtaining upper bounds on the function f (k) is achieved by applying the

aforementioned FPT-techniques. There are many examples [113] where the
right technique improved from a slightly superexponential dependence kk to a
single exponentialoneof the form ck , where c is a constant. But sometimes, none
of these techniques seems to be able to improve the running time. For these
cases, fine-grained complexity offers a framework for proving relative lower
bounds on f (k). The idea is similar to relative hardness as explained above but
different from intractability theory, fine-grained complexity does not provide
complexity classes for which we can prove a problem complete. In order
to provide relative lower bounds, fine-grained complexity relies on various
hardness assumptions. The three best-known are the so-called Exponential

Time Hypothesis (ETH), the Strong Exponential Time Hypothesis (SETH), and the
newer Set Cover Conjecture (SCON) [110, 217, 218]. With the framework for
relative lower bounds, it is then possible to find the provably optimal f (k) that
is required to solve the problem at hand.

The ETH is the assumption that 3-SAT cannot be solved in time 2o(n)

where n is the number of variables. Despite the algorithmic endeavor for
3-SAT, no algorithm has achieved the time 2o(n) until now and it is believed
that this is not possible. The exponential time hypothesis can be employed
to derive lower bounds for f (k) by reducing from 3-SAT to the problem of
choice with a so-called linear reduction. A linear reduction ensures that the
parameter k depends only linearly on the number of variables n. Hence,
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not each reduction from 3-SAT known from NP-completeness automatically
translates into a linear reduction. In fact, the latter are typically much harder
to find. The SETH roughly assumes that the general problem SAT cannot be
solved in time O∗((2 − ε)n) for an ε > 0. The SCON assumes a similar lower
bound for the problem Set Cover. All three assumptions are standard for
obtaining lower bounds in parameterized complexity [110, 112].

A further goal of fine-grained complexity is to provide lower bounds for
so-called kernelizations. Roughly, a kernelization is a polynomial-time prepro-
cessing that takes an instance of a problem and reduces it to its hard part— its
kernel. Such preprocessing techniques are typically appliedwhen facing large
instances like in SMT or optimization solvers [118, 215]. A kernelization is
considered efficient if it can reduce a given instance to a kernel of size at
most polynomial. Lower bounds can prove the absence of such polynomial
kernels. This implies that preprocessing techniques have only limited success
and cannot significantly simplify the particular problem at hand. We prove
several kernel lower bounds for verification tasks.

1.3 Contribution

This thesis takes a first step towards closing the aforementioned gap between
theory and practice in automatic program verification. We apply techniques
from parameterized complexity as well as program verification to achieve the
following two goals:

• find efficient algorithms for verification tasks that are provably optimal in the

fine-grained sense and that are easy to implement,

• find out what causes the computational hardness of verification problems. Pro-

vide a detailed picture of tractable and intractable parameters.

Ourobservation is that programverificationbenefits from the above study.
On the one hand, parameterized complexity offers algorithmic techniques
that have not yet been employed to verify programs. Combining the tech-
niques with lower bounds based on ETH, SETH, and SCON yields provably
optimal verification algorithms. On the other hand, from the fine-grained
hardness theory, we gain insights into the computational hardness of verifi-
cation tasks that help to distinguish simple from hard instances.

We elaborate on our contribution in more detail. We consider safety
verification, liveness verification, and testing along four different kinds of
models, ranging fromshared-memory concurrent programs toparameterized
systems and weak memory. We do not list the complete contribution here
but restrict to the most important results. For a complete overview, we refer
to the introductions within the corresponding chapters 6, 7, 8, and 9.
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1.3.1 Bounded Context Switching

BoundedContext Switching (BCS) [292, 293] is one of themost prominent under-
approximate methods for verifying shared-memory concurrent programs.
Since proving safety in this context is typically PSPACE-hard [241] or worse,
under-approximating the behavior of the underlying program is common
to reduce the complexity and find bugs more efficiently. BCS reduces the
complexity to NP by limiting the number of times the threads can switch
the processor — the number of so-called context switches. The method has
proven to be reliable and experiments have shown that a majority of subtle
concurrency bugs show up in few context switches [280].

We performed a fine-grained complexity analysis of BCS. The first ques-
tion to solve is the choice of parameters. Since the number cs of context
switches is typically small in practical examples [280], we initially consid-
ered BCS(cs), the parameterization of BCS in cs. Surprisingly, it turned out
that parameterizing in cs alone is not sufficient to obtain a tractable algo-
rithm. Instead, BCS(cs) isW[1]-complete. This means that introducing cs lets
the complexity drop from PSPACE to NP but from a fine-grained point of
view it is not sufficient to guarantee an FPT-algorithm.

For an FPT-algorithm, we need a second parameter. We chose the size m

of the memory. Often, shared-memory communication is via setting flags
which keepsmemory requirements moderate [263]. With the new parameter,
our main finding is that BCS can be solved in time

O∗(mcs · 2cs).
The algorithm is a two step procedure, first reducing BCS to the simpler

problem Shuffle Mem and then solving the latter. This requires an application
of an algorithmic technique called fast subset convolution [48]. To the best of
our knowledge, this is the first time the technique appears in the context
of program verification. The algorithm shows that BCS(cs,m) is FPT. We
complement the upper bound with an ETH-based lower bound of the form
m

o(cs/log(cs)) showing that our algorithm is almost optimal. As a part of our
complexity analysis, we also contribute upper and lower bounds as well as
optimal algorithms for Shuffle Mem and for variants of bounded context
switching, like Round Robin [61, 248, 280] and Bounded Stage Reachability [20].

1.3.2 Liveness in Broadcast Networks

Broadcast networks [147] are a model for parameterized systems that consist of
an arbitrary number of identical finite-state clients communicating via passing
messages to each other. The precise number of involved clients is only fixed
once a computation starts. Consequently, proving correctness for broadcast
networks amounts to proving it for any number of clients.

Safety verification of broadcast networks is well-understood. Problems
in this context are typically solvable in polynomial time [123, 124, 176]. We
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examine the complexity of the broadcast network liveness verification problem

(BNL) — the task of deciding whether one client can visit a final state repeat-
edly. The complexity of the problem has been left open, with an EXPSPACE
upper bound [124] and a P-hardness lower bound [123]. To our surprise, we
were able to show that BNL admits a polynomial-time algorithm.

Our algorithm solves BNL in time O(p4 · t2), where p is the number of
client states and t the size of its transition relation. The algorithm is a fixed-
point iteration that relies on a graph abstraction of broadcast networks which
allows for switching from the infinite state space to a finite one. Although
the algorithm is not a classical FPT-result, we have only obtained it while we
were conducting a fine-grained complexity analysis following the two goals
above. Moreover, our algorithm reveals new FPT-upper bounds for the more
general LTL model-checking problem of broadcast networks [97].

We further investigate the complexity of the fair liveness verification problem

(FBNL) where not only one, but all clients need to visit a final state repeatedly.
We prove that FBNL can be solved in polynomial time as well. Altogether,
our results show that safety and liveness verification tasks admit the same
time complexity — up to a polynomial factor.

1.3.3 Safety and Liveness in Leader Contributor Systems

A leader contributor system is an appropriate model for parameterized systems
with master/slave architecture. A leader contributor system consists of a
particular leader thread and an arbitrary number of identical contributor threads.
Communication is via accessing a single shared memory cell. We assume all
threads in the system to be finite-state.

The safety verification problem in this context is the leader contributor

reachability problem (LCR) [152, 198]. It asks whether the leader can reach an
unsafe state with the help of a certain number of contributors. The problem
is NP-complete [152]. We examine its fine-grained complexity by considering
two parameterizations in more detail: LCR(d, l) and LCR(c). The former is
the parameterization by the size d of the underlying data domain and the
number l of leader states, the latter is the parameterization by the number c

of contributor states. We show that other parameterizations are intractable.
For the former choice of parameters, d and l, we provide an algorithm that

solves the safety verification problem LCR in time

(d + l)O(d+l).

Roughly, the algorithm is a dynamic programming on so-called witnesses.
These are compressed executions of the system that can witness the reach-
ability of an unsafe state. We also provide an ETH-based matching lower
bound of the form 2o((d+l)·log(d+l)). It shows that our algorithm is optimal.
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1. Introduction

For the problem LCR(c), we provide an algorithm running in time

O∗(2c).

The algorithm relies on a characterization of computations in terms of
paths in a saturation graph. The graph represents arbitrarily many contrib-
utors by only a single set of states which gets saturated when simulating a
computation. On the saturation graph, we then employ a dynamic program-
ming to test the existence of a suitable path. The upper bound is matched by
a lower bound of the form O∗((2 − ε)c) based on the SCON.

Besides safety, we also consider liveness verification in leader contributor
systems. The leader contributor liveness problem (LCL) asks whether the leader
can reach a final state repeatedly [143]. LikeLCR, the problem isNP-complete.
To determine the fine-grained complexity of LCL, we decompose the problem
into LCR and a cycle finding problem called CYC. We provide a fixed-point
algorithm which solves CYC in polynomial time. This implies that the upper
bounds from LCR carry over to LCL. The optimality of the derived algorithms
is guaranteed since lower bounds for LCR naturally carry over to liveness.
Hence, also in leader contributor systems, liveness and safety verification
have same time complexity up to polynomial factor.

1.3.4 Memory Consistency

In processor verification, a major task is to test whether a shared-memory
implementation provides the promised consistency guarantees. Consistency

algorithms check this. They take a test case and decide whether it can be
executed under a particularmemorymodel like Sequential Consistency (SC) [251]
or Total Store Ordering (TSO) [305, 306] that captures the promised guarantees.
Since for most memory models, checking consistency is NP-complete [180],
finding efficient consistency algorithms highly benefits from the fine-grained
perspective that parameterized complexity offers.

We provide a framework for (provably optimal) consistency algorithms.
It can be instantiated by various memory models and each consistency algo-
rithm obtained from the framework automatically runs in time

O∗(2k),

where k is the number of write accesses in the given test case. For several
other parameters, testing consistency is intractable [180, 183, 270].

Our framework is basedononauniversal consistency problemMM-Cons that
takes a memory model MM and a test case and asks whether the test case can
be executed under MM. We show that solving MM-Cons amounts to finding
a total order that linearizes the write accesses in the given test case. The latter
can be decided by applying a dynamic programming on so-called snapshot

orders, total orders on particular subsets of write accesses.

14
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We apply our framework to the memory models SC, TSO, PSO, and
RMO and obtain an O∗(2k)-time consistency algorithm for each of themodels.
Moreover, for the former three models, the algorithms are provably optimal.
We provide an ETH-based lower bound showing that consistency under SC,
TSO, and PSO cannot be checked in time 2o(k).

1.4 Outlook

The thesis is structured into three parts and an appendix. In Part I, we
give an introduction to parameterized and fine-grained complexity. The
part begins with Chapter 2, where a first example and the basic notion of a
parameterized problem lay the foundations. In Chapter 3 we consider fixed-
parameter tractable problems and related algorithmic techniques that are
essential to our algorithms. The aforementioned hardness theory within
parameterized complexity is the matter of Chapter 4. Finally, Chapter 5
summarizes lower-bound techniques common in fine-grained analyses.

Part II of the thesis elaborates on our contribution. It beginswithChapter 6
which focuses on Bounded Context Switching and its variants Round Robin and
Bounded Stage Reachability. In Chapter 7, we present our algorithms for the
liveness verification problems around broadcast networks. Subsequently, in
Chapter 8, we consider safety and liveness verification of leader contributor
systems. Our framework for consistency algorithms is given in Chapter 9.

The results obtained in this thesis are discussed in Part III. This includes
a comparison with additional related work that has not been considered in
earlier chapters. It is given in Chapter 10. Chapter 11 lists some directions
and ideas for future research. Chapter 12 concludes the thesis.
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Part I

Parameterized and

Fine-Grained Complexity
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2. The Importance of Parameters

n

k

Measuring the complexity of a decision problem is
typically achieved by grouping the problem into one
of several robust complexity classes. The most fa-
mous among these is probably the nondeterministic
class NP. A problem that is known to be NP-hard
is commonly believed to be unlikely to admit a deter-

ministic polynomial-time algorithm. Instead, it is assumed that a deterministic
algorithm requires exponential running time to solve the problem at hand.

While NP-hardness denies a deterministic polynomial running time, it
leaves several questions unanswered that become important when designing
algorithms for practical purpose. For instance, we do not obtain a statement
on the precise shape of an algorithm’s running time. It could be of the form
nn , 2n or 2

√
n where n is the input size. From a performance point of view,

knowing the precise exponential dependence is essential.
Moreover, classicalNP-hardness proofs do not take into account parameters

of the problem. The proofs solely rely on the input size, a measure that is
quite rough. A parameter is a finer measure describing the structure of an
instance in more detail. Compared to the input size, a parameter is usually
much smaller. However, itmay still have significant impact on the complexity.
The problem may be solvable in time 2k · p(n) where k is the parameter and
p(n) is only a polynomial in the input size n. This results in much better
performance. On the other hand, a parameter may already be enough to
cause hardness, resulting in intractability whenever the parameter is large.

Parameterized Complexitymeasures the complexity in terms of parameters,
it resolves questions of the latter type. Fine-Grained Complexity answers ques-
tions on the precise shape of an algorithm’s running time. Together, the
theories clarify how far away we are from a polynomial-time algorithm. In
Section 2.1, we give an introductory example into the theories. In Section 2.2
we define parameterized problems, the foundation of parameterized complex-
ity, and we consider two important parameterized problems that are needed
throughout the thesis. In the following, we assume familiarity with classical
complexity theory. For standard literature, we refer to [18, 190, 303, 324].

2.1 Introductory Example

Parameterized Complexity is a theory for measuring the space and time re-
quirements of a problem in finer detail than classical complexity theory does.
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v1 v3

v2

v4

v5

e1 e3

e2 e4

e5

Figure 2.1: A graph G � (V, E) with vertices V � {v1 , . . . , v5} and edges
E � {e1 , . . . , e5}. The red marked vertices form a vertex cover C � {v2 , v3 , v4}
of size 3. Note that a vertex cover of smaller size does not exist for the graph.

Instead of only considering the size of the input as a basis for the measure-
ment, parameterized complexity is capable of showing the precise influence
of several parameters on the problem’s complexity. The theory evolved in the
late 1980s and 1990s mainly driven by Downey and Fellows in cooperation
with other authors [5, 135, 136, 140, 157, 158]. Since its discovery, param-
eterized complexity has evolved to a major field within complexity theory.
The new field has led to the development of novel algorithmic techniques,
provided new insights about classical decision problems, and found many
applications in various fields of computer science as well as mathematics.

We give an example which shows the importance of measuring the influ-
ence of parameters on a problem’s complexity. The problem Vertex Cover is
one of the most studied problems in parameterized complexity. Listed in
Karp’s 21 NP-complete problems in 1972 [229], Vertex Cover has experienced
a hunt for the most efficient algorithm since the discovery of parameterized
complexity [87, 140]. Formally, the problem asks for a vertex cover of a certain
size. A vertex cover C of an undirected graph G � (V, E) is a subset C ⊆ V of
vertices such that each edge in E has one of its endpoints in C. An illustration
is given in Figure 2.1. The problem Vertex Cover takes a graph G and an
integer k and asks whether G has a vertex cover of size at most k.

Vertex Cover
Input: A graph G and an integer k ∈ N.
Question: Is there a vertex cover of size at most k?

Consider the graph in Figure 2.1. With the parameter k � 3, it forms a
yes-instance of Vertex Cover. A corresponding cover of size 3 is shown. Note
that there is no cover of size 2 or less, resulting in no-instances if k ≤ 2. The
latter can be verified by testing each subset of vertices of size at most 2 for
being a vertex cover. For all these subsets there is at least one edge which has
both endpoints outside the set. Hence, no vertex cover of size at most 2 exists.

To obtain an algorithm for Vertex Cover, we can follow the same idea.
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Given a graph G � (V, E) and an integer k, the existence of a vertex cover of
size at most k can be decided by iterating over each subset C ⊆ V of size at
most k and by testing whether each edge is covered. The latter means that
each edge has an endpoint in C. As soon as we find such a set, we can safely
reply yes. If the iteration fails to find a suitable set, we return no.

Let us measure the time complexity of the algorithm. A naive implemen-
tation runs in time O(nk · m), where n � |V | is the number of vertices and
m � |E | is the number of edges. Already for moderately-sized instances, run-
ning the algorithm is hardly feasible. The reason for this inefficiency is that
the parameter k appears in the exponent of n. Even if we assume k to be a
constant, say k � 8, the algorithm runs in polynomial time but the polynomial
being n8 · m. Hence, the degree of the polynomial depends on k, resulting in
practically useless polynomial-time algorithms for larger values of k.

From an efficiency point of view, it is essential to avoid such a dependence.
Phrased differently, we need to find an algorithm for Vertex Cover running
in time O( f (k) · p(n ,m)), where f is a function only depending on k and p is
a fixed polynomial depending on n and m. If we assume k to be constant in
this setting, we obtain an algorithm running in polynomial time O(p(n ,m)).
Different from the algorithm above, the algorithm at hand has a fixed degree
for n and hence, might have the potential for being efficient. Finding an
algorithm of the described form is a main task of parameterized complexity.

While the factor f (k) vanishes in theoretical considerations like the one
above, it typically has a great impact on the running time of the algorithm.
Note that f cannot be a polynomial as this would contradict the NP-hardness
of the problem Vertex Cover. Therefore, it is at least exponential. Hence, when
looking for an algorithm running in time O( f (k) · p(n ,m)), one should keep
the function f as small as possible. But even if f is deemed to be exponential,
there are still tractable functions like kk , 2k or even 2

√
k that one could try to

obtain. Finding the precise function f that is required to solve the problem
at hand is referred to as fine-grained complexity.

It is known how to construct an algorithm for Vertex Cover that satisfies
the above conditions [112, 275]. It runs in time O( f (k) · p(n ,m)) and keeps
the function f small. Let (G � (V, E), k) be an instance of Vertex Cover. By
definition, in a vertex cover C of G, each edge e ∈ E has one of its endpoints
in C. So if we consider an edge e � {v , w} with v , w ∈ V , one of the vertices
v or w, must be in C. This allows for the design of a branching algorithm. It
constructs a vertex cover C step by step, starting from the empty set. When
it encounters an edge e � {v ,w}, it will have two branches: one for adding v
to C and one for adding w to C. Consider the first branch. Then, our potential
vertex cover is C � {v}. This already covers all edges where v is an endpoint.
Hence, it remains to find at most k − 1 vertices that cover those edges not
containing v. If there is no such edge, C is already a proper cover. Otherwise,
we pick such an edge and start the branching again. If the choice of v does
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(∅, {e1 , . . . , e5}, 3)

. . . ({v2}, {e2 , e4 , e5}, 2)
v 1 v2

. . . ({v2 , v3}, {e5}, 1)
v 1 v3

({v2 , v3 , v4}, ∅, 0) . . .

v 4

v
5

e1 � {v1 , v2}

e2 � {v1 , v3}

e5 � {v4 , v5}

Figure 2.2: A part of the bounded search tree computed for the graph given
in Figure 2.1. The accepting leaf corresponds to the vertex cover {v2 , v3 , v4}
of the graph. The leaf in the tree is marked red.

not lead to a vertex cover in the end, the algorithm returns to the other branch
of e � {v , w} and adds w to the vertex cover instead of v.

Intuitively, the algorithm is a depth-first search on a binary tree. A part
of the tree computed for the graph from Figure 2.1 is shown in Figure 2.2.
Each node consists of three arguments (C, R, i). Here, C ⊆ V denotes a partial
vertex cover that we have constructed, R ⊆ E is the set of edges not covered
by C, and i is the number of vertices that we can still add to the cover. The
root is given by (∅, E, k). The children of a node (C, R, i) are obtained by
updating the arguments according to the chosen endpoint of the currently
considered edge. Each branch eventually reaches a leaf, either if R � ∅ or if
R , ∅ but i � 0. The former constitutes an accepting leaf. A vertex cover of
size at most k exists if and only if there is an accepting leaf in the tree.

It is left to determine the time complexity of the algorithm. Note that
the tree is of height at most k, and the arguments for each node can be
updated in time O(n + m). Hence, the algorithm takes a total running time
of O(2k · (n + m)). This matches our initial goal of achieving a running time
of the form O( f (k) · p(n ,m))with a moderately sized function f (k).

The tree-approach employed above is an algorithmic technique called
Bounded Search Tree [112, 170]. It is applicable to other decision problems
as well [112] and originates in the branching technique of Davis and Put-
nam [116]. In contrast to the algorithm for Vertex Cover which runs in
time O(nk · m), bounded search tree provides a significant speed-up which
allows for finding solutions to instances larger than before. Taking a step
back, knowing that Vertex Cover is NP-complete is only a rough classifi-
cation. When designing efficient deterministic algorithms, the algorithmic
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techniques provided by parameterized and fine-grained complexity are ben-
eficial. The right technique in the right place can make all the difference1.

2.2 Parameterized Problems

We introduce parameterized problem, the basic notion of a problem in param-
eterized complexity. It formalizes the handling of parameters and is key to
expressing results like the one above uniformly. Roughly, a parameterized
problem is defined like a classical decision problem with an additional in-
put: the parameter. A parameter describes an instance of a problem or the
expected solution in more detail. Usually, it is an upper or lower bound on
certain aspects of one of them. We define it as a natural number. Let Σ be a
finite alphabet and let Σ∗ denote the set of finite words over Σ.

Definition 2.1. A parameterized problem L is a subset of Σ∗ × N. An instance

of L is a pair (x , k)where x ∈ Σ∗ is a classical instance and k is the parameter.

Since the parameter is part of the input, we can define the size of an in-
stance (x , k) to be |(x , k)| � |x |+k, where k is given in unary. The size becomes
important once we define tractable parameterized problems. For some prob-
lems, we examine multiple parameters at the same time. Definition 2.1 can
be extended appropriately. We introduce the basic definition for a single
parameter only to prevent technical difficulties. We focus on two examples of
(parameterized) problems that are essential throughout the thesis.

Clique A fundamental parameterized problem is that of finding a clique

of a certain size in a given graph. The problem known as Clique is one of
Karp’s 21 NP-complete problems [229]. Due to its intrinsic hardness, that we
will elaborate on later, Clique is commonly used to derive lower bounds for
other parameterized problems [85, 86, 112, 138, 140, 141]. To state the problem
formally, recall that a cliqueof anundirectedgraphG � (V, E) is a subsetC ⊆ V
such that for each two vertices v , w ∈ C, there is an edge {v , w} ∈ E. Two
vertices in C are always adjacent. The size of a clique is the number |C | of
its vertices. Given an undirected graph G and an integer k, the problem
Clique asks whether G contains a clique of size exactly k.

Clique(k)
Input: A graph G and an integer k ∈ N.
Parameter: k.
Question: Does there exist a clique of size k in G?

1Originally: the right man in the wrong place can make all the difference in the world. By G-Man

https://en.wikipedia.org/wiki/G-Man_(Half-Life) in Half-Life 2.
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Note that the parameterized problem Clique(k) explicitly mentions the
parameter k in the problem name. The notation is used to separate the pa-
rameterized problem from the (unparameterized) decision problem Clique.
We call Clique(k) the parameterization of Clique by k. Parameterizations indi-
cate the currently considered parameters of a problem.

Set Cover A further problem that we use throughout the thesis is Set Cover.
The problem was proven NP-complete by Karp [229] and, like Clique, serves
as a lower bound in parameterized complexity [110, 112, 140, 141]. In Set
Cover, we are given a family F ⊆ P(U) of sets over a universe U and an
integer r ∈ N. The task is to find r sets S1 , . . . , Sr inF that form a set cover ofU.
This means that each element in U is contained in an Si , U �

⋃
i∈[1..r] Si .

Set Cover
Input: A family of sets F ⊆ P(U) over a universe U and r ∈ N.
Question: Are there sets S1 , . . . , Sr in F such that U �

⋃
i∈[1..r] Si?

We stated Set Cover as a classical decision problem. The canonical pa-
rameterization is Set Cover(r), by the size r of the cover. In Chapter 4, we will
see that Set Cover(r) is of particularly high complexity. Therefore, another
parameterization turns out to be more useful for our purpose. We usually
consider Set Cover(n), where n is the size of the universe U.
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XP FPT

We formalize the notion of a tractable pa-
rameterizedproblemand introduce tech-
niques that allow for proving tractability.
Intuitively, a parameterized problem is
tractable if it can be solved by an algo-
rithm the running time of which can be
separated into two factors: one depend-
ing only on the considered parameter, the other one being a polynomial in the
input size. Problems that admit such an algorithm are called fixed-parameter

tractable (FPT) since fixing the parameter to a constant value only leaves the
polynomial part with a degree independent of the parameter.

Fixed-parameter tractability can sometimes be tricky to obtain. Typically,
it needs an FPT-technique, an algorithmic gimmick or strategy that has proven
to be useful in obtaining algorithms that meet the requirements formulated
by fixed-parameter tractability. FPT-techniques are the backbone of many
algorithms in parameterized complexity and there is whole zoo of such tech-
niques available [112, 170]. Usually, it requires some experience to find the
right one and to apply it correctly to the problem of interest. We present a
selection of FPT-techniques that are needed throughout this thesis.

In Section 3.1, we formally introduce the complexity class FPT of fixed-
parameter tractable problems aswell as the class XP, a more general complex-
ity class of so-called slicewise polynomial problems. The remaining sections in
this chapter are devoted to FPT-techniques. We focus on three techniques:
dynamic programming — Section 3.2, subset convolution — Section 3.3, and ker-

nelizations — Section 3.4. The idea behind dynamic programming is storing
intermediary results, subset convolution is an algebraic technique that uses
discrete transforms to compute in a domain of choice, and kernelizations are a
form of polynomial preprocessing. We introduce the basic notions around the
techniques and give examples for their application.

3.1 Basic Parameterized Complexity Classes

In Section 2.1, we have seen an algorithm for Vertex Cover running in
time O(2k · (n + m)). As discussed above, we consider the problem tractable

since a fixed parameter k would leave a polynomial of constant degree 1. The
point is that the running time is of the form O( f (k) · p(n ,m)), where f is a
function only depending on k and p is a polynomial. This prevents an expo-
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nential dependence between k and n ,m. In general, we consider a problem
tractable if it admits an algorithm with a running time of this form.

Definition 3.1. A parameterized problem L ⊆ Σ∗ ×N is called fixed-parameter

tractable (FPT) if there is an algorithm that, given an instance (x , k), decides
whether (x , k) ∈ L and runs in time f (k) · |(x , k)|d , where f is a computable
function only depending on k and d ∈ N is a constant.

The notation FPT is also used for the complexity class comprising all prob-
lems that are fixed-parameter tractable. Hence, a problem is FPT if it lies in
the class FPT. Given a problem from this class, the corresponding algorithm
that showsmembership is called an FPT-algorithm. The running time f (k)·nd ,
where n is the size of the input, of an FPT-algorithm is sometimes denoted
by O∗( f (k)). This O∗-notation suppresses the polynomial factor and focuses
on the dominant part of the running time: the function f (k).

The discovery of FPT goes back to Downey and Fellows’ early work with
other authors [5, 136, 157, 158]. The definition, as simple as it seems, was
fundamental to parameterized complexity. In fact, one of the major tasks
of parameterized complexity is to examine the difference between problems
that are FPT and those that are intractable. Subsequently, the development
of a whole theory around intractability [135, 136, 138, 140, 141] followed,
providing tools for separating tractable from intractable problems. We will
consider the intractability theory in Chapter 4.

We have already seen that Vertex Cover(k) is fixed-parameter tractable
with an algorithm running inO∗(2k). In the following, we provide two further
examples of tractable problems that will repeatedly appear in the thesis.

Example 3.2. The following parameterizations are fixed-parameter tractable.

a) We consider Set Cover(m), where m � |F | is the size of the given family F
of sets. Since we are looking for r sets within the family F that cover U,
we can just iterate over all subfamilies F ′ of F of size r and test whether
the sets in F ′ cover U. Once we have fixed F ′, the test is simple and can
be done in polynomial time. However, we need to iterate over

(m
r

)
≤ 2m

possible choices for F ′. Hence, Set Cover can be solved in time O∗(2m)
which entails that Set Cover(m) isFPT. Note that the size m of the familyF
is a rather large parameter in general. Therefore the presented algorithm
is not very efficient on practical instances although it is an FPT-algorithm.
We obtain a more detailed picture of the parameterized complexity of
Set Cover in Sections 3.2, 3.3, 4.4, and 5.3. This includes more efficient
algorithms as well as intractability results.

b) The well-known problem SAT [105, 229] asks for the satisfiability of a
Boolean formula. By iterating over all possible evaluations of the n vari-
ables, we obtain an algorithm for SAT running in time O∗(2n). This shows
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that SAT(n) is FPT. Although this algorithm is very simple, it is believed
that we cannot improve on the exponential dependence on n any further.
In fact, this is formulated as a widely believed hypothesis that is used
to obtain similar lower bounds for other parameterized problems. We
consider the hypothesis and similar assumptions in Chapter 5.

One may ask whether there is a simple FPT-algorithm for the prob-
lem Clique(k). To this end, let us consider a brute force approach. We iterate
over all k-tuples of vertices of the given graph and test whether each two ver-
tices of a tuple are distinct and adjacent. The algorithm runs in time O∗(nk),
where n is the number of vertices. Obviously, this is not an FPT-algorithm but
no better algorithm for Clique(k) is known. In particular, no FPT-algorithm
is known. We will see in Chapter 4 that the existence of such an algorithm
is rather unlikely since Clique(k) is complete for W[1], a class of intractable
problems. The brute force algorithm only shows that for a fixed parameter k,
the problem Clique(k) can be solved in polynomial time. When we think of
each subproblem with a fixed value for k as a slice, we may call Clique(k)
slicewise polynomial. The following definition formalizes the notion.

Definition 3.3. A parameterized problem L ⊆ Σ∗ × N is called slicewise poly-

nomial (XP) if there is an algorithm that, given an instance (x , k), decides
membership in L in time |(x , k)|g(k), where g is a computable function. The
complexity class of slicewise polynomial problems is also denoted by XP.

The class XP is more general than FPT. Instead of the constant exponent
for the polynomial factor, that we require in an FPT-algorithm, XP allows for
having a whole function in the parameter. This immediately yields that each
fixed-parameter tractable problem is also slicewise polynomial, constituting
the first inclusion in the landscape of parameterized complexity classes:

FPT ⊆ XP.

We will refine the inclusion in Chapter 4 when we consider intractable
problems in more detail. Roughly, the outcome will be that the class XP is
much larger than FPT: in fact, it is so much larger that a whole hierarchy
of intractability classes fits between FPT and XP. But before we turn to
intractability, we focus on techniques for showing membership in FPT.

3.2 Dynamic Programming

Dynamic programming was discovered as an algorithmic technique by Bell-
man in the 1950s [33]. Since then, it evolved to one of the major techniques
for problems that admit a recursive formulation. Dynamic programming
found applications in different fields of computer science and mathematics
like graph algorithms [34, 163, 173], string algorithms [106, 207, 284, 322],
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context-free languages and parsing [144, 212, 335], amongst others [106]. In
parameterized complexity, the technique has proven to be a reliable tool pro-
viding fast FPT-algorithms. It was applied to a whole variety of important
problems in the field like Set Cover [171], Hamiltonian Path, Hamiltonian
Cycle and Traveling Salesperson [35, 204], Steiner Tree [142], or Longest
Path [13]. Moreover, dynamic programming often builds the basis of more
refined FPT-techniques. This includes fast transforms, subset convolution [48],
and further algebraic methods [112], Cut & Count [113], and randomized
techniques like Color Coding [13]. The downside of dynamic programming
is its memory consumption. In order to improve the running time, memory
requirements can be high — seemingly a necessary trade-off. But there are
even techniques [261] to limit the space usage of dynamic programming algo-
rithms. We will later apply dynamic programming in the context of program
verification tasks. More precise, the technique builds the basis for our algo-
rithms on safety and liveness in leader contributor systems, see Chapter 8, as
well as for checking consistency in shared memories, see Chapter 9.

The rough idea of dynamic programming is to decompose a problem into
subproblems, solve these recursively, and combine their solutions to obtain
a solution for the whole problem. When decomposing subproblems further
in this process, it might be the case that the same subsubproblem occurs in the
decomposition of different subproblems. Phrased differently, subproblems
can overlap [106]. The strength of dynamic programming comes from the fact
that it solves each of these susubproblems just once and stores the solution in a
table. Then, whenever the solution to a subsubproblem is needed again, it can
be looked up in the table rather than being computed again.

Given a (parameterized) problem, we usually apply dynamic program-
ming the following way. First, we identify a formulation of the problem that
allows for a decomposition into nested subproblems. For problems in the
context of parameterized complexity, this is typically achieved by consider-
ing a suitable subset lattice. Then, we build a table along the structure and
find a recurrence among its entries that allows for computing the solution to
larger subproblems from smaller (subsubproblems) ones. The actual algo-
rithm is a bottom-up table-filling, starting from base cases that do not depend
on further subproblems. Once the table is filled, we can look up the entry
corresponding to the solution of the original problem.

Wework out two examples of dynamic programming applied to problems
important for parameterized complexity, namely Hamiltonian Cycle and Set
Cover. For further examples and a more detailed introduction to dynamic
programming, we refer to Cormen, Leiserson, Rivest, and Stein [106].

3.2.1 Dynamic Programming for Hamiltonian Cycle

In the problem Hamiltonian Cycle we are given a graph and we have to
decide the existence of a cycle going through each vertex exactly once. The
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v1 v2

v3 v4

v5

Figure 3.1: A graph G � (V, E)with verticesV � {v1 , . . . , v5}. The redmarked
edges form a Hamiltonian cycle v1.v3.v2.v4.v5 of G.

problem, like the related Hamiltonian Path, is a classical problem [60, 133] of
graph theory and known to be NP-complete [229]. As an example, consider
the graph given in Figure 3.1. The red marked edges form a Hamiltonian
cycle — each vertex along the cycle is visited exactly once.

To formalizeHamiltonian Cycle, let G � (V, E) be an undirected graph. A
simple path in G is a path where no vertex occurs twice, a sequence of vertices
v1.v2 . . . vk such that for each i ∈ [1..k − 1] there is an edge {vi , vi+1} ∈ E
and for i , j we have vi , v j . A simple path involving all vertices of V is
called aHamiltonian path. If a Hamiltonian path C � v1.v2 . . . vn forms a cycle,
which means there is an edge {vn , v1} ∈ E, we call C a Hamiltonian cycle. The
decision problemHamiltonian Cycle asks for the existence of such a cycle.

Hamiltonian Cycle
Input: A graph G.
Question: Is there a Hamiltonian cycle in G?

Note that in the formulation of the problem the input graph G is undi-
rected. There is also a variant of Hamiltonian Cycle where G is assumed to
be directed. The definition of a Hamiltonian cycle carries over to this case and
the corresponding decision problem is still NP-complete [229].

We analyze the parameterized complexity of Hamiltonian Cycle in terms
of the parameter n � |V |, the number of vertices. To this end, we first consider
a simple brute force approach to the problem. It iterates over all sequences of
vertices of length n and checks if the sequence is indeed a Hamiltonian cycle.
The latter takes polynomial time but we have to iterate over nn many different
sequences in the worst case. Hence, the algorithm runs in time O∗(nn). Our
goal is to show that dynamic programming can be used to speed things up.
In fact, we can solve Hamiltonian Cycle in time O∗(2n) which is a much
more efficient FPT-algorithm than the brute force approach. Besides that, the
currently fastest algorithm for Hamiltonian Cycle, as it is stated here, is the
O∗(1.66n)-time algorithm by Björklund [44] based on algebraic techniques.
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3. Fixed-Parameter Tractability

The dynamic programming approach for Hamiltonian Cycle goes back
to Bellman, Held, and Karp [35, 204] and is also known as Bellman-Held-Karp

algorithm. Formally, the algorithm proves the following result.

Theorem 3.4. Hamiltonian Cycle can be solved in time O(2n · n · d).

The parameter d is the maximal degree of a vertex. It is defined as the
maximal number of vertices adjacent to a single vertex: d � maxv∈V (deg(v)),
where deg(v) is the size of the set {v′ ∈ V | {v , v′} ∈ E}.

The dynamic programming for Hamiltonian Cycle relies on the idea of
building up a simple path step by step until it visits each vertex and can be
completed to a cycle [112]. But instead of remembering the precise path taken,
we only store the beginning of the path, the end, and the set of vertices that
are involved. Knowing this information suffices for establishing a recursive
formulation: if there is a simple path on a set of vertices with a particular
end t, we can extend the path by appending a neighboring vertex of t that has
not been visited yet. In the end, when all vertices have been visited, we need
to check that the last vertex of the simple path has an edge to the intended
beginning which constitutes a Hamiltonian cycle.

We define a table T that stores the information required for turning the
idea into an algorithm. First, fix a vertex s ∈ V . This is where we assume a
Hamiltonian cycle to start. Table T has an entry T[X, t] for each subset X ⊆ V
that contains s and for each vertex t ∈ V \X. The entry will be 1 if there there
is a simple path that starts in s, visits all the vertices of X, and ends in t. If
such a path does not exist, the entry of the table is 0. Formally, we have

T[X, t] �
{
1, if there is a simple path on X ∪ {t} starting in s , ending in t ,
0, otherwise.

Assume we have already filled the table T. Then, we can check the
existence of a Hamiltonian cycle. A cycle exists if and only if there is a
neighboring vertex t of s and a simple path from s to t visiting all vertices
in V \ {t}. Since we can test the latter by reading the entry T[V \ {t}, t], we
obtain the following lemma formulating the correctness of the approach.

Lemma 3.5. There exists a Hamiltonian cycle in the input graph G � (V, E) if and
only if the following Boolean expression evaluates to true:∨

t∈V,
{t ,s}∈E

T[V \ {t}, t].

It is left to explain how the table is filled. We consider the base cases and
then establish a recurrence among the entries of T that allow for a bottom-up
filling. The base cases are simple. We set T[{s}, t] � 1 for each t ∈ V that has
an edge {s , t} ∈ E. For other choices of t, the corresponding entry is 0.

30



3.2. Dynamic Programming

v
t

s

X
π′

π

Figure 3.2: Any simple path π from s to t visiting X, the blue highlighted
area, can be decomposed into a simple (sub)path π′, marked red, from s to v,
and a single edge {v , t}. The path π′ visits the vertices X \ {v} along the way.

For the recurrence, we rely on the above idea of extending a simple path.
However, our formulationwill be theotherwayaround: insteadofprolonging
such a path, we will take away a vertex and shorten it. The reason is that we
want to obtain a top-down recurrence that evaluates entries of longer paths
from entries of shorter ones. The key observation is the following: there exists
a simple path π in G from s to t visiting the vertices X if and only if there is
a vertex v ∈ X with {v , t} ∈ E along with a simple path π′ from s to v that
visits X \ {v}. We provide an illustration in Figure 3.2.

Lemma 3.6. Table T admits the following recurrence for entries with {s} ( X:

T[X, t] �
∨
v∈X,
{v ,t}∈E

T[X \ {v}, v].

The algorithm for Hamiltonian Cycle evaluates the table T along the
base cases and the recurrence given in Lemma 3.6. Once T is filled, the
criterion from Lemma 3.5 is checked. We determine the time complexity of
the approach. Table T has at most 2n · n many entries that are evaluated.
Evaluating a single entry T[X, t] with the recurrence takes time O(d) since
we have to iterate over each neighboring vertex v of t and read-off the value
stored in T[X \ {v}, v]. The latter takes constant time. Hence, T can be filled
in time O(2n · n · d). The estimate also covers the time needed to evaluate the
expression of Lemma 3.5. This completes the proof of Theorem 3.4.

3.2.2 Dynamic Programming for Set Cover

Recall that in the problem Set Cover we are given a family F of sets over a
universe U and an integer r ∈ N. The question to answer is whether there
are r sets in F that cover U. We have already argued in Example 3.2 that
Set Cover(m) is FPT, where m � |F | is the size of the family. However, m
is usually a rather large parameter, much larger than n � |U |, the size of the
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universe. Instead of considering m as a parameter, we employ a dynamic pro-
gramming to show that Set Cover(n) is fixed-parameter tractable. Moreover,
the obtained FPT-algorithm is efficient: it solves the problem in time O∗(2n).

Theorem 3.7. Set Cover can be solved in time O(2n · n · m).

We consider the dynamic programming for Set Cover given in [171]. The
main idea is to consider covers for subsets of the universe U and to make sets
from the family F available step by step. To this end, assume that F is of
the form F � {F1 , . . . , Fm}. We define a table T that captures the recursive
structure of the problem. It has an entry T[X, j] for each subset X ⊆ U
and j ∈ [0..m]. The entry stores the minimal size of a cover C of X which
only contains sets from the subfamily {F1 , . . . , F j}. Here, cover means that
X ⊆ ⋃

S∈C S. Formally, we define the entry T[X, j] as follows:

T[X, j] � min
C⊆{F1 ,...,F j},
C covers X

|C|.

If there is no cover C ⊆ {F1 , . . . , F j} of the set X, we set T[X, j] � ∞. We
are interested in the entry T[U,m]. It stores the minimal size of a set cover
of U taken from the family F . If the entry is strictly larger than the given
integer r, there will not be a set cover of size r for U. Otherwise, there is a
set cover of size at most r. Such a cover can always be extended to one of size
exactly r by adding further sets. We obtain the correctness of the approach.

Lemma 3.8. There is a set cover C⊆F of U with |C|� r if and only if T[U,m] ≤ r.

We set up a recurrence among the entries of the table. The rough idea
is the following. Entry T[X, j] is defined over covers within the subfamily
{F1 , . . . , F j}. To compute it, we recurse on entries of T that are defined over
covers in {F1 , . . . , F j−1}, entries of the form T[X′, j − 1]. To this end, note
that each cover C ⊆ {F1 , . . . , F j} of X falls in one of two categories: either
C contains F j or it does not. In the latter case, C is already a cover of X
in {F1 , . . . , F j−1} and hence appears in the definition of T[X, j − 1]. In the
former case, F j ∈ C. Then, the set X \ F j is covered by C \ {F j} which lies
in {F1 , . . . , F j−1} and appears in T[X \ F j , j − 1]. From this observation, we
can extract a recurrence that ties the entries together. It is formalized in the
following lemma, the proof of which can be found in Appendix A.1.1.

Lemma 3.9. The table T admits the following recurrence:

T[X, j] � min(T[X, j − 1], 1 + T[X \ F j , j − 1]).

The algorithm for Set Cover is a bottom-up table-filling that employs
the recurrence proven in Lemma 3.9 and the correctness criterion given in
Lemma 3.8. It starts from the following base cases:

T[∅, 0] � 0 and T[X, 0] � ∞ for each X , ∅.
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3.3. Subset Convolution

The algorithm needs to compute all 2n · (m + 1) entries of T. Computing
each T[X, j] takes time O(n). To see this, note that a minimal set cover of X
has size at most |X | ≤ n. According to Lemma 3.9, we only need to compute
the minimum of two integers that are bounded by n. Altogether, we obtain a
running time of the form O(2n · n · m), as stated in Theorem 3.7.

Note that the size m of the family appears as a linear factor in the running
time. Like mentioned before, m might be rather large in some applications
and related problems [51, 69, 168, 170]. In fact, it can be exponential in n. It
is therefore essential to avoid m even as a linear factor in the running time. In
Section 3.3 we obtain a corresponding algorithm.

3.3 Subset Convolution

Many classical NP-complete decision problems arise in the context of finding
partitions. These problems ask to decompose an underlying structure like a
set or a graph while satisfying certain problem-specific properties. The latter
are described by a family of sets, like in Set Cover, or more generally by a
characteristic function that indicates validmembers of a partition bymapping
them to 1 and others to 0. Fast subset convolution [48] is a recently developed
technique that allows for quickly reasoningabout all partitionswhile applying
(characteristic) functions to their members. Fast subset convolution was used
to solve a variety of decision problems and is incorporated into further state
of the art techniques in the field. Formally, fast subset convolution computes
the subset convolution, an operator well-known in functional analysis [297].

Definition 3.10. Let U be a finite set and f , g : P(U) → Z two functions,
mapping subsets of U to integers. The subset convolution of f and g is the
function f ∗ g : P(U) → Zmapping each subset X of U to the sum

( f ∗ g)(X) �
∑
Y⊆X

f (Y) · g(X \ Y).

The following equivalent formulation highlights that the subset convolu-
tion takes all partitions with two components into account.

( f ∗ g)(X) �
∑

A∪B�X
A∩B�∅

f (A) · g(B).

Subset convolution is associative and commutative. Consequently, apply-
ing it to more than two functions yields a function that allows for reasoning
about partitions involving three or more components. The following lemma
states the form of the function. The proof follows from the definition.
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Lemma 3.11. Let U be a finite set and f1 , . . . , fk : P(U) → Z functions. The

subset convolution f1 ∗ · · · ∗ fk : P(U) → Z takes the following form:

( f1 ∗ · · · ∗ fk)(X) �
∑

A1∪...∪Ak�X
Ai∩A j�∅,i, j

f1(A1) · · · fk(Ak).

The sum on the right hand side ranges over all subsets A1 , . . . ,Ak ⊆ X
partitioning X. Hence, the convolution sums up all (ordered) k-partitions, all
k-tuples (A1 , . . . ,Ak)with Ai ⊆ X,

⋃
i∈[1..k] Ai � X, and Ai ∩ A j � ∅ for i , j.

The form given in Lemma 3.11 makes subset convolution a flexible tool
with many degrees of freedom. Many algorithms for prominent problems
rely on it. For instance, fast subset convolutionwas applied toSteiner Tree [48]
to obtain the currently fastest algorithm for the problem, it is incorporated
into the Cut & Count-technique [113] which solves connectivity problems on
graphs, and it was applied to variants of Dominating Set [223, 319]. The tech-
nique is further capable of counting partitions and covers of sets, colorings
and spanning forests of graphs [48, 170], and of computing the Tutte polyno-

mial [49]. As we will see in Chapter 6, we employ fast subset convolution in
an algorithm for bounded context switching. To the best of our knowledge, this
is the first application in the context of automata theory and verification.

Thewide landscape of applications raises the question on how to compute
the complex expression given in Lemma 3.11. We start with computing the
convolutionof two functions. Let f , g : P(U) → Zbe functions and let n � |U |
denote the size of the underlying set. By computing the convolution f ∗ g we
mean computing all of its 2n values, assuming that the values of f and g are
already given. After the computation, we want to have a table that stores for
each input X ⊆ U the integer ( f ∗ g)(X). An algorithm for computing the
convolution is measured in the number of arithmetic operations it needs.

A simple algorithm can be obtained by following Definition 3.10. It eval-
uates f ∗ g in each subset X separately. For X ⊆ U, the algorithm sums up
the terms f (Y) · g(X \ Y) for each subset Y ⊆ X and stores the result. Hence,
if k � |X |, it takes O(2k) arithmetic operations to evaluate ( f ∗ g)(X). Since
there are

(n
k

)
subsets of U of size k, the number of arithmetic operations for

computing f ∗ g can be estimated, up to a constant factor by∑
k∈[0..n]

(
n
k

)
· 2k

� 3n .

The equality follows from the binomial theorem. It shows that the simple
algorithm requires O(3n) arithmetic operations. Björklund, Husfeldt, Kaski,
and Koivisto [48] were the first ones to improve upon the simple approach.
The authors developed the fast subset convolution, an algorithm which com-
putes the convolution of two or more functions in only O∗(2n) arithmetic
operations. This paved the way for fast convolution-based algorithms and
techniques which are nowadays standard in parameterized complexity.
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3.3. Subset Convolution

Theorem 3.12. Let U be a set of size n and f , g : P(U) → Z two functions. The

subset convolution f ∗ g can be computed in O(2n · n2) arithmetic operations.

In the theorem, we assume the values of f and g to be given. If we have
more information on the images of both functions, we can estimate the worst-
case time complexity rather than the number of arithmetic operations. To
state the corresponding result, we need the time requirements of arithmetics.
The costly operation is multiplication. Let mult(b) be the time of multiplying
two b-bit integers. Precise time bounds can be obtained by the Schönhage-
Strassen multiplication [300], where mult(b) � O(b · log b · log log b), or by the
newer result mult(b) � b · log b · 2O(log∗ b) of Fürer [181]. Addition, subtraction,
and comparison can be performed in time O(b).

Corollary 3.13. Let U be a set of size n, M ∈ N an integer, and f , g : P(U) → Z
two functions mapping into the set {−M,−M + 1, . . . ,M − 1,M}. The subset

convolution f ∗ g can be computed in time O(2n · n2 ·mult(n · log M)).

In the following sections, we will present fast subset convolution and pro-
vide proofs for Theorem 3.12 as well as Corollary 3.13. We mainly follow the
literature [49, 112, 170]. Proofs in this section are taken from these works.
To showcase the applicability, we apply fast subset convolution to count par-
titions and colorings and we will consider a variant of subset convolution
required to solve the problem Set Cover.

3.3.1 Fast Transforms

Fast subset convolution requires a notion of transforms. These are operators on
functions that help representing the subset convolution in terms of a simpler

product operation. In this setting, simple means that computing this product
requires less arithmetic operations than directly evaluating the convolution.
The algorithm fast subset convolution is a clever way of reducing the com-
putation of the subset convolution to the simpler product by applying and
inverting a particular transform that can be evaluated efficiently.

Assume we have already constructed an operator T that turns the subset
convolution ∗ into a simpler product ~ by satisfying the following equation
for all functions f and g:

T( f ∗ g) � T f ~ T g.

Moreover, assume that T is bĳective with inverse operator T−1. When apply-
ing T−1 to the above equation, we obtain

f ∗ g � T−1(T( f ∗ g)) � T−1(T f ~ T g).

Hence, instead of computing the convolution, we can also compute T f and
T g, evaluate T f ~T g, and then apply the inverse T−1. An illustration is given
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Compute
f ∗ g

Computation of
f ∗ g completed

Compute
T f and T g

Computation of
T f ~ T g completed

apply T

compute ~

apply T−1

compute ∗
(expensive)

Figure 3.3: Directly computing f ∗ g is expensive. Instead, we first apply the
transform T to obtain T f and T g, compute T f ~ T g, and then apply T−1 to
obtain the convolution f ∗ g. Each step takes O∗(2n) arithmetic operations.

in Figure 3.3. We will see that each of the three steps takes O∗(2n) arithmetic
operations. Therefore, chaining the steps results in a faster algorithm for
computing f ∗ g than the direct evaluation.

The trick of turning a convolution into a simpler operation is well-known
in the theory of transforms and sometimes referred to as the convolution

theorem [66]. We prove the corresponding theorem for the subset convolution
by employing a transform that is related to other famous transforms like the
Fourier transform [66, 257] or theWalsh-Hadamard transform [8]. It is called zeta

transform and is not to be confused with the Z-transform [66] for processing
discrete-time signals. For the definition and the remaining section, we fix U
to be a finite set of size n.

Definition 3.14. Let f : P(U) → Z be a function. The zeta transform ζ of f is
a function ζ f : P(U) → Zmapping a subset X of U to the integer

(ζ f )(X) �
∑
Y⊆X

f (Y).

Once we have applied the zeta transform to a function, we can regain
the original function by the so-called Möbius inversion formula. This means
that the zeta transform is actually bĳective and we know the inverse operator.
Before we define the inverse formally, we first prove the inversion formula.

Lemma 3.15. For a function f : P(U) → Z, we have

f (X) �
∑
Y⊆X

(−1)|X\Y | · (ζ f )(Y).

36



3.3. Subset Convolution

Proof. We expand the right-hand side of the equation and reorder the terms:∑
Y⊆X

(−1)|X\Y | · (ζ f )(Y) �
∑
Y⊆X

(−1)|X\Y | ·
∑
Z⊆Y

f (Z)

�

∑
Z⊆X

f (Z) ·
∑

Z⊆Y⊆X

(−1)|X\Y |

� f (X) +
∑
Z(X

f (Z) ·
∑

Z⊆Y⊆X

(−1)|X\Y | .

It remains to show that the latter sum evaluates to 0. First note that it ranges
over all subsets of the non-empty set X \ Z. Hence, if |X \ Z | � k, we can
reformulate the sum as the simpler expression:∑

Z⊆Y⊆X

(−1)|X\Y | �
k∑

i�0
(−1)i ·

(
k
i

)
� 0.

Since each non-empty set has an equal amount of subsets of even size and
odd size, the expression vanishes. This completes the proof. �

FromLemma3.15,we canderive the inverse operator of the zeta transform.
It is named after the Möbius inversion formula and will be a central tool in
the development of the fast subset convolution.

Definition 3.16. The Möbius transform µ of a function f : P(U) → Z is the
function µ f : P(U) → Z that maps a subset X ⊆ U to the integer

(µ f )(X) �
∑
Y⊆X

(−1)|X\Y | · f (Y).

Lemma 3.15 shows that applying the Möbius transform after the zeta
transform results in the identity. When composing both operators, we obtain
the identity operator id mapping each function f : P(U) → Z to itself:

µ ◦ ζ � id.

The other direction also holds true. First applying Möbius transform and
then zeta transform results in the identity. The proof is similar. We have

ζ ◦ µ � id.

The above shows that ζ and µ are inverse operators. Hence, the transforms
meet the first condition on the way to the fast subset convolution, as shown
in Figure 3.3. The second condition the transforms have to fulfill is that they
must be computable in O∗(2n) arithmetic operations.

In the subsequent theorem, we describe the desired algorithms for com-
puting the zeta andMöbius transforms. These are also called fast zeta and fast

Möbius transform. Both algorithms rely on dynamic programming and can be
dated back to the work of Yates in 1937 [334].
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Theorem 3.17. Given the values of a function f : P(U) → Z, the zeta transform
ζ f and theMöbius transform µ f can be computed inO(2n ·n) arithmetic operations.

Proof. Wemay assumewithout loss of generality that U � {1, . . . , n}. Since f
maps from the subsets of U, we can also consider it as a function on bitvectors
f : {0, 1}n → Z. Note that each subset X ⊆ U corresponds to its characteristic
vector (x1 , . . . , xn) ∈ {0, 1}n where x j � 1 if and only if j ∈ X. Then, the value
of f (x1 , . . . , xn) is given by f (X).

We begin with the algorithm for the zeta transform. By interpreting f as
a function on vectors, the transform can be rephrased as follows:

(ζ f )(x1 , . . . , xn) �
∑

y1 ,...,yn∈{0,1}
[y1 ≤ x1 ∧ · · · ∧ yn ≤ xn] · f (y1 , . . . , yn).

The bracket [y1 ≤ x1 ∧ · · · ∧ yn ≤ xn] is meant to evaluate to 1 if the condition
inside is met. Otherwise, it evaluates to 0. The bracket represents the fact
that the set corresponding to (y1 , . . . , yn) is a subset of the set corresponding
to (x1 , . . . , xn). Hence, the summation is over all subsets of the given set.

For computing the transform, we dynamically build up a table. It has an
entry ζ[(x1 , . . . , xn), j] for each vector (x1 , . . . , xn) ∈ {0, 1}n and each integer
j ∈ [0..n]. The index j fixes certain bits in the transform. This allows for
constructing a recurrence later. Formally, wedefine the entry ζ[(x1 , . . . , xn), j]
with j ∈ [1..n] to store the sum∑

y1 ,...,y j∈{0,1}
[y1 ≤ x1 ∧ · · · ∧ y j ≤ x j] · f (y1 , . . . , y j , x j+1 , . . . , xn).

Moreover, we set ζ[(x1 , . . . , xn), 0] � f (x1 , . . . , xn). The definition implies
that ζ[(x1 , . . . , xn), n] � (ζ f )(x1 , . . . , xn).

It is left to evaluate the table. To this end, we employ the following
recurrence which holds for each integer j ≥ 1:

ζ[(x1 , . . . , xn), j] �


ζ[(x1 , . . . , xn), j − 1] if x j � 0,
ζ[(x1 , . . . , x j−1 , 0, x j+1 , . . . , xn), j − 1]
+ ζ[(x1 , . . . , x j−1 , 1, x j+1 , . . . , xn), j − 1] if x j � 1.

For the correctness note that x j � 0 implies that y j � x j � 0. Hence, there is
no need to sum over y j anymore and we can remove the condition y j ≤ x j
from the bracket. This results in the entry ζ[(x1 , . . . , xn), j−1]. If x j � 1, there
are two cases: y j � 0 and y j � 1. Setting the j-th coordinate to 0 or 1 results
in the sum of the two entries as described in the recurrence.

The table has O(2n · n) many entries. With the recurrence above, we can
compute them all in O(2n · n) arithmetic operations and hence obtain ζ f .
This completes the proof for the zeta transform. For the Möbius transform, a
similar trick can be applied to obtain a corresponding algorithm. �
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Now that we have fast algorithms for the zeta and the Möbius transform,
we would like to proceed with the last step according to Figure 3.3, namely
showing that the transforms can be used to represent the convolution in terms
of a simpler product operation. Formally, wewould like to have that ζ( f ∗ g) �
(ζ f ) ~ (ζg), where ~ is some simple product. For the subset convolution, the
approach does not work immediately. Wewill have tomake some adjustments

to the transforms to achieve this goal. Luckily, the adjustments will not
spoil the work that we have invested into the first two steps. We still obtain an
inversion formula and fast algorithms for computing the adjusted transforms.
Moreover, we will see in Section 3.3.4 that the original zeta and Möbius
transforms work as expected for the so-called cover product, a more liberal
form of the convolution that reasons over all covers of a set.

We adjust the zeta and Möbius transforms by introducing ranks. These
allow for a controlled summation over subsets of a certain size.

Definition 3.18. Let f : P(U) → Z be a function. The ranked zeta transform ζ̂
of f is the function ζ̂ f : [0..n] × P(U) → Z defined by

(ζ̂ f )(k ,X) �
∑

Y⊆X,|Y |�k

f (Y),

where k ∈ [0..n] is an integer and X is a subset of U.
For a function g : [0..n] × P(U) → Z, the ranked Möbius transform µ̂ of g is

the function µ̂g : P(U) → Zmapping a subset X ⊆ U to the integer

(µ̂g)(X) �
∑
Y⊆X

(−1)|X\Y | · g(|X |,Y).

Similar to the original zeta andMöbius transforms, we obtain an inversion
formula which is compatible with ζ̂ and µ̂. Hence, the first condition on our
way to fast subset convolution is met by the ranked transforms.

Lemma 3.19. We have µ̂ ◦ ζ̂ � id, or phrased differently

f (X) �
∑
Y⊆X

(−1)|X\Y | · (ζ̂ f )(|X |,Y),

for each function f : P(U) → Z.

Proof. Expanding the right-hand side of the equation yields:∑
Y⊆X

(−1)|X\Y | · (ζ̂ f )(|X |,Y) �
∑
Y⊆X

(−1)|X\Y | ·
∑

Z⊆Y,|Z |�|X |
f (Z) � f (X).

The last equality holds since the only subset Z of X with |Z | � |X | is X. �
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The second condition on ourway to fast subset convolution is also satisfied
by the ranked transforms. Like for the zeta and Möbius transforms, we
can derive algorithms for computing ζ̂ and µ̂ that require O∗(2n) arithmetic
operations. We may call these algorithms fast ranked zeta/Möbius transform.

Theorem 3.20. Let f : P(U) → Z and g : [0..n] × P(U) → Z be two functions.

a) Given all the values of f , the ranked zeta transform ζ̂ f can be computed in

O(2n · n2) arithmetic operations.

b) Given all the values of g, the ranked Möbius transform µ̂g can be computed in

O(2n · n2) arithmetic operations.

The proof resembles the idea of Theorem 3.17. We interpret the given
function over bitvectors and then apply a dynamic programming to fill a
table that expresses the transform. Details can be found in Appendix A.1.2.

Now that we have an inversion formula and fast algorithms for com-
puting the ranked transforms, it is left to show that the convolution can be
represented by a simpler product. We will define the needed product in the
upcoming section and finalize the fast subset convolution.

3.3.2 Fast Subset Convolution

The simpler operation that we use to represent the subset convolution is the
so-called ranked convolution. It is defined over ranked zeta transforms.

Definition 3.21. Let f , g : P(U) → Z be two functions and ζ̂ f , ζ̂g their
ranked zeta transforms. The ranked convolution of ζ̂ f and ζ̂g is the function
ζ̂ f ~ ζ̂g : [0..n] × P(U) → Z, defined by

(ζ̂ f ~ ζ̂g)(k ,X) �
k∑

j�0
(ζ̂ f )( j,X) · (ζ̂g)(k − j,X),

where k ∈ [0..n] is an integer and X is a subset of U.

Note that the summation in the ranked convolution is over the rank k
instead of the partitions of X, like in the subset convolution. Therefore, it
can be computed fast once the zeta transforms ζ̂ f and ζ̂g are provided. By
evaluating the ranked convolution separately for each k ∈ [0..n] and X ⊆ U,
we obtain all of its values via O(2n · n2) arithmetic operations. This makes the
ranked convolution simpler than the subset convolution.

With the help of the ranked transforms, we can represent the subset convo-
lution in terms of the ranked convolution. The following theorem formalizes
the statement and is the last step to the fast subset convolution.
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Theorem 3.22. Let f , g : P(U) → Z be two functions. The subset convolution can

be represented by f ∗ g � µ̂(ζ̂ f ~ ζ̂g). Phrased differently, for X ⊆ U we have

( f ∗ g)(X) �
∑
Y⊆X

(−1)|X\Y | · (ζ̂ f ~ ζ̂g)(|X |,Y).

Proof. First, we expand the right-hand side of the equation by plugging in the
definition of the ranked convolution and the ranked zeta transform:∑

Y⊆X

(−1)|X\Y | · (ζ̂ f ~ ζ̂g)(|X |,Y)

�

∑
Y⊆X

(−1)|X\Y | ·
|X |∑
j�0
(ζ̂ f )( j,Y) · (ζ̂g)(|X | − j,Y)

�

∑
Y⊆X

(−1)|X\Y | ·
|X |∑
j�0

( ∑
A⊆Y,|A|� j

f (A)
)
·
( ∑

B⊆Y,|B |�|X |− j

g(B)
)

�

∑
Y⊆X

(−1)|X\Y | ·
|X |∑
j�0

∑
A,B⊆Y

|A|� j,|B |�|X |− j

f (A) · g(B). (3.1)

To simplify the resulting sum, we consider the coefficient of each sum-
mand. Let the pair (A, B) be fixed. The product f (A) · g(B) occurs in the sum
whenever |A| + |B | � |X |. If so, it occurs once for each subset Y of X such
that A ∪ B ⊆ Y with coefficient (−1)|X\Y |. Summing up, we obtain that the
coefficient of f (A) · g(B) in the sum is given by∑

Y : A∪B⊆Y⊆X

(−1)|X\Y | �
|X |∑

i�|A∪B |
(−1)|X |−i ·

(
|X | − |A ∪ B |
i − |A ∪ B |

)
.

For the equation, we employed the index i as the size of Y. For the binomial
coefficient, note that the sets Y with A∪B ⊆ Y ⊆ X are bĳective to the subsets
Y′ of X \(A∪B). We further reformulate the sum. First, by shifting the index i
and then by invoking the binomial theorem. We obtain

|X |∑
i�|A∪B |

(−1)|X |−i ·
(
|X | − |A ∪ B |
i − |A ∪ B |

)
�

|X |−|A∪B |∑
i�0

(−1)|X |−|A∪B |−i ·
(
|X | − |A ∪ B |

i

)
� (1 − 1)|X |−|A∪B |

�

{
1, if X � A ∪ B,
0, otherwise.

Hence, the coefficient of f (A) · g(B) for a pair (A, B) of subsets of X is 1
if and only if |A| + |B | � |X | and A ∪ B � X. But this means that A and B
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must be disjoint and thus form a partition of X. We have A ∪ B � X and
A ∩ B � ∅. If A and B are not a partition of X, the corresponding coefficient
is 0. Combining this information with (3.1) finally yields:∑

Y⊆X

(−1)|X\Y | · (ζ̂ f ~ ζ̂g)(|X |,Y) �
∑

A,B⊆X
A∪B�X
A∩B�∅

f (A) · g(B).

By Definition 3.10, the sum on the right-hand side is the subset convolution
f ∗ g applied to X. This completes the proof. �

Theorem 3.22 offers a way of computing the subset convolution according
to Figure 3.3. For given functions f and g, we first employ the fast ranked zeta
transform to obtain ζ̂ f and ζ̂g. Then, we compute the ranked convolution
ζ̂ f ~ ζ̂g. Finally, we apply the fast rankedMöbius transformandget µ̂(ζ̂ f ~ ζ̂g)
which is equal to f ∗ g. Since each of these three steps requires O(2n · n2)
arithmetic operations, the subset convolution can be computed in O(2n · n2)
arithmetic operations as well. We refer to the resulting algorithm as fast subset
convolution. This formally proves Theorem 3.12.

To obtain Corollary 3.13, assume that the functions f and g map into a
set {−M,−M + 1, . . . ,M − 1,M} where M is some integer bound. Then, the
intermediary results that occur when computing the subset convolution f ∗ g
are O(n · log M)-bit integers. Since fast subset convolution requires a total
of O(2n · n2) ring operations over these, the result follows.

3.3.3 Counting Partitions and Colorings

We present some applications of fast subset convolution in the context of
counting problems. Insteadof usual decisionproblems that ask for the existence
of a solution, counting problems require to compute the exact number of
solutions. This makes these problems algorithmically harder to solve than
their decision variants. For instance, instead of asking for the existence of
a clique, the corresponding counting problem would ask for the number of
cliques in a given graph. Fast subset convolution comes into picture when we
need to count partitions of an underlying structure.

We state and prove a meta theorem which forms the basis of several
algorithms for counting problems that incorporate fast subset convolution.
For its general formulation, we need a new notion. Let U be a finite set
and F ⊆ P(U) a family of subsets over U. A k-partition of U into sets of F
is a k-partition (A1 , . . . ,Ak) of U such that each set Ai belongs to F . The
meta theorem states that we can count the k-partitions of U into sets of F
in time O∗(2n), where n is the size of U. We will see that many different
counting problems can be traced back to counting such partitions. Hence,
these problems can be solved by instantiating the meta theorem.
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3.3. Subset Convolution

Theorem 3.23. Let U be a finite set of size n and F ⊆ P(U) a family of subsets

over U. Moreover, let k ≥ 1 be an integer. The number of k-partitions of U into sets

of F can be computed in time O(2n · n2 · log k ·mult(n)).

Proof. We can express the number of k-partitions of U into sets of F in terms
of a subset convolution. Let χF : P(U) → {0, 1} be the characteristic function
of F . For each subset X of U, it guarantees that χF (X) � 1 if and only if
X ∈ F . Then, the number of k-partitions can be described as∑

A1∪...∪Ak�U
Ai∩A j�∅,i, j

χF (A1) · · · χF (Ak).

Note that the sum ranges over all k-partitions of U but counts only those the
sets of which are all in F . Hence, it provides the correct number.

With the subset convolution at hand, we can now apply Lemma 3.11 to
the characteristic function χF and obtain that

(∗kχF )(U) �
∑

A1∪...∪Ak�U
Ai∩A j�∅,i, j

χF (A1) · · · χF (Ak).

The function ∗kχF is the convolution of k copies of the characteristic function:
∗kχF � χF ∗ · · · ∗ χF . We can compute it by iterating fast subset convolution.
First, we compute χF ∗ χF � ∗2χF . Then, we apply fast subset convolution
again and obtain ∗3χF . This process can be iterated until ∗kχF is computed.
Summing up, we apply fast subset convolution k−1 times in total. According
toCorollary 3.13, this requiresO(2n ·n2 ·k ·mult(n)) time. To get the factor log k
instead of k, we use repeated squaring. Formally, we compute the powers ∗2i

χF
and do not need to iterate up to k. This requires only O(log k) applications of
fast subset convolution and proves the time complexity as stated above. �

Counting Colorings We show how Theorem 3.23 can be employed to count
colorings of graphs. This yields algorithms for the NP-complete problem of
deciding whether a coloring exists for a given graph and for determining the
chromatic number. But before we dive into the details, we introduce some
notations around colorings. Let G � (V, E) be an undirected graph and k ∈ N
an integer. A k-coloring of G is a map c : V → [1..k] that assigns to each vertex
v ∈ V a color c(v) ∈ [1..k] and that satisfies for all vertices v , u ∈ V :

if there is an edge {v , u} ∈ E then c(v) , c(u).

Hence, a k-coloring assigns one out of k colors to each vertex of the graph
and neighboring vertices are assigned distinct colors. An example is given
in Figure 3.4. Given a graph, deciding the existence of a k-coloring is a well-
knowndecisionproblem, shown tobeNP-complete byKarp [229]. Inhiswork,
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v1 v2

v4

v3

Figure 3.4: A 3-coloring of the underlying graph. Note that the three colors
are needed as there is no coloring with two or less colors. The 3-coloring
of the graph corresponds to a partition of the set of vertices into the three
independent sets {v1} (yellow), {v2 , v3} (red), and {v3} (green).

the problem is called Chromatic Number. We use the name Colorable to avoid
confusion with the problem that actually requires computing the chromatic
number of a graph. We formalize the problem below.

Colorable
Input: A graph G and an integer k ∈ N.
Question: Is there a k-coloring of G?

The following theorem shows the power of fast subset convolution. It is
not only capable of solving Colorable, and by the way providing an FPT-
algorithm for the parameterization Colorable(n), it can moreover count the
precise number of possible k-colorings of all induced subgraphs at once.

Theorem 3.24. Let G be a graph with n vertices and let k ∈ N be an integer. The

number of k-colorings of all induced subgraphs of G can be computed in time O∗(2n).

For the proof of Theorem 3.24, we need to represent colorings in terms
of partitions. To this end, we need the notion of an independent set, the
complement of a clique. Let G � (V, E) be a graph. A subset X ⊆ V of vertices
is called independent set if no two vertices in X are adjacent. Formally this
means that for each two vertices v , u ∈ X there is no edge {v , u} ∈ E.

Observe that a k-coloring of G corresponds to a k-partition of V into
independent sets, as indicated in Figure 3.4. In fact, given a k-coloring
c : V → [1..k], we can derive such a partition by grouping those vertices
together that are colored by the same color. Formally, we define Ai � c−1(i)
for each i ∈ [1..k]. The vertices in Ai are not adjacent since neighboring ver-
tices have distinct colors and hence, we obtain a k-partition (A1 , . . . ,Ak) of
V into independent sets. When starting with such a partition (A1 , . . . ,Ak),
we construct a k-coloring by coloring the vertices according to membership
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in a set Ai . We define c : V → [1..k] with c(v) � i if v ∈ Ai . Then, c is a
coloring of G. Altogether, we obtain that there is a one-to-one correspondence
between the k-colorings of G and the k-partitions of V into independent sets.
This also holds for subsets of V . We can derive the following lemma.

Lemma 3.25. Let G � (V, E) be a graph, X ⊆ V , and k ∈ N. The number of

k-colorings of G[X] is equal to the number of k-partitions of X into independent sets.

Hence, counting colorings amounts to counting partitions into indepen-
dent sets. We can achieve the latter by an application of Theorem 3.23. To
this end, let F be the family of independent sets in V and χF its characteristic
function. It satisfies χF (X) � 1 if and only if X is an independent set. Note
that the function can be computed in time O∗(2n). Theorem 3.23 computes all
values of ∗kχF in time O∗(2n). Recall that

(∗kχF )(X) �
∑

A1∪...∪Ak�X
Ai∩A j�∅,i, j

χF (A1) · · · χF (Ak),

which amounts to the number of k-partitions of X into independent sets.
Hence, according to Lemma 3.25, the value (∗kχF )(X) is the number of k-
colorings of G[X]. This completes the proof of Theorem 3.24.

In Appendix A.1.3, we show further applications of fast subset convolu-
tion. The technique can be used to determine chromatic and domatic number

and to count spanning forests [170] of a graph, a #P-complete problem [219].

3.3.4 Cover Product

There are multiple variations of subset convolution that were designed to
broaden the spectrum of applications. One change that offers applications in
the realm of optimization problems is to consider the subset convolution over
functions that map into the integer min-sum semiring or the integer max-sum

semiring instead of Zwith multiplication and addition. A famous example of
this approach is the application to Steiner Tree [48]. But we can also vary the
convolution operation itself. As we have seen in Set Cover, we are not always
interested in a partition of the underlying structure but only in a cover. In such
a scenario, subset convolution cannot be applied immediately to the problem.
However, we can change the convolution operation to fit the application.

Definition 3.26. Let U be a finite set and f , g : P(U) → Z two functions,
mapping subsets of U to integers. The cover product of f and g is a function
f ∗c g : P(U) → Z that maps each subset X of U to the sum

( f ∗c g)(X) �
∑

A∪B�X

f (A) · g(B).
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The summation in the cover product is over all covers of the given set
instead of all partitions. Hence, we cannot compute the cover product via
fast subset convolution but we can borrow the main idea of the algorithm:
use transforms to represent the cover product in terms of a simpler operation,
according to Figure 3.3. In fact, the transforms that we need are the (ordinary)
zeta and Möbius transform. The simpler operation is the pointwise product of
functions. For the remaining section, we fix a finite set U with n elements.

Definition 3.27. Let f , g : P(U) → Z be two functions. The pointwise product
of f and g is the function f · g : P(U) → Z that maps subsets X ⊆ U to

( f · g)(X) � f (X) · g(X).

The pointwise product of two functions can be computed fast, assum-
ing the functions are provided. It only takes O(2n) arithmetic operations.
Moreover, it can be used to represent the cover product as follows.

Lemma 3.28. Let f , g : P(U) → Z be two functions. The cover product can be

represented by the pointwise product. We have f ∗c g � µ
(
(ζ f ) · (ζg)

)
.

A proof is given in Appendix A.1.4. The lemma yields an algorithm for
computing the cover product. Given f and g, we compute ζ f and ζg with
the fast zeta transform from Theorem 3.17. Afterwards, we compute the
pointwise product (ζ f ) · (ζg) and apply the fast Möbius transform to obtain
f ∗c g. Altogether, the algorithm needs O(2n · n) arithmetic operations.

Theorem 3.29. Let U be a set of size n and f , g : P(U) → Z two functions. The

cover product f ∗c g can be computed in O(2n · n) arithmetic operations.

Similarly to the subset convolution, we can also obtain an upper bound
on the worst-case time complexity for computing the cover product.

Corollary 3.30. Let U be a set of size n, M ∈ N an integer, and f , g : P(U) → Z
two functions mapping into the set {−M,−M+1, . . . ,M−1,M}. The cover product
f ∗c g can be computed in time O(2n · n ·mult(n · log M)).

As an application of the cover product, we present a faster algorithm for
the problem Set Cover. Let (U, F , r) be an instance. In Section 3.2.2, we have
obtained an algorithm for the problem based on dynamic programming. It
has a worst-case time complexity of O(2n · n · m), where n is the size of
the universe U and m is the size of the family F . Like mentioned before,
the running time depends on the factor m which might be quite large. An
algorithm based on the cover product avoids such a dependence. Recall that r
denotes the size of the cover that we are looking for. The result is as follows.

Theorem 3.31. Set Cover can be solved in time O(2n · n · log r ·mult(n)).
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Proof. First, we compute the characteristic function χF of the family F . This
takes O(2n) time. Then, we use the repeated squaring trick and run the
algorithm from Theorem 3.29 log r many times to obtain the function ∗rcχF .
Like for the subset convolution, this is defined via

∗rcχF � χF ∗c · · · ∗c χF︸            ︷︷            ︸
r times

.

According to the complexity stated in Corollary 3.30, computing ∗rcχF
takes O(2n · n · log r ·mult(n)) time. We are interested in the value

(∗rcχF )(U) �
∑

A1∪...∪Ar�U

χF (A1) · · · χF (Ar).

Note that (∗rcχF )(U) > 0 if and only if there is a set cover of U into r sets
of the family F . Hence, we only need to look up the value of the function.
This completes the proof with the complexity estimation as stated above. �

3.4 Kernelizations

Preprocessing is a central technique in the design of algorithms tailored to
large-scaled practical instances. The goal is to reduce a given instance to
its difficult part, called the kernel. The kernel is algorithmically expensive
to solve but its size is usually much smaller than the size of the entire in-
stance. To achieve such a reduction, a preprocessing uses light-weight, often
polynomial-time, algorithms to erase the simple parts of an instance. Then,
only the kernel is left and the application of an expensive decision procedure
can be restricted to this much smaller part of the instance.

The idea of preprocessing has already appeared quite early in the litera-
ture [295] and is nowadays often built into tools that canhandle large instances
like Z3 [118] or CPLEX [215]. Despite its early discovery, a comprehensive
theory being capable of formulating what a preprocessing is mathematically
and when it is effective was missing. In fact, classical complexity theory did
not provide sufficient tools to express or classify preprocessings [260]. This
only changed with the beginning of parameterized complexity [140].

Taking a parameter for complexity measurements into account allows for
a clear definition of what a preprocessing is. Namely, a process that runs in
polynomial time and that transforms a given instance into a smaller instance
the size of which is bounded by (a function in) the parameter. Furthermore, it
has to be ensured that making the instance smaller does not change the result:
the original is a yes-instance if and only if the smaller one is a yes-instance.
A process satisfying both conditions is called a kernelization. The notion
matches the intuition behind preprocessings: the kernel is the transformed
instance and its bounded size is expressed via the parameter.
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Kernelizations have evolved to a major tool in parameterized complexity.
But their popularity is not only due to their nature of preprocessing. In fact,
it turned our that kernelizations are a rather powerful notion of algorithms
that allow for an alternative characterization of FPT: a problem has a ker-
nelization if and only if it is fixed-parameter tractable [73]. Consequently,
finding kernelizations is equivalent to finding FPT-algorithms, a central goal
of parameterized complexity. This led to a whole zoo of results on kernel-
izations for particular problems. Famous examples are kernelizations for the
problems Vertex Cover [27, 68], MAXSAT [258], Edge Clique Cover [194],
and Hitting Set [6]. For more applications of the technique, we refer to
the surveys on kernelization [196, 260], the standard books in parameterized
complexity [112, 140, 167, 141] and the new book [172] solely on kernelization.
In our applications in chapters 6 and 8, we mostly prove lower bounds for
kernelizations showing that preprocessing has only a limited effect.

We formally define kernelizations. Like mentioned before, these are pro-
cesses or algorithms that transform instances into smaller ones in polynomial
time. Here, smaller means that the new instance is bounded by a parameter.

Definition 3.32. Let Q ⊆ Σ∗ ×N be a parameterized problem. A kernelization

or kernel of Q is an algorithm that, given an instance (I , k) ∈ Σ∗ ×N, computes
in polynomial time an instance (I′, k′) ∈ Σ∗ ×N such that

(I , k) ∈ Q if and only if (I′, k′) ∈ Q ,

and we have |I′ | + k′ ≤ h(k) for some computable function h : N→ N.

The function h bounds the size of the instances obtained from the ker-
nelization. Therefore, we also call h the size of the kernel. Note that it only
depends on the parameter k. This prevents a dependence of |I′ | + k′ on the
size of the input instance |I |. In order to reduce the size of the new instance
as much as possible, it is important to find kernels which allow for a small

function h. This constitutes the major quality feature of kernels. Accordingly,
we consider kernels as good if h is a polynomial. In this case we also say that
the problem admits a polynomial kernel or a kernel of polynomial size.

The definition of a kernel does not require that the parameter of the new
instance is smaller than the original one: k′ ≤ k. Although the requirement
seems plausible and many kernels linked to practical applications satisfy it, it
would be too strict for theoretic considerations like the following. In its above
form, kernelizations can be used to obtain FPT-algorithms and in fact, are
strong enough to capture every problem in the class. Hence, kernelizations
offer a new perspective on fixed-parameter tractability.

Lemma 3.33. Let Q ⊆ Σ∗ × N be a parameterized problem. Then, Q is fixed-

parameter tractable if and only if Q is decidable and admits some kernelization.
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Proof. Let Q be a decidable problem that admits a kernelization. Then, Q
can be solved by an algorithm A that runs in time f (n), where n is the size
of an instance. Let the kernelization be called K and assume it transforms
instances (I , k) to instances (I′, k′) such that |I′ | + k′ ≤ h(k).

We can design an FPT-algorithm for Q as follows. Given an instance (I , k),
we runK and obtain, in polynomial time, an instance (I′, k′) the size of which
is bounded by h(k) and that satisfies: (I , k) ∈ Q if and only if (I′, k′) ∈ Q. Now
we decide the latter by applyingA to (I′, k′). This takes time

f (|I′ | + k′) ≤ f (h(k)).

Altogether, the algorithm runs in time O∗( f (h(k))). Since this is a function
only dependent on the parameter k, the parameterized problem Q is FPT.

Now assume that Q is fixed-parameter tractable. Then, there is an algo-
rithm A deciding whether an instance (I , k) belongs to Q in time f (k) · |I |c ,
where c ∈ N is a constant and f is a computable function.

We construct a kernelization for Q as follows. Given an instance (I , k), we
first run A for at most |I |c+1 many steps. If the algorithm yields an answer
within that time bound, we can return the same. Otherwise, we return the
unmodified instance (I , k) as a result of the kernelization. Since in the latter
caseA did not terminate within |I |c+1 many steps, we obtain that

|I |c+1 < f (k) · |I |c .

Hence, the size of the instance can be bounded: |I | + k ≤ f (k) + k. When
setting h(k) � f (k) + k, we obtain a proper kernelization of size h. �

In the following, we consider kernelizations for two different problems:
Vertex Cover and MAXSAT. Both kernelizations are based on simple re-
duction rules. But like for finding FPT-algorithms, there are various subtle
techniques of algebraic, combinatoric, or even randomized nature to derive
kernelizations. Applying these typically results in smaller and more efficient
kernels. For further kernelization-related techniques, we refer to [172].

3.4.1 A Kernelization for Vertex Cover

Akernelization forVertex Cover canbe constructedby considering thedegree
of vertices in more detail. The idea goes back to Buss and Goldsmith [68] and
is also called Buss kernelization in the literature [112]. It relies on two reduction

rules. These can be understood as algorithms that reduce a given instance by
discarding certain vertices due to their degree. Both rules can be implemented
in polynomial time and the kernelization will be an exhaustive application
of both. For their formal description, let (G, k) be an instance to Vertex
Cover with graph G � (V, E) and parameter k.

The first rule, called (VC-isolated), removes isolated vertices from G. A
vertex v ∈ V is isolated if it is not adjacent to any other vertex, deg(v) � 0.
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Such a vertex does not contribute to a vertex cover and hence, a vertex cover
of G does not need to contain an isolated vertex. Therefore, removing v from
the graph does not change whether we have a yes- or a no-instance. Phrased
differently, (G, k) is a yes-instance if and only if (G[V \ {v}], k) is one.

(VC-isolated) : Let (G, k) be given with G � (V, E). If v ∈ V is a vertex
with deg(v) � 0, output the new instance (G[V \ {v}], k).

The observation behind the second rule, called (VC-maxdeg), is the follow-
ing. Assume in the instance (G, k) there is a vertex v ∈ V with deg(v) ≥ k + 1.
Then, v is part of each vertex cover of size at most k. Otherwise, we would
need at least k + 1 vertices, namely the neighborhood of v, to cover all edges
outgoing of v. Sincewe cannot afford the latter, v is in the vertex cover. Hence,
(G, k) is a yes-instance if and only if (G[V \ {v}], k − 1) is one.

(VC-maxdeg) : Let (G, k) be given with G � (V, E). If v ∈ V is a vertex
with deg(v) ≥ k + 1, output the new instance (G[V \ {v}], k − 1).

Exhaustively applying the rules (VC-isolated) and (VC-maxdeg) removes
all vertices of G the degree of which is 0 or at least k + 1. Hence, the degree of
all vertices in the obtained instance lies in the interval [1..k]. In this case we
can prove that each yes-instance is of bounded size. Then, no-instances can
be identified by testing the size of the instance against the bound.

Lemma 3.34. Let G � (V, E) be a graph and k ∈ N be an integer such that

deg(v) ∈ [1..k] for each v ∈ V . If G has a vertex cover of size at most k, then

|V | ≤ k2
+ k and |E | ≤ k2.

Proof. Assume that C ⊆ V is a vertex cover of G and |C | ≤ k. Since there are
no isolated vertices in V and C is a vertex cover, each v ∈ V \ C is adjacent to
a vertex from C. All vertices have degree bounded by k. Consequently, the
vertices of C can be adjacent to at most k · |C | many vertices. Hence,

|V | − |C | � |V \ C | ≤ k · |C |.

Since C is of size at most k, we obtain |V | ≤ k2 + k.
The bound on the number of edges follows since each edge is covered

by a vertex of C. But such a vertex can cover at most k edges: its degree is
bounded by k. Hence, C can cover at most k · |C | ≤ k2 edges. �

With Lemma 3.34, we can derive a kernelization for Vertex Cover. Given
an instance, we exhaustively apply the rules (VC-isolated) and (VC-maxdeg).
Note that both can be carried out in polynomial time. Let the resulting
instance be (G, k) with G � (V, E). Note that G and k satisfy deg(v) ∈ [1..k]
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for each v ∈ V . Then we test whether |V | > k2 + k or whether |E | > k2. In
either of the two cases, we can safely report a no-instance due to Lemma 3.34.
Otherwise, we output the instance (G, k) of bounded size.

We obtain a kernel of quadratic size. The result is summarized in the
following theorem, being more precise on the size of the kernel.

Theorem 3.35. Vertex Cover admits a kernel with k2 + k vertices and k2
edges.

3.4.2 A Kernelization for Maximum Satisfiability

We consider MAXSAT, a generalization of SAT [229]. Given a formula ϕ in
conjunctive normalform (CNF) and an integer k ∈ N, MAXSAT asks whether
there exists an assignment that satisfies at least k clauses of ϕ. The problem
should not be confused with its optimization variant which determines the
maximal number of satisfiable clauses. We state MAXSAT formally.

MAXSAT
Input: A formula ϕ in CNF and an integer k ∈ N.
Question: Is there an assignment satisfying at least k clauses of ϕ?

Clearly, SAT is a special case of MAXSAT where all clauses have to be
satisfied. This implies that MAXSAT is NP-complete. Consequently, the
problem has been extensively studied from the viewpoint of parameterized
complexity [31, 108, 258, 265, 285, 286]. We present a simple kernelizations of
MAXSAT [285] which shows that MAXSAT(k) is fixed-parameter tractable.

Like for Vertex Cover above, we use two reduction rules to describe the
kernelization. Let an instance (ϕ, k) of MAXSAT be given. The first rule
removes all trivial clauses of ϕ. A clause is called trivial if it contains both
literals, x and ¬x, of some variable x. Trivial clauses are satisfied by any
assignment to the variables, making them obsolete when searching for one.
Hence, they can be removed, as stated in the rule (MSAT-trivial). We use the
notation ϕ \ {C} to remove a clause C from the formula ϕ.

(MSAT-trivial) : Let (ϕ, k) be given and C1 , . . . , Ct the trivial clauses
of ϕ. Output (ϕn , kn), where ϕn � ϕ \ {C1 , . . . , Ct} and kn � k − t.

Note that the rule (MSAT-trivial) safely reduces the instance. We have that
the tuple (ϕ, k) is a yes-instance if and only if (ϕn , kn) is a yes-instance.

Before we give the second rule of the kernelization, we need a lemma
providing a sufficient criterion for yes-instances: if the number of long clauses
in ϕn is too large, we can conclude that (ϕn , kn) is a yes-instance. Here, a
clause of ϕn is called long if it contains at least kn literals.
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Lemma 3.36. If ϕn has at least kn long clauses, (ϕn , kn) is a yes-instance.

Proof. Let C1 , . . . , C` with ` ≥ kn be the long clauses of ϕn . We construct
an assignment that satisfies at least kn of the Ci and hence, (ϕn , kn) is a yes-
instance of MAXSAT. Each clause Ci is non-trivial and therefore contains
at least kn literals of distinct variables. We construct the aforementioned
assignment by setting a literal in C1 to true. Then, we go on with some
literal in C2 that belongs to a yet unset variable. The process is repeated with
C3 and so on. Note that in each step up to clause Ckn , we will find an unset
variable/literal. After reaching Ckn , we set the remaining variables randomly.
The assignment at least satisfies the clauses C1 , . . . , Ckn . �

With Lemma 3.36 in place, we can assume that ϕn has less than kn long
clauses. The next rule, called (MSAT-long), removes them completely.

(MSAT-long) : Let (ϕn , kn) be given and C1 , . . . , C` the long clauses
of ϕn . Output (ϕs , ks), where ϕs � ϕn \ {C1 , . . . , C`} and ks � kn − `.

For the correctness of rule (MSAT-long), note the following. Any assign-
ment to the variables that satisfies at least kn clauses of ϕn also satisfies at
least kn − ` � ks clauses of ϕs . For the other direction, assume an assignment
is given which satisfies at least ks clauses of ϕs . Such an assignment requires
at most kn − ` � ks set variables. The remaining ones can be changed with-
out altering the result. This means we have at least ` variables the value of
which we can adjust. Now we can proceed as in Lemma 3.36 and construct
an assignment which, in addition to the clauses of ϕs , also satisfies the `
long clauses of ϕn . Hence, the reduction rule is safe and we obtain that the
instance (ϕn , kn) ∈ MAXSAT if and only if the instance (ϕs , ks) ∈ MAXSAT.

After removing all long clauses from the formula and reducing the in-
stance further to (ϕs , ks), we employ a second criterion which suffices to
identify yes-instances. It is formulated in the following lemma.

Lemma 3.37. If ϕs has at least 2 · ks clauses, (ϕs , ks) is a yes-instance.

Proof. Let v be any assignment to the variables. If v already satisfies at
least ks clauses, we are done. Otherwise, let ks − d with d > 0 be the number
of clauses satisfied by v. We consider the complement assignment v̄. It flips
the valuation of each variable. Then, v̄ satisfies at least 2 · ks −(ks − d) � ks + d
clauses of ϕs . Hence, (ϕs , ks) is a yes-instance which finishes the proof. �

Finally we have all the tools to formulate the kernelization of MAXSAT.
Given an instance (ϕ, k), we first apply the rule (MSAT-trivial) and ob-
tain (ϕn , kn). If the formula ϕn has more than kn long clauses, we can report
a yes-instance according to Lemma 3.36. Otherwise, we remove the long
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clauses by applying (MSAT-long). The resulting instance is (ϕs , ks). If ϕs con-
tains at least 2 · ks clauses, we can again report a yes-instance, see Lemma 3.37.
If not, we output (ϕs , ks) as result of the kernelization.

Clearly, each step in the kernelization takes polynomial time. Moreover,
the size of the output (ϕs , ks) is quadratic. To see this, note that the formula ϕs
has at most 2 · ks ≤ 2 · k clauses. Since none of these clauses is long, there are
at most 2 · k · kn ≤ 2 · k2 variables. We summarize the result.

Theorem 3.38. MAXSAT admits a kernel with 2 · k clauses and 2 · k2
variables.
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Finding a fixed-parameter tractable algorithm for
a given problem can be a challenging and some-
times also frustrating task. It may require lots
of attempts and might consume plenty of hours.
Moreover, comprehensive knowledge of various
techniques for obtaining FPT-algorithms, like the
ones presented in Chapter 3, is needed. There might be an FPT-algorithm
for the problem relying on a more elaborate technique that the researcher
just does not know about yet. However, despite all the techniques and the
theory developed around it, occasionally it happens that an FPT-algorithm
for a particular problem cannot be found at all. The parameterized problem
Clique(k) is a prime example. Despite extensive effort put into the problem,
none of the known FPT-techniques was able to significantly improve upon
the simple brute force approach which runs in time O∗(nk). Consequently, no
fixed-parameter tractable algorithm for Clique(k) is known until today.

All this fruitless effort raises the question on whether Clique(k) is fixed-
parameter tractable at all. Maybe the problem is intractable and should be
separated from the FPT-problems. In classical complexity theory, this is
done all the time: when proving that a problem is NP-hard, it is separated
from the tractable problems in P. Hence, when translating to parameterized
complexity theory, we would like to have a class of intractable problems,
similar to NP, that are provably not FPT. Then we only need to show that
Clique(k) is hard for the intractability class.

Although the plan seems intuitive, there are three major concerns. (1) Un-
like in classical complexity theory, one class of intractable problems will not
suffice. In fact, considering the precise parameter-dependent complexity will
give us many different degrees of intractability that will result in different
intractability classes. (2) We cannot provide proofs for intractable problems
that show non-membership in FPT. This is already known from classical
complexity theory, whereNP-hard problems are unlikely to be in P butNP , P
remains an open question. Hence, we need to establish a relative hardness
theory which shows that intractable problems are unlikely to be FPT. (3) For
a theory of (relative) hardness, we need a suitable notion of reductions. We
cannot use polynomial-time computable reductions like in classical complex-
ity theory. The reason is that wewish to separateNP-complete problems from
each other. For instance, we would like to separate the intractable problem
Clique(k) from the FPT-problem Vertex Cover(k). But among the classi-
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cal decision problems, Clique and Vertex Cover, there are polynomial-time
reductions in both directions. Hence, we cannot use the classical kind of
reductions — we need a new notion of reductions. It should allow for reduc-
tions within FPT-problems and at the same time make it nearly impossible to
find reductions from intractable problems to tractable ones.

All three concerns were resolved in the hardness theory developed by
Downey and Fellows in the early days of parameterized complexity. They
found a suitable notion of parameterized reductions [135, 136, 137] which is
capable of handling parameters and which can separate parameterized prob-
lems. Moreover, they came upwith awhole hierarchy of intractability classes,
the so-called W-hierarchy [138, 139]. Nowadays the theory is standard in pa-
rameterized complexity and the complexity ofmany parameterized problems
outside FPT has been classified accordingly. We use the hardness theory in
chapters 6, 8, and 9 to classify the intractability of program verification tasks.

In the following, we give an introduction into the theory of Downey and
Fellows by loosely following [112] and [141]. We start with parameterized

reductions in Section 4.1. These form the basis of the relative hardness theory.
Then, in Section 4.2, wewill define theW-hierarchy, based on a suitable notion
of circuits. Finally, we consider the first two levels of the hierarchy, the classes
W[1] and W[2], in Section 4.3 and Section 4.4. Most of the natural intractable
problems like Clique(k) appear within these two classes.

4.1 Parameterized Reductions

For classifying parameterized problems according to a hardness theory, we
need a notion of reductions tailored to parameterized complexity. As men-
tioned above, classical polynomial-time reductions are not suited for this task.
However, their central idea andproperties are still important and lead theway
to the new notion of reductions. Recall that a polynomial-time computable reduc-

tion is an algorithm that takes an instance I of a problem L, runs in polynomial
time, and outputs an instance I′ of a problem L′ such that I is a yes-instance if
and only if I′ is a yes-instance. Polynomial-time reductions satisfy two rather
useful properties. Namely, the class P is closed under this kind of reductions:
if L′ ∈ P, we can deduce that L lies in P as well. Secondly, the reductions can
be concatenated and form a transitive relation among problems.

We would like to define the new notion of reductions in such a way that
both properties take over to the parameterized world: the class FPT should
be closed under the new reductions and they should form a transitive relation
amongparameterizedproblems. To this end,we need to change the definition
of a polynomial-time reduction in some aspects. The new reductions must
handle parameterized problems, so a given instance (I , k) is now reduced to
an instance (I′, k′). Here, we have to be careful: the parameter k′ should
remain a parameter after the reduction. This means it is not allowed to depend
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on the size of I but only on k. Further, we can be more liberal with the time
to compute the instance (I′, k′). It can now require any FPT-time.

Definition 4.1. Let Q ,Q′ ⊆ Σ∗ × N be two parameterized problems. A pa-

rameterized reduction from Q to Q′ is an algorithm that, given an instance
(I , k) ∈ Σ∗ ×N, computes an instance (I′, k′) ∈ Σ∗ ×N such that

(I , k) ∈ Q if and only if (I′, k′) ∈ Q′,

and there are computable functions f , g : N → N with k′ ≤ g(k) and the
running time is bounded by f (k) · |I |d where d ∈ N is a constant.

If there is a parameterized reduction from Q to Q′, we also say that Q is
reducible to Q′ or that we can reduce Q to Q′. This should not be confusedwith
polynomial-time reducible problems. Note that a classical polynomial-time
reduction is not necessarily aparameterized reduction: itmay run inFPT-time
but there is no need to satisfy the bound on the parameter k′. Hence, some of
the classical polynomial-time reductions among NP-complete problems are
not parameterized reductions. Vice versa, a parameterized reduction may
require more than polynomial time. Both notions are incomparable.

4.1.1 Features of Parameterized Reductions

Our next step is to show that parameterized reductions satisfy both properties
that we hoped for: the class FPT is closed under the reductions and they are
transitive. We begin with the former property, formalized in the upcoming
lemma. As we can observe in the proof, it is crucial that a parameterized
reduction requires a bound on the output parameter.

Lemma 4.2. Let Q ,Q′ ⊆ Σ∗ × N be two parameterized problems and assume there

is a parameterized reduction from Q to Q′. If Q′ is FPT, then Q is also FPT.

Proof. The reduction takes an instance (I , k) of Q and transforms it into an
instance (I′, k′) of Q′ such that (I , k) is a yes-instance of Q if and only if
(I′, k′) is a yes-instance of Q′. Moreover, we have that k′ ≤ g(k) where g is
a computable function and the reduction takes time at most f (k) · |I |d for a
computable function f anda constant d ∈ N. Note that this alsoyields abound
on the size of the constructed instance I′. In fact we have that |I′ | ≤ f (k) · |I |d ,
as the size of the output is clearly bounded by the time an algorithm takes to
compute the output. Since there is an FPT-algorithm for Q′, we may assume
it to run in time h(k) ·nc where h is a computable function, c ∈ N is a constant,
and n describes the size of the given instance.

We obtain a fixed-parameter tractable algorithm for Q if we first run the
reduction and then apply the FPT-algorithm for Q′. Clearly, the algorithm
obtained this way is sound and complete — it works correctly. We only need
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to reason about the time it requires to answer that an instance (I , k) is a yes-
instance of Q or not. Since we first compute the instance (I′, k′) of Q′ and then
run the FPT-algorithm for Q′ we obtain that the total running time is

f (k) · |I |d + h(k′) · |I′ |c ≤ f (k) · |I |d + h(g(k)) · ( f (k) · |I |d)c

≤
(

f (k) + h(g(k)) · f (k)
)
· |I |d·c .

Note that, formally, the first inequality requires that h is a monotone
function. However, we can always assume this since h is an upper bound for
the time complexity of an FPT-algorithm. The function f (k) + h(g(k)) · f (k)
is computable and d · c is a constant. Hence, the described algorithm is
fixed-parameter tractable and therefore, Q is FPT. �

We prove that parameterized reductions are transitive. In general, tran-
sitivity of reductions is important to set up a proper theory of hard and
complete problems. Assume that Q is a problem that is hard (or complete)
for a class of intractable problems. This means that each of the problems in
the class admits a reduction to Q. If we want to show that a new problem Q′

is hard for the class and our notion of reductions is transitive, it is enough to
find a reduction from Q to Q′. By transitivity, each problem in the class then
reduces to Q′ and consequently, Q′ is hard for the class as well.

Lemma 4.3. Let Q , R, S ⊆ Σ∗ × N be parameterized problems. Assume there are

parameterized reductions from Q to R and from R to S, then there is one from Q to S.

Proof. Let A1 be the reduction from Q to R and A2 be the reduction from R
to S. By definition, algorithm A1 transforms an instance (I , k) to an instance
(I′, k′) such that (I , k) ∈ Q if and only if (I′, k′) ∈ R. Moreover,A1 runs in time
f1(k) · |I |d1 and k′ ≤ g1(k), where f1 , g1 are computable functions and d1 ∈ N
is a constant. Note that the size of the computed instance can be bounded by
the running time of the reduction. We have |I′ | ≤ f1(k) · |I |d1 . Similarly, A2
takes an instance (J, t) and reduces to an instance (J′, t′) such that (J, t) ∈ R if
and only if (J′, t′) ∈ S. The running time ofA2 is bounded by f2(t) · | J |d2 and
t′ ≤ g2(t) for some computable functions f2 , g2 and a constant d2 ∈ N.

To obtain a parameterized reduction from Q to S, we concatenate both
reductions, A1 and A2. Given an instance (I , k) of Q, we first apply A1
and obtain an instance (I′, k′) of R. Then we run A2 on this input and
obtain an instance (I′′, k′′) of S. We immediately obtain the correctness of the
construction: (I , k) ∈ Q if and only if (I′′, k′′) ∈ S. Moreover, we can give a
bound on the parameter k′′. Note that g2(g1(k)) is computable. We have:

k′′ ≤ g2(k′) ≤ g2(g1(k)).
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It is left to determine the running time of the constructed reduction. Since
we first runA1 followed byA2, the total running time can be bounded by

f1(k) · |I |d1 + f2(k′) · |I′ |d2 ≤ f1(k) · |I |d1 + f2(g1(k)) · |I′ |d2

≤ f1(k) · |I |d1 + f2(g1(k)) · ( f1(k) · |I |d1)d2

≤
(

f1(k) + f2(g1(k)) · f1(k)
)
· |I |d1·d2 .

The function f1(k) + f2(g1(k)) · f1(k) is computable and d1 · d2 ∈ N is a
constant. Hence, the constructed algorithm runs in the required time and
constitutes a proper parameterized reduction from Q to S. �

4.1.2 Reductions among Parameterized Problems

We consider some examples of parameterized reductions. These will become
crucial in Sections 4.3 and 4.4 when we prove the completeness of certain
intractable problems. The examples include reductions among problems that
we already consider as intractable as well as a new generic intractable problem,
called Short TM Acceptancewhich plays a central role in the hardness theory.
Moreover, we give an example of a classical polynomial-time reduction that
turns out not to be a parameterized reduction.

Clique and Independent Set To start with, we consider two simple exam-
ples: parameterized reductions between the problems Clique(k) and Inde-
pendent Set(k). Recall that in an undirected graph G � (V, E) a subset of the
vertices X ⊆ V is called an independent set if no two vertices of X are adjacent
to each other. The size of an independent set X is its cardinality |X |. Given
a graph and an integer k ∈ N, the classical decision problem Independent
Set asks for an independent set of size k. We state the problem.

Independent Set
Input: A graph G � (V, E) and an integer k ∈ N.
Question: Does there exists an independent set of size k in G?

For reducing Clique(k) to Independent Set(k), we need the notion of
complement graphs. Let G � (V, E) be an undirected graph. The complement

graph Ḡ of G takes the vertices V and complements the edges among them.
This means it has an edge between two vertices if and only if the graph G has
none. Formally, we have Ḡ � (V, Ē)with edges

Ē � {{u , v} | {u , v} < E}.

Having the complement graph at hand, the following observation is sim-
ple. The graph G has a clique of size k if and only if the complement graph Ḡ
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has an independent set of size k. To see this, note that an independent set is
the complement of a clique. From the observation we can construct a param-
eterized reduction. In fact, given an instance (G, k) of Clique, we construct
the instance (Ḡ, k) of Independent Set. This takes polynomial time and the
output parameter is just k and therefore bounded by k. Hence, all conditions
of a parameterized reduction are met. Similarly, we can construct a reduction
from Independent Set(k) to Clique(k). Note that by Lemma 4.2 this means
that Clique(k) is FPT if and only if Independent Set(k) is FPT.

From Clique to Short Turing Machine Acceptance In the beginning of
Chapter 4 we already conjectured that the problem Clique(k) seems to be
intractable and that it is probably not FPT. However, the problem itself is
of graph theoretical nature which makes it easy to understand and hard to
imagine that Clique(k) can capture intractable or complex computations. We
define a problem where this seems more plausible. To this end, we need to
go a step back to classical complexity theory.

In complexity theory, the robust complexity classes were originally de-
fined in terms of Turing Machines. In particular, the class NP is the family of
all problems that can be solved by a nondeterministic Turing Machine which
runs in polynomial time. We can extract a generic NP-hard problem from
the definition, namely the corresponding bounded halting problem: given
a Turing Machine M which takes at most polynomially many steps and an
input x, decide whether M accepts x. What makes the problem so hard is
that Turing Machines can capture all kinds of complex and intractable com-
putations. Especially those which appear in the hardest problems of NP. In
fact, Turing Machines were designed for this task.

So far, we did not use Turing Machines in the context of parameterized
complexity. All considered problems were either of combinatorial or graph
theoretical nature. However, Turing Machines are a good provider of hard
problems, so we should use them to find a generic intractable problem of
which we believe that it is not FPT. Considering the above generic NP-hard
problem, we can consider a parameterized variant of it which bounds the
number of steps. The problem is called Short TM Acceptance:

Short TM Acceptance
Input: A Turing Machine M, an input x, and an integer k ∈ N.
Question: Does M accept x in at most k steps?

The problem was formulated by Cai, Chen, Downey, and Fellows in [74]
and became more important for hardness theory later, due to Cesati [78, 79].
Because of the involved Turing Machine, the problem is capable of captur-
ing intractable computations, like finding cliques, which makes it a generic
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intractable problem in parameterized complexity. Note that a brute force ap-
proach for the problem simulates the Turing Machine for k steps and hence
runs in time O∗(nk) where n is the size of the input. The reason is that a
computation of the Turing Machine can branch into n different states each
step. It seems impossible to improve upon the simple approach. In fact, an
improvement would mean that we found a new algorithmic technique which
can simulate TuringMachines faster— somethingwhich seems not plausible.
Hence, it is unlikely that Short TM Acceptance is fixed-parameter tractable.

To support the claim, we show that Clique(k) can be reduced to Short
TM Acceptance(k). Hence, the problem is harder than that of finding cliques,
something thatwe already conjectured to be intractable. Note that clearly, Tur-
ing Machines can find cliques. However, in this reduction we need to ensure
that the parameter k is preserved to obtain a proper parameterized reduction.

Theorem 4.4. The problem Clique(k) reduces to Short TM Acceptance(k).

Proof. Let (G, k) be an instance of Clique with G � (V, E). We construct a Tur-
ingMachine M in polynomial time that reaches an accepting state within g(k)
steps, where g is computable, if and only if G contains a clique of size k.

Themachine M proceeds as follows. Initially, its tape is empty, so the input
x is ε. Then it runs in two phases. In the first phase, it nondeterministically
guesses k vertices of V andwrites these onto the tape, into the first k cells. Let
these be v1 , . . . , vk ∈ V . This takes O(k)many steps. The selected vertices are
a candidate for the clique. In the second phase, M verifies that the guessed
vertices indeed form a clique in G. To this end, it performs

(k
2
)
many checks.

Each of the checks tests whether two guessed vertices are actually adjacent
in the graph. If M performs the test between vi and v j , it takes O(k) many
steps and can only proceed if there is an edge {vi , v j} ∈ E. In this case, a
corresponding transition exists. Otherwise, the computation gets stuck. As
soon as all checks were successful, M enters an accepting state.

By construction, we have that G contains a clique of size k if and only if M
guesses the correct vertices and all checks are successful. Since the latter takes
O(k + k ·

(k
2
)
)many steps, we can derive that G has a k-clique if and only if M

accepts in at most O(k + k ·
(k
2
)
) many steps. Note that M can be constructed

in polynomial time and that the steps can be bounded by a function in k.
Therefore, we have constructed a parameterized reduction. �

Dominating Set and Set Cover Recall that in the problem Set Cover, we
are given a family F of subsets over a universe U and an integer r ∈ N. The
problem asks whether there are r sets in F that cover U. While we have al-
ready seen in Sections 3.2.2 and 3.3.4 that Set Cover(n) is FPT, where n � |U |,
it is not clear at this point whether this also holds for the parameterization
Set Cover(r). In the following, we do not resolve the question, the reader has
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to be patient until Section 4.4, but we identify a different problem from graph
theory that is equally hard. Namely, finding a dominating set.

Given an undirected graph G � (V, E), recall that a dominating set is a
subset X of V such that each vertex outside of X is adjacent to a vertex in X.
The size of a dominating set X is its cardinality |X |. Examples can be found in
Figure A.1. The search for a dominating set of a given size in a given graph is
formalized in the problem Dominating Set. We state it below.

Dominating Set
Input: A graph G � (V, E) and an integer k ∈ N.
Question: Does there exist a dominating set of G of size at most k?

We show that Set Cover(r) and Dominating Set(k) are equally hard prob-
lems. To this end, we establish parameterized reductions in either directions.
First, we go from Dominating Set(k) to Set Cover(r).

Theorem 4.5. The problem Dominating Set(k) reduces to Set Cover(r).

Proof. Let (G, k) be an instance of Dominating Set with G � (V, E). The pa-
rameterized reduction is based on the following observation: a subset X ⊆ V
is dominating if and only if each vertex in V either belongs to X or lies in the
neighborhood of a vertex in X. The latter fits the nature of Set Cover since
we can formulate it as a cover problem over the universe V .

To construct a corresponding instance (F ,U, r) of Set Cover over the
universe U, we first set U � V and r � k. For each vertex v ∈ V , we add
the set Sv � N(v) ∪ {v}, the union of the neighborhood of v and v, to the
family F . Clearly the construction takes polynomial time and the parameter
r is bounded by k. Hence, it is left to show that the reduction is correct.

Suppose there is a dominating set X ⊆ V in G with |X | ≤ k. Following the
above observation, the sets Sv with v ∈ X cover the universe U. Indeed we
have U �

⋃
v∈X Sv . The cover consists of at most k � r sets of F . The other

direction is similar. If we have a cover of at most k � r sets Sv1 , . . . , Sv` , we
collect the vertices v1 , . . . , v` in a set X. Then, X is a dominating set in G. �

The second parameterized reduction takes the inverse direction, from
Set Cover(r) to Dominating Set(k). The following theorem formalizes the
reduction. A detailed proof can be found in Appendix A.2.1.

Theorem 4.6. The problem Set Cover(r) reduces to Dominating Set(k).

In Section 4.4 it turns out that both considered problems, Set Cover(r)
and Dominating Set(k), are actually intractable. In fact, they are even more

intractable than Clique(k) or Short TM Acceptance(k).
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A Negative Example A good start to find parameterized reductions is to
consider classical polynomial-time reductions from complexity theory. In
fact, many of these reductions are actually parameterized and we do not have
to provide a new parameterized reduction among the involved problems.
But this is not always the case. We show a negative example, a classical
polynomial-time reduction that is not parameterized and which could not
be replaced by a corresponding parameterized reduction until today. To this
end, we revisit the problems Independent Set and Vertex Cover.

Let G � (V, E) be a graph with n vertices and k ∈ N an integer. Observe
the following: G has an independent set of size k if and only if G has a vertex
cover of size n − k. Indeed, if G has an independent set X of size k, consider
the complement V \ X. It is actually a vertex cover of size n − k. Vice versa,
if G has a vertex cover of size n − k, the complement is an independent set of
size k. Hence, by transforming an instance (G, k) of Independent Set into an
instance (G, n − k) of Vertex Cover, we obtain a polynomial-time reduction.

However, the constructed reduction is not parameterized. Note that the
constructed parameter is n−k, a valuewhich cannot be bounded by a function
only dependent on k. Until today, there is no parameterized reduction from
Independent Set(k) to Vertex Cover(k) known. In fact, it is believed that the
existence of such a reduction is highly unlikely since Independent Set(k) is
considered intractable while Vertex Cover(k) is FPT.

4.2 The W-hierarchy

In classical complexity theory, all NP-complete problems are equally hard.
Due to the definition of completeness, there are polynomial-time reductions
between each two of them. When employing parameterized reductions, this
is no longer true. For instance, there is a trivial parameterized reduction
from Vertex Cover(k) to Clique(k)2 but no reduction into the other direction
is known. Hence, there is a separation of the parameterized problems into
those problems that are FPT and those that are intractable and hence, unlikely
to be FPT. The latter problems could be grouped together into a single
intractability class. However, a single class for intractable problems does not
suffice for the same reason: the parameterized reductions are too fine. For
instance, there is a parameterized reduction from the intractable problem
Independent Set(k) to the intractable problem Dominating Set(k) [112] but
none into the reverse direction. This means that we have to separate the
intractable problems into the level one intractable problems and the level two

intractable ones. We would group Independent Set(k) and the equally hard
problem Clique(k) into the first level and Dominating Set(k) and the equally

2Note that in fact, each problem in FPT has a parameterized reduction to Clique(k) since
the reduction itself can solve the problem and then just output a trivial yes- or no-instance.
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hard Set Cover(k) into the second level. This process continues and one can
construct parameterized problems for each level of intractability.

When developing a hardness theory, Downey and Fellows were well-
aware of this behavior. To model it, they came up with the W-hierarchy, a
hierarchy of intractability classes with one class per level. It seems that they
found the right tool to classify the parameterized complexity of problems:
almost all intractable problems considered until today can be grouped into
a level of the hierarchy [141]. The definition of the hierarchy is based on
circuits. In fact, the levels are defined by a generic complete problem, namely
the weighted satisfiability problem over circuits. Different levels of intractability
are then obtained by allowing the circuits to admit certain shapes.

4.2.1 Circuits

In order to define the W-hierarchy, we need the notion of Boolean circuits,
a generalization of Boolean formulas. It should be remarked at this point
that we do not give a thorough introduction into Circuit Complexity in the
upcoming section. For an introduction to the topic, we refer the reader
to [18, 303]. However, all needed notions around circuits are introduced
and knowledge in circuit complexity is not needed. In fact, after a few basic
definitions we quickly return to parameterized complexity.

Circuits are defined in terms of graphs. But not every term from graph
theory is transferred to circuits. Some notions are changed so that they suit
the nature of circuits more properly. In the following, a node or gate are just
different names for a vertex. The fan-in of a node/gate denotes its indegree,
the number of incoming edges. Similarly, its fan-out is the outdegree.

Definition 4.7. A Boolean circuit is a directed acyclic graph C � (V, E) with a
labeling λ : V → {in, out,∨,∧,¬} such that

(1) if v ∈ V has fan-in 0 then λ(v) � in. These nodes are called input nodes,

(2) if v ∈ V has fan-in 1 then λ(v) � ¬. These nodes are called negation gates,

(3) if v ∈ V has fan-in at least 2 then λ(v) is either ∨ or ∧. The node is then
called or gate or and gate, corresponding to its label,

(4) there is exactly one node v ∈ V with fan-out 0 that, at the same time, is
labeled by λ(v) � out. It is called the output node.

Given a circuit, its depth is the maximal length of a path from an input
node to the output node. We give an illustration of a circuit in Figure 4.1.

To each input node of a circuit C, we can assign the value 0 or 1, like for
variables in a Boolean formula. This results in an assignment of C. The circuit
can then be evaluated under the assignment. To this end, we propagate values
according to the labeling of the gates: an and gate v for instance requires that
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inx iny inz

¬ ¬ ¬

∨∨ ∨ ∨

∧

out

Figure 4.1: A circuit C with three inputs, seen as variables x , y , z. The labeling
of C is written into each node/gate, its depth is 4. The circuit represents the
Boolean formula (x ∨ ¬y) ∧ (x ∨ y ∨ ¬z) ∧ (¬x ∨ ¬y ∨ ¬z) ∧ (¬y ∨ z).

the current value of all nodes/gates pointing to v is 1. Only then it will
output 1. If the value of the output node is 1, we have a satisfying assignment.

Clearly, given a circuit and an assignment, evaluating the former can
be done in polynomial time. Hence, checking whether the assignment is
satisfying is actually a problem in P. However, it is much more difficult to
find a satisfying assignment when only the circuit is given. We formulate
the task in the decision problem Circuit SAT, very similar to the classical
problem SAT. Note that instead of a Boolean formula, the input is a circuit.

Circuit SAT
Input: A Boolean circuit C.
Question: Does there exists a satisfying assignment for C?

The problem Circuit SAT is NP-complete. Membership is clear. For hard-
ness, note that Boolean formulas are circuits. This allows for a polynomial-
time reduction from SAT toCircuit SATwith a construction like in Figure 4.1.

4.2.2 Classes of Intractability

The problem Circuit SAT plays a central role in the definition of complexity
classes for each level of intractability. But for comparing the complexity
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of parameterized problems with that of Circuit SAT, we need a reasonable
parameterized variant of the latter. To this end, we consider assignments
of a certain weight. Here, a weight of an assignment is the number of input
nodes that are assigned the value 1. Now it is possible to ask for a satisfying
assignment of weight k, where k ∈ N is a given integer. The corresponding
decision problem is calledWeighted Circuit Satisfiability or short WCS.

WCS
Input: A Boolean circuit C and an integer k ∈ N.
Question: Is there a satisfying assignment for C of weight k?

The canonical parameterization that we consider is WCS(k). When com-
paring its complexity with that of other parameterized problems, we notice
that WCS(k) seems to be among the hardest or most intractable problems
that we have considered. In fact, the level one intractable problem Clique(k)
and the level two intractable problem Set Cover(r) both reduce to WCS(k)
revealing a level of intractability that we have not seen so far.

Lemma 4.8. The problems Clique(k) and Set Cover(r) reduce to WCS(k).

Proof. We begin with the reduction from Clique(k) to WCS(k). Let (G, k) be
an instance of the former with graph G � (V, E). We can formulate a circuit
that mimics the conditions required for a clique. In fact, a clique in G only
contains adjacent vertices, it is not allowed that between two vertices there is
no edge. This can be encoded into a circuit. Assume that v and w are vertices
in V that are not adjacent, thenwe should not select both: ¬(v∧w) � ¬v∨¬w.

To construct a proper circuit C from the idea, we have to understand the
vertices as inputs to C. Then, we add negation gates below each input to obtain
the terms ¬v for each v ∈ V . For each non-edge, for each {v , w} < E, we add
an or gate with inputs from ¬v and ¬w. This models the fact that v and w
should not be contained together in a clique. The output of these is then led
into one large and gate and finally to the output node.

An illustration of the construction is given in Figure 4.2. We immediately
obtain that G contains a clique of size k if and only if C has a satisfying
assignment ofweight k. Moreover, constructing the circuitC takespolynomial
time, hence we have a proper parameterized reduction.

We reduce Set Cover(r) to WCS(k). Let the tuple (F ,U, r) be an instance
of Set Cover where F is a family of sets over the universe U. The goal is to
cover U by r sets from F . This can be modeled by the following circuit C.

For each set S from F , we have an input node in C. In an assignment
we will then choose a candidate for a set cover. To test whether the chosen
candidate is indeed a cover, there is an or gate for each element u ∈ U on a
second layer. The gate receives an input from each input node S with u ∈ S.
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inv1 inv2 . . .
invn

¬ ¬ . . . ¬

∨∨ ∨ ∨. . .

∧
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Figure 4.2: The circuit C for modeling cliques in the graph G. For each vertex
in the set V � {v1 , . . . , vn} it has an input node. The input is negated and for
each non-edge we add an or gate. In the figure, this means that there are for
instance no edges of the form {v1 , v2}, {v1 , vn}, and {v2 , vn}. Note that the
and gate in C is larger than the other gates. While the fan-in of each other gate
is bounded by a constant, namely 2, the and gate gets its inputs from each or

gate. Hence, its fan-in may grow with the size of the input.

This means the gate ensures that u is covered by the chosen candidate. In the
end, there is a large and gate obtaining inputs from each of the or gates. It
checks whether all elements from U are covered.

The construction is illustrated in Figure 4.3. It clearly detects proper set
covers. We obtain that there is a set cover of U into r sets of F if and only
if C has a satisfying assignment of weight r. Since the construction of C takes
polynomial time, we have a parameterized reduction. �

The lemma shows that WCS(k) is not convenient when searching for a
generic complete problem for each level of intractability. In fact, it seems
that WCS(k) lies above each level — it is too hard. Hence, we need to find
a way to restrict its intractability. At best in some parameter t such that the
t-restriction of WCS(k) is complete for the level t intractable problems.

Oneway tomake WCS easier is to restrict the input to a certain class of cir-
cuits. A popular class in circuit complexity is to consider circuits of bounded
depth. However, for us this will not work. Consider the reductions from
Clique(k) and Set Cover(r) to WCS(k) given in Lemma 4.8. Both construct
circuits that are of constant depth, see Figure 4.2 and 4.3. Hence, restricting
WCS to circuits of constant depth does not affect the intractability.
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Figure 4.3: The circuit C detects set covers of U into r sets of F . It has an input
node for each set in F � {S1 , . . . , Sm}. For each element in U � {u1 , . . . , un},
the circuit has an or gate. There is an edge from Si to u j if u j ∈ Si . From the
figure, we can for instance read off that u1 ∈ S1 and u1 ∈ S3. At the bottom,
there is an and gate receiving inputs from each or gate. Note that neither the
fan-in of the or gates nor the fan-in of the and gate are bounded by 2. Both
depend on parts of the input, namely on m and n.

The restriction that we need to employ is trickier. When reconsidering the
reduction from Clique(k) to WCS(k) once again, see Figure 4.2, something
in the structure of the constructed circuit stands out. Each gate has a fan-in
bounded by 2, except for the and gate. The gate is larger than the others and
its fan-in can only be bounded by the size of the input. When going from
an input node to the output node we pass exactly one large gate. We can
make a similar observation in the reduction from Set Cover(r) to WCS(k), see
Figure 4.3. Here, we only have large gates: the or gates as well as the and gate
do not have a fan-in bounded by 2. When we traverse from an input node
to the output node in this circuit, we will see at most two large gates. This
constitutes a difference between the reductions. When counting large gates
seen along an input-output path, the former reduction is simpler compared
to the latter one. The observation is formalized in the notion of weft.

Definition 4.9. Let C be a Boolean circuit. A gate of C is called large if its
fan-in is larger than 2. Consequently, a small gate is one which has fan-in at
most 2. The weft of a circuit C is the maximal number of large gates seen on a
path from an input node to the output node of C.

To give an example, consider the circuits shown in Figure 4.2 and 4.3. The
former is of weft 1, the latter of weft 2. It is important to note that the constant
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2 chosen as bound for the fan-in of small gates is not crucial for our purpose.
In fact, we show later that it could be replaced by any other constant.

The definition of weft approves our observation from above. It seems
that level one intractable problems like Clique(k) require circuits of weft 1
when we reduce them to WCS(k). Similarly, for reducing from level two
intractable problems like Set Cover(r) we need circuits of weft 2. So if we
consider WCS(k) over circuits of a certain weft, we obtain generic problems
for each level of intractability. To this end, let C(t , d) denote the family of
Boolean circuits that are of weft at most t and depth at most d, where t , d ∈ N
are constants. The problem WCS[C(t , d)] is the restriction of WCS to inputs
from C(t , d). We can now define the W-hierarchy of intractability classes.

Definition 4.10. Let t ≥ 1 be an integer. The complexity class W[t] contains
all problems which can be reduced, by a parameterized reduction, to the
weighted circuit satisfiability problem WCS[C(t , d)] for a d ∈ N 3.

From the definition and Lemma 4.8 it immediately follows that the prob-
lem Clique(k) lies in the class W[1] and Set Cover(r) is a member of the
class W[2]. Moreover, we obtain inclusions among the classes. We have

W[t] ⊆ W[t + 1]

for each integer t ≥ 1. Note that a circuit of weft t is also one of weft t + 1.
The W-hierarchy is defined in terms of the weft. Recall that the latter was

defined by counting large gates with fan-in greater than 2. Small gates have
fan-in at most 2. For some applications it would be handy if we could use
another constant than 2 and allow small gates to have a fan-in bounded by
some fixed constant. At first sight this might change the definition of the
W-hierarchy. But the following lemma shows that we can replace 2 by any
other constant of choice. We provide a proof in Appendix A.2.2.

Lemma 4.11. Let t ≥ 1 be an integer. The definition of W[t] is independent of the
chosen constant which bounds the fan-in of small gates.

The restrictions of WCS to circuits of bounded weft yields a class for each
level of intractability. But also the problem itself can be used to define an
intractability class. We have seen that WCS(k) is among the most intractable
problems considered so far. Hence, its corresponding complexity class should
reflect this behavior and lie above the whole W-hierarchy.

Definition 4.12. The complexity class W[P] contains all problems which can
be reduced, by a parameterized reduction, to the problem WCS(k).

3Technically, we require a parameterized reduction to the parameterized problem
WCS[C(t , d)](k). Note that we dropped the parameter k for better readability.
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Clearly, each level of the W-hierarchy is contained in W[P]. The class
itself is contained in XP. To see the inclusion, note that WCS can be solved in
timeO∗(nk)where n is the size of the circuit. We iterate over all assignments of
weight k and evaluate the circuit correspondingly. This implies thatWCS(k) is
slicewise polynomial, it lies in the class XP. Hence,W[P] ⊆ XP. The complete
hierarchy, in its full beauty, is given below:

FPT ⊆ W[1] ⊆ W[2] ⊆ · · · ⊆ W[t] ⊆ · · · ⊆ W[P] ⊆ XP.

There are many more intractability classes and a lot of structure theory
around them. But at this point we do not investigate further structural results
anymore. Instead, we turn to the first two levels of theW-hierarchy and refer
to [141] for the reader interested in more structure theory. The reason is that
in our research the main goal is to find FPT-algorithms. However, sometimes
the existence of such an algorithm seems unlikely. In this case we can provide
evidence for the intractability of a problem by proving hardness for a class
W[t] of the hierarchy. Since most natural intractable problems are hard either
forW[1] orW[2], taking a closer look at these two classes will provide us with
a set of problems sufficient to prove hardness whenever we need it.

4.3 The First Level

We consider the first level of the W-hierarchy, the class W[1]. Our goal is to
identify intractable problems that are complete for the class. To this end, we
first state a parameterized variant of the Cook-Levin theorem [105] showing
that W[1] behaves quite similar to NP. The FPT versus W[1] question can then
be seen as the parameterized P versus NP question. In fact, the theorem will
give us a characterization ofW[1] in terms of Turingmachines and shows that
suitable variants of SAT are complete for the class. With the theorem at hand
we can then provide more complete problems in a second step.

4.3.1 Parameterized Cook-Levin

The famous theorem of Cook and Levin shows that SAT is an NP-complete
problem. While developing the hardness theory for parameterized complex-
ity, Downey and Fellows [141] found a variant of the theorem which adapts
to the first level of intractability. To state it, we first need to consider a suitable
parameterized version of SAT which fits the nature of W[1].

Recall that the classW[1] is defined in terms of the weighted circuit satisfi-
ability problem WCS, restricted to circuits of weft 1. The input to plain SAT is
a Boolean formula in CNF, a special form of a circuit. Indeed, a formula
in `-CNF where each clause has at most ` literals, is a simple weft-1 circuit:
there are inputs for each variable, negation gates, an or gate for each clause
with inputs from its literals, and one large and gate. Hence, the weighted
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satisfiability problem for CNF-formulas is actually a restriction of the WCS-
problem which defines W[1] and therefore a good candidate for a suitable
parameterization of SAT. Let ` ≥ 2, we formalize the problem below:

Weighted `-SAT
Input: A formula ϕ in `-CNF and an integer k ∈ N.
Question: Is there a satisfying assignment for ϕ of weight k?

We consider the parameterization Weighted `-SAT(k). The problem
clearly lies in the class W[1] since, as explained above, each instance to
Weighted `-SAT(k) is actually a simple weft-1 circuit. The more compli-
cated part is to show that the problem is W[1]-hard. Technically, we would
need to prove that an arbitrary circuit of weft 1 can be reduced to the special
form of an `-CNF. Downey and Fellows [141] came up with some non-trivial
structural results on circuits of weft 1 that prove essentially this. We skip
these results and proofs due to their length and complexity and rely on one
of their main consequences: Weighted `-SAT(k) is indeed W[1]-hard.

Downey and Fellows evenwent one step further. They restricted the prob-
lem Weighted `-SAT to less expressive formulas without losing the hardness
for W[1]. This will become rather useful in Section 4.3.2 when we prove the
W[1]-hardness of some other problems. To state the restriction, let ϕ be a
Boolean formula. We say that ϕ is in antimonotone `-CNF if it is in `-CNF but
each occurring literal is the negation of a variable. Hence, clauses in ϕ consist
only of negated variables. Note that ϕ is still aweft-1 circuit, where each input
node is followed by negation gate. The corresponding weighted satisfiability
problem for formulas in antimonotone CNF is stated below:

Antimonotone Weighted `-SAT
Input: A formula ϕ in antimonotone `-CNF and an k ∈ N.
Question: Is there a satisfying assignment for ϕ of weight k?

The classical proof of the Cook-Levin theorem by Cook [105] constructs a
reduction from the halting problem of a nondeterministic polynomially-time
bounded Turingmachine to the problem SAT. In order to obtain such a reduc-
tion in the parameterized setting, we need a Turing machine characterization
of W[1] since the class was defined in terms of circuits. In Section 4.1.2, we
have already discussed that Short TM Acceptance(k) is a parameterized vari-
ant of the halting problem which defines NP. Hence, it is a prime candidate
for the characterization ofW[1]. However, the proof of itsW[1]-completeness
is again non-trivial and rather lengthy. We skip it and refer to [141] for further
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Antimonotone
Weighted 2-SAT(k)

Short TM
Acceptance(k)

Clique(k) Independent Set(k)

Theorem 4.13

Theorem 4.14 Theorem 4.4

simple

Figure 4.4: All W[1]-complete problems that we encounter in Section 4.3.2.
The arrows correspond to reductions between the problems.

details4. Finally, we can state the parameterized variant of the Cook-Levin
theorem which makes precise the similarity between NP and W[1].

Theorem 4.13. The following problems are W[1]-complete:

a) Short TM Acceptance(k),

b) (Antimonotone) Weighted `-SAT(k) for each ` ≥ 2.

4.3.2 Complete Problems

We prove that Clique(k) and Independent Set(k) are both W[1]-complete. In
Figure 4.4 we give a summary of the consideredW[1]-complete problems and
the corresponding reductions among them.

We have already seen that Clique(k) is a member of W[1], either by the
reduction to Short TM Acceptance(k) in Theorem 4.4 or by the explicit con-
struction of a weft-1 circuit in Lemma 4.8. Hence, for the completeness of
Clique(k) it remains to prove hardness. This is achieved by giving a parame-
terized reduction from Antimonotone Weighted 2-SAT(k), a problem which
is known to be W[1]-hard by Theorem 4.13.

Theorem 4.14. Antimonotone Weighted 2-SAT(k) reduces to Clique(k).

Proof. Let (ϕ, k) be an instance of Antimonotone Weighted 2-SAT where ϕ is
a Boolean formula in antimonotone 2-CNF. We construct a graph G � (V, E)
such that G has a clique of size k if and only if ϕ has a satisfying assignment of
weight k. The vertices V of G are given by the variables Var of ϕ. Choosing a

4In [141], the W[1]-completeness of Short TM Acceptance(k) relies on the W[1]-
completeness of Clique(k). The latter is proven by reducing from Antimonotone Weighted
2-SAT(k). We follow a different order: we take the completeness of Short TM Acceptance(k)
andAntimonotone Weighted 2-SAT(k) as given and prove the completeness ofClique(k) later.
This does not generate a cyclic dependence, all problems are known to be W[1]-complete.
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vertex to be in the clique represents setting the corresponding variable to 1 in
an assignment. To simulate the clauses, note the following: each clause is of
the form ¬x∨¬y � ¬(x∧ y) for x , y ∈ Var. Hence, in a satisfying assignment,
x and y do not both evaluate to 1. This is represented in G by a missing edge
between x and y. Then in each clique, x and y cannot appear together.

Formally, we have an edge {x , y} in G if x and y do not appear together in
a clause. For the correctness of the construction, assume that v is a satisfying
assignment and let C � {x1 , . . . , xk} be the variables set to 1. Then, C is a
clique in G. For each two vertices xi , x j , there is no clause of the form¬xi∧¬x j
since v is a satisfying assignment. Hence, by construction of G there is an
edge {xi , x j}. For the other direction, assume that C is a clique of size k in G.
Construct an assignment v with v(x) � 1 if x ∈ C and v(x) � 0 otherwise.
Then v is of weight k and satisfies all clauses of ϕ. To prove the latter, let
c � ¬x ∨ ¬y be a clause. The variables x and y are not both in C since there
is no edge {x , y} in G. Without loss of generality, assume that x < C. Then
we have that v(x) � 0 and hence v(c) � 1. Consequently, v is satisfying. �

We have already argued that Clique(k) is in W[1]. Finally, we obtain the
completeness confirming our intuition on the intractability of the problem.

Corollary 4.15. The problem Clique(k) is W[1]-complete.

The W[1]-completeness takes over from Clique(k) to Independent Set(k).
Recall that both problems can be reduced to each other by constructing the
complement of the input graph, see Section 4.1.2.

Corollary 4.16. The problem Independent Set(k) is W[1]-complete.

4.4 The Second Level

In the preceding sectionwe have seen that antimonotone formulas inCNF are
powerful enough to capture weft-1 circuits and therefore provide a charac-
terization of the first level of intractability. Now we consider a similar result
for the second levelW[2], the so-called normalization theorem [141]. Roughly, it
characterizes the classW[2] in terms ofmonotone CNF-formulas. Wewill then
apply the result to obtain W[2]-complete problems, among them the already
considered Set Cover(r) as well as Dominating Set(k).

4.4.1 Normalization Theorem

The parameterized variant of the Cook-Levin theorem shows that formulas
in `-CNF for a fixed integer ` ≥ 2 are sufficient to express weft-1 circuits.
Their only large gate is the and gate which forms the conjunction of all the
clauses. We relax the notion by allowing the formula to have a second large
gate, namely we allow for a large or gate in each clause. This corresponds to
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a more general CNF were the clauses are not streamlined to a fixed number
of literals, each clause can now have an arbitrary number. Seen as a circuit,
the formula has weft 2. Hence, the resulting weighted satisfiability problem
is in W[2]. We state the problem below. Note that we explicitly demand for
a formula in CNF in the input. Unlike an `-CNF, this amounts to a general
CNF with no restriction on the number of literals in the clauses.

Weighted CNF-SAT
Input: A formula ϕ in CNF and an k ∈ N.
Question: Is there a satisfying assignment for ϕ of weight k?

Downey and Fellows have shown [136, 137, 138] that formulas in general
CNF are enough to characterizeW[2]. One can even assume that the formulas
are monotone. This means that in the CNF, none of the literals is a negation of
a variable. The corresponding decision problem is defined as follows:

Monotone Weighted CNF-SAT
Input: A formula ϕ in monotone CNF and an k ∈ N.
Question: Is there a satisfying assignment for ϕ of weight k?

We state the result by Downey and Fellows. It is referred to as the normal-

ization theorem and shows that both problems, (Monotone) Weighted CNF-
SAT(k) are complete for the second level of the W-hierarchy. This makes the
theorem a quite useful tool when identifying further complete problems for
the class. We skip the proof due to its length and refer to [141] for details.

Theorem 4.17. (Monotone) Weighted CNF-SAT(k) is W[2]-complete.

In the literature, Theorem 4.17 is typically stated in a more general form.
Downey and Fellows actually provided a characterization for each classW[t]
where t ≥ 2 via so-called t-normalized formulas. This also explains the name
normalization theorem. However, in this thesis we are only interested in W[2]
and since 2-normalized formulas correspond to general CNF-formulas, our
instance of the normalization theorem is correct.

4.4.2 Complete Problems

We utilize the normalization theorem to identify some W[2]-complete prob-
lems. This includes Set Cover(r) and Dominating Set(k), two problems that
we conjectured as more intractable than Clique(k). The proof of their com-
pleteness for the second level of intractability confirms this. An overview of
all considered W[2]-complete problems is given in Figure 4.5.
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Dominating Set(k)

Set Cover(r)WCS[C(2, d)]

Monotone
Weighted CNF-SAT(k) Hitting Set(r)Theorem 4.18

Theorem 4.17 Theorem 4.19

Lemma 4.8

Theorem 4.6

Theorem 4.5

Figure 4.5: AllW[2]-complete problems that we consider in Section 4.4.2. The
arrows correspond to reductions between the problems.

Hitting Set The completeness of Set Cover(r) and Dominating Set(k) rely
on theW[2]-completeness of the problemHitting Set(r). Its unparameterized
form Hitting Set is one of Karp’s 21 NP-complete problems [229]. Like in Set
Cover, we are given a family G ⊆ P(U) of subsets over some universe U and
some integer r ∈ N. But instead of a cover of U the goal is to find a hitting

set of G of size at most r. Formally, this is a subset H ⊆ U with |H | ≤ r that
intersects with each set of G, we have H ∩ G , ∅ for each G ∈ G.

Hitting Set
Input: A family of sets G ⊆ P(U) over a universe U and r ∈ N.
Question: Is there an H ⊆ U : |H | ≤ r and H ∩ G , ∅ for all G ∈ G?

To show that Hitting Set(r) is complete for W[2], we argue that there
are parameterized reductions from and to Monotone Weighted CNF-SAT(k).
In fact, let (ϕ, k) be an instance of Monotone Weighted CNF-SAT. Then an
assignment v of weight k satisfies ϕ if and only if v sets at least one variable in
each clause to true. Here, we already use that ϕ is monotone — the absence
of negation makes the problem simpler. The latter characterization can be
phrased in terms ofHitting Set. Construct an instance (G , r), where r � k and
G is over the universe U � Var, the variables of ϕ. The family G contains the
clauses: for each clause C, the family contains a set consisting of the variables
present in C. Then there is a hitting set H of size (at most) r intersecting each
set of G if and only if ϕ has a satisfying assignment of weight k. In fact, H
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contains the variables that are evaluated to 1 by an assignment.
A reduction into the other direction is established by turning an in-

stance (G , r) of Hitting Set into a monotone formula. To this end, we let
the universe U be the variables and construct ϕ in such a way that it has
a clause for each set in G. The clause is a disjunction of all the elements
contained in the corresponding set. Then ϕ is in monotone CNF. Like above
we get that there is a satisfying assignment of ϕ of weight k � r if and only if
there is a hitting set of size (at most) r. Along with the above reduction and
theW[2]-completeness of Monotone Weighted CNF-SAT(k)which holds due
to Theorem 4.17, we obtain the completeness of Hitting Set(r).

Theorem 4.18. Hitting Set(r) is W[2]-complete.

Set Cover and Dominating Set We already know that Set Cover(r) lies in
the classW[2] by a reduction to the weighted circuit satisfiability problem for
circuits of weft 2 from Lemma 4.8. Hence to obtain completeness, we only
need to show hardness. This is achieved by a reduction from Hitting Set(r).

Theorem 4.19. The problem Hitting Set(r) reduces to Set Cover(r).

Details of theproof canbe found inAppendixA.2.3. We canderive that Set
Cover(r) is indeed W[2]-complete. Since Dominating Set(k) is equivalently
hard under parameterized reductions by Theorem 4.6 and 4.5, it is W[2]-
complete as well. We summarize the results:

Corollary 4.20. Both, Set Cover(r) and Dominating Set(k) are W[2]-complete.
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When classifying the complexity of a parameter-
ized problem, the most urgent question is typically
whether it is fixed-parameter tractable or not. In
Chapters 3 and 4 we have tackled this question
and provided tools for going both ways: proving
membership in FPT or proving it unlikely. How-
ever,while classifying aproblemasfixed-parameter
tractable might be sufficient from a theoretic point
of view, it is usually not when we are concerned
with the precise running time of an algorithmdue to its practical applicability.
Indeed, the plain definition of FPT allows for an arbitrarily large function f (k)
in the running time of a problemwhere k is the parameter. Hence, a problem
might be FPT but only with an algorithm that takes O∗(22k ) time. There are
even examples where f (k) is not even elementary [112]. Except for very small
values of k, we would not consider such an algorithm as efficient. But there
might be an efficient algorithm for the problem, one that utilizes a different
FPT-technique and that runs in time O∗(kk) or even O∗(2k), revealing a huge
gap to the O∗(22k )-algorithm. It is therefore important to find the precise
function f (k) that is required to solve the problem at hand. Questions like
this can be answered by Fine-Grained Complexity.

With a fine-grained (complexity) analysis we can determine an optimal

function f (k), on the one hand by providing an algorithm that actually runs
in time O∗( f (k)) and on the other hand by proving that a faster algorithm is
unlikely. We already discussed how to find efficient algorithms by applying
FPT-techniques in Chapter 3. In this section, we are concernedwith the latter,
namely finding lower bounds for the function f (k).

As usual in complexity theory, these lower bounds are relative, obtained
from assumptions that we consider hard to break like P , NP. The appropriate
assumption in parameterized complexity would be FPT , W[1], something
which seems intuitive but turns out to be too weak to provide lower bounds
for problems within FPT. Instead, Impagliazzo, Paturi, and Zane [217, 218]
suggested to rely on the intrinsic hardness of 3-SAT. In fact, since theproblem’s
discovery there have been many algorithmic advances in solving 3-SAT but
none of these algorithms actually runs in subexponential time. This means that
there seems to be a natural lower bound of the form 2o(n) for solving 3-SAT-
instances with n variables, forbidding algorithms that run in time O∗(2n/g(n))
where g(n) is an unbounded monotonously increasing function. The three
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authors assumed that breaking this lower bound is highly unlikely as 50
years of algorithmic improvements were not able to. Their assumption is
formulated in the so-called Exponential Time Hypothesis (ETH) asserting that
there is no algorithm solving 3-SAT in time 2o(n).

The ETH was the starting point for obtaining lower bounds in parameter-
ized complexity. Nowadays the assumption is widely believed and evolved
to a standard tool in fine-grained analyses. It has been employed to derive
lower bounds of different forms like 2o(k) , 2o(k·log(k)), or 22o(k) for a whole family
of problems [112, 141], for the first time providing proofs for the optimality
of various algorithms. Applying the ETH typically amounts to finding an
appropriate reduction from 3-SAT to the problem of choice. Here, appropriate
means that the parameter n needs to be handledwith a lot of care. Thismakes
it sometimes tricky to find such reductions.

Lower bounds based on theETH typically prevent that the running time of
a problem can be improved in the exponent. However, the ETH is not capable
of providing similar bounds for the basis. This is where two alternative
hardness assumptions enter the picture. These can be utilized to prohibit
algorithms running in time O∗((c − ε)k) for some ε > 0. The first is the
Strong Exponential Time Hypothesis (SETH) [217, 218]. It assumes that general
SAT, where the input is a formula in CNF with n variables, cannot be solved
in time O∗((2 − ε)n) for an ε > 0. While there are exceptions like 3-SAT
where such an algorithm is known, it would at least be considered rather
surprising if such an algorithm would be found for general SAT. However,
although SETH is not as widely believed as ETH, the assumption was used
in numerous problems to obtain lower bounds and is considered a standard
tool. The second hardness assumption is the so-called Set Cover Conjecture

(SCON). This relatively new conjecture [110, 111] relies on the fact that despite
extensive effort, no algorithm for Set Cover running in timeO∗((2−ε)n) for an
ε > 0 was found so far. In fact, the fastest known algorithms for the problem
run in time O∗(2n). Like SETH, the conjecture is disputed but provides lower
bounds for an increasing number of problems.

A further task of a fine-grained analysis is to determine the size of the
problem kernel. In Section 3.4 we have seen how to give an upper bound
on this size. Here we take a look at the contrary approach, namely proving
that a kernel of polynomial size is unlikely to exist. In fact, there is a whole
framework devoted to this task [57, 59], constituting the primary source for
kernel lower bounds nowadays. As before, the obtained lower bounds rely
on some hardness assumption. While formulating the assumption needs
some more technical details, breaking the assumption would cause a highly
unlikely fact: a collapse of the polynomial hierarchy to the third level [333].

We employ the lower bound assumptions and the framework for ker-
nel lower bounds in chapters 6, 8, and 9 for proving that our verification
algorithms are optimal. In order to lay the foundations, we introduce the
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exponential time hypothesis in Section 5.1. Then, in Section 5.2, we consider
the SETH and in Section 5.3 the SCON. Finally, we give an overview of the
framework for obtaining kernel lower bounds in Section 5.4.

5.1 The Exponential Time Hypothesis

The problem 3-SAT is one of themost-studiedNP-complete problems and has
experienced an extensive algorithmic development in the past 50 years. Its
practical applicability and mathematical beauty make it appealing from an
algorithmic point of view. Starting from a brute force algorithm running in
time O∗(2n), where n is the number of variables, there has been an ongoing
hunt for the fastest algorithm solving 3-SAT, culminating in an O∗(1.308n)-
time algorithm by Hertli [206] and the currently fastest O∗(1.307n)-time algo-
rithm by Hansen, Kaplan, Zamir, and Zwick [201]. However, none of these
algorithms reports a subexponential running timeof the form 2o(n). In fact, the
improvement is typically on the constant present in the basis. Consequently,
the barrier 2o(n) for algorithms solving 3-SAT persists until today.

This observation was first formulated in the exponential time hypothesis

(ETH) by Impagliazzo, Paturi, and Zane in their work [217, 218]. While
the ETH is often referred to as the assumption that 3-SAT cannot be solved
in time 2o(n), its precise definition is more technical. In fact, the mentioned
assumption is only a consequence of the real ETH but it is more intuitivewhen
proving lower bounds for other problems. We state the precise definition of
the ETH and provide a proof of the consequence. To this end, quickly recall
that an instance to 3-SAT is any formula in 3-CNF.

To formulate the hypothesis, we consider the following constant δ3, de-
fined to be the infimum among all factors appearing in the exponent of the
running time of an algorithm solving 3-SAT. Formally, we set

δ3 � inf{c ∈ R | There is an algorithm solving 3-SAT in time O∗(2c·n)}.

Definition 5.1. The exponential time hypothesis is the assumption δ3 > 0.

As alreadymentioned above, the ETH implies that 3-SAT cannot be solved
in time 2o(n). It is not clear yet whether the inverse implication also holds.
But, as we will see, the latter formulation is much more applicable in the
algorithmic setting when transferring lower bounds from the ETH to other
problems. Due to this, we typically identify the ETH with its consequence. A
proof is provided in Appendix A.3.1.

Lemma 5.2. Unless ETH fails, 3-SAT cannot be solved in time 2o(n)
.

The keywhen applying the ETH for deriving lower bounds are appropriate
reductions from 3-SAT. But before we consider their definition and examples
in Section 5.1.2, we briefly need to discuss a feature of SAT which allows for
a less strict definition of what an appropriate reduction actually is.
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5.1.1 Sparsification

When reducing from 3-SAT to a problem of choice, the size of the constructed
instance often depends on the number of clauses of the given formula. Since a
formula in 3-CNFmay have up to m � O(n3) clauses, the reductionmay cause
a polynomial blow-up in the number of variables n. We will see later that
such blow-ups negatively affect the lower bounds we obtain from the ETH.
Hence, it is important to avoid them. One possible way would be to avoid a
dependence of the reduction on m. However, this is not always practicable
and would make finding appropriate reductions rather difficult. Fortunately,
SAT has a property which allows for restricting to sparse instances where
the number of clauses and the number of variables coincide up to a linear
factor, m � O(n). When we reduce from a sparse instance, the reduction may
depend on m without causing a polynomial blow up.

The property of SAT was first formalized in [218] and is used to broaden
the spectrum of applications of ETH. The corresponding result, known as the
Sparsification Lemma, is considered standard nowadays and its consequences
were used to obtain various lower bounds in parameterized complexity.

Theorem 5.3. Let ` ∈ N. For each ε > 0, there exists a constant C ∈ N such that

any formula ϕ in `-CNF with n variables admits an equivalent representation

ϕ �

t∨
i�1

ϕi ,

where t ≤ 2ε·n and ϕi is in `-CNF containing at most C · n clauses. Moreover, there

is an algorithm computing the formulas ϕi in O∗(2ε·n) time.

The proof given in [218] shows a similar sparsification lemma for Set
Cover and derives Theorem 5.3 as a corollary. Due to its complexity and
length we skip it and rather focus on an important consequence.

Note that the formulas ϕi obtained from Theorem 5.3 are sparse. Hence,
our goal is to restrict to those. But this does not work immediately as com-
puting the ϕi takes exponential time O∗(2ε·n). However, we have control over
the parameter ε and if we chose it small enough, we can actually assume
sparseness and refine the lower bound for 3-SAT. The corresponding result is
the key for obtaining lower bounds for other problems beyond 3-SAT.

Theorem 5.4. Unless ETH fails, 3-SAT cannot be solved in time 2o(n+m)
.

Proof. We assume the contrary and show how to derive a contradiction.
Hence, let A be an algorithm solving 3-SAT in time 2o(n+m). We use A to
construct an algorithm for 3-SAT that contradicts the exponential time hy-
pothesis. To this end, let ϕ be a formula in 3-CNF with n variables and recall
that by ETH we have δ3 > 0. Set ε �

1
4 · δ3. Then we have ε > 0 and hence

we can apply Theorem 5.3. We obtain a constant C ∈ N and an algorithm D
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that runs in time O∗(2ε·n) and that computes a disjunction ϕ �
∨t

i�1 ϕi , where
t ≤ 2ε·n and the ϕi are in 3-CNF with at most C · n clauses.

Now we can describe the new algorithm for 3-SAT. Given a formula ϕ,
we first apply algorithmD to compute the disjunction ϕ �

∨t
i�1 ϕi . Then we

apply algorithmA on each of the formulas ϕi . IfA finds a satisfiable ϕi , we
output yes, otherwise no. Note that the described algorithm is correct since ϕ
is satisfiable if and only if one of the ϕi is.

It is left to analyze the time consumption. There are two major steps in
the described algorithm, the application ofD and the application ofA to the
sparse formulas ϕi . The former runs in time

O∗(2ε·n) � O∗(2 1
4 ·δ3·n).

To determine the time consumed by the second step of the algorithm, we
need to take one step back. Recall that algorithmA runs in time 2o(n+m). This
means there is an unbounded and monotonously increasing function g(x)
such that the running time ofA can be bounded by

O∗(2
n+m

g(n+m) ).

Since δ3 > 0, there is an x0 ∈ N such that for all x ≥ x0 we have the
inequality g(x) ≥ 4·(C+1)

δ3
. In particular for n ,m ∈ Nwith n + m ≥ x0, we have

g(n + m) ≥ 4 · (C + 1)
δ3

.

Hence, we can bound the asymptotic running time ofA by

O∗(2
n+m

g(n+m) ) � O∗(2
δ3 ·(n+m)
4·(C+1) ).

Finally we can determine the time needed by the second step of the above
algorithm. WeapplyA to t ≤ 2ε·n formulasϕi . These have atmost n variables
and C · n clauses. Hence, the step of the algorithm takes time at most

O∗(2
δ3 ·(n+C·n)

4·(C+1)︸   ︷︷   ︸
A on ϕi

· 2
δ3 ·n

4︸︷︷︸
nr. of ϕi

) � O∗(2
δ3 ·n·(C+1)

4·(C+1) +
δ3 ·n

4 ) � O∗(2 1
2 ·δ3·n).

Hence, the complete algorithm runs in time O∗(2 1
2 ·δ3·n). By the definition

of δ3 we get 0 ≤ δ3 ≤ 1
2 · δ3 and thus δ3 � 0. This contradicts the ETH. �

Note that Theorem 5.4, in contrast to the above Lemma 5.2, is a major step.
In fact, the lower bound for 3-SAT gets lifted from 2o(n) to 2o(n+m). This will
significantly ease the transfer of lower bounds from 3-SAT to other problems,
as we will see in the upcoming sections.
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5.1.2 Linear Reductions

We utilize the lower bound of 3-SAT to obtain similar lower bounds for other
decision problems. To this end, we need to establish a reduction from 3-SAT to
the problem of choice. However, it is not enough to find just any polynomial-
time reduction. In fact, we need to ensure that the parameter of the target
problem does not undergo a polynomial blow-up, it has to be kept linear. The
appropriate notion of reductions are linear reductions.

Definition 5.5. Let Q be a parameterized problem with parameter k. A
linear reduction from 3-SAT to Q is a polynomial-time algorithm that, given a
formula ϕ with n variables and m clauses, computes an instance (I , k) of Q
where k � O(n + m) such that ϕ is satisfiable if and only if (I , k) ∈ Q.

Once a linear reduction to the problem Q is established, the lower bound
of 3-SAT can be transferred. Indeed, assume that Q can be solved in time 2o(k).
Then we can construct a new algorithm for 3-SAT. For a formula ϕ, we first
apply the linear reduction and obtain an instance (Iϕ , k) of Q with parameter
k � O(n + m). Then we run the 2o(k)-time algorithm for Q on (Iϕ , k). If it
reports a yes-instance of Q, we can return that ϕ is satisfiable. Otherwise, ϕ
is unsatisfiable. Since the reduction takes polynomial time and k is linearly
bounded in n + m, the new algorithm for 3-SAT runs in time

2o(k)
� 2o(n+m).

This contradicts the ETH and therefore, Q does not admit an 2o(k)-time algo-
rithm unless ETH fails. We summarize the result in the following lemma.

Lemma 5.6. If there is a linear reduction from 3-SAT to a parameterized problem Q
with parameter k, then Q cannot be solved in time 2o(k)

unless ETH fails.

Lemma 5.6 is the starting point for deriving lower bounds. The only thing
that we need to establish is a linear reduction from 3-SAT to the problem
of choice. Note that due to the sparsification lemma and its consequence,
Theorem 5.4, we can allow for a dependence of the parameter k on n + m in
such a reduction. Without sparsification, a linear reduction would need to be
more strict and only allow for a dependence of k on n. Hence, sparsification
significantly simplifies the task of finding linear reductions.

Note that Lemma 5.6 relies on a fact that also holds in a more general
setting. To formulate it, let Q′ and Q be two parameterized problems with
parameters k′ and k. Assume we have a polynomial-time reduction from Q′

to Q where k is not kept linear but k ≤ p(k′) for some function p(k′). Then,
an algorithm for Q running in time 2o( f (k)) would yield an algorithm for Q′

running in time 2o( f (p(k′))): we only need to append the 2o( f (k))-time algorithm
for Q to the reduction. This has two important consequences.
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The first consequence is a generalization of Lemma 5.6 which allows to
transfer lower bounds based on the ETH from other problems than 3-SAT,
provided we have already proven a lower bound for the former.

Lemma 5.7. Let Q′,Q be par. problems with parameters k′, k and let there be a

polynomial-time reduction from Q′ to Q with k ≤ p(k′). If Q′ cannot be solved in

2o( f (p(k′)))
unless ETH fails, then Q cannot be solved in 2o( f (k))

unless ETH fails.

The second consequence explains why we cannot afford (polynomial)
blow-ups in the parameter. It can be considered as the special case of
Lemma 5.7 where Q′ is 3-SAT. Recall that n denotes the number of variables
and m the number of clauses of an 3-SAT-instance.

Lemma 5.8. Let Q be a par. problem with parameter k and assume there is a

polynomial-time reduction from 3-SAT to Q such that k ≤ p(n + m). Then, Q
cannot be solved in time 2o( f (k))

unless ETH fails if p(x) is the inverse of f (x).

Proof. If p(x) is the inverse of f (x), we have that f (p(n +m)) � n +m and thus
the result follows by an application of Lemma 5.7 and Theorem 5.4. �

Assume we have found a polynomial-time reduction from 3-SAT to some
problem Q but it causes a quadratic blow-up, k ≤ p(n + m) � (n + m)2. Then,
by Lemma 5.8, we can only derive a weak lower bound for Q of the form

2o(
√

k).

We can conclude that a polynomial blow-up of the parameter in the re-
duction leads to a weaker lower bound and should thus be avoided where
possible. In the following, we give some examples of proper linear reduc-
tions that provide tight lower bounds according to Lemma 5.6. In fact, many
classical reductions from 3-SAT to other NP-complete problems turned out to
be linear [112]. Hence, the following examples might be familiar.

A Lower Bound for Vertex Cover We begin with a lower bound for Vertex
Cover. In Section 2.1 we have seen that the problem can be solved by a
bounded search tree-algorithm in time O∗(2k). However, this does not rule
out a possibly faster algorithm which solves Vertex Cover in subexponential
time 2o(k). We show that, assuming the ETH, one can exclude this possibility.
The key for obtaining the lower bound is a well-known reduction from 3-SAT
to Vertex Cover which matches the conditions of a linear reduction.

Theorem 5.9. Unless ETH fails, Vertex Cover cannot be solved in time 2o(k)
.

Proof. Wedescribe the aforementioned linear reduction from 3-SAT to Vertex
Cover. Then an application of Lemma 5.6 provides the lower bound for the
latter. To this end, let ϕ be an instance of 3-SAT, a formula in 3-CNF con-
taining n variables and m clauses. We show how to construct a graph G and
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a parameter k � O(n + m) in polynomial time such that ϕ has a satisfying
assignment if and only if G has a vertex cover of size at most k.

For each clause in ϕ, we construct a so-called clause gadget. This means we
add a triangle to G: three vertices, one for each literal in the clause, and an
edge between each two of them. An illustration is given in Figure 5.1. For each
variable x in ϕ, we construct a variable gadget, consisting of two vertices x and
¬x, and an edge between the two. Finally, the gadgets are connected. To this
end, we add edges from x and ¬x in the variable gadget to the corresponding
literals in the clause gadgets.

The constructed graph G has a vertex cover of size k � n + 2 · m if and
only if ϕ is satisfiable. The idea is as follows. If a satisfying assignment of
formula ϕ is given, at least one literal in each clause is satisfied. We add the
two remaining literals to the cover in each clause gadget. Moreover, we select
one of the vertices in each variable gadget, according to the evaluation given
in the assignment. In total, we selected k vertices and they cover each edge
of G. If a vertex cover of G is given, the assignment that can be drawn out of
the variable gadgets actually satisfies ϕ. Since k depends only linearly on n
and m, the shown reduction is indeed a linear one. �

Due to Theorem 5.9 we can conclude that the bounded search tree-
algorithm forVertex Cover from Section 2.1 is optimal regarding the exponent
of the running time. However, there is still space for improvement. The lower
bound does not exclude algorithms providing a speed-up in the basis of the
running time. An example is the currently fastest algorithm forVertex Cover.
Established in 2010 by Chen, Kanj, and Xia [87], it runs in time O∗(1.2738k).

A Lower Bound for Hamiltonian Cycle We employ the ETH to derive a
lower bound forHamiltonian Cycle. It shows that thedynamicprogramming
from Section 3.2.1 is optimal in the fine-grained sense. To achieve our goal,
we follow a sequence of two reductions. First, a reduction from 3-SAT to
Directed Ham. Cycle is given. As the name suggests, the problem asks for a
Hamiltonian cycle in a given directed graph. Then, we reduce Directed Ham.
Cycle to its undirected counterpart Hamiltonian Cycle. Both reductions are
kept linear and hence, the lower bound from 3-SAT takes over.

Before we give details of the reductions, we quickly remark on the prob-
lem Directed Ham. Cycle. Note that notions like (simple) paths, Hamilto-
nian paths, and Hamiltonian cycles clearly carry over to the directed setting.
Hence, the definition of the problem is similar to its undirected version.

Directed Ham. Cycle
Input: A directed graph G.
Question: Is there a Hamiltonian cycle in G?
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¬y

x¬z

¬y

¬xz

¬yy

¬z
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x

¬x

Figure 5.1: The graph G constructed from the formula ϕwith variables x , y , z
and the two clauses ¬z ∨ x ∨ ¬y and z ∨ ¬x ∨ ¬y. The clause gadgets are
the triangles that are marked red. They have a vertex for each literal in the
corresponding clause. The variable gadgets are marked blue.

Like Hamiltonian Cycle, the problem is NP-complete [229]. Moreover,
the dynamic programming from Section 3.2.1 also applies here and solves the
problem inO∗(2N) time, where N is the number of vertices of the given graph.
By using a well-known reduction from 3-SAT to Directed Ham. Cycle, we
show that the algorithm is optimal: Directed Ham. Cycle cannot be solved in
time 2o(N) unless the ETH fails. The following theorem states the reduction.
We provide a proof in Appendix A.3.2. This constitutes the first step towards
deriving a lower bound for the undirected version Hamiltonian Cycle.

Theorem 5.10. Unless ETH fails,Directed Ham.Cycle cannot be solved in 2o(N)
.

With Theorem 5.10 at hand, we can derive the desired lower bound for
(undirected) Hamiltonian Cycle. The key is a reduction from the problem
Directed Ham. Cycle to Hamiltonian Cycle that simulates a directed graph
via an undirected graph but blows up the size of the new graph only linearly.
Since Directed Ham. Cycle cannot be solved in time 2o(N) unless ETH fails,
Lemma 5.7 applies and yields the same result for Hamiltonian Cycle.

Theorem 5.11. Unless ETH fails, Hamiltonian Cycle cannot be solved in 2o(N)
.
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Proof. We give a reduction from Directed Ham. Cycle to Hamiltonian Cy-
cle that keeps the parameter N linear. By Lemma 5.7, the lower bound of
Directed Ham. Cycle carries over to Hamiltonian Cycle.

Let G � (V, E) be an instance of Directed Ham. Cycle, a directed graph.
We construct an undirected graph Gun � (Vun , Eun) as follows. Each vertex
v ∈ V is simulated by three copies in the new graph, namely by vin, vmid,
and vout ∈ Vun. These copies are tied together, there are (undirected) edges
{vin , vmid} and {vmid , vout}. A directed edge e � (v , u) ∈ E is simulated by an
(undirected) edge {vout , uin} connecting the copies of v and u. The undirected
graph Gun has 3 ·N vertices and can clearly be constructed in polynomial time.

It is left to show the correctness of the construction: G has a Hamilto-
nian cycle if and only if Gun has one. To this end, let a Hamiltonian cycle
C � v1.v2 . . . vn of G be given. Then, we get a Hamiltonian cycle in Gun:

vin

1 .v
mid

1 .vout

1 .vin

2 .v
mid

2 .vout

2 . . . vin

n .v
mid

n .vout

n .

Note that the directed edges (vi , vi+1) of C induce the edges {vout

i , vin

i+1}.
For the other direction, let a Hamiltonian cycle of Gun be given. By

construction of the graph, the cycle must be of the following form:

vin

1 .v
mid

1 .vout

1 .vin

2 .v
mid

2 .vout

2 . . . vin

n .v
mid

n .vout

n .

Hence, the sequence v1.v2 . . . vn is a Hamiltonian cycle of G. �

A Lower Bound for 3-Coloring In Section 3.3.3 we gave a convolution-
based algorithm to solve Colorable. Recall that in the problem we are given
a graph G and an integer k and have to decide the existence of a k-coloring
of G. Now we focus on a special case of the problem where the existence
of a 3-coloring has to be decided. The problem known as 3-Coloring is still
NP-complete [262, 308] andwill become a handy tool whenwewant to obtain
ETH-based lower bounds for more involved decision problems.

3-Coloring
Input: A graph G.
Question: Is there a 3-coloring of G?

There is a classical reduction from 3-SAT to 3-Coloring which is indeed
linear. Hence, unless ETH fails, we obtain that 3-Coloring cannot be solved in
time 2o(N)where N is the number of vertices of the given graph. Togetherwith
the O∗(2N)-time algorithm from Section 3.3.3, upper and lower bound match.
We state the corresponding result and recall the reduction in Appendix A.3.3.

Theorem 5.12. Unless ETH fails, 3-Coloring cannot be solved in time 2o(N)
.

86



5.1. The Exponential Time Hypothesis

5.1.3 Slightly Superexponential Lower Bounds

The lower bounds obtained by employing the ETH in Section 5.1.2 forbid
algorithms that run in subexponential time. While this is sufficient to prove
the optimality of algorithms for a series of parameterized problems, there are
some problems that seem to have a stronger lower bound. The problem Clos-
est String is an example. Given strings s1 , . . . , sn ∈ Σ` over some alphabet Σ,
and an integer d ∈ N, the problem asks for a string s ∈ Σ` that differs to each
si in at most d positions. The latter is expressed via the Hamming distance:
d(s , si) is the number of positions where s and si differ.

Closest String
Input: Strings s1 , . . . , sn ∈ Σ` and an integer d ∈ N.
Question: Is there a string s ∈ Σ`with d(s , si) ≤ d for each i ∈ [1..n]?

The problem is NP-complete [177]. From the viewpoint of parameter-
ized complexity, Closest String(d) is known to be fixed-parameter tractable:
Gramm, Niedermeier, and Rossmanith [195] gave a bounded search tree algo-
rithm running in slightly superexponential timeO∗(dd). Since then, therewas no
further algorithmic improvement on Closest String(d) in fine-grained terms.
No algorithm running in single exponential time O∗(cd), where c ∈ N is a
constant, was found. This raised the question whether such an algorithm
does actually exists or whether there is a natural lower bound for Closest
String(d) that forbids a single exponential-time algorithm.

The question was answered in 2011 by Lokshtanov, Marx, and Saurabh
in their work [259]. They provided an ETH-based lower bound for Closest
String that proves the existence of an 2o(d·log(d))-time algorithm highly un-
likely. Therefore, a single exponential-time algorithm for the problem can be
excluded proving the above O∗(dd)-time algorithm optimal. But the three au-
thors did not only provide a lower bound for Closest String. In fact they set
up a whole framework for obtaining slightly superexponential lower bounds
based on theETH in general. They applied their framework to other problems
like Distortion [156] and Disjoint Paths [299] as well, thereby closing gaps
between known lower and upper bounds. We observed that the framework
also applies in the context of program verification and obtained slightly su-
perexponential lower bounds that wewill see in Chapters 6 and 8. Due to the
complexity of the framework, we give a brief introduction and skip a major
part. However, this will already be sufficient for our purpose.

At the core of the framework is a modification of the problem Clique,
called k × k-Clique. Instead of searching a clique in any given graph, we
assume the input graph to be of a particular form. Let k ∈ N be an integer. A
graph G � (V, E) is called k × k-graph if its set of vertices is V � [1..k] × [1..k].
Hence, vertices are arranged in a matrix and each vertex is an entry. We use
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the usual matrix notation (i , j) to denote the vertex in the i-th row and j-th
column. In k × k-Clique, we are given a k × k-graph and need to decide
whether there is a clique of size k with exactly one vertex from each row.

k × k-Clique
Input: A k × k-graph G.
Question: Is there a clique of size k in G with a vertex in each row?

The problem can be solved by a brute force branching algorithm in
time O∗(kk): just pick a vertex per row and afterwards check whether the
chosen vertices form a clique. Hence, at each of the k rows, we need to branch
into k possibilities, resulting in the running time O∗(kk). This is the stereo-
type of branching algorithms that require slightly superexponential time: we
branch over k stages and each stage has a branching degree of k. In such a
situation it seems not possible to find a faster algorithm. And indeed, for
k × k-Clique we can prove that, unless the ETH fails, it cannot be solved in
time 2o(k·log(k)), implying the optimality of the brute force algorithm.

Theorem 5.13. Unless ETH fails, k × k-Clique cannot be solved in time 2o(k·log(k))
.

Proof. We reduce from 3-Coloring. According to Theorem 5.12 recall that
the problem cannot be solved in time 2o(N) unless ETH fails, where N is
the number of vertices of the input graph. However, to obtain the slightly
superexponential lower bound, we cannot give a linear reduction like we did
before. Due to Lemma 5.7 we need to establish a reduction such that

k � O( N
log(N) ).

In fact, such a polynomial-time reduction along with a 2o(k·log(k))-time
algorithm for k×k-Cliquewould lead to an algorithm for 3-Coloring running
in time 2o(N). To see this, note that k · log(k) � O(N). Hence, constructing the
aforementioned reduction is key to obtain the lower bound for k × k-Clique.

Let G � (V, E) be a graph with N vertices, an instance of 3-Coloring. Set

k �

⌈ 2 · N
log3(N)

⌉
.

Due to the definition of k we may assume that 3 ·
√

N ≤ k. If this is not the
case, we can conclude that log3(N) > 2

3 ·
√

N , an inequality that is only valid
for bounded values of N . Then N ≤ c for some constant c ∈ N and we can
solve the given instance G by brute force in polynomial time. Hence, for the
remaining proof we might assume that 3 ·

√
N ≤ k holds.
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Now, with the parameter at hand, arbitrarily partition the vertex set V
into k disjoint parts V1 , . . . ,Vk , where each part holds at most

|Vi | ≤
⌈ log3(N)

2

⌉
many vertices. Note that finding such a partition is possible since

k ·
⌈ log3(N)

2

⌉
≥ N.

Then, for each part Vi , we list all possible 3-colorings of the induced
subgraph G[Vi]. There is a bounded number of such 3-colorings, at most

3|Vi | ≤ 3d
log3(N)

2 e ≤ 3
log3(N)

2 +1
� 3 · 3log3(N)· 12 � 3 ·

√
N ≤ k.

Hence, we can easily list these colorings in time linear in N . If we detect that
a subgraph G[Vi] does not have a proper 3-coloring, we can report that G is a
no-instance. Let c1

i , . . . , c
k
i be the listed 3-colorings of G[Vi]. We assume that

there are exactly k colorings. If not, we can copy some until we reach k.
Now we construct the instance G� of k × k-Clique. To this end, create a

vertex (i , j) for each i , j ∈ [1..k]. We obtain an k × k-graph. We add an edge
between the vertices (i , j) and (i′, j′) if i , i′ and if c j

i ∪ c j′

i′ is a 3-coloring of the
subgraph G[Vi ∪ Vi′]. Hence, edges indicate that colorings are compatible.

It is left to prove the correctness: G has a 3-coloring if and only if G� has a
clique of size k with one vertex from each row. Let us assume the former, then
there is a 3-coloring c of G. For each i ∈ [1..k] consider the restriction c |Vi of c
to Vi . It is a proper 3-coloring of G[Vi]. Hence, there exists an index ji ∈ [1..k]
such that c |Vi � c ji

i . Now we show that the vertices (i , ji) for i ∈ [1..k] form a
clique in G�. To this end, let (i , ji) and (i′, ji′) be two of these vertices located
in different rows, i , i′. Then we have that

c ji
i � c |Vi and c ji′

i′ � c |Vi′

are the restrictions of c to Vi and Vi′. Since c is a 3-coloring of the whole
graph G, the union c ji

i ∪ c ji′
i′ � c |Vi∪Vi′ is a 3-coloring of G[Vi ∪ Vi′]. By

construction of G� there is an edge between (i , ji) and (i′, ji′).
For the other direction, assume that we have a clique in G� on some

vertices (i , ji) with i ∈ [1..k]. Construct c �
⋃

i∈[1..k] c
ji
i . We show that it is a

3-coloring of G. First of all note that c assigns a color to each vertex in V since
it is a union of colorings for each part Vi . Now let {v , w} ∈ E be an edge in G.
We need to show that their colors are distinct, c(v) , c(w).

If v , w are in Vi for an i ∈ [1..k], we get c(v) � c |Vi (v) � c ji
i (v) and similarly

c(w) � c ji
i (w). Since c ji

i is a 3-coloring of G[Vi], we obtain c(v) , c(w).
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If v ∈ Vi and w ∈ Vi′ for i , i′ ∈ [1..k]with i , i′, we get that

c(v) � c |Vi∪Vi′ (v) � (c
ji
i ∪ c ji′

i′ )(v)

and similarly c(w) � (c ji
i ∪ c ji′

i′ )(w). Since there is an edge between the vertices
(i , ji) and (i′, ji′), the coloring c ji

i ∪ c ji′
i′ properly 3-colors G[Vi ∪ Vi′]. Hence,

we get c(v) , c(w). This completes the proof. �

Although k×k-Clique seems artificial, the problem is an important source
for slightly superexponential lower bounds. The reason is that it is simple to
reduce from and allows for liberal reductions. In our applications we often
consider parameterizations of problems with two parameters at the same
time, N and K. The lower bound that we want to obtain is typically of the
form 2o(N ·log(K)), so that it matches an algorithm running in time O∗(KN).
When reducing from k × k-Clique to transfer the lower bound, we need to
ensure that N depends only linearly on k. However, parameter K may depend
polynomially on k without negatively affecting the lower bound.

Lemma 5.14. Let Q be a par. problem with parameters N and K and assume there is

a polynomial-time reduction from k × k-Clique to Q with N ∈ O(k) and K ≤ p(k)
for a polynomial p(x). Unless ETH fails, Q cannot be solved in time 2o(N ·log(K))

.

Proof. Assume the contrary, namely that there is an algorithm solving Q
in time 2o(N ·log(K)). Since K ≤ p(k) for some polynomial p(x), we get that
K ∈ O(kc)where c is the largest degree occurring in p(x). Hence, by applying
the polynomial-time reduction followed by the assumed algorithm for Q, we
get an algorithm for k × k-Clique running in time

2o(N ·log(K))
� 2o(k·log(kc))

� 2o(k·c·log(k))
� 2o(k·log(k)).

Hence, by Theorem 5.13, this contradicts the ETH. �

Other than k × k-Clique, the framework set up by Lokshtanov, Marx,
and Saurabh [259] provides many more artificial and natural problems to
reduce from for obtaining slightly superexponential lower bounds. However,
Theorem 5.13 and Lemma 5.14 are the results that we essentially needed for
our applications. Due to this, we stop with the introduction of the framework
at this point and refer the reader to [112, 259] for more details.

5.1.4 The ETH for Intractable Problems

So farwehave employed theETH to derive lower bounds for problems that are
known to be fixed-parameter tractable. These lower bounds solved our initial
question on how to prove the optimality of an algorithm. Of course, the same
question applies in the context of intractable problems as well. Although a
problem is marked intractable, it could still be solved in a reasonable time.
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For instance Clique: we can find cliques by brute force in time O∗(nk). But
theremight be an algorithm solving the problem inmuch lesser timeO∗(n

√
k),

or more generally in time O∗(n g(k)) where g(k) is a small function compared
to k. However, we need to disappoint the reader once more. Joint work of
the authors Chen, Chor, Fellows, Huang, Juedes, Kanj, and Xia [85, 86] shows
that Clique is unlikely to be solved in time f (k) · no(k) for any computable
function f (k). This means that, no matter how large f (k) might be, we
cannot solve the problem with n depending only subexponentially on the
parameter k. This shows a further facet of the intrinsic hardness ofClique and
demonstrates once more why the problem is considered intractable.

The lower bound is based on the ETH. To derive it, we can follow a
reduction [112] similar to that of Theorem 5.13. However, we skip the details
and focus on the consequences of the result. But first we need to state it.

Theorem 5.15. Unless ETH fails, Clique cannot be solved by an algorithm running

in time f (k) · no(k)
where f (k) is some computable function.

Like before, the consequent question after establishing the first lower
bound in a new setting is how to transfer it to other problems. For lower
bounds relying on 3-SAT and k × k-Clique we used a kind of polynomial-
time reductions that keep the parameter (or at least one parameter) linear, see
Lemma 5.6 and Lemma 5.14. Here, we can be more liberal in the running
time: we still need the linear dependence on the parameter but can allow for
the reduction to take FPT-time like a parameterized reduction does.

Definition 5.16. Let Q be a parameterized problemwith parameter t. A linear

parameterized reduction from Clique to Q is a parameterized reduction from
Clique(k) to Q that outputs instances of Q with parameter t � O(k).

Establishing a linear parameterized reduction fromClique to a problemof
choice lets us transfer the lower bound. We can afford more than polynomial
time since the FPT-time that a parameterized reduction takes will vanish in
comparison with the time it takes to solve an intractable problem.

Lemma 5.17. If there is a linear parameterized reduction from Clique to a parame-

terized problem Q with parameter t, then Q cannot be solved by an algorithm running

in time f (t) · no(t)
, for any computable function f (t), unless ETH fails.

The proof is straight forward — it can be found in Appendix A.3.4. The
lemma is ourmain tool to obtain lower bounds for other intractable problems.
Since the concatenation of linear parameterized reductions 5 is again a linear
parameterized reduction, we can apply the lemma in a transitive fashion.
This means that once we have established a linear parameterized reduction

5Generally, linear parameterized reductions are parameterized reductions that keep the pa-
rameter linear. The source problem does not necessarily have to be Clique.
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from a problem Q to some problem Q′, with parameter k′, and a linear
parameterized reduction from Clique to Q is already known, we can exclude
an f (k′) · no(k′)-time algorithm for Q′ against the ETH.

Many of the reductions that we considered in Section 4.3.2 are linear
parameterized reductions. This yields lower bounds for the following W[1]-
complete problems, where Multi Clique and Multi Independent Set are ex-
tensions that add colorings to the problems.

Corollary 5.18. Unless ETH fails, (Multi) Clique and (Multi) Independent

Set cannot be solved in time f (k) · no(k)
for any computable function f (k).

A Lower Bound for Subgraph Isomorphism We want to obtain a lower
bound for a further intractable problem called Subgraph Isomorphism. The
problem is a generalization of Clique that attracted quite some attention in
classical and parameterized complexity theory [13, 167, 267, 272, 273]. For
an overview from the viewpoint of parameterized complexity, we refer to the
work of Marx and Pilipczuk [268]. In Chapter 6, we will employ the problem
to obtain a lower bound for bounded context switching.

In Subgraph Isomorphism we are given two graphs H � (V(H), E(H)) and
G � (V(G), E(G)). Weneed to decidewhetherH embeds intoG, namely if there
is an injective map ϕ : V(H) → V(G) such that for each edge {u , v} ∈ E(H)
of H, the image {ϕ(u), ϕ(v)} is actually an edge in G. In this case, the graph
H is indeed isomorphic to some subgraph of G.

Subgraph Isomorphism
Input: Graphs H and G.
Question: Does H embed into G?

Clearly, the problem generalizes Clique. An instance (G, k) of Clique can
be transformed to an instance (H,G) of Subgraph Isomorphism where H is a
clique of size k. The question whether H embeds into G is then equivalent to
askingwhether G contains a clique of size k. This can be seen as a polynomial-
time reduction and hence shows that Subgraph Isomorphism is NP-complete.

For obtaining fine-grained lower bounds, we consider two parameteri-
zations of the problem: Subgraph Isomorphism(k), where k � |V(H)| is the
number of vertices of H and Subgraph Isomorphism(e), where e � |E(H)| is
the number of edges of H. Note that the above reduction is a linear param-
eterized reduction from Clique to Subgraph Isomorphism(k). Hence, by the
above Lemma 5.17 we get that Subgraph Isomorphism cannot be solved in
time f (k) · no(k) for any computable function f (k), unless the ETH fails.

Corollary 5.19. Unless ETH fails, Subgraph Isomorphism cannot be solved by an

algorithm running in time f (k) · no(k)
where f (k) is some computable function.
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The lower bound matches the running time of the brute force approach
for Subgraph Isomorphism. That is, iterating over all maps ϕ : V(H) → V(G)
from vertices of H to vertices of G and testing whether each edge of H is
mapped to an edge of G. The approach runs in time O∗(nk).

In order toobtain a lowerbound in the alternativeparameter e, we consider
the second parameterization of the problem. Again, the above reduction
is a parameterized reduction, from Clique(k) to Subgraph Isomorphism(e).
However, it is not linear anymore: the constructed graph H is a clique of size
k and therefore has e � O(k2) edges. Due to this quadratic blow-up we can
only exclude algorithms for Subgraph Isomorphism that run in time

f (e) · no(
√

e).

The lower bound does not match the corresponding brute force algorithm
running in O∗(ne). It is obtained by mapping the edges of H into the edges
of G. Hence, a gap between current lower and upper bound remains.

The quadratic blow-up that weakens the above lower bound does not
only occur in the context of Subgraph Isomorphism. In fact, it seems to be
a common phenomena when reducing from Clique [112, 267]. This square

problem typically appears when we try to select the edges of a clique of size
k, a task that intuitively requires k2 edge-selection gadgets. It is an open
question how the square problem can be avoided in general and whether the
gap for Subgraph Isomorphism can be closed completely. But a striking result
by Marx from 2007 shed some light on the problem: he was able to improve
on the lower bound for Subgraph Isomorphism leaving only a small gap [267].

Theorem 5.20. Unless ETH fails, Subgraph Isomorphism cannot be solved by an

algorithm running in time f (e) · no(e/log(e))
where f (e) is some computable function.

Like before, the lower bound of Theorem 5.20 can be transported by es-
tablishing an appropriate linear parameterized reduction from Subgraph Iso-
morphism(e) to a problem of choice. The proof of the theorem follows from
a more general result by Marx on the complexity of the so-called Constraint

Satisfaction Problem, a generalization of SAT. Due to its length and technical
complexity, we skip it here. For details, we refer to [267].

5.2 The Strong Exponential Time Hypothesis

Wehave seen that theETH forbids algorithms that run in subexponential time
2o(k) or in less than slightly superexponential time 2o(k·log(k)). Hence, it deter-
mines a lower bound on the exponent of a running time. However, the ETH is
too weak to impose such a bound on the basis: although there are ETH-based
lower bounds for the problems Vertex Cover and Hamiltonian Cycle pre-
venting 2o(k)-time algorithms and 2o(N)-time algorithms respectively, there is
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anO∗(1.2738k)-time algorithm for the former problem [87] and anO∗(1.657N)-
time algorithm for the latter [44]. In order to exclude such algorithms, we
need a stronger assumption — the strong exponential time hypothesis (SETH)
formulated by Impagliazzo, Paturi, and Zane [217, 218].

Like the ETH, the SETH relies on the hardness of the satisfiability problem
but emphasizes on a different aspect of it. Although there areO∗((2−ε)n)-time
algorithms with ε > 0 for different variants of the problem, like 3-SAT on n
variables, there is no such algorithm for the general problem SAT where the
input is a formula in unconstrained CNF. Typically the SETH is referred to as
the assumption that such an algorithm does not exist. However, its original
definition is more technical and the above assumption is actually implied by
the SETH. To state the SETH properly, recall that an input to the problem
q-SAT for a q ∈ N is a formula in q-CNF where each clause contains exactly q
literals. We define constants δq similar to δ3 from the definition of the ETH.

δq � inf{c ∈ R | There is an algorithm solving q-SAT in time O∗(2c·n)}.

Note that for each of these values we have δq ≤ 1 since we can always
solve q-SAT by a brute force approach which runs in time O∗(2n). Moreover,
the values are growing, we have δq ≤ δq+1. The latter is true since any
algorithm solving (q + 1)-SAT can also solve q-SAT within the same running
time. To this end, note that a formula in q-CNF can be transformed to (q + 1)-
CNF by copying literals. Consequently, the sequence (δq)q∈N ismonotonously
increasing and bounded from above, hence convergent. The SETH is an
assumption on the limit of this sequence.

Definition 5.21. The strong exponential time hypothesis is the assumption

lim
q→∞

δq � 1.

The definition yields that, as the number q of literals in a clause grows,
an O∗(2c·n)-time algorithm for q-SAT with c < 1 becomes more unlikely. This
assumption is indeed stronger than theETH and consequentlymoredisputed.
However, breaking SETH would at least be considered very surprising and
would mark a rather big result in (parameterized) complexity theory. To
show that SETH is the stronger assumption, we state that it implies ETH. The
following theorem states the result. A proof is given in Appendix A.3.5.

Theorem 5.22. SETH implies ETH.

As mentioned before, the SETH implies an O∗((2− ε)n)-time lower bound
for SAT. Like for the ETH, we identify the SETH with this consequence as it
is more intuitive when proving lower bounds for further problems.

Lemma 5.23. Unless SETH fails, SAT cannot be solved in O∗((2 − ε)n) for ε > 0.
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A proof of the lemma is provided in Appendix A.3.6. The next question to
consider is how we can transport the lower bound of SAT to other problems.
Again, we need some kind of linear reductions but this time the definition has
to be rather strict. We cannot even allow for a linear blow-up on the parameter,
all we can afford is to add a constant. The reason is that the sparsification
lemma does not apply to general SAT. This means that the parameter of the
target problem has to satisfy this strict dependency only on the number of
variables of the formula and not on the number of clauses.

Definition 5.24. Let Q be a par. problem with parameter k. A strong linear

reduction from SAT to Q is a polynomial-time algorithm that, given a formula
ϕ inCNFwith n variables, computes an instance (I , k) of Q such that k � n+c,
where c ∈ N is a constant, and ϕ is satisfiable if and only if (I , k) ∈ Q.

We prove that establishing a strong linear reduction from SAT to the
problem of choice indeed transports the lower bound. However, it should be
noted that finding such a reduction in practice is typically a quite challenging
task. Therefore we will restrict to a single example after proving the lemma.

Lemma 5.25. If there is a strong linear reduction from SAT to a par. problem Q with

parameter k, then Q cannot be solved in O∗((2 − ε)k) for ε > 0 unless SETH fails.

Proof. Assume that Q can be solved by an algorithm running in O∗((2 − ε)k)
time for some ε > 0. Since there is a strong linear reduction from SAT to Q,
we get that k � n + c for a constant c ∈ N. Hence, by appending the above
algorithm to the reduction, we get an algorithm for SAT running in time

O∗((2 − ε)n+c) � O∗((2 − ε)n).

Note that the part (2−ε)c vanishes since it is a constant. This algorithm clearly
contradicts Lemma 5.23 which completes the proof. �

A Lower Bound for NAE-SAT We apply Lemma 5.25 to obtain a lower
bound for a special variant of SAT, called not-all-equal satisfiability, or NAE-
SAT for short. In the problem we are given a formula ϕ in CNF and we need
to decide whether there is an NAE-assignment. That is an assignment such
that in each clause of ϕ at least one literal is satisfied and at least one is not.
Hence, the literals of a clause should not all be evaluated to an equal value.

NAE-SAT
Input: A formula ϕ in CNF.
Question: Is there an NAE-assignment for ϕ?

Clearly, we can solve NAE-SAT in time O∗(2n) by brute force, where n is
the number of variables of the input formula. Assuming the SETH, this is
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actually the best we can hope for. In fact, we will see that there is a strong
linear reduction from SAT to NAE-SAT that allows for transporting the lower
bound. However, note that the reduction is quite simple compared to other
strong linear reductions. For more examples, we therefore refer to [112].

Theorem 5.26. Unless SETH fails, NAE-SAT cannot be solved in O∗((2 − ε)n).

Proof. We present a strong linear reduction from SAT to NAE-SAT. To this
end, let ϕ be an instance of SAT, a formula in CNF. We construct an instance
ϕ′ of NAE-SAT as follows. First, we add a fresh variable s to ϕ′. Then, for
each clause C � `1 ∨ . . . ∨ `q of ϕ, we add C′ � `1 ∨ . . . ∨ `q ∨ s to ϕ′.

We prove that ϕ has a satisfying assignment if and only if ϕ′ has an NAE-
assignment. Let v be a satisfying assignment of ϕ. To construct an NAE-
assignment v′ for ϕ′, we take over the assignment v and add the evaluation
v′(s) � 0. Since v is satisfying, each clause C � `1∨ . . .∨ `q of ϕ has a literal `i
evaluating to 1. Since s evaluates to 0 under v′, the clause C′ � `1∨ . . .∨ `q ∨ s
has one literal evaluating to 1 and one literal evaluating to 0 under v′. Hence,
v′ is a proper NAE-assignment for the formula ϕ′.

Now assume that ϕ′ has an NAE-assignment v′. If v′(s) � 1, then we con-
sider the complement assignment v̄′. Note that v̄′ is still an NAE-assignment
of ϕ′ which evaluates s to 0. Hence, we can assume that v′(s) � 0. To con-
struct a satisfying assignment v for ϕ, we take the values of v′ but cut away the
evaluation of s. Let C � `1∨ . . .∨`q be a clause of ϕ. Then, C′ � `1∨ . . .∨`q∨s
is a clause in ϕ′. Since v′(s) � 0, there has to be a literal `i that is evaluated to
1 by v′. Hence, v evaluates `i to 1 as well and thereby satisfies the clause C.
Altogether, v is a satisfying assignment for ϕ.

The reduction is correct and indeed strongly linear: the number of vari-
ables present in ϕ′ is just n + 1. This completes the proof. �

5.3 The Set Cover Conjecture

A further assumption for obtaining tight lower bounds for the basis of an
algorithm’s running time is the set cover conjecture (SCON)6. It was first for-
mulated in the work of Cygan, Dell, Lokshtanov, Marx, Nederlof, Okamoto,
Paturi, Saurabh, andWahlström [110] and is nowadays considered a standard
assumption for proving the optimality of algorithms. Roughly, the SCON as-
sumes that there is no algorithm for Set Cover running in time O∗((2 − ε)n),
where n is the size of the universe and ε > 0. Although there are algorithms
for the problem running in time O∗(2n), no algorithm improving on the basis
of the running time was found until today. One might see the reason for this
as a sheer lack of algorithmic improvement and believe that the SCON can be
refuted at any time. However, there are three reasons against this.

6SCON is not to be confused with a Scone https://en.wikipedia.org/wiki/Scone
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There is a growing number of techniques, often inspired by algebraic
methods, that allow for breaking the typical 2k-barrier. These techniques
were successful for many problems [44, 45, 46, 47, 50, 52, 54, 87] and it is quite
surprising that none applied to Set Cover, given that the problem plays a
central role in parameterized complexity. It seems that there is an intrinsic
lower bound, prohibiting algorithms running in time O∗((2 − ε)n).

An increasing number of problems rely on the lower bound provided by
the SCON [53, 91, 96, 110]. Interestingly, these are typically problems that do
not admit a lower bound via the SETH since they lack a suitable reduction
from SAT. The reason may lie in their algorithmic nature. Problems that
obtain their lower bound from the SETH usually match it by a simple brute
force algorithm, like SAT does. For problems that obtain their lower bound
from the SCON this is different: these can only match their lower bound by
a non-trivial dynamic programming algorithm, like in the case of Set Cover.
Hence, it seems that SETH is a provider of lower bounds for problems that are
more of a branching-nature, like SAT, whereas SCON provides lower bounds
for problems that are more of a dynamic programming-nature, like Set Cover.
Given that the latter captures a chunk of problems, forwhich the SETH cannot
provide a lower bound, the SCON actually seems a reasonable assumption.

There is some evidence on the connection between SETH and SCON.
Although it is open whether one of the assumptions implies the other, it is
known that anO∗((2−ε)n)-time algorithm for counting the number of set cov-
ers modulo 2 contradicts the ⊕-SETH [110]. Roughly, this is the assumption
that the number of satisfying assignments modulo 2 cannot be computed in
O∗((2− ε)n). Hence, there is a relation among the assumptions on a counting
level but it remains to be lifted to the general assumptions.

We proceed by defining the SCON formally. To this end, we consider the
problem q-Set Cover for any q ∈ N. An instance to q-Set Cover is of the form
(U, F , r), like for Set Cover, but each set in the family F has at most q many
elements. Similarly to SETH, we investigate the exponents appearing in the
running times of algorithms solving q-Set Cover:

λq � inf{c ∈ R | There is an algorithm solving q-Set Cover in time O∗(2c·n)}.

Note that the sequence (λq)q∈N is convergent. Indeed, each element λq is
bounded by 1 since there are algorithms for Set Cover, and consequently for
q-Set Cover, that run in time O∗(2n). For instance, the dynamic programming
from Section 3.2.2 or the convolution-based algorithm from Section 3.3.4.
Moreover, the sequence is monotonously increasing, we have λq ≤ λq+1,
since an algorithm for (q + 1)-Set Cover also solves the problem q-Set Cover.
Therefore, (λq)q∈N is bounded and increasing and thus convergent. The
SCON now assumes to know the limit of the sequence.
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Definition 5.27. The set cover conjecture is the assumption

lim
q→∞

λq � 1.

On an intuitive level, the conjecture states that, with growing q ∈ N, we
cannot avoid an O∗(2n)-time algorithm for q-Set Cover, leaving no space for
improvement on the basis of the running time. Like mentioned above, this is
disputed. But like for the SETH, it would be rather surprising if the SCONwas
actually refuted. This would clearly be a quite impressive result and probably
one of the most significant steps in parameterized complexity in recent years.

Often, the SCON is identified with a lower bound for the general problem
Set Cover which is of the form O∗((2 − ε)n). But formally, the latter is only
a consequence of the conjecture. In the following lemma, we state the lower
bound. A proof is provided in Appendix A.3.7.

Lemma 5.28. Unless SCON fails, Set Cover cannot be solved in O∗((2 − ε)n).

In order to transport the lower bound of Lemma 5.28 from Set Cover to
other problems we could proceed as for the SETH and consider strong linear
reductions. However, as we have seen, the conditions imposed on these
reductions are rather strict, making it hard to find a suitable reduction in
practice. Therefore, we follow a result from [110] which allows for a relaxed
notion of linear reductions that still transport the lower bound of Set Cover.

The mentioned result strengthens the statement of Lemma 5.28. Indeed,
the SCON does not only exclude algorithms for Set Cover running in time
O∗((2 − ε)n) but also those running in time O∗((2 − ε)n+r). Note that now
the size r of the desired set cover may appear in the exponent, resulting in a
more liberal running time. This clearly prohibits a larger group of algorithms
than before, therefore strengthening the lower bound. The key to the result is
the so-called powering technique. Roughly, this is a polynomial-time reduction
from Set Cover to itself that, given an instance (U, F , r), increases the size of
F but decreases the size of r. We formalize it below.

Lemma 5.29. Let q ∈ N. There is a poly.-time reduction transforming instances

(U, F , r) of q-Set Cover to instances (U, F̂ , r̂) of q2
-Set Cover with r̂ ≤ 1

q · n.

Aproof is given inAppendixA.3.8. With thepowering technique available
we can now improve the lower bound of Lemma 5.28.

Theorem 5.30. Unless SCON fails, Set Cover cannot be solved in O∗((2 − ε)n+r).

Due to its length, we also moved the proof of Theorem 5.30 to Ap-
pendix A.3.9. We proceed by defining the reductions needed to prove lower
bounds based on the SCON. Note that thesemay depend on both parameters,
n and r. Therefore, they form a more relaxed notion than the strong linear
reductions used in the context of the SETH, making it simpler to find them.
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Definition 5.31. Let Q be a parameterized problemwith parameter k. A tight

linear reduction from Set Cover to Q is a polynomial-time algorithm that, given
an instance (U, F , r) of Set Cover, computes an instance (I , k) of Q with

k � n + r + c ,

where c ∈ N is a constant, and (U, F , r) is a yes-instance if and only if (I , k) is.

Tight linear reductions are capable of transporting the lower bound of Set
Cover to a problem of choice, provided we have found such a reduction. The
reasoning is as before, an algorithm breaking the lower bound of the latter
problem contradicts the lower bound of Set Cover.

Lemma 5.32. If there is a tight linear reduction from Set Cover to a par. problem Q
with parameter k, thenQ cannot be solved inO∗((2−ε)k) for ε > 0unlessSCON fails.

Proof. For the sake of a contradiction assume that there is an algorithm solving
Q in time O∗((2 − ε)k) for an ε > 0. By putting the tight linear reduction
from Set Cover to Q before the mentioned algorithm, we actually obtain an
algorithm solving Set Cover in estimated time

O∗((2 − ε)n+r+c) � O∗((2 − ε)n+r),

which contradicts Theorem 5.30 and hence, the SCON. �

A Lower Bound for Steiner Tree As an example for the applicability of
the SCON, we consider a lower bound for the problem Steiner Tree [110].
The problem is a classic [142] in parameterized complexity and has received
considerable attention from an algorithmic point of view [48, 169, 179, 283].
To define it, we need some preceding notions. Let G � (V, E) be a graph and
T ⊆ V a subset of vertices called the terminals. A Steiner tree is a subset X ⊆ V
that contains the terminals T and such that the induced subgraph G[X] is
connected. The size of X is its cardinality |X |. It may seem odd at first sight
to call a set of vertices a tree. However, finding a Steiner tree corresponds to
finding a spanning tree of a connected subgraph that covers the terminals.

The problem Steiner Tree asks whether for a given graph and set of
terminals, there exists a Steiner tree of a certain size. We state it below.

Steiner Tree
Input: A graph G � (V, E), terminals T ⊆ V , an integer t ∈ N.
Question: Is there a Steiner tree of size at most t?

We are interested in the parameter t. The fastest algorithms for Steiner
Tree(t) run in time O∗(2t) [48, 283]. Notably, these are not obtained by brute

99



5. Fine-Grained Analyses

force, they rely on some non-trivial dynamic programming technique like fast
subset convolution. We prove that, assuming the SCON, the algorithms are
optimal: Steiner Tree cannot be solved in O∗((2 − ε)t) for an ε > 0. To this
end, we consider a tight linear reduction from Set Cover to Steiner Tree. By
an application of Lemma 5.32, the lower bound follows.

Theorem 5.33. Unless SCON fails, Steiner Tree cannot be solved in O∗((2− ε)t).

Proof. We describe a tight linear reduction from Set Cover to Steiner Tree.
Let (U, F , r) be an instance of the former. We construct an instance (G, T, t)
of Steiner Tree with parameter t � n + r + 1. Roughly, the graph G � (V, E)
is the incidence graph of U and F . This means that V contains a vertex for
each element in U and each set in F and an edge among them to display the
membership relation. Formally, we set V � U ∪F ∪{s}. Note that s is a fresh
vertex, solely needed for connectivity requirements. The edges are given by
{u , S} for each u ∈ U and S ∈ F that satisfy u ∈ S. Moreover, s has an edge
to all vertices of F . The terminals are given by T � U ∪ {s} ⊆ V . Clearly, the
instance (G, T, t) can be constructed in polynomial time.

It is left to prove the correctness of the construction. To this end, first
assume that S1 , . . . , Sr ∈ F is a set cover of U. Consider the Steiner tree
X � U ∪ {s} ∪ {S1 , . . . , Sr} of size at most t. We need to argue that G[X]
is connected. Note that two vertices Si and S j are connected through s. Let
u ∈ U be a vertex. Then, u and Si are connected since there exists an index
j ∈ [1..r] such that u ∈ S j . Consequently, there is an edge {u , S j} and since
S j and Si are connected, u and Si are as well.

For the other direction, assume there is a Steiner tree X of size at most t.
Then, X contains the terminals T � U ∪ {s} and therefore intersects F in at
most r sets S1 , . . . , Sr . These sets form a cover of U. To prove it, consider
u ∈ U. Since u ∈ T and the graph G[X] is connected, there has to be an edge
to a vertex S j , j ∈ [1..r]. Phrased differently, we have u ∈ S j .

Since the described reduction is indeed a tight linear reduction from Set
Cover to Steiner Tree, the lower bound follows from Lemma 5.32. �

5.4 Lower Bounds for Kernels

With the hardness assumptions in the preceding sections we have considered
tools for proving the optimality of algorithms. The need for such algorithms
is one of the major concerns of fine-grained complexity. Like for algorithms,
there is a similar need for optimal kernelizations. As kernelizations are pre-
processing algorithms that compress a given instance to a smaller one, the
kernel, they play an important role in applications that handle large-scaled
instances. For these, an optimal kernelization would output a kernel being
as small as possible. However, we are currently missing tools to make the
latter more precise. While we can potentially design kernelization algorithms
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yielding kernels of small size, we do not have techniques to obtain lower
bounds on the same. This makes it impossible to determine whether an
efficient kernelization for a problem does not exist or was just not found yet.

In 2008, this problemwas resolved by the lower bound framework of Bod-
laender, Downey, Fellows, Fortnow, Hermelin, and Santhanam [56, 57, 175].
The framework is capable of proving that a parameterized problem does not
admit a polynomial-sized kernel, showing that all potential kernelizations
still output rather large instances. Hence, for the first time it was possible
to distinguish problems that admit an efficient, a polynomial-sized, kernel-
ization from those that do not. The framework was further generalized by
Bodlaender, Jansen, and Kratsch in [58, 59] and is nowadays the primary
source for kernel lower bounds. It has been applied to exclude polynomial
kernels for various problems in parameterized complexity, including Longest
Path [110], Steiner Tree, Hitting Set, Set Cover [134], and Set Splitting [114].
We apply the framework to verification tasks, see Chapter 6, and 8.

As typical in (fine-grained) complexity theory, the lower bound frame-
work relies on some kind of hardness assumption. Unlike the assumptions
considered in preceding sections, the new assumption does not take its hard-
ness from a particular decision problem like SAT or Set Cover. In fact, it is
based on a rather unlikely inclusion from classical complexity theory: it is
not believed that the class NP is contained in non-uniform coNP. Formally,
NP * coNP/poly. Although the precise relation between the two classes re-
mains unclear, it is known that NP ⊆ coNP/poly would cause a collapse of
the polynomial hierarchy to the third level, a result that is referred to as Yap’s
theorem [333]. Since such a collapse is commonly considered unlikely, it
constitutes the reliability of the non-inclusion assumption.

In the upcoming sections, we introduce the basics of the framework and
show how the above non-inclusion assumption is linked to polynomial-sized
kernels. It should be noted that the framework can be further extended to
even exclude kernels of a precise polynomial size. However, we skip this part
as we are only interested in disproving the existence of any polynomial-sized
kernel. For further details, we refer the reader to the book [110].

5.4.1 Non-uniform Polynomial-Time

As mentioned above, the basis of the lower bound framework involves the
non-uniform complexity class coNP/poly. Before we can define the class
properly, we need to give a short introduction into non-uniform polynomial-
time classes. Like for other complexity classes, the definition relies on a
variant of Turing machines. This time, the machines have access to an advice

string that may help deciding whether a given input is accepted or not.

Definition 5.34. A polynomial-time Turing machine with advice is defined to be a
tuple (M, (αn)n∈N) consisting of a Turing machine M that runs in polynomial
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time and a sequence of so-called advice strings (αn)n∈N such that, on an input
x of length n, the machine M has read access to advice αn .

Note that there is only one advice αn for all inputs of length n. The advice
is therefore universal to these and helps accepting or rejecting those inputs.
Formally, (M, (αn)n∈N) accepts an input x if M accepts x under advice α |x |. This
means that M runs on x but can additionally read the string α |x | whenever
needed. The language L(M, (αn)n∈N) of themachinewith advice (M, (αn)n∈N)
is then defined as usual, as set of all accepted words.

In the above definition, we did not specify whether polynomial-time Tur-
ingmachineswith advice are deterministic or not. But like for classical Turing
machines, we can distinguish between deterministic, nondeterministic, and
co-nondeterministic7 machines, depending on M. Hence, if M is determin-
istic, we may call the tuple (M, (αn)n∈N) a P-machine with advice. Note that
the class P is mentioned here since it is defined in terms of deterministic
polynomial-time Turing machines. Similarly, if M is (co-)nondeterministic,
we call the tuple (M, (αn)n∈N) a (co)NP-machine with advice.

We are now ready to define the non-uniform polynomial-time complexity
classes. These contain all languages of Turing machines with advice where
the length of each advice string is bounded by some predefined function.

Definition 5.35. Let s : N → N be a function and C ∈ {P,NP, coNP} a
complexity class. The non-uniform complexity class C/s(n) is defined by

C/s(n) �
{

L
���� There is a C-machine with advice (M, (αn)n∈N) such
that L � L(M, (αn)n∈N) and |αn | ≤ s(n) for each n ∈ N.

}
Let us discuss what a reasonable bound s(n) on the length of each advice

would be. To this end, assume our inputs are words over the alphabet {0, 1}.
Then there are 2n possible inputs of length n. If our C-machines have access
to advice strings that are of exponential length 2n , they accept any language
L ⊆ {0, 1}∗: an advice αn could encode the membership relation in L for all
inputs of length n. Hence, a machine only needs to read αn and can then
output the correct answer. Note that we are typically not able to compute the
advice αn but the definition only demands for the existence of such.

Consequently, advice strings of exponential length are too powerful as
they can encode the answer for all inputs of a certain length. It is therefore
reasonable to bound the length of each advice by a polynomial in the input
size. The bound yields three non-uniform complexity classes:

P/poly �

⋃
c∈N

P/nc , NP/poly �

⋃
c∈N

NP/nc , coNP/poly �

⋃
c∈N

coNP/nc .

7A co-nondeterministic machine is an alternating Turing machine without alternations
and only universal states. Phrased differently, this is a machine that can guess, like a nonde-
terministic machine, but only accepts an input if each computation on it is accepting.
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However, note that having polynomial-sized advice still allows for ac-
cepting undecidable problems. In fact, even 1 bit of advice already suffices.
For instance, consider the undecidable language L � {x | Nbin(|x |) accepts ε}
where bin(|x |) is the binary representation of the length of x and Nbin(|x |) is
the Turing machine encoded by it. We define the following advice bit:

αn �

{
1, if Nn accepts ε,
0, otherwise.

Amachine with advice for L would then just output the bit α |x | on an input x
and therefore, provide the correct answer. Hence, we obtain that L ∈ P/poly.

For the hardness assumption used in the lower bound framework for
kernels, we need to consider the connection between the non-uniform classes
above with standard (uniform) complexity classes. To this end, we focus on
two results in this context, namely the Karp-Lipton(-Sipser)8 theorem [230]
andYap’s theorem [333]. Both results reveal an intriguing connection between
non-uniform classes and polynomial hierarchy. To state the results, recall
that the polynomial hierarchy consists of different levels. Level ΣP

i contains
all languages of alternating Turing machines that start in an existential state
and have at most i − 1 alternations. Similarly, ΠP

i consists of those languages
accepted by alternating Turing machines that start in an universal state and
have at most i − 1 alternations. The polynomial hierarchy is the union:

PH �

⋃
i∈N
ΣP

i �

⋃
i∈N
ΠP

i .

The Karp-Lipton theorem states that, if NP is contained in P/poly, then
the polynomial hierarchy collapses to the second level. It is shown as Part a)
in the following theorem. Yap’s theorem shows a similar statement for the
relation between NP and coNP/poly. If NP is contained in the non-uniform
class, the PH collapses to the third level. The result is shown below as Part b).

Theorem 5.36. The following two connections between non-uniform complexity

classes and polynomial hierarchy are known:

a) NP ⊆ P/poly implies PH � ΣP
2 � ΠP

2 .

b) NP ⊆ coNP/poly implies PH � ΣP
3 � ΠP

3 .

As a collapse of the polynomial hierarchy is considered rather unlikely,
neither the inclusion NP ⊆ P/poly nor the inclusion NP ⊆ coNP/poly are
believed to hold. We employ the latter as a hardness assumption for kernel
lower bounds. The former is typically used to obtain circuit lower bounds:
NP * P/polymeans that SAT cannot be solved by circuits of polynomial size.

8Typically, the result is referred to as the Karp-Lipton theorem. But due to the authors,
see [230], Sipser actually improved the result to its present form.
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5.4.2 OR-Distillations

The key idea of the lower bound framework for kernels is to employ the theory
of so-calledOR-distillations. Roughly, these are polynomial-time compression
algorithms that take a sequence of instances of a source problem and reduce
them to a single instance of a target problem. Then the constructed instance
is a yes-instance of the target if and only if one of the original instances is a
yes-instance of the source. Phrased differently, an OR-distillation constructs
the logical operator OR of the given instances.

The importance of OR-distillations goes back to a result by Fortnow and
Santhanam [175]. In 2008, the authors revealed the connection between OR-
distillations and the class coNP/poly. More precise, the result forbids certain
OR-distillations, based on the assumption thatNP ⊆ coNP/poly does not hold.
It therefore links the existence of a compression algorithm to the inclusion.
Although kernelizations and OR-distillations are quite different, the former
are compression algorithms as well. Hence, the result can be seen as a
significant first step in the development of the lower bound framework.

We continue with the definition of an OR-distillation. Note that, unlike a
kernelization, an OR-distillation is employed among ordinary, unparameter-
ized problems. This constitutes a further difference between the two notions
which needs to be resolved later. In the following, let Σ be a finite alphabet.

Definition 5.37. Let S and R be two languages over Σ. An OR-distillation of S
into R is an algorithmA that takes a sequence of instances s1 , . . . , st ∈ Σ∗ and
outputs a single instance w ∈ Σ∗ such that

(1) the instance w ∈ R if and only if there is an i ∈ [1..t]with si ∈ S,

(2) the size of w is bounded: |w | ≤ p(maxi∈[1..t] |si |) for a polynomial p(x),

(3) A runs in time q(∑t
i�1 |si |) for a polynomial q(x).

According to the definition, OR-distillations compute, in polynomial time,
the logical operator OR of the given instances. Moreover, note that the size
constraint on the constructed instance w is rather strict: it is not bounded
by a polynomial in the input size

∑t
i�1 |si |. Instead, the size of w has to

be bounded polynomially in the largest |si |. This means that the number t
of given instances is not allowed to appear in |w |, a fact that weakens the
applicability of OR-distillations at first sight. We can however mitigate this
requirement as we will see in the upcoming Section 5.4.3.

In the following, we state the theorem of Fortnow and Santhanam [175]
and an important corollary of it. Both results show a quite surprising relation
between OR-distillations and the non-uniform class coNP/poly and constitute
a major step towards obtaining kernel lower bounds.

Theorem 5.38. Let S and R be any two languages over the alphabet Σ. If there is an

OR-distillation of S into R then we have S ∈ coNP/poly.
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Note that there is no requirement at all on the language R. Hence, it can
even be undecidable and still, an OR-distillation from S into the language
suffices to show membership of S in the class coNP/poly. This means that R
has no influence and the sheer fact that we are able to compress information
via an OR-distillation already implies the existence of some algorithm and
corresponding advice strings that show membership in coNP/poly.

As a consequence of Theorem 5.38, we are now able to link the existence
of certain OR-distillations with the unlikely inclusion NP ⊆ coNP/poly.

Corollary 5.39. Let S be an NP-hard language and R any language. If there exists

an OR-distillation from S into R then we have NP ⊆ coNP/poly.

Proof. Let L be any language in NP. Then there exists a polynomial-time
reduction from L to S. If we are given several instances of the language L, we
can first apply the mentioned reduction and then append the OR-distillation
of S into R. This way we actually obtain an OR-distillation of L into R. Hence,
the result follows by applying Theorem 5.38. �

Due to the unlikeliness ofNP ⊆ coNP/poly to hold, wemay assume that an
OR-distillation from an NP-hard problem does not exist. However, this is still
a result on unparameterized languages. If we want to employ it to exclude
certain kernelizations, it remains to be lifted to the parameterized world.

5.4.3 Cross-Compositions

Like mentioned before, one of the major drawbacks of OR-distillations is the
fact that they only work on ordinary, unparameterized, problems. Therefore,
in their present form, they are not capable of excluding polynomial kernels,
self-reductions among parameterized problems. Hence, we are in dire need
of a theory making OR-distillations and parameterized problems compatible.

Such a theory was developed by Bodlaender, Downey, Fellows, Hermelin,
Jansen, and Kratsch [56, 57, 58, 59]. Their main idea is to squeeze a parame-
terized problem into an OR-distillation by breaking the latter apart into two
parts, as shown in Figure 5.2. The first part, called cross-composition, constructs
the logicalORof several instances of the source problembymapping them to a
single instance of an intermediary parameterized problem. The second part is
a more general form of a kernelization, called polynomial compression. It maps
from the parameterized problem to the ordinary (unparameterized) target
problem. By appending polynomial compression and cross-composition, we
actually obtain an OR-distillation. Hence, once we have established a cross-
composition from an NP-hard problem to a parameterized problem of choice,
we can exclude the existence of a polynomial compression for the latter. Oth-
erwise we would obtain an OR-distillation starting in an NP-hard problem
and due to Corollary 5.39 contradict the assumption NP * coNP/poly.
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Source
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Par. problem
Q

Target
R

Cross-
composition

Polynomial
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Source
S

Target
R

Cheat
nodeOR-distillation

Figure 5.2: Let problems S, R be unparameterized. A parameterized problem
Q can be squeezed into an OR-distillation of S into R if we consider it as two
separate parts: a cross-composition and a polynomial compression. The former
maps from S to Q, the latter from Q to R. By appending both, we obtain an
OR-distillation from S into R. If S isNP-hard andwe have a cross-composition
from S into Q, a polynomial compression from Q is unlikely to exist.

We define both notions, cross-composition and polynomial compression,
and provide a proof that appending both yields an OR-distillation. Let us
focus on the former. Roughly, a cross-composition mimics the behavior of
an OR-distillation on a parameterized level. It takes several instances of
an unparameterized source problem and maps into a parameterized target
problem while constructing the logical OR of the instances. However, cross-
compositions are designed to be more applicable than OR-distillations. One
major feature is that the given instances can be streamlined along an equiva-
lence relation. This means that, when we are given several formulas as input,
we can for instance assume the formulas to have the same number of vari-
ables and the same number of clauses. Assumptions like this often ease the
construction of a suitable cross-composition. The only conditions that the
employed equivalence relation has to meet are that it has polynomially many
equivalence classes and it must be decidable in polynomial time whether two
given instances are actually equivalent. Let Σ be a finite alphabet. For each
n ∈ N let Σ≤n denote the set of words of length at most n.

Definition 5.40. A polynomial equivalence relation is an equivalence relation
R ⊆ Σ∗ × Σ∗ over the words of Σ that satisfies the following:

(1) there is an algorithm that takes words v , w ∈ Σ∗ and decides in time
q(|v | + |w |)whether (v , w) ∈ R, where q(x) is some polynomial.

(2) for each n ∈ N, the restriction of R to words Σ≤n has at most p(n) many
equivalence classes, where p(x) is some polynomial.
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We consider two examples of polynomial equivalence relations that will
be important later on. The first example shows a simple but powerful equiv-
alence relation on CNF-formulas. The second one is a relation on graphs.

Example 5.41. The following are polynomial equivalence relations.

a) Assume we have an encoding of Boolean CNF-formulas over the alpha-
bet Σ. Let w ∈ Σ∗, by ϕw we denote the formula that is encoded by w,
by Var(ϕw) its set of variables and by Clause(ϕw) its set of clauses. De-
fine the following relation: w ∼R v if and only if w and v do not encode
proper formulas, or w and v do encode proper formulas ϕw , ϕv and
|Var(ϕw)| � |Var(ϕv)| and |Clause(ϕw)| � |Clause(ϕv)|. Clearly, R is an
equivalence relation that puts all words not encoding a formula into one
class and those that do are equivalent when they have the same number
of variables and clauses. This yields a polynomial equivalence relation.
Note that (1) is clearly satisfied since we can simply count the number
of variables and clauses. Regarding (2), note that a word w of length
at most n encodes a formula having at most n variables and n clauses.
Hence, R restricted to Σ≤n has at most n2 + 1 many classes: one class for
each combination of i ∈ [1..n] variables and j ∈ [1..n] clauses, and an
additional class for all words not encoding a formula.

b) Now assume that an encoding of pairs (G, k) over Σ is given, where G is
an undirected graph and k is some additional parameter. For w ∈ Σ∗, let
Gw be the graph encoded by w, V(Gw) its vertices and E(Gw) its edges.
Moreover, let kw be the encoded parameter. We define a relation: w ∼R v if
and only if w , v do not encode proper pairs, or w and v do encode proper
pairs (Gw , kw), (Gv , kv) with |V(Gw)| � |V(Gv)|, |E(Gw)| � |E(Gv)|, and
kw � kv . This means that the number of vertices, edges, and the parameter
need to coincide. Again, R is a polynomial equivalence relation.
Condition (1) is met by counting vertices and edges. For (2), let w ∈ Σ≤n .
Then, w encodes a graph with at most n vertices, n edges, and kw ≤ n.
Hence, there are n3 + 1 many classes when R is restricted to Σ≤n : one for
each combination of i ∈ [1..n] vertices, j ∈ [1..n] edges, and kw ∈ [1..n], as
well as a class combining all words not encoding proper pairs.

We are now ready to formally define cross-compositions. Note that these
assume the given instances to be equivalent under some polynomial equiv-
alence relation. This feature is not supported by OR-distillations, making
cross-compositions a more versatile tool for applications.

Definition 5.42. Let R be a polynomial equivalence relation, S ⊆ Σ∗ a lan-
guage, and Q ⊆ Σ∗ × N a parameterized language. A cross-composition of S
into Q is an algorithm C that takes a sequence of instances s1 , . . . , st ∈ Σ∗, all
equivalent under R, and outputs a single instance (y , k) ∈ Σ∗ ×N such that
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(1) the instance (y , k) ∈ Q if and only if there is an i ∈ [1..t]with si ∈ S,

(2) the parameter is bounded: k ≤ p(maxi∈[1..t] |si | + log(t)) for a poly. p(x),

(3) C runs in time q(∑t
i�1 |si |) for a polynomial q(x).

Since the definition requires the existence of a polynomial equivalence
relation, we may say that S cross-composes into Q if there exists such a relation
along with a corresponding cross-composition of S into Q.

Let us compare the definition of cross-compositions with that of OR-
distillations, see Definition 5.37. Besides the obvious differences, namely the
involved polynomial equivalence relation and the parameterized problem,
there is one subtle change: OR-distillations require that the size of the con-
structed instance is bounded polynomially in maxi∈[1..t] |si |. The number of
instances t is not allow to appear in that bound. However, cross-compositions
only bound the parameter of the constructed instance by a polynomial which
may as well depend on log(t). Consequently, the size of the instance y may
depend polynomially on t and the parameter k may depend polylogarithmi-
cally on t. Although the change seems rather small, we often need to heavily
rely on this dependence when constructing cross-compositions.

Assume we have constructed a cross-composition from an NP-hard prob-
lem to a parameterized problem of choice. To refute the existence of a polyno-
mial kernel for the latter, we need to show that a polynomial kernelization ap-
pended to the cross-composition actually yields an OR-distillation. However,
we do not directly consider kernelizations. Instead, we examine a slight gen-
eralization called polynomial compression and refute the existence of those,
which also yields the desired result for kernels. A polynomial compression
takes an instance of a parameterized problem and outputs an instance of any
problem. Like for a polynomial kernelization, the size of the constructed
instance is bounded polynomially only in the parameter.

Definition 5.43. Let Q ⊆ Σ∗×N be a parameterized language and R ⊆ Σ∗ any
language. A polynomial compression of Q into R is an algorithm B that takes an
instance (y , k) ∈ Σ∗ ×N and outputs an instance w ∈ Σ∗ such that

(1) the instance w ∈ R if and only if (y , k) ∈ Q,

(2) the size of w is bounded: |w | ≤ p(k) for a polynomial p(x),

(3) B runs in time q(|y | + k) for a polynomial q(x).

Note that a polynomial kernelization is a polynomial compression. Al-
though a kernelization algorithm maps from a parameterized problem Q to
itself, we can consider Q, as target of themap, in unparameterized form. Con-
sequently, the next result does not only refute the existence of a polynomial
compression but also that of a polynomial kernelization.
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Theorem 5.44. Let S be NP-hard and Q a par. problem. If S cross-composes into

Q, then Q does not admit a polynomial compression unless NP ⊆ coNP/poly.

Aproof is given inAppendixA.3.10. The result shows that the existence of
a polynomial-sized kernel is unlikely as soon as we have established a cross-
composition. Hence, finding suitable cross-compositions is key for obtaining
kernel lower bounds. However, they can be quite difficult to find. Often they
are rather technical and demand for deep knowledge about the considered
problem and what it is computationally capable of. In the following we
present an example involving a simple cross-composition.

AKernel Lower Bound for Longest Path In Section 3.4, we have seen exam-
ples of parameterized problems that do admit kernelizations of polynomial
size. Now, we consider an example that does not admit such a kernel. The
problem, known as Longest Path or also k-Path, is a basic problem of pa-
rameterized complexity and closely related to Hamiltonian Path. To state it,
recall that a simple path in an undirected graph is a path without repetition
of a vertex. Its length is the number of involved vertices.

Longest Path
Input: A graph G and an integer k ∈ N.
Question: Is there a simple path of length at least k in G?

Note that the problem Hamiltonian Path is the special case of Longest
Path where the parameter k equals the number of vertices. Both problems
are NP-complete and especially Longest Path has seen quite a competition
for the fastest FPT-algorithm [13, 50, 88, 240, 279, 328]. But although there
is an O∗(1.66k)-time algorithm, it is unlikely that Longest Path(k) admits a
polynomial kernel. Indeed, below we show a cross-composition of Hamilto-
nian Path into Longest Path(k). Since the former is NP-hard, we can invoke
Theorem 5.44 and exclude a polynomial kernel unless NP ⊆ coNP/poly.

Theorem 5.45. Unless the inclusion NP ⊆ coNP/poly holds, the problem Longest

Path does not admit a kernelization of polynomial size.

Proof. We describe a cross-composition of Hamiltonian Path into Longest
Path(k). To this end, we first need to fix a polynomial equivalence relation R.
We employ the relation that identifies two encodings u , v ∈ Σ∗ of graphs over
some alphabetΣ as equivalent if and only if u , v do not encode proper graphs
or u , v do encode proper graphs Gu and Gv such that the number of vertices
coincides: |V(Gu)| � |V(Gv)|. This is a simpler variant of the relation given
in Example 5.41 and indeed a polynomial equivalence relation.

Let G1 , . . . ,Gt be instances of Hamiltonian Path, equivalent under R.
Then, all Gi have the same number of vertices, say n many. We construct an

109



5. Fine-Grained Analyses

instance (G, k) of Longest Path by defining G to be the disjoint union of the
Gi and by setting k � n. This already describes a cross-composition.

Indeed, we have that (G, k) has a simple path of length at least k � n if
and only if one of the Gi has a simple path of length n, a Hamiltonian path.
Moreover, the parameter k is clearly bounded by the maximal size of the
instances Gi . It does not depend on t at all. Lastly, the construction can be
carried out in polynomial time. By Theorem 5.44, the result follows. �
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6. Bounded Context Switching
and Variants

ctx1 ctx2 ctx3 ctx4

Bounded context switching (BCS) is a popu-
lar under-approximatemethod for finding
violations to safety properties in shared-
memory concurrent programs. Instead
of considering all computations of a pro-
gram, BCS restricts the search for bugs to those that switch the processor
only a bounded number of times among the threads. In contrast to complete
safety verification of (finite-state) shared-memory concurrent programs, this
drastically reduces theworst-case complexity, fromPSPACE toNP. Moreover,
verification tools that employ BCS do not only find violations to safety prop-
erties reliably, but also rather efficiently in practice [292, 293]. Both reasons
make a fine-grained analysis of this under-approximation appealing.

We conducted a comprehensive fine-grained complexity analysis of BCS.
It provides new and provably optimal verification algorithms, further lower
bounds, and a classification into tractable and intractable parameterizations
of the problem. Moreover, we conducted similar analyses for variants and
generalizations of BCS, including Round Robin and the Bounded Stage Restric-

tion. In the following we present our results. Parts of the text appeared in our
publications [91, 93, 96]. This text is an extension to these works.

6.1 Popular Under-Approximations

Proving safety in shared-memory concurrent programs is complexity-wise
rather hard. The corresponding decision problem is PSPACE-complete in the
case of finite-state programs [241]. The high complexity can be understood
when considering the case that an unsafe state is not reachable: we need
to explore the whole space of computations to exclude a potential computa-
tion leading to this state. Since this is intractable for large applications, the
current trend for shared-memory concurrent programs is bug-hunting: algo-
rithms that detect safety violations in an under-approximation of the compu-
tations. The corresponding (non-)reachability problem becomes easier when
we need to explore less computations. The downside is that the approach
is no longer complete. There might be a computation of the program that
our under-approximation does not contain. Hence, the right choice of under-
approximation is essential. It should be large enough to capture most safety
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Memory

x � 0

y � 0

z � 0

T1

`1
1 : assume(x � 0);

`1
2 : y � 1;

`1
3 : z � 1;

...

T2

`2
1 : assume(y � 0);

`2
2 : assume(z � 0);

`2
3 : x � 1;

...

Figure 6.1: A shared-memory concurrent program with threads T1 , T2 on
Boolean variables x , y , z. Note that each instruction has a unique label ` j

i . The
memory stores the current evaluaton of the variables. The state x � y � z � 1
where all variables are evaluated to 1 is considered unsafe.

violations but still efficient from a practical and algorithmic point of view.

6.1.1 Bounded Context Switching

Themost prominentmethod in the under-approximate verification of shared-
memory concurrent programs is bounded context switching (BCS). It was first
formulated by Qadeer, Rehof, and Wu [292, 293] around 2004 for the verifi-
cation of multi-threaded C programs. A context switch occurs when a thread
of the program leaves the processor for another thread to be scheduled. The
idea of BCS is then to limit the number of context switches. This constitutes
an under-approximation where we only consider computations that switch
the processor a bounded number of times. Note that, effectively, this limits
the amount of information that can be exchanged among the threads during
a computation, but does not put a bound on how long a thread may run.

We illustrate the idea behind BCS via an example. Consider the shared-
memory concurrent programdepicted in Figure 6.1. It consists of two threads
T1 and T2 that manipulate the Boolean variables x , y , z. The memory man-
ages the evaluation of the variables. When a thread executes the instruction
assume(x � 0), it can only proceed if the current evaluation of x in thememory
is 0. The write y � 1 changes the evaluation of y to 1. Each instruction has
a unique label ` j

i . Assume that it might be unsafe for the memory to arrive
at the state x � y � z � 1. For instance, there could be two threads concur-
rently entering their critical sections in this case although these sections are
supposed to runmutually exclusive. To verify that the above program is safe,
we would need to show that none of its computations — no interleaving of
the executions of T1 and T2 — leads to the unsafe state. However, the unsafe
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state is reachable via the following sequence of instructions:

ρ � `1
1 . `

2
1 `

2
2 `

2
3 . `

1
2 `

1
3 .

Computation ρ is a safety violation with two context switches, marked
by the dots in ρ. This splits the computation into three contexts, three parts
of ρ that capture when the threads T1 and T2 are running. Note that a
computation involving only two contexts or equivalently, one context switch,
does not suffice to reach the unsafe state. Hence, finding the safety violation
in this example requires a computation with two context switches.

Although the above example seems artificial, the number of context
switches needed to detect the safety violation is quite realistic. Indeed, nu-
merous experiments demonstrate that already few context switches suffice
to find bugs in a program [280]. Phrased differently, BCS satisfies the first
requirement on a useful under-approximation: it is precise enough to find
most safety violations. But BCS is also appealing from an algorithmic point
of view. Technically, the under-approximation corresponds to a reachability
problem that is known to beNP-complete. Hence, it improves on thePSPACE-
completeness of other verification methods in the case of finite-state pro-
grams, thereby satisfying the second requirement on under-approximations:
BCS has a reasonable worst-case complexity.

These two factors significantly contributed to the success that BCS has
seen in verification. The method was employed for different models and ver-
ification questions. Qadeer and Wu [293] originally used it to sequentialize
multi-threaded C programs in order to apply the model-checker SLAM [29].
This led to further research regarding the question on how concurrent pro-
grams running under a context bound, or a related bound, can be sequential-
ized efficiently [61, 231, 244, 245, 248]. Bounded context switching has also
been applied in the context of (multi-stack) pushdown systems and recursive
programs [19, 20, 22, 23, 153, 242, 247, 248], concurrent queue systems [243]
and concurrent programs with dynamic thread creation [21]. Moreover, it
is implemented in several model checkers such as KISS [293], SLAM [29],
CHESS [281], jMoped [310], and more. These tool perform well even on
industrial instances therefore standing in contrast to the NP-completeness
of BCS. Even though we consider the latter a reasonable worst-case complex-
ity for a verification problem, it is not sufficient to explain the success that
these tools see from a theoretical point of view. Phrased differently, NP seems
too rough a measure for the precise complexity of BCS and so far, there is no
finer complexity analysis available for the problem.

Contribution We contribute a fine-grained analysis of the bounded context
switching under-approximation. The most important parameter for BCS is
the number of context switches cs. As mentioned before, introducing cs to
the problem was essential to improve upon the PSPACE-completeness and
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Problem Upper Bound Lower Bounds

BCS(cs) in W[1] W[1]-hard

BCS(cs,m) O∗(mcs · 2cs) mo(cs/log(cs)) No polynomial kernel

Shuffle Mem(k) O∗(2k) O∗((2 − ε)k) for ε > 0

Table 6.1: Results of the fine-grained complexity analysis of BCS. Main results
are the algorithms and lower bounds for BCS(cs,m) and Shuffle Mem(k).

to arrive at NP instead. Moreover, the parameter is typically rather small in
practical examples [280] making it an ideal candidate for a parameterized
complexity analysis. The hope is to find an FPT-algorithm for BCS, non-
polynomial only in cs. But surprisingly, as we shall see, parameterizing only
in the number of context switches does not suffice. We show that BCS(cs) is
actually W[1]-complete and therefore rather unlikely to be FPT. It requires a
secondparameter to obtain the desired result: the size of thememorym. Since
it is often the case that shared-memory communicationhappens via signaling,
by setting flags and semaphores, memory requirements are moderate [263].
Hence, also m is a prime candidate for a parameterization and indeed, we
show that there is an FPT-algorithm for BCS(cs,m).

The complete set of results of our fine-grained analysis is summarized in
Table 6.1with themain findings highlighted in gray. One of thesemain results
is the upper bound for BCS(cs,m). We show that the problem can be solved
in time O∗(mcs · 2cs). The idea of the corresponding algorithm is to enumerate
the sequences of memory states at which the threads could potentially switch
the context. Since m bounds the size of the memory and cs the number of
context switches, there are m

cs such sequences. Given a sequence, the next
step is to check a problem called Shuffle Mem. It tests whether the threads
actually have proper computations that justify the sequence. We employ fast
subset convolution to solve the problem in time O∗(2cs). We remark that
Shuffle Mem is a problem that might be interesting in its own right. It is an
under-approximation that still leaves freedom for the local computations of
the threads. Indeed, related ideas are common in testing [77, 98, 155, 180, 183].
It is an interesting task to determine the fine-grained complexity of testing
problems and to see how subset convolution and other FPT-techniques can be
applied in this context. We already point to Chapter 9, where we employed a
fine-grained analysis of the testing problem for weak memory models.

The lower bound for BCS(cs,m) is established via a reduction from Sub-
graph Isomorphism. It shows that BCS cannot be solved in time m

o(cs/log(cs))

unless the ETH fails. This almostmatches the upper bound and we argue that
the remaining gap is not easy to close. A matching algorithm for BCS would
resolve the question on whether Subgraph Isomorphism can be solved in time
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ne/log(e) which has remained open since 2007 [267]. It should also be noted
that a reduction from k × k-Clique to BCS, which is the typical way to ob-
tain slightly superexponential lower bounds, causes thewell-known squaring
problem, explained in Section 5.1.4. Therefore, k × k-Clique is not suitable
to provide a lower bound for BCS. For the problem Shuffle Mem, we do not
leave a gap. By assuming the SCON, and setting up a reduction from Set
Cover, we obtain a matching lower bound: Shuffle Mem cannot be solved in
time O∗((2 − ε)k) for an ε > 0. Like other problems that rely on the SCON,
Shuffle Mem is more of a dynamic programming-nature like Set Cover and less
of a branching-nature like SAT. To the best of our knowledge, it is the first
verification problem that obtains a lower bound via the SCON. To investigate
the applicability of preprocessings for bounded context switching, we prove
that BCS(cs,m) does not admit a polynomial kernel. The result is obtained by
establishing a cross-composition from 3-SAT to the problem and shows that
polynomial-time preprocessings have only limited success.

6.1.2 Round Robin

Round Robin (Round Rob) is a variant of BCS where the threads act along a
cyclic schedule. This means that computations of a program can be split into
different rounds in which the threads consecutively take turns. Round robin
assumes that the number of these rounds is bounded. Like BCS, the method
constitutes a proper under-approximation and verification under round robin
has received quite some attention in the literature [61, 248, 280].

Contribution To tackle the complexity of Round Rob we contribute a fine-
grained complexity analysis of a local variant of BCS. As we will see, round
robin is a special case of this variant and the time complexity of Round
Rob follows from the more general analysis. Instead of sharing a number of
context switches among all threads, the local variant of BCS gives a budget
of cs context switches to each thread. This may increase the number of
total context switches available for a computation but our focus here is on
scheduling. We associate with each computation a so-called scheduling graph

that dictates how the threads take turns. The complexity of such a graph is
determined by the scheduling dimension, a new measure that is closely related
to the carving width [301]. Restricting the computations to a given graph of
bounded scheduling dimension then amounts to limiting the complexity of
the scheduling. Like for BCS, this does not induce a bound on the running
time of the threads. Round robin is then the special casewhere the scheduling
graph is a cycle of scheduling dimension cs.

Table 6.2 shows the results of our fine-grained analysis inmore detail. The
problem LBCS is the local variant of BCS where the threads act along a given
graph of scheduling dimension at most s. We construct an algorithm solving
the problem in time O∗((2m)4s). As a corollary, we obtain an algorithm for
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Problem Upper Bound Lower Bound

LBCS(m, s) O∗((2m)4s) 2o(s·log(m))

Round Rob(m, cs) O∗(m4cs) 2o(cs·log(m))

Table 6.2: Results of the fine-grained analysis of local BCS. The two main
results are on the complexity of LBCS. The entries are highlightd in gray.

Round Rob, running in time O∗(m4cs). The upper bound is complemented by
a matching lower bound of the form 2o(cs·log(m)) that also applies to LBCS. It is
obtained by a suitable reduction from k × k-Clique to Round Rob.

6.1.3 Bounded Stage

A further under-approximation that we consider is Bounded Stage Reachabil-

ity (BSR). Themethodwas introduced in 2014 [20] and can be understood as a
generalization of BCS. Instead of considering computations with a bounded
number of contexts, BSR focuses on stages. These are parts of a computa-
tion where only one thread is allowed to write to the memory while the
others can still read from it. Hence, unlike for contexts, threads can still
run concurrently during a stage, only writing is restricted. A stage might
contain several contexts and is therefore more general. The idea of BSR is
to limit the number of stages that occur in a computation. Consequently,
BSR explores more computations than BCS does but, surprisingly, maintains
the same complexity: BSR on finite-state programs is still NP-complete [20].
Hence, classical complexity theory does not distinguish between the prob-
lems BCS and BSR although the latter is a strict generalization. It requires a
fine-grained complexity analysis to separate the complexity of both problems.

Contribution We conducted a fine-grained complexity analysis of BSR. The
outcome is summarized in Table 6.3. Roughly, the results show that BSR is
a much harder problem than BCS, even when restricting to a simpler model.
For the latter, assume that the threads read from andwrite to a singlememory
cell. The cell is allowed to hold values from a memory domain of size d. Like
for BCS, one would suppose that the number of stages k is the most important
parameter of BSR. However, we were able to show that parameterizing by k

and by d yields a problem that is not even in XP unless P � NP. Therefore,
this parameterization of BSR can be considered intractable, showcasing the
power of the under-approximation. To get an FPT-result, it requires a stricter
parameterization: when we parameterize by the number of threads t and the
maximal size of a thread p, we obtain an O∗(p2t)-time upper bound for the
problem. But there is not much hope for improvement: we show that there
is a lower bound of the form 2o(t·log(p)). Even more, there is a kernel lower
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Problem Upper Bound Lower Bounds

BSR(k, d) Not in XP unless P � NP

BSR(p, t) O∗(p2t) 2o(t·log(p)) No polynomial kernel

Table 6.3: Results of the fine-grained analysis of BSR. The main result is the
kernel lower bound for BSR(p, t), highlighted in gray.

bound for the already rather restricted parameterization BSR(p, t). The cor-
responding cross-composition is technically quite involved but demonstrates
once more what BSR is capable of.

6.2 Fine-Grained Complexity Analysis of Bounded

Context Switching

We showcase the results of our fine-grained analysis of bounded context
switching. The presentation is split into four parts. First, we introduce
shared-memory concurrent programs and formally state BCS as a decision
problem in Section 6.2.1. Then, in Section 6.2.2, we focus onupper bounds and
elaborate on the algorithms for BCS and Shuffle Mem. Both upper bounds
are complemented by corresponding lower bounds in Section 6.2.3. Finally, in
Section 6.2.4, we prove that the parameterization of BCS only in the number
of context switches cs is rather unlikely to be fixed-parameter tractable.

6.2.1 Shared-Memory Concurrent Programs and BCS

Bounded context switching is a safety verification problemof shared-memory
concurrent programs. To obtain precise complexity results, it is common to
assume the number of involved threads and the data domain to be finite.
This also allows for modeling programs as interacting finite automata. Since
checking safety corresponds to reachability, we express the latter problem via
a language-theoretic formulation that will form the basis of our study.

Shared Memory We begin by formally defining shared memories of pro-
grams. These manage the current evaluation over the data domain and are
the backbone of the communication among a program’s threads.

Definition 6.1. A shared memory is a (nondeterministic) finite automaton
M � (Q ,Σ, δM , q0 , q f ). The size of M, denoted m, is its number of states |Q |.

The formulation of a shared memory in terms of a (nondeterministic)
finite automaton M � (Q ,Σ, δM , q0 , q f ) serves several purposes. The states
Q correspond to the finite data domain of the program, the set of values
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that the memory can be in. The initial state q0 ∈ Q is some fixed value that
computations always start in. The final state q f ∈ Q reflects the reachability
problem. Arriving at q f via a computation corresponds to reaching an unsafe
state of the memory. Operations of the program are modeled by the finite
alphabet Σ. Note that operations may change the memory valuation. This is
formalized by the corresponding transition relation δM ⊆ Q × Σ ×Q.

The semantics of a shared memory are as expected, inherited from the
finite automaton. Nonetheless, we provide the needed definitions. We gen-
eralize the transition relation δM to words w ∈ Σ∗ in the obvious way. The
following language contains all words, all sequences of operations in Σ∗, that
lead from a state q to another state q′:

L(M(q , q′)) � {w ∈ Σ∗ | q′ ∈ δM(q ,w)}.

We typically refer to a sequence of operations as a computation. Then, the
language of M is defined to contain all computations leading from the initial
state q0 to the unsafe state q f . Formally, we have L(M) � L(M(q0 , q f )).

Threads Threads are defined in terms of automata as well. In fact, we
identify a thread of a program via its (labeled) control flow graph.

Definition 6.2. A thread is defined as a (nondeterministic) finite automaton
Aid � (P,Σ × {id}, δid , p0 , p f ). Here, id is called thread identifier.

The thread identifier links the definition of Aid to the real thread id of a
program. The automaton is the labeled control flow graph of id. Its states
P and its transition relation δid form the vertices and edges. The latter are
labeled by operations in Σ, the alphabet that is also used by the shared
memory M, but indexed by the thread identifier. This will become important
when operations are associated with certain threads, something that we rely
on when formally defining context switches. The initial state p0 marks the
initial instruction of id, the final state p f reflects the reachability problem.

The language of a thread Aid is the set of computations that id could poten-
tially execute to reach the final state p f . Formally, it is defined by

L(Aid) � L(Aid(p0 , p f )).

As the language does not take into account the effect of the operations on the
shared memory M, not all of these computations are actually feasible in the
program. Indeed, the thread Aid may issue a commandwrite(x , 1) followed by
read(x , 0), which the shared memory will reject. The computations of id that
are compatible with M are given by the language intersection L(M) ∩ L(Aid).
To ease the notation at this point, we assume that the intersection projects
away the thread identifier from the thread alphabet Σ × {id}.
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Shared-Memory Concurrent Programs A shared-memory concurrent pro-
gram consists of multiple threads that influence each other by accessing the
same shared memory. The formal definition is as follows.

Definition 6.3. Let M be a shared memory and A1 , . . . ,At threads. A shared-

memory concurrent program (SMCP) is a tuple S � (Σ,M, (Ai)i∈[1..t]).

Note that, although not explicitly stated in the definition, the memory
M acts on the alphabet Σ of operations and the threads Ai are defined over
Σ × {i}. To define the semantics of an SMCP, we need to mimic the influence
that the threads have on each other via a language theoretic operator. The
tool of choice is the so-called shuffle operator. It interleaves given languages
and simulates the behavior of threads taking turns in a computation.

Definition 6.4. Let L1 ⊆ Σ∗1 and L2 ⊆ Σ∗2 be languages over disjoint alphabets
Σ1 ∩ Σ2 � ∅ and let πi be the projection Σ1 ∪ Σ2 → Σi preserving only the
letters ofΣi . The shuffle of L1 and L2 is the language containing all words over
Σ1 ∪ Σ2 the projections of which belong to the operand languages:

L1 X L2 � {w ∈ (Σ1 ∪ Σ2)∗ | πi(w) ∈ Li ∪ {ε}, i � 1, 2}.

Intuitively, the shuffle of two languages L1 and L2 contains all words that
can be derived by interleavingwords from L1 with those from L2. As a simple
example, consider the singleton languages L1 � {ab} and L2 � {c} over the
disjoint alphabets Σ1 � {a , b} and Σ2 � {c}. We have

L1 X L2 � {ε, ab , c , abc , acb , cab}.

Nowwe are ready to define the language of a shared-memory concurrent
program. It is the shuffle of all thread languages, synchronized with the lan-
guage of the shared memory. The former models that the threads interleave
during a computation, the latter ensures that the computations are actually
compatible with the memory and thus feasible.

Definition 6.5. Let S � (Σ,M, (Ai)i∈[1..t]) be an SMCP. The language of S is

L(S) � L(M) ∩ (Xi∈[1..t]L(Ai) ).

Note that in the definition, we again assume the intersection to project
away the thread identifiers from the alphabets of the Ai . Hence, L(S) ⊆ Σ∗.
To illustrate the semantics of an SMCP, we provide an example.

Example 6.6. Reconsider the simple program given in Figure 6.1. We model
it as an SMCP. The threads can manipulate the evaluation of the variables
by writing and they can read the currently stored evaluation from the mem-
ory. This is reflected by the set of operations Σ. We have two operations,
write(var, v) and read(var, v), for each variable var and value v:

Σ � {write(var, v), read(var, v) | var ∈ {x , y , z}, v ∈ {0, 1}}.
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The threads T1 and T2 of the program are turned into finite automata A1
and A2 over Σ. These are the labeled control flow graphs. The construction is
illustrated in Figure 6.2. Note that Ai is supposed to be an automaton over the
indexed alphabet Σ × {i}. However, we omit the thread identifier for better
readability. The languages of the threads are given by

L(A1) � {read(x , 0).write(y , 1).write(z , 1)},
L(A2) � {read(y , 0).read(z , 0).write(x , 1)}.

The shared memory M is an automaton managing the evaluation of the
variables. It has a state for each evaluation of the triple (x , y , z), in total 23

states. The final state is (1, 1, 1), reflecting the unsafe state of the memory.
Transitions in M are defined as follows: If there is awrite operationwrite(x , v),
the automaton needs to change the evaluation of variable x to value v. To this
end, it contains transitions of the form

(vx , vy , vz)
write(x ,v)
−−−−−−−→ (v , vy , vz),

where vx , vy , vz ∈ {0, 1}. If a read operation read(x , v) appears, a correspond-
ing transition can only occur if the current value of x matches v. We have

(v , vy , vz)
read(x ,v)
−−−−−−→ (v , vy , vz).

The construction of M is shown in Figure 6.2. Its language L(M) con-
tains all computations that take the memory from the initial state (0, 0, 0) to
the unsafe state (1, 1, 1). Hence, we have constructed the complete SMCP
S � (Σ,M,A1 ,A2)modeling the behavior of the above program.

We have already considered a computation of the program leading to the
unsafe state of the memory. We can translate it to a word over Σ:

w � read(x , 0).read(y , 0).read(z , 0).write(x , 1).write(y , 1).write(z , 1).

The word w clearly lies in the shuffle of the languages L(A1) and L(A2).
Moreover, w is contained in the language of M as it compatible with the
memory. Hence, we have that w ∈ L(S) and the word corresponds to a
computation witnessing that S can reach an unsafe state.

The observation made in the example is also true in general: the words
in the language of an SMCP correspond to those computations of the pro-
gram that witness non-safety. Hence, given a shared-memory concurrent
program S, it is essential to determine whether its language L(S) is non-
empty. Note that an empty language means that S is safe, no unsafe state is
reachable. On the other hand, a non-empty language shows that there is at
least one safety violation. We are interested in measuring the complexity of
testing whether L(S) is non-empty. To this end, we define a corresponding
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`1
1 `1

2 `1
3

read(x , 0) write(y , 1) write(z , 1)A1

`2
1 `2

2 `2
3

read(y , 0) read(z , 0) write(x , 1)A2

(0, 0, 0)

(0, 1, 0)

(1, 1, 1)

write(y , 1)

read(var, 0),write(var, 0)
for var � x , y , z

read(y , 1),write(y , 1),
read(var, 0),write(var, 0)

for var � x , z
write(x , 1)

. . .w
rite(z , 1)

. . .

read(var, 1),write(var, 1),
for var � x , y , z

. . .
. . .

. . .

M

Figure 6.2: The SMCP S � (Σ,M,A1 ,A2) according to Example 6.6. It consists
of the threads A1 ,A2 and the shared memory M. Note that we omitted the
thread identifiers in the alphabets of the threads Ai .

decision problem for this task. The problem is called safety verification problem

for SMCPs, abbreviated by SMCP Safety. We state the problem below.

SMCP Safety
Input: An SMCP S � (Σ,M, (Ai)i∈[1..t]).
Question: Is L(S) , ∅?

SMCP Safety is known to be PSPACE-complete [241]. Therefore, the
problem in its current form is less practical for large instances of SMCPs.
However, we still need it as a first step to formally capture BCS.

BoundedContextSwitching Todefine theboundedcontext switchingprob-
lem of interest [292], we need to formalize the notion of context switches.

Definition 6.7. Let Σ be an alphabet, t ∈ N an integer, and w ∈ (Σ × [1..t])∗.
Then, w has a unique decomposition into maximal infixes, where each is
generated by a particular thread. Formally, we have

w � w1 . . .wcs+1
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along with a function ϕ : [1..cs + 1] → [1..t] that satisfies two conditions:
wi ∈ (Σ × {ϕ(i)})+ for i ∈ [1..cs + 1] and ϕ(i) , ϕ(i + 1) for i ∈ [1..cs].

We refer to an infix wi as context and to a thread change between two
contexts wi and wi+1 as context switch. Note that then, the word w has cs + 1
many contexts and cs many context switches in total.

Intuitively, the contexts of a word show how the thread took turns in a
computation of the program. Since we are interested in computations where
the threads switch only a bounded number of times, we define the language
Context(Σ, t, cs) of allwords overΣ×[1..t] that can bedecomposed into atmost
cs + 1 many contexts, stemming from at most t different threads. Formally,

Context(Σ, t, cs) �
{

w � w1 . . .w`

���� ` ≤ cs + 1 and∃ ϕ : [1..`] → [1..t] :
wi ∈ (Σ × {ϕ(i)})+ ∧ ϕ(i) , ϕ(i + 1).

}
The bounded context switching under-approximation limits safety verifica-

tion for SMCPs to the language Context(Σ, t, cs). Note that in the problem,
we again assume the intersection to project away the thread identifiers.

BCS
Input: An SMCP S � (Σ,M, (Ai)i∈[1..t]) and a bound cs ∈ N.
Question: Is L(S) ∩ Context(Σ, t, cs) , ∅?

BCS is NP-complete, even in the case of a unary alphabet [153]. To un-
derstand which instances of the problem can be solved efficiently and, in
turn, what makes an instance hard, we examined a fine-grained complexity
analysis. In the following sections, we present the results.

6.2.2 Upper Bounds

We focus on the upper bounds found by the fine-grained complexity analysis.
To this end, we consider the parameterization BCS(cs,m) by the number of
context switches cs and the size of the memory m. Our main result is an
algorithmshowing that theparameterization isFPT. The idea is todecompose
an instance of BCS into exponentially many instances of the complexity-wise
simpler problem shuffle membership, denoted by Shuffle Mem. The latter is
then solved via fast subset convolution.

To state the precise complexity of the algorithm, let (S, cs) be an instance of
BCS, consisting of an SMCP S � (Σ,M, (Ai)i∈[1..t]) and a bound cs ∈ N. To each
thread Ai , our algorithm associates a new automaton Bi of size polynomial
in Ai . Let b � maxi∈[1..t] |Bi | be the maximal size of such an automaton.
Moreover, let the following denote the complexity of solving Shuffle Mem:

Shuff(b , k , t) � O(2k · t · k · (b2
+ k ·mult(k))).
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Recall that mult(k) is the time that is needed tomultiply two k-bit integers.
The factor appears within Shuff(b , k , t) as a result of employing the fast subset
convolution. We refer to Section 3.3 for details. The precise time complexity
of solving the problem BCS can now be estimated as follows.

Theorem 6.8. BCS can be solved in O(mcs+1 · Shuff(b , cs + 1, t) + t ·m3 · b3).

Interface Sequences To tackle BCS, we decompose the problem along so-
called interface sequences. These are sequences over pairs of states of the
memory thatmarkwhere a context switchmayhappenduring a computation.

Definition 6.9. Let S � (Σ,M, (Ai)i∈[1..t]) be an SMCP with shared memory
M � (Q ,Σ, δM , q0 , q f ). An interface sequence of S is a word

σ � (q1 , q′1) . . . (qk , q′k) ∈ (Q ×Q)∗.

The length of σ is k. We may call an interface sequence σ valid if q1 � q0 is
the initial state, if q′k � q f is the final state, and if q′i � qi+1 for each i ∈ [1..k−1].

A valid interface sequence σ makes precise where the context switches in
a potential computation of S should happen. Indeed, σ starts in the initial
state, ends in the final state, and there is no gap between q′i and qi+1 as the
states coincide. Note that we can write it as σ � (q0 , q1)(q1 , q2) . . . (qk−1 , qk)
with qk � q f . The idea is that a tuple (qi , qi+1) displays the state change that
is seen on the memory M while a particular thread Aid is running. Hence, the
state qi shows where Aid takes over from another thread. Phrased differently,
qi is the state of M that appears upon the i-th context switch of a computation.

To verify that a valid interface sequence stems from an actual computation
of the program, we still need to check that the threads can support a computa-
tion of S that follows the pattern of context switches dictated by the interface
sequence. To this end, we need to consider induced interface sequences.

Definition 6.10. Let S � (Σ,M, (Ai)i∈[1..t]) be an SMCP with shared memory
M � (Q ,Σ, δM , q0 , q f ) and let w ∈ L(S) be a word with its decomposition into
contexts: w � w1 . . .wk . A valid interface sequence σ � (q0 , q1) . . . (qk−1 , qk) is
induced by w if there is an accepting run of M on w such that for all i ∈ [1..k],
qi is the state reached by M upon reading the prefix w1 . . .wi . We further
define the language of induced interface sequences of S by

IIF(S) � {σ ∈ (Q ×Q)∗ | There is a w ∈ L(S) that induces σ}.

The induced interface sequences are those that can be derived from a
real computation of the program S. Hence, the sequences are capable of
witnessing non-emptiness of L(S). We obtain the following:

Lemma 6.11. Let S � (Σ,M, (Ai)i∈[1..t]) be an SMCP. We have that

L(S) , ∅ if and only if IIF(S) , ∅.
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Proof. Clearly, each word in L(S) induces an interface sequence. Moreover,
each induced interface sequence requires a word in L(S) that induces it. �

Since the number of interface sequences is not bounded, Lemma 6.11 is
not well-suited to be turned into a test for non-emptiness of L(S). However,
note that a word with k many context switches induces an interface sequence
of length precisely k + 1. Since we assume the number of context switches to
be bounded by cs, we can thus restrict to sequences of length at most cs + 1.

Lemma 6.12. Let S � (Σ,M, (Ai)i∈[1..t]) be an SMCP and cs ∈ N a given upper

bound on the number of context switches. We have that

L(S) ∩ Context(Σ, t, cs) , ∅ if and only if IIF(S) ∩ (Q ×Q)≤cs+1 , ∅.

The lemma already suggests an algorithm for deciding BCS. The idea is
to iterate over all valid sequences in (Q × Q)≤cs+1 and test each of them for
being an induced interface sequence, a member of IIF(S). Since we require
the sequences to be valid, there are at most O(mcs+1) sequences to test. This
constitutes the first factor in the complexity estimation of Theorem 6.8.

Interface Languages It remains to decidewhether a valid interface sequence
is actually induced by a word in the language of the program. To this end, we
do a preprocessing step that compiles away the dependence on the memory:
for each thread, we compute a language making visible the state changes on
the memory that the contexts of this thread may induce.

Definition 6.13. Let S � (Σ,M, (Ai)i∈[1..t]) be an SMCP and Aid a thread. The
interface language of Aid, denoted by IF(Aid), consists of all interface sequences

σ � (q1 , q′1) . . . (qk , q′k),

that satisfy L(Aid) ∩ ( L(M(q1 , q′1)) . . . L(M(qk , q′k)) ) , ∅.

An interface sequence σ ∈ IF(Aid) shows the state changes of M that the
thread Aid could induce while running. Note that these sequences do not
have to be valid as the thread may be well interrupted by others. One advan-
tage of considering interface languages is that we can efficiently compute a
representation of them: the languages are regular. This will become handy
when we test whether a valid interface sequence is actually induced.

Lemma 6.14. Let S � (Σ,M, (Ai)i∈[1..t]) be an SMCP. We can compute in time

O(|Aid |3 ·m3) a finite automaton Bid with L(Bid) � IF(Aid).

Proof. Let the shared memory of S be M � (Q ,Σ, δM , q0 , q f ). We define Bid

over the alphabet Q × Q. The states are given by the states of Aid. We add a
transition from p to p′ in Bid that is labeled by (q , q′) if

L(Aid(p , p′)) ∩ L(M(q , q′)) , ∅.
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Then, L(Bid) � IF(Aid). Computing whether all L(Aid(p , p′)) ∩ L(M(q , q′)) are
non-empty and constructing Bid can be done in time O(|Aid |3 ·m3). �

In our algorithm for solving BCS, we employ Lemma 6.14 as a preprocess-
ing: we construct the automaton Bi for each thread Ai . Note that this takes
time at most O(t ·m3 · b3) as stated in Theorem 6.8.

The next lemma connects the interface languages of the threads with the
induced interface sequences of the shared-memory concurrent program.

Lemma 6.15. Let S � (Σ,M, (Ai)i∈[1..t]) be an SMCP. We have

IIF(S) � Xi∈[1..t]IF(Ai) ∩ {σ ∈ (Q ×Q)∗ | σ is valid}.

Proof. We show two inclusions. For the first one, let σ � (q0 , q1) . . . (qk−1 , qk)
be an induced interface sequence, an element of IIF(S). There is a word
w ∈ L(S) that induces σ. This means that we can decompose w into contexts
w � w1 . . .wk and there is an accepting run ρ of M on w of the form:

ρ � q0
w1−−→ q1

w2−−→ . . .
wk−1−−−→ qk−1

wk−−→ qk � q f .

Since w also lies in the shuffle of the L(Ai), there are subwords w1 , . . . ,wt ,
partitioning w such that w i ∈ L(Ai). Note that the subword w i appends all
contexts of w that are due to thread Ai . Following run ρ, every w i leads to
an (possibly non-valid) interface sequence σi � (qi1 , qi2) . . . (qi` , qi`+1). These
partition σ and by construction, we get that σi ∈ IF(Ai). Thus, we obtain that
σ ∈Xi∈[1..t]IF(Ai) and σ is valid by definition.

For the converse inclusion, let σ be a valid sequence in Xi∈[1..t]IF(Ai).
Then there are subsequences σi ∈ IF(Ai), forming a partition of σ. By the
definition of IF(Ai), for each σi there is a word w i ∈ L(Ai) that follows the
state changes in M depicted by σi . We compose (shuffle) the w i in the same
order as the σi compose to σ. Hence, we get a word w in the shuffle of the
L(Ai). The word w follows the states in M as dictated by σ and since σ is
valid, we get w ∈ L(M). Hence, w ∈ L(S) and it induces σ. �

Solving Shuffle Membership Recall that due to Lemma 6.12, the missing
bit to solve BCS is to decide whether a valid interface sequence of length
at most cs + 1 is induced. With Lemmas 6.14 and 6.15, we are now able to
design an efficient test. In fact, it remains to check whether a valid sequence
σ ∈ (Q×Q)≤cs+1 is included in the languageXi∈[1..t]L(Bi). Phraseddifferently,
this means we address the following problem, called shuffle membership:

Shuffle Mem
Input: Automata (Bi)i∈[1..t] over an alphabetΓ and aword u ∈ Γk .
Question: Is u ∈Xi∈[1..t]L(Bi)?
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The problem Shuffle Mem can be seen as a testing problem. The given
word u is apotential computation that leads to anunsafe state and it remains to
test whether the threads can actually execute u. If so, u is a valid computation
of the program showing that there is a safety violation.

We present the following upper bound for Shuffle Mem, where b is de-
fined like in Theorem 6.8, namely as the maximal size of an automaton Bi .

Theorem 6.16. Shuffle Mem can be solved in time O(2k · t · k · (b2 + k ·mult(k))).

The key to solve Shuffle Mem is fast subset convolution. In order to apply
the technique, we give a characterization of the problem in terms of partitions.
The following observation constitutes the basis of this characterization. Let
((Bi)i∈[1..t] , u) be an instance of Shuffle Mem with u ∈ Γk . Then, the word
u lies in the shuffle of the languages L(Bi) if and only if there are non-
overlapping, scattered subwords u1 , . . . , ut of u that decompose u completely
and that satisfy ui ∈ L(Bi) ∪ {ε} for all i ∈ [1..t]. By scattered, we mean that
the subwords do not have to form an infix of u. Note that a subword ui is the
contribution of automaton Bi to the word u.

A decomposition of u into t subwords like above induces a t-partition of
the set of positions of u and vice versa. In order to formally prove this result,
we need to introduce some more notation:

Definition 6.17. Let u ∈ Γk be a word. The set of positions of u is given by
Pos(u) � [1..k]. For a subset P ⊆ Pos(u), we denote by u[P] ∈ Γ∗ the subword
obtained from u by projecting to the positions in P.

Assume u ∈ Xi∈[1..t]L(Bi) and we are given a decomposition of u into
subwords u1 , . . . , ut as above. Then we obtain a t-partition (P1 , . . . , Pt) of
Pos(u), where each Pi holds exactly the positions of ui . Formally, u[Pi] � ui
and moreover we have u[Pi] ∈ L(Bi) ∪ {ε}. In turn, when we are given a t-
partition (P1 , . . . , Pt) ofPos(u)where u[Pi] ∈ L(Bi)∪{ε}, we immediately get a
decomposition of u into the subwords ui � u[Pi] and thus, u ∈Xi∈[1..t]L(Bi).
The discussion proves the following lemma:

Lemma 6.18. Let u ∈ Γk
be a word and (Bi)i∈[1..t] automata over Γ. We have

u ∈ Xi∈[1..t]L(Bi) if and only if there exists a t-partition (P1 , . . . , Pt) of the set

Pos(u) such that u[Pi] ∈ L(Bi) ∪ {ε} for all i ∈ [1..t].

The lemma yields that deciding Shuffle Mem amounts to finding a t-
partition that respects membership in the languages of the given automata.
However, the plain subset convolution iterates over all t-partitions. Hence,
we need to exclude those that violate the language constraints. This can be
achieved by expressing the constraints in terms of characteristic functions.
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Definition 6.19. Let u ∈ Γk be a word and (Bi)i∈[1..t] automata over Γ. For
each i ∈ [1..t], we define the characteristic function

fi : P(Pos(u)) → {0, 1}

P 7→
{
1, if u[P] ∈ L(Bi) ∪ {ε},
0, otherwise.

Note that fi evaluates to 1 at P if and only if the subword given by the
positions in P belongs to the language L(Bi) ∪ {ε}. By the definition of the
subset convolution, we refer to Lemma 3.11, we get that ( f1∗· · ·∗ ft)(Pos(u)) > 0
if and only if there is a t-partition (P1 , . . . , Pt) of Pos(u) such that fi(Pi) � 1
for i ∈ [1..t]. With Lemma 6.18, we have proven the desired characterization:

Lemma 6.20. Let u ∈ Γk
and (Bi)i∈[1..t] automata over Γ. We have

u ∈Xi∈[1..t]L(Bi) if and only if ( f1 ∗ · · · ∗ ft)(Pos(u)) > 0.

We can now formulate our algorithm for Shuffle Mem. Given an instance
((Bi)i∈[1..t] , u), it first computes the characteristic functions fi for each i ∈ [1..t].
Then it applies fast subset convolution t − 1 times to obtain the function
f1 ∗ · · · ∗ ft . As a last step, it evaluates the function at the set of positions
Pos(u) and returns yes, if the obtained value is strictly larger than 0. Clearly,
otherwise it returns no. Correctness immediately follows by Lemma 6.20.

We estimate the complexity of the algorithm. Computing and storing a
value fi(P) for a subset P ⊆ Pos(u) takes time O(k · b2) since we have to test
membership of a word of length at most k in Bi . Hence, computing all fi takes
timeO(2k · t · k · b2). The functions fi map into the set {0, 1}. By Corollary 3.13,
the t−1 convolutions can then be computed in time O(2k · k2 · (t−1) ·mult(k)).
Altogether, this concludes the proof of Theorem 6.16.

Algorithm for Bounded Context Switching We summarize the algorithm
of BCS. It is stated as Algorithm 6.1. Given an instance (S, cs) with an SMCP
S � (Σ,M, (Ai)i∈[1..t]) and a bound cs ∈ N, the first step is to compute the
automata (Bi)i∈[1..t] according to Lemma 6.14. This is performed once and
takes time O(t · m3 · b3). Then, the algorithm iterates over all valid interface
sequences of length at most cs + 1 and tests each of them for being induced.
The latter is decided by applying the algorithm for Shuffle Mem. Since
there are O(mcs+1) many sequences and the test can be performed in time
Shuff(b , cs + 1, t), the proof of Theorem 6.8 follows.

6.2.3 Lower Bounds

We present the lower bounds of the fine-grained analysis of BCS and Shuffle
Mem. This includes lower bounds on the running times for both problems
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Algorithm 6.1 Bounded Context Switching
Input: An SMCP S � (Σ,M, (Ai)i∈[1..t]) and a bound cs ∈ N.
Output: True, if L(S) ∩ Context(Σ, t, cs) , ∅. False otherwise.

1: compute for each Ai the automaton Bi following Lemma 6.14
2: for each valid σ ∈ (Q ×Q)≤cs+1

do

3: if σ ∈Xi∈[1..t]L(Bi) then // Apply algorithm for Shuffle Mem.
4: return true

5: end if

6: end for

7: return false

which (almost) match the running times of the algorithms obtained in Sec-
tion 6.2.2 as well as a kernel lower bound for BCS(cs,m), showing that the
problem only admits a non-polynomial kernel.

Lower Bound for Bounded Context Switching We begin with the lower
bound for BCS. Ideally, wewould like to obtain a bound of the form 2o(cs·log(m))

matching the running time of Algorithm 6.1. The tool of choice would be a
reduction from k× k-Clique to BCS that keeps the parameter linear according
to Lemma 5.14. However, when setting up such a reduction, one faces the
typical square problem: checking whether k vertices are connected requires
O(k2) communications among the chosen vertices. This translates to O(k2)
context switches. Hence, we would only obtain m

o(
√

cs) as a lower bound.
To overcome this, we follow the result of Marx, stated as Theorem 5.20.

Recall that it shows that Subgraph Isomorphism cannot be solved in time
f (e) · no(e/log(e)) for any computable function f (e), unless the ETH fails. The
parameter e is the number of edges of the smaller graph that gets embedded.
We show that one can establish a reduction from Subgraph Isomorphism to
BCSmapping the number of edges linearly to the number of context switches.
This excludes an algorithm for BCS running in time g(cs) · no(cs/log(cs)), for any
computable function g(cs). The reduction is shown in the following theorem.

Theorem 6.21. Unless ETH fails, BCS cannot be solved by an algorithm running

in time g(cs) · no(cs/log(cs))
where g(cs) is some computable function.

Proof. Let (H,G) be an instance of Subgraph Isomorphism and e � |E(H)| the
number of edges of H. The idea is to construct an SMCP S � (Σ,M, (Ai)i∈[1..t])
such that L(S) contains a word with at most cs � 2e context switches if and
only if H can be embedded into the graph G.

Let V(G) � {w1 , . . . ,w`}, k � |V(H)|, and assume that H does not contain
isolated vertices since these are not relevant for the complexity of Subgraph
Isomorphism. Hence, we have that k ≤ 2e. To embed H into G, we need to
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find an injective map from V(H) into V(G) preserving edges. We can express
such amap over the alphabetΣ � V(H)×V(G). Intuitively, a word inΣ shows
how the individual vertices of H are mapped. Roughly, the idea is then to
use the shared memory M to output all injective maps and the threads Ai to
ensure that the edges of H are also present in G.

For capturing all injective maps, we let M accept the following language:

{(v1 , wi1)d1 . . . (vk , wik )dk | vi ∈ V(H), i1 < . . . < ik , and
∑

i∈[1..k] di � 2e}.

The order among the wi j is important to avoid that various vertices of H are
mapped to the same vertex of G. Hence, L(M) indeed describes injective
but potentially partial maps. The exponents di are needed to verify that the
chosen map preserves the edges of H. This will become clear in a moment.

For each edge ei � {vs , vt} of H, we construct a thread Ai . It ensures that
the edge is safely transported to G by the suggested map of M. To this end,
Ai accepts all words of length 2 describing a successful translation of ei :⋃

{wis ,wit }∈E(G)

{(vs , wis ).(vt , wit ), if is < it

(vt , wit ).(vs , wis ), otherwise.

Note that a word in L(M) has length exactly 2e. Hence, each thread
A1 , . . . ,Ae has to contribute exactly 2 times when verifying that the chosen
map is compatible with the edges. Once for the start and once for the end
vertex. This has two consequences. First, since none of the vertices of H is
isolated, each is adjacent to at least one edge and will therefore appear in the
contribution of an Ai . Therefore, each vertex is present in the map suggested
by M. This shows that the map is indeed complete and not partial. Second,
the computation requires at most 2e context switches.

Altogether, we obtain the desired reduction. Correctness and the fact that
this is indeed a polynomial-time reduction are proven in Appendix B.1.1. �

Since the size of the shared memory m is smaller than the input size n,
Theorem 6.21 implies the desired lower bound: BCS cannot be solved in time
m

o(cs/log(cs)), unless the ETH fails. Note that the lower bound almost matches
the running time of the presented algorithm, only the log(cs)-gap remains.

Corollary 6.22. Unless ETH fails, BCS cannot be solved in time m
o(cs/log(cs))

.

Kernel Lower Bound for Bounded Context Switching Weprovide a kernel
lower bound for the parameterization BCS(cs,m). It shows that the existence
of a polynomial kernel for the problem is rather unlikely. Hence, polynomial-
time preprocessing techniques for BCS might only be applicable with limited
success. Even if they can reduce the total number of instances, in the end a
large problem kernel of difficult instances remains.
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We follow the framework presented in Section 5.4 and set up a cross-
composition from 3-SAT into BCS(cs,m). Recall that, by Theorem 5.44, this
implies the kernel lower bound for the latter problem under the assumption
that the inclusion NP ⊆ coNP/poly does not hold.

Theorem 6.23. BCS(cs,m) does not admit a poly. kernel, unless NP ⊆ coNP/poly.

Proof. First, we need a suitable polynomial equivalence relation. Assume
some standard encoding of 3-SAT-instances over a finite alphabet Γ. Then,
we can employ the polynomial equivalence relation R of Example 5.41. It
identifies two formulas ϕ and ψ as equivalent if both are proper 3-SAT-
instances and have the same number of clauses and variables.

We describe the cross-composition. Let ϕ1 , . . . , ϕt be instances of 3-SAT,
all equivalent with respect to R. Then, each ϕi has exactly ` clauses and k
variables. We may assume the set of variables to be {x1 , . . . , xk}. To handle
their evaluation, we introduce the threads Ai , i ∈ [1..k], each storing the
current evaluation of variable xi . We further construct a thread B. It picks
one of the t formulas ϕ j and tries to satisfy it. To this end, B iterates through
each of the ` clauses of formula ϕ j , chooses one out of its three variables, and
requests the corresponding value to satisfy the clause.

The request of B is synchronized with the shared memory M. Assume
B wants variable xi to be evaluated to v. After the sent request, M either
ensures that xi actually has the requested value v or immediately stops the
computation. Checking that xi evaluates to v is achieved by a synchronization
with the corresponding thread Ai , keeping the evaluation of xi .

If the computation succeeds without stopping, B managed to satisfy ϕ j .
Phrased differently, this means that the constructed SMCP implements the
logical OR of the given 3-SAT-instances. Note that the number of context
switches is O(`) since there are ` requests by B. Moreover, the size of the
memory is bounded by O(k). This ensures that the parameters cs and m of
the constructed BCS-instance are bounded by the maximal size of an ϕ j and
independent of their number t. Since the above construction takes polynomial
time, all conditions on a cross-composition are met. We provide a more
detailed construction and a proof of correctness in Appendix B.1.2. �

Lower Bound for Shuffle Membership We prove it unlikely that the prob-
lem Shuffle Mem can be solved in timeO∗((2−ε)k) for an ε > 0. Therefore, the
convolution-based algorithm presented in Theorem 6.16 is indeed optimal.
For the lower bound, we employ the SCON. The key is to set up a tight linear
reduction from Set Cover to Shuffle Mem.

To the best of our knowledge, Shuffle Mem is the first problem in the con-
text of verification that admits a lower bound based on the SCON. However,
like other verification problems [96], Shuffle Mem shows the typical attributes
making it suitable for such a lower bound. In fact, Shuffle Mem admits an
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O∗(2k)-time algorithmonly via a non-trivial dynamicprogramming algorithm
and it does not (easily) permit a strong linear reduction from SAT.

Before stating the result, recall that an instance (U, F , r) of Set Cover con-
sists of an universe U of size n � |U |, a family of sets F ⊆ P(U), and an
integer r. The parameter k of Shuffle Mem refers to the length of the given
word. We provide a tight linear reduction, a polynomial-time reduction from
Set Cover to Shuffle Mem, that ensures k � n+r+c, where c ∈ N is a constant.
By Lemma 5.32, this implies the lower bound for Shuffle Mem.

Theorem 6.24. Unless SCON fails, Shuffle Mem cannot be solved in O∗((2− ε)k).

Proof. Let (U, F , r)bean instanceofSet CoverwithuniverseU � {u1 , . . . , un}.
We construct an instance ((BS)S∈F , w) of Shuffle Mem such that k � |w | � n+r
and w ∈XS∈F L(BS) if and only if U can be covered by r sets of F .

The underlying alphabet of the instance is Γ � U ∪[1..r]. We introduce an
automaton BS for each set S in the given family F . The automaton consists
of two states and it accepts the following language:

L(BS) � {u. j | u ∈ S∗ , j ∈ [1..r]}.

We further define the word w � wU .wr ∈ Γ∗ to be the concatenation of
wU � u1 . . . un and wr � 1 . . . r. The prefix wU ensures that each element of
U gets covered while wr ensures that we do not use more than r sets. The
length of w is n+r. Hence, we constructed an instance ((BS)S∈F , w) of Shuffle
Mem with k � n + r. Note that the construction takes polynomial time.

For the correctness, first assume that U can be covered by r sets S1 , . . . , Sr
of F . We use an interleaving of the automata BSi with i ∈ [1..r] to read
w. First, each BSi reads those letters u j of wU with u j ∈ Si . Note that an
element u j can lie in more than one of the Si . In this case, u j is read by one
of the corresponding BSi . After reading wU , automaton BS1 reads the letter 1,
followed by BS2 reading 2. The process is continued until r is read by BSr and
all involved automata reach their final state. This shows that w ∈XS∈F L(BS).

Now let w ∈ XS∈F L(BS). Since wr � 1 . . . r, we get that exactly r of
the automata BS are involved in reading the word w. We may assume that
these are BS1 , . . . , BSr . Then the prefix wU is read by interleaving the finite
automata BSi . This means that each u ∈ U lies in (at least) one of the sets Si
and hence, S1 , . . . , Sr ∈ F forms a cover of the universe U. �

6.2.4 Intractability Results

The search for FPT-algorithms around BCS revealed that some parameteri-
zations of the problem are actually intractable. In fact, parameterizing only
in the number of context switches cs does not suffice to obtain a tractability
result: BCS(cs) turned out to be W[1]-complete. Even adding the number
of threads t as a parameter does not change this complexity. The following
theorem summarizes the intractability of BCS in the two parameters.
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Theorem 6.25. BCS(cs) and BCS(cs, t) are both W[1]-complete.

We prove the theorem by setting up a chain of reductions. To this end,
recall that the problem Short TM Acceptance(k) is W[1]-complete, we refer
to Theorem 4.13. Moreover, note that the parameterized problem Subgraph
Isomorphism(k) is W[1]-hard since it is a generalization of Clique(k) and the
latter is W[1]-hard by Corollary 4.15. The following shows the mentioned
chain. Each arrow marks one parameterized reduction:

Subgraph Iso(k) → BCS(cs) → BCS(cs, t) → Short TM Acceptance(k).

The chain implies Theorem 6.25. Note that the first reduction, from Sub-
graph Isomorphism(k) to BCS(cs), follows from Theorem 6.21. The theo-
rem presents a reduction from Subgraph Isomorphism(e) to BCS(cs) such that
cs � O(e). Since the number of edges e is always bounded by k2, where k
is the number of vertices, the presented reduction is also a parameterized
reduction from Subgraph Isomorphism(k) to BCS(cs). The second reduction
in the chain is proven in the following lemma.

Lemma 6.26. BCS(cs) reduces to BCS(cs, t).

Proof. Let (S, cs) be an instance of BCS with SMCP S � (Σ,M, (Ai)i∈[1..t]). We
construct an equivalent instance (S′, 2cs) of BCS where S′ contains cs+1 many
threads Bi , i ∈ [1..cs + 1]. Consequently, the number of threads is bounded
by a function in cs and thus, we obtain the desired parameterized reduction.

During a computation of S with cs many context switches, at most cs + 1
many different threads A j can interleave. The idea is to construct S′ in such a
way that its threads Bi can choose to simulate a particular A j . To this end, S′

contains cs+ 1 copies of the same thread B. The automaton is the union of all
A j , preceded by a new initial state. In this state, B may choose to simulate an
A j by reading a special letter # j or it chooses to simulate none of the threads
and immediately accepts by reading the letter #. Its language is given by

L(B) � # ∪
⋃

j∈[1..t]
# j .L(A j).

A computation of the memory M′ of S′ is split into two phases. In the first
phase, M′ activates at most cs + 1 many Bi by reading a word from

L(M′1) � {#i1 .#n1 .#i2 .#n2 . . . #i` .#
n` | ` ≥ 1, ` +

∑
ni � cs + 1, i1 < . . . < i`}.

The Bi synchronize with M′ on the read word and choose to simulate
the corresponding threads A j or are deactivated by reading #. Note that the
symbols # j appear in increasing order. This ensures that none of the threads
A j of S is simulated by more than one automaton Bi .
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In the second phase, when the threads to be simulated are chosen, M′ sim-
ulates M. Then, M′ and the remaining active Bi can simulate a computation
of S that involves the chosen threads A j . Formally,

L(M′) � L(M′1).L(M).

Note that the first phase requires cs many context switches. Since we
simulate a computation of S with cs many context switches in the second
phase, we have a total of 2cs many context switches. The proof of correctness
and a more detailed construction are provided in Appendix B.1.3. �

It remains to show the last parameterized reduction, from BCS(cs, t) to
Short TM Acceptance(k). Recall that the latter problem asks whether a given
Turing Machine accepts a given input in at most k steps.

Lemma 6.27. BCS(cs, t) reduces to Short TM Acceptance(k).

Proof. We elaborate on the idea, a detailed proof is given in Appendix B.1.4.
Let (S, cs) be an instance of BCS with SMCP S � (Σ,M, (Ai)i∈[1..t]). We con-
struct a Turing Machine N and a word w such that N accepts w in at most
t · (cs + 3) steps if and only if (S, cs) is a yes-instance.

Machine N works on t cells of its tape. The i-th cell holds the current state
of thread Ai . The states of the memory M and a context counter are stored
within the states of N . The idea is that the machine simulates a whole context
of a computation of S in a single transition. Assume we want to simulate a
context where the memory M interacts with a thread Ai . Machine N detects
that M is in state q and Ai is in state p. The former is stored in the states of N ,
the latter is the content of the i-th cell. Machine N can then write a state p′

into the cell and move to a state q′ if L(M(q , q′)) ∩ L(Ai(p , p′)) , ∅. The non-
emptiness of the intersection ensures that there is a corresponding context.
Note that we can precompute this information for all states (q , q′, p , p′) in
polynomial time. Initially, N is given the input word w � q0

1 . . . q
0
t
. It stores

the initial state q0
i of thread Ai in cell i.

After a simulation step, the counter for contexts is increased. If it reaches
cs + 1, it is checked whether M and the participating threads all reached
their final state. This amounts to a successful computation of S with at most
cs many context switches. Note that for the complete simulation of cs + 1
contexts, N requires at most t · (cs + 1)many steps. The machine has to move
left and right on a tape of length t to pick different threads. In the end, when
the simulation has stopped, N requires another 2 · t steps to check whether
each participating thread accepts. This is checked by moving once to the left
end of the tape and then perform a scan to the right end. Hence, the exact
number of steps is t · (cs + 3). It is thus bounded by the parameters cs and t.
Consequently, the construction describes a parameterized reduction. �
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6.3 Local Variant of Bounded Context Switching

We present the results of the fine-grained complexity analysis of LBCS, a
local variant of BCS. In contrast to BCS, where the budget of context switches
is shared among all threads globally and communication is not restricted
to a certain pattern, LBCS assumes that each thread has its own budget
of context switches and communication happens along a given scheduling

graph. The complexity of such graphs is measured in terms of the scheduling

dimension. We formally define the scheduling dimension and the problem
LBCS in Section 6.3.1. Subsequently, in Section 6.3.2, we present an algorithm
for LBCS. As an application of it, we obtain an upper bound for the problem
Round Rob in Section 6.3.3. The upper bound is complemented by amatching
lower bound which also closes the gap for LBCS.

6.3.1 Scheduling Dimension and LBCS

The analysis presented in Section 6.2 shows that the number of context
switches plays a central role in the fine-grained complexity of BCS. Although
communication among the threads happens freely, the number of context
switches limits the amount of exchanged information. In this section, we
follow a different approach to restrict the communication. Instead of putting
a bound on how often threads can communicate with each other, we limit the
complexity of their scheduling. This requires a formal definition of schedules
and a new measure capturing their complexity.

Scheduling Graphs A schedule of a computation is represented by a suit-
able graph. It reflects the order in which the threads take turns. To formally
define it, recall that a multigraph may contain multiple edges between ver-
tices. Moreover, let t again denote the number of threads.

Definition 6.28. Let w ∈ Context(Σ, t , cs) be a word along with its decom-
position into contexts w � w1 . . .wk . The scheduling graph of w is a directed
multigraph G(w) � (V, E), where V ⊆ [1..t] contains one vertex for each
thread participating during the contexts of w:

V � {i ∈ [1..t] | ∃` ∈ [1..k] : w` ∈ (Σ × {i})∗}.

The edge weights E : V × V → N are defined as follows. Value E(i , j) is the
number of times the context switches from thread i to thread j in w. Formally,

E(i , j) � |{` ∈ [1..k] | w` ∈ (Σ × {i})∗ and w`+1 ∈ (Σ × { j})∗}|.

A scheduling graph does not contain loops — we have E(i , i) � 0. Hence,
in the following we refer to directed multigraphs without loops as graphs.
Before we turn to properties of scheduling graphs, we consider an example.

136



6.3. Local Variant of Bounded Context Switching

v1

v2

v3

v4

Figure 6.3: The scheduling graph G(w) � (V, E) of the word described in
Example 6.29. There is one vertex vi for each thread Ai . The edges are
obtained from the order in which the threads take turns. Note that the initial
vertex is v1, the final vertex is v2. The degree of G is deg(G) � 2.

Example 6.29. Assumewe are given an SMCP S with four threads A1 ,A2 ,A3,
and A4. Moreover, let w ∈Xi∈[1..4]L(Ai) be a word the contexts of which are
due to the threads taking turns in the following order:

σ � A1 . A3 . A4 . A2 . A4 . A3 . A1 . A2.

This means that the first context of w is due to A1, the second is due to A3,
and so on. We constructed the scheduling graph of w in Figure 6.3.

Note that A1 has the processor two times during the computation of w. In
the graph, this is reflected by the degree of vertex v1, the maximum number
of incoming or outgoing edges. This also holds for the other threads.

The observation made in the example is true in general. The degree of a
vertex corresponds to the number of times the thread has the processor. To
formalize it, we recall the definition of the degree of a vertex/graph.

Definition 6.30. Let G � (V, E) be a graph and v ∈ V a vertex. The indegree of
v and the outdegree of v are defined to be the number of incoming edges, and
the number of outgoing edges respectively. Formally, we have

indeg(v) �
∑
u∈V

E(u , v) and outdeg(v) �
∑
u∈V

E(v , u).

The degree of v is the maximum over indegree and outdegree. We denote
it by deg(v) � max{indeg(v), outdeg(v)}. The degree of G is the maximum
among the degrees of all vertices, deg(G) � max{deg(v) | v ∈ V}.

To see the correspondence between how often a thread contributes during
a computation and the degree, observe that a scheduling graph can only have
three kinds of vertices. The initial vertex is the only vertex v where

indeg(v) � outdeg(v) − 1.
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The corresponding thread has the processor outdeg(v)many times. The final
vertex is the only vertex v in the graph that satisfies

outdeg(v) � indeg(v) − 1.

This means that the corresponding thread computes for indeg(v) many con-
texts. For all other (usual) vertices, indegree and outdegree coincide. An
example is given in Figure 6.3. Note that any scheduling graph either has
one initial, one final, and only usual vertices or only consists of usual vertices.
The latter holds if the computation starts and ends with the same thread.

SchedulingDimension Our goal is tomeasure the complexity of schedules.
Intuitively, a schedule is simple if the threads take turns following some
pattern, like in round robin where they are scheduled in a cyclic way. In such
a pattern, heavily interacting threads are scheduled adjacent to each other.
Since a large part of the communication happens between these threads, the
idea is to join them and to see them as a new thread. The new thread hides
the interior communication of the joined ones and eases the scheduling.

We formalize the idea. Onschedulinggraphs, joining two threads amounts
to contracting twovertices. Thismeanswe join both vertices into a single vertex
and add up the weights for incoming and outgoing edges.

Definition 6.31. Let G � (V, E) be a graph and v1 , v2 ∈ V two vertices. The
contraction of v1 and v2 into a new vertex v < V is defined to be the graph
G[v1 , v2 7→ v] � (V′, E′), where V′ � (V \ {v1 , v2}) ∪ {v} and E′ is defined by:

E′(u , v) � E(u , v1) + E(u , v2) and E′(v , u) � E(v1 , u) + E(v2 , u)

for u ∈ V \ {v1 , v2}. For all other vertices u , w ∈ V \ {v1 , v2}, the edge weights
are similar to that of G, we have E′(u , w) � E(u , w).

To determine the complexity of a scheduling, we repeatedly contract
scheduling graphs to a single vertex and measure the degree of the inter-
mediary appearing graphs. The idea is that a simple schedule can be con-
tracted without increasing the degree by much since we contract only heavily
interacting threads. To formalize repeated contraction, we use a notion of
contraction processes. Along these processes we can then define our measure
for the complexity of a schedule, the scheduling dimension.

Definition 6.32. Let G � (V, E) be a graph. A contraction process of G is a
sequence of graphs π � G1 , . . . ,G|V | such that G1 � G, G|V | consists of only a
single vertex, and for i ∈ [1..|V | − 1]we have

Gi+1 � Gi[v1 , v2 7→ v],

for some v1 , v2 ∈ V(Gi) and v < V(Gi). The degree of π is the maximal degree
of a graph occurring in the process: deg(π) � maxi∈[1..|V |] deg(Gi).
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Figure 6.4: The upper part shows the contraction process π1, given by G1 � G,
G2 � G1[v1 , v4 7→ n], G3 � G2[v3 , n 7→ u], and G4 � G3[v2 , u 7→ v]. The lower
part shows the contraction process π2, given by H1 � G, H2 � H1[v3 , v4 7→ m],
H3 � H2[v1 ,m 7→ z], and H4 � H3[v2 , z 7→ r].

The scheduling dimension of G is the minimal degree of a contraction pro-
cess. Formally, sdim(G) � min{deg(π) | π is a contraction process of G}.

The scheduling dimension measures the minimal communication de-
mands in a scheduling graph. For actual contraction processes, these de-
mands may vary: different processes may not have the same degree. This is
the reason why the scheduling dimension is defined as the minimum over all
contraction processes. The upcoming example illustrates the discussion.

Example 6.33. Consider the scheduling graph G � G(w) from Figure 6.3. We
construct two different contraction processes for G that vary in their degree.
The first process π1 is given by the following sequence:

G1 � G, G2 � G1[v1 , v4 7→ n], G3 � G2[v3 , n 7→ u], G4 � G3[v2 , u 7→ v].

The contraction process π1 is illustrated in the upper part of Figure 6.4.
Note that deg(π1) � deg(G2) � 4 since the vertex n ∈ V(G2) has an outdegree
of 4. The first graph G1 has degree 2. Hence, π1 significantly increases the
degree. The reason is that in its first step, it contracts v1 and v4 — two
vertices that do not interact. This stands in contrast to the idea of an efficient
contraction process only contracting vertices that heavily interact.

The second contraction process π2 follows the idea. It is given by the
below sequence and illustrated in the lower part of Figure 6.4.

H1 � G, H2 � H1[v3 , v4 7→ m], H3 � H2[v1 ,m 7→ z], H4 � H3[v2 , z 7→ r].

139



6. Bounded Context Switching and Variants

The degree of π2 is 2. Therefore, the process does not increase the degree
of the originally given graph G. Note that this implies sdim(G) � 2.

The scheduling dimension is closely related to the carving width. This
measure was introduced by Seymour and Thomas in [301] and has received
some attention in parameterized complexity [40, 170, 315]. The idea of carv-
ing width is to measures the complexity of a communication graph. These
are undirected multigraphs where each edge weight represents a number
of communication demands (calls) between two vertices, or locations, quite
similar to scheduling graphs. To route these calls efficiently, one is interested
in finding a routing tree that minimizes the needed bandwidth. The carving
width is the minimal required bandwidth among all such routing trees.

To relate carving width and scheduling dimension, we need to turn a
directed multigraph G � (V, E)without loops into an undirected multigraph
G′ � (V, E′) the following way. We keep the vertices V and assign the weights
E′(u , v) � max{E(u , v), E(v , u)} for all u , v ∈ V . The following holds.

Lemma 6.34. For any directed multigraph G without loops, we have

sdim(G) ≤ cw(G′) ≤ 2 · sdim(G).

Note that cw(G′) denotes the carving width of G′. For a formal definition
of carving width and a proof of Lemma 6.34, we refer to Appendix B.1.5.

Although scheduling dimension and carvingwidth are closely related, we
suggest the former as a measure for the complexity of schedules. The carving
width is the natural measure for undirected communication calls. However,
a scheduling leads to a notion of directed graphs accentuating the need for a
measure for directed communication calls. If threads are tightly coupled, they
should be grouped together to one thread. This leads to a contraction process
rather than a routing tree and consequently to the scheduling dimension.

Local Variant of Bounded Context Switching With the scheduling dimen-
sion at hand, we can bound the complexity of schedules that are allowed to
occur in a program. The first natural question to ask might be the following:
given an SMCP S and a bound s ∈ N, does L(S) contains a word w such that
sdim(G(w)) ≤ s? This is a variant of BCS focusing on schedules of bounded
dimension. We provide an analysis of the problem in Appendix B.1.6.

However, often we know about the precise scheduling of a program, for
instance in round robin. Therefore we consider a variant of BCS that fixes
the scheduling to a given graph of bounded scheduling dimension and asks
whether there is a computation following the fixed schedule. We formalize
the problem. Let t ∈ N and G � (V, E) be a graph with V � [1..t]. We define

Sched(Σ, t,G) � {w ∈ (Σ × [1..t])∗ | G(w) � G}.
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The local bounded context switching problem takes a shared-memory con-
current program S, a graph G, and a contraction process of degree s and asks
whether there exists a word in the intersection L(S) ∩ Sched(Σ, t,G).

LBCS
Input: An SMCP S � (Σ,M, (Ai)i∈[1..t]), a graph G, and a con-

traction process π of G with deg(π) � s.
Question: Is L(S) ∩ Sched(Σ, t,G) , ∅?

6.3.2 An Algorithm for LBCS

We present an algorithm for LBCS showing that parameterizing by the size
of the memory m and by the bound on the scheduling dimension s yields a
problem in FPT. As in the algorithm for BCS, presented in Section 6.2.2, the
idea is to use interface sequences instead of explicit words. In the beginning,
each vertex or thread in the given scheduling graph is represented by its
interface language. Then, the key is to mimic the given contraction process
on interface sequences. This requires a suitable contraction operator on the
latter. With the operator at hand, it is only left to check whether mimicking
the complete contraction process yields an interface sequence describing a
computation of the memory from the initial to the final state.

Theorem 6.35. LBCS can be solved in time O((2m)4s · s · t2).

ContractionOperator Westart by developing the needed contraction opera-
tor for interface sequences. To this end, let usfixanSMCPS � (Σ,M, (Ai)i∈[1..t])
with shared memory given by M � (Q ,Σ, δM , q0 , q f ).

Definition 6.36. Let σ ∈ (Q×Q)k and τ ∈ (Q×Q)` be two interface sequences.
Moreover, let ρ ∈ σXτ ∈ (Q ×Q)k+` . An out-contraction of ρ is a subsequence

(q1 , q′1).(q2 , q′2)

of ρ such that (q1 , q′1) belongs to σ, (q2 , q′2) belongs to τ, and q′1 � q2. An out-
contraction marks a position where a computation of the memory switches
from σ to τ. Similarly, an in-contraction of ρ is a subsequence (q1 , q′1).(q2 , q′2)
of ρ where (q1 , q′1) belongs to τ, (q2 , q′2) belongs to σ, and q′1 � q2.

An out/in-contraction (q1 , q′1).(q2 , q′2) of ρ can be contracted to (q1 , q′2). This
yields a new interface sequence ρ′ with the out/in-contraction replaced by
(q1 , q′2). We may also contract sequences of out/in-contractions. Let

ρ̄ � σ1.τ1 . . . σr .τr
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be a subsequence of ρ with σi , τi ∈ Q × Q, σi .τi an out-contraction, and
τi .σi+1 an in-contraction. Moreover, let σ1 � (q1 , q′1) and τr � (q2r , q′2r).
The contraction of ρ̄ is (q1 , q′2r). This results in the new interface sequence ρ′,
where ρ̄ is replaced by (q1 , q′2r). Note that we can similarly contract sequences
starting with an in-contraction and ending with an out/in-contraction.

Intuitively, an out-contraction of ρ corresponds to an edge in the schedul-
ing graph from the thread Aσ inducing σ to the thread Aτ inducing τ. It
marks where the context switches from Aσ to Aτ. Similarly, an in-contraction
is an edge in the reverse direction. When the given contraction process joins
the vertices of Aσ and Aτ, we need to contract their interface sequences. This
can only happen at out- and in-contractions. However, we cannot just con-
tract each appearing out/in-contraction. In fact, the scheduling graph makes
explicit their precise numbers: assume there are i edges from Aσ to Aτ and j
edges from Aτ to Aσ. Then we must contract exactly i out-contractions and j
in-contractions. The following operator takes these numbers into account.

Definition 6.37. Let σ ∈ (Q×Q)k and τ ∈ (Q×Q)` be two interface sequences
and ρ ∈ σXτ ∈ (Q × Q)k+` . Moreover, let i , j ∈ N be two integers. An i-
j-contraction of ρ is an interface sequence ρ′ ∈ (Q × Q)k+`−(i+ j) obtained by
contracting subsequences of ρ, in total consisting of exactly i out-contractions
and j in-contractions. The language of i- j-contractions of ρ is denoted by

con(i , j)(ρ) � {ρ′ ∈ (Q ×Q)k+`−(i+ j) | ρ′ is an i- j-contraction of ρ}.

The directed contraction product of σ and τ is the operator defined by

σ �(i , j) τ �

⋃
ρ∈σXτ

con(i , j)(ρ).

The contraction product will be an essential part of our algorithm for
the problem LBCS. We will later consider in more detail how the product is
computed. But first we illustrate its definition with an example.

Example 6.38. Consider the two interface sequences σ � (q1 , q2).(p1 , p2) and
τ � (q2 , p1).(p2 , q1) in (Q×Q)2. We compute the product σ�(1,1) τ. According
to the definition, we consider all sequences ρ ∈ σXτ and determine the
language con(1,1)(ρ). The directed contraction product is the union of these.
The first element ρ1 ∈ σXτ that we consider is given by

ρ1 � (q1 , q2).(p1 , p2).(q2 , p1).(p2 , q1).

Note that ρ1 neither contains an out- nor an in-contraction. Consequently,
we obtain that con(1,1)(ρ1) � ∅. For the same reason, this also holds for all the
other sequences in the shuffle σXτ, except for the following:

ρ2 � (q1 , q2).(q2 , p1).(p1 , p2).(p2 , q1).
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The sequence ρ2 has two out-contractions, namely (q1 , q2).(q2 , p1) and
(p1 , p2).(p2 , q1) and one in-contraction (q2 , p1).(p1 , p2). Since we need to con-
tract exactly one out-contraction but two are available, we need to distinguish
two cases: either we contract (q1 , q2).(q2 , p1) or we contract (p1 , p2).(p2 , q1).
For the in-contraction there is no choice. Hence, con(1,1)(ρ2) is given by

con(1,1)(ρ2) � {(q1 , p2).(p2 , q1), (q1 , q2).(q2 , q1)}.

Finally, the directed contraction product is σ �(1,1) τ � con(1,1)(ρ2).

Wewillmostly employ thedirected contractionproduct on sets of interface
sequences. Note that the operator can be easily extended. For two sets
∆ ⊆ (Q ×Q)k and Γ ⊆ (Q ×Q)` , the directed contraction product is the set

∆ �(i , j) Γ � {σ �(i , j) τ | σ ∈ ∆, τ ∈ Γ}.

IterationAlgorithm Weelaborate on the algorithm forLBCS, provingTheo-
rem6.35. Let (S,G, π)bean instanceofLBCSwithSMCPS � (Σ,M, (Ai)i∈[1..t]),
graph G, and contraction process π of degree s. The idea is to use the directed
contraction product along the order depicted by π. However, note that this
order does not reflect the order in which the threads take turns in a compu-
tation of S. In particular the first vertices contracted by π do not need to be
the first threads acting in a computation. It is up to us to find the first thread.

Recall that a scheduling graph either has a designated initial and a final
vertex or only consists of usual vertices. Hence, in the former case, initial and
final vertex are given. We develop an algorithm handling this case. In the
latter case, initial and final vertex coincide. We iterate through all vertices,
designate any to be initial (and final), and run the algorithm for the first case.

Todescribe the algorithm, recall thatG � (V, E) contains exactly one vertex
for each thread of S, V � [1..t]. Let the initial vertex of G be v0 and the final
vertex be v f . Moreover, let the contraction process π be given by the sequence

π � G1 , . . . ,Gt ,

where G1 � G and Gt is a single vertex. Note that π has length exactly t.
The algorithm is an iteration along π. We summarize it as Algorithm 6.2.

It starts by assigning to each vertex v ∈ V \ {v0 , v f } its interface language
of length deg(v). Recall that deg(v) is the number of times that thread v
contributes during a computation according to G. We assign the set

Sv � IF(Av) ∩ (Q ×Q)deg(v).

For v0 and v f , we assign the sets Sv0 and Sv f , putting additional require-
ments on the interface sequences. In Sv0 , the first component of the first pair
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needs to be q0 — the initial state of M. Similarly, Sv f requires the second
component of the last pair to be q f — the final state of M. Formally, we assign

Sv0 � IF(Av0) ∩ {(q0 , q).w | q ∈ Q , w ∈ (Q ×Q)deg(v0)−1}.
Sv f � IF(Av f ) ∩ {w.(q , q f ) | q ∈ Q , w ∈ (Q ×Q)deg(v f )−1}.

Algorithm 6.2 Local Bounded Context Switching
Input: An SMCP S � (Σ,M, (Ai)i∈[1..t]), a graph G � (V, E) with set of
vertices V � [1..t], initial vertex v0, final vertex v f , and a contraction
process π � G1 , . . . ,Gt of G of degree s.
Output: True, if L(S) ∩ Sched(Σ, t,G) , ∅. False otherwise.

1: assign to each v ∈ V \ {v0 , v f } the set Sv
2: assign to v0 and v f the sets Sv0 and Sv f

3: for ` ∈ [1..t − 1] do
4: let G`+1 � G`[v1 , v2 7→ v′] and G` � (V` , E`)
5: set i � E`(v1 , v2) and j � E`(v2 , v1)
6: assign to v′ the set Sv′ � Sv1 �(i , j) Sv2

7: end for

8: let Gt � ({u}, ∅)
9: return ((q0 , q f ) ∈ Su)

After the initial assignment, the algorithm iterates along π. Assume, we
are in iteration ` ∈ [1..t−1]. Let G`+1 � G`[v1 , v2 7→ v′] be the `-th contraction
in process π. Moreover, let G` � (V` , E`). We assign to the vertex v′ the set

Sv′ � Sv1 �(i , j) Sv2 ,

where i � E`(v1 , v2) is the number of edges from vertex v1 to v2 in G` and
j � E`(v2 , v1) is the number of edges from v2 to v1. Since the product contracts
exactly i out-contractions and j in-contractions, we obtain Sv′ ⊆ (Q×Q)deg(v′),
where deg(v′) denotes the degree of v′ in G`+1. Indeed, note that

deg(v′) � deg(v1) + deg(v2) − (i + j).

The iteration terminates after t−1 steps. Let V(Gt) � {u} be the last graph
occurring in π. In the last iteration, we computed the set Su . It contains all
interface sequences obtained from contracting the interface languages along
π. The algorithm reports that (S,G, π) is a yes-instance if and only if the
sequence consisting of the single pair (q0 , q f ) is in Su . The correctness is
stated in the following lemma. A proof can be found in Appendix B.1.7.

Lemma 6.39. We have L(S) ∩ Sched(Σ, t,G) , ∅ if and only if (q0 , q f ) ∈ Su .
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It is left to determine the complexity of Algorithm 6.2. In total, it takes
O(t) steps to assign all the sets Sv . The crux is the computation of the product
Sv′ � Sv1 �(i , j) Sv2 . To estimate its complexity, recall that Svi ⊆ (Q × Q)deg(vi).
We have deg(vi) ≤ s since π is a contraction process of degree s. Hence for
Sv′, we need to compute the product �(i , j) of at most

m
2s ·m2s

� m
4s

many pairs of interface sequences. The time that is needed to compute the
directed contraction product of such a pair is given in the following lemma.

Lemma 6.40. Let k , ` ≤ s. For interface sequences σ ∈ (Q×Q)k and τ ∈ (Q×Q)` ,
the directed contraction product σ �(i , j) τ can be computed in time O(24s · s).

Proof. For computing the directed contraction product, we need to form all
interface sequences ρ ∈ σXτ, compute con(i , j)(ρ), and then unify in the end.

A shuffle of σ and τ corresponds to a binary string of length k + ` with
exactly ` positions set to 1. Intuitively, the positions with a 1 are those that
belong to τ, the others belong to σ. Hence, the number of shuffles is(

k + `
`

)
≤ 2k+` ≤ 22s.

Forming all shuffles can be done in O(22s · s) by iterating over all binary
strings of length k + ` and checking whether it contains ` positions with a 1.

Given ρ ∈ σXτ, we can compute all sequences in con(i , j)(ρ) by choosing
exactly i out-contractions and j in-contractions thatwe contract. This amounts
to choosing i + j positions out of k + ` � |ρ |. Hence, |con(i , j)(ρ)| is bounded by(

k + `
i + j

)
≤ 2k+` ≤ 22s .

Thus, forming con(i , j)(ρ) takes time O(22s · s). Since we need to form the
set for each ρ ∈ σXτ, the directed contraction product can be computed in

O(22s · s + 22s · 22s · s) � O(24s · s)

time. Note that the first summand comes from computing all the possible
shuffles. The estimation completes the proof. �

In total, Algorithm 6.2 needs time O(m4s · 24s · s · t2)which constitutes the
complexity estimation of Theorem 6.35. Note that one factor t is due to the
number of iterations. The other one is due to the application of the algorithm
in the case where we need to choose an initial vertex in the scheduling graph.
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6.3.3 Round Robin

We consider the complexity of the Round Robin under-approximation. This
local variant of BCS assumes that the threads take turns in a cyclic way and
each thread has a budget of exactly cs ∈ N many contexts. To formalize the
problem, let t ∈ N be the number of threads. We define the set of all words
induced by threads taking turns in a cyclic fashion:

Cyclic(Σ, t, cs) � {w ∈ (Σ × [1..t])∗ | π[1..t](w) � (1.2 . . . t)cs}.

Here, π[1..t](w) projects away the Σ-component from the letters of w.
The problem Round Rob takes an SMCP S over Σ consisting of t threads

and a bound on the number of contexts cs. It asks whether there is a word in
the languageofS the contexts ofwhich switch accordingly toCyclic(Σ, t, cs).

Round Rob
Input: An SMCP S � (Σ,M, (Ai)i∈[1..t]) and a bound cs ∈ N.
Question: Is L(S) ∩ Cyclic(Σ, t, cs) , ∅?

We present the results of our fine-grained analysis of Round Rob. This
includes an upper bound and a matching lower bound for the problem.
The latter also applies to LBCS and shows that the algorithm presented in
Section 6.3.2 is optimal in the fine-grained sense. Note that the given integer
cs in Round Rob is a bound on the number of contexts, not on the number of
context switches. However, the upcoming complexity results also hold if a
bound on the latter is given since both numbers only differ by 1.

Upper Bound To obtain an upper bound for Round Rob, we want to apply
the algorithm for LBCS. To this end, we need to turn an instance of Round
Rob into an equivalent instance of the latter problem and then run the algo-
rithm. By definition, Round Rob restricts the scheduling to a cycle where each
thread contributes cs many times. We capture it by a suitable graph and also
provide a corresponding contraction process.

Definition 6.41. Let S � (Σ,M, (Ai)i∈[1..t]) be an SMCP and cs ∈ N. Define the
graph G(S, cs) � (V, E)with V � [1..t] and edges E(i , i+1) � cs for i ∈ [1..t−1]
and E(t, 1) � cs− 1. This means that thread i switches to i + 1 exactly cs many
times and t switches to 1 exactly cs − 1 many times.

The constructed graph G(S, cs) works as expected. The following lemma
states the correctness. Its proof immediately follows from the definition.

Lemma 6.42. Let S � (Σ,M, (Ai)i∈[1..t]) be an SMCP and cs ∈ N. We have

L(S) ∩ Cyclic(Σ, t, cs) , ∅ if and only if L(S) ∩ Sched(Σ, t,G(S, cs)) , ∅.
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Figure 6.5: The contraction process π for the case of four threads. Note that
G1 � G(S, cs). We contract in the order given by the threads. Except from the
last vertex in G4, each vertex v in the process has degree exactly cs.

To obtain an instance of LBCS, we still need to construct a contraction
process π of the graph G(S, cs). We can easily describe one. First, we contract
the vertices 1 and 2, then the result with vertex 3 and we repeat up to vertex t.
An illustration is given in Figure 6.5. Note that deg(π) � cs.

We are now ready to describe the algorithm for Round Rob in more
detail. For a given instance (S, cs), first construct the equivalent instance
(S,G(S, cs), π) of LBCS. This takes time at most O(cs · t). Then, apply Algo-
rithm 6.2 to the constructed instance. Correctness follows from Lemma 6.42.

For the complexity estimation it is important to note that an application
of Algorithm 6.2 in this case takes only O(m4cs · cs · t) time. The algorithm
performs faster than for general LBCS since the given graph G(S, cs) has a
quite simple form. It allows for a computation of the directed contraction
product in linear time O(cs) and avoids the factor O∗(24cs) which we would
get according to Lemma 6.40. We provide details in Appendix B.1.8. The
complexity estimation is summarized below.

Corollary 6.43. Round Rob can be solved in time O(m4cs · cs · t).

Lower Bound We focus on the lower bound for Round Rob. It matches the
presented upper bound and proves the optimality of our algorithm. The key
is a reduction from k × k-Clique. In fact, we show that a k × k-graph G can
be translated into an instance (S, cs) of Round Rob such that m � O(k3) and
cs � O(k). According to Lemma 5.14, an algorithm for Round Rob running in
time 2o(cs·log(m)) would then contradict the ETH.

Theorem 6.44. Unless ETH fails, Round Rob cannot be solved in time 2o(cs·log(m))
.

Proof. We elaborate on the idea of the reduction, a formal proof can be found
in Appendix B.1.9. Let G be a k × k-graph with vertices V � [1..k] × [1..k].

We need to construct an SMCP S. The idea is to proceed in two phases. In
the first phase, the memory suggests a clique candidate and the threads store
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it. The second phase then verifies that it is indeed a clique by enumerating all
the needed edges. For the communication among threads and memory, the
underlying alphabet Σ contains three different kinds of symbols: the vertices
(i , j) ∈ V , symbols for a trivial context (i , #)with i ∈ [1..k], and edge symbols
e((i′, j′), (i , j)) for each edge {(i , j), (i′, j′)} in the graph G.

We construct a thread Ai for each row i ∈ [1..k] capable of storing a
particular vertex (i , j) of the row. After storing (i , j), the thread can repeat
the stored vertex, perform a trivial context (i , #), or read an edge symbol
e((i′, j′), (i , j))where (i′, j′) is an adjacent vertex in a smaller row i′ < i.

The memory M organizes the computation along the aforementioned
phases. In the first phase, it suggests a clique candidate by reading a word of
the form (1, j1) . . . (k , jk). Fromeach row, M chooses a vertex and synchronizes
with the corresponding thread Ai which stores the choice. Note that the
communication happens along the cycle A1.A2 . . .Ak .

It remains to verify that the chosen vertices form a clique. To this end, M
enters the second phase and performs k − 1 verification rounds. We describe
the i-th round. In the beginning, M synchronizes with the threads A` , where
` < i, on the trivial context (`, #). These threads do not contribute in this
round and the synchronization is only to ensure a cyclic scheduling. Then, M
synchronizes with Ai on the chosen vertex (i , ji) and temporarily stores the
vertex in its states until the end of the round. Note that the synchronization
is possible since Ai stored the vertex. Subsequently, memory and remaining
threads check whether there are edges from (i , ji) to all chosen vertices (`, j`)
in larger rows ` > i. To this end, M synchronizes with the A` on the symbols
{(i , ji), (`, j`)}. The synchronization can only proceed if the edges exist.

After completing the second phase, all needed edges are enumerated and
the chosen candidate (1, j1), . . . , (k , jk) is indeed a clique. Communication in
this phase again follows the above cycle. In total, each thread requires exactly
k contexts, we get cs � k. The size of the memory is O(k3) since we need to
store a chosen vertex k − 1 many times in the second phase. �

The reduction described in Theorem 6.44 can also be seen as a reduction
from k × k-Clique to LBCS. To obtain an instance of the latter, we only need
to construct the corresponding scheduling graph — the cycle of weight k,
as in Definition 6.41, and the corresponding contraction process of degree
s � k. Consequently, we obtain themore general lower bound forLBCSwhich
proves optimality of our algorithm for the problem.

Corollary 6.45. Unless ETH fails, LBCS cannot be solved in time 2o(s·log(m))
.

6.4 The Complexity of Bounded Stage

We consider the complexity of the bounded stage reachability problem (BSR), a
generalization of BCS that does not bound the number of context switches
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but the number of stages. A stage is a collection of contexts where one thread
has the write permission on the shared memory, the others can only read. A
new stage begins once the write permission changes to another thread. For
making write and read accesses visible, we first need to introduce the model
of read-write SMCPs in Section 6.4.1. Then we can define the problem BSR on
the new model. In Section 6.4.2, we focus on upper and lower bound for a
tractable parameterization of BSR. Our main result is the kernel lower bound
presented in Section 6.4.3. It demonstrates the computational power of the
under-approximation. Intractability results are given in Section 6.4.4.

6.4.1 Read-Write SMCPs and BSR

To properly define the bounded stage under-approximation, we need tomake
visible the write and read accesses of the threads on the shared memory. To
this end, we alter the definition of shared-memory concurrent programs.
Like before, a program consists of finitely many threads that access a shared
memory. However in the new model, the memory is not an automaton but a
cell, holding a single value at a time. Threads can read this value or write a
new value via corresponding read and write operations. We formalize below.

Shared Memory and Operations The shared memory is a cell over an un-
derlying finite data domain D. At the beginning of a computation, it holds a
particular value a0 ∈ D which we refer to as the initial value. For reading and
manipulating the content of the memory, we employ so-called operations.

Definition 6.46. Let D be a finite data domain. The set of operations is

OP(D) � {!a , ?a | a ∈ D}.

The set contains two different kinds of operations. The write operations

WR(D) � {!a | a ∈ D} are used to change the content of the memory, they
represent write accesses. The read operations RD(D) � {?a | a ∈ D} access the
memory without changing its value. These model read accesses.

Threads As for an SMCP, threads are labeled control flow graphs of real
threads in a program. But this time we are more specific on a thread’s
interaction with the shared memory. To this end, we assume that the control
flow graphs are labeled by read and write operations.

Definition 6.47. Let D be a finite data domain. A thread is a (nondeterministic)
finite automaton Aid � (Pid ,OP(D) × {id}, δid , p0 , p f ).

The semantics of a thread is as expected. A computation of Aid corre-
sponds to a word in (OP(D) × {id})∗ following the transition relation δid.
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Read-Write SMCPs We are ready to define the newmodel of so-called read-

write SMCPs. These consist of a memory cell over an underlying data domain
and several threads that interact with the cell.

Definition 6.48. Let D be a finite data domain, a0 ∈ D an initial value, and
A1 , . . . ,At threads over D. A read-write shared-memory concurrent program

(RW-SMCP) is defined to be a tuple S � (D , a0 , (Ai)i∈[1..t]).

We define the semantics of an RW-SMCP S in terms of labeled transitions
between configurations. These are snapshots of a computation at a certain
point in time. Note that we could also define the semantics of S in terms of
language theoretic operators like we did for SMCPs. However, the definition
via configurations emphasizes more on the interaction with the memory cell.

Definition 6.49. Let S � (D , a0 , (Ai)i∈[1..t]) be an RW-SMCP. A configuration of

S is a tuple (pc, a) consisting of a program counter pc ∈ P1 × · · · × Pt and some
value a ∈ D. The program counter holds the current state pc(i) ∈ Pi of each
thread Ai . The value a shows the current value stored in the memory cell.
We define the set of configurations of S as the product

Conf (S) � P1 × · · · × Pt × D.

The initial configuration c0 ∈ Conf (S) is given by c0 � (pc0 , a0), where pc0(i)
is the initial state of thread Ai for all i ∈ [1..t] and a0 is the initial value. A
configuration c � (pc, a) is final or accepting if pc(i) is the final state of Ai for
each i ∈ [1..t] and a ∈ D. We denote by Fin(S) the set of final configurations.

Computations of an RW-SMCP may change the memory value and the
states of the threads. If, for instance, a thread writs a new value into the
memory cell, this should be reflected by changing the current configuration
accordingly, by updating the state of the acting thread and thememory value.
This leads to the definition of a transition relation among configurations.

Before we define the relation, we introduce some new notation for up-
dating entries of a program counter. Let pc, pc

′ be program counters of an
RW-SMCP. We write pc

′ � pc[i � p] if pc
′ coincides with pc except for the i-th

component, where pc
′(i) � p updates the state of the i-th thread to be p.

Definition 6.50. Let S � (D , a0 , (Ai)i∈[1..t]) be an RW-SMCP. The transition

relation of S, denoted by→S, is a relation on configurations:

→S ⊆ Conf (S) × (OP(D) ∪ ε) × Conf (S).

The relation contains read, write, and ε-transitions, each of which is in-
duced by the threads. We begin with the definition of the former. If thread
Ai has a read transition, this implies transitions of→S in the following sense.
For each pc, pc1[i � pi], and pc2[i � p′i], we have:

pi
(?a ,i)
−−−→δi p′i implies (pc1 , a)

?a−→S (pc2 , a).
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Note that the memory is required to hold the desired value a. Otherwise, the
transition cannot be performed since the value is not available to be read.

Similarly, if Ai has a write transition, this implies corresponding write
transitions of→S. These change the current memory value:

pi
(!b ,i)
−−−→δi p′i implies (pc1 , a)

!b−→S (pc2 , b).

Finally, an interior ε-transition of thread Ai induces transitions of→S that
change the current state of Ai but do not affect the memory value:

pi
(ε,i)
−−−→δi p′i implies (pc1 , a)

ε−→S (pc2 , a).

We can generalize the transition relation→S to words of operations. Let
w ∈ OP(D)∗ be such a word. Then we write c −→w S c′ for a corresponding
sequence of transitions and call it a computation of S. Where appropriate, we
omit the index and only write c−→w c′ for a computation.

With the notion of a computation we can now summarize the semantics
of an RW-SMCP in its language. It consists of all words seen during a com-
putation leading from the initial configuration to an accepting configuration.

Definition 6.51. Let S � (D , a0 , (Ai)i∈[1..t]) be an RW-SMCP and c0 the initial
configuration. The language of S is defined by

L(S) � {w ∈ OP(D)∗ | c0
w−→S c f , where c f ∈ Fin(S)}.

Note that L(S) ⊆ OP(D)∗. Thread identifiers are projected away by the
transition relation →S. Before we define the bounded stage reachability
problem of interest, we illustrate the semantics with an example.

Example 6.52. Consider the RW-SMCP S � (D , a0 ,A1 ,A2) over the domain
D � {a0 , a , b}with threads as shown in Figure 6.6. We compute the language
L(S). To this end, we consider all computations from the initial to an accepting
configuration. The first computation is the following:

σ1 � (p1 , q1 , a0)
!a−→ (p1 , q3 , a)

?a−→ (p3 , q3 , a).

The last configuration visited by σ1 is accepting. Hence, the word w1 �!a.?a
is in the language L(S). The second possible computation of S is:

σ2 � (p1 , q1 , a0)
!b−→ (p1 , q2 , b)

?b−→ (p2 , q2 , b)
!c−→ (p2 , q3 , c)

?c−→ (p3 , q3 , c).

Hence, w2 �!b.?b.!c.?c is the second word of L(S). Note that L(S) � {w1 , w2},
there are no further computations of the RW-SMCP.
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p1

p2p3

?b?a

!c

A1 q1

q2q3

!b!a

?c

A2

Figure 6.6: The RW-SMCP of Example 6.52. The data domain is given by
D � {a0 , a , b}. Note that we omitted the thread identifiers of A1 and A2.

Bounded Stage Reachability BSR limits the verification of RW-SMCPs to
bounded-stage computations. A stage is a generalization of a context. Instead
of only allowing for one thread to act, a stage allows for concurrent behavior
as long as only one thread is writing and the others are restricted to reading.
Once the write permission is passed to another thread, a further stage begins.

Definition 6.53. Let D be a finite domain, t ∈ N, and w ∈ (OP(D) × [1..t])∗.
The word w admits a unique decomposition into maximal infixes

w � w1 . . .wk

together with a function ϕ : [1..k] → [1..t] that satisfies the following two
conditions. For each i ∈ [1..k − 1], we have ϕ(i) , ϕ(i + 1). Moreover, for
i ∈ [1..k], the writes in wi are only from the single thread ϕ(i):

πW (wi) ∈ (WR(D) × {ϕ(i)})+.

Note that the projection πW : OP(D) × [1..t] →WR(D) × [1..t] is employed to
map away the reads of a given word.

Example 6.52 shows two words with a different number of stages. In fact,
the word w1 has one stage since only the thread A2 is writing. The word w2
has two stages — first A2 is writing, then A1.

Now we can restrict to computations with a bounded number of stages.
To this end, we define the language of words over OP(D)with at most k stages
that can be associated with t threads. The definition is as follows:

Stage(D , t, k) �

w � w1 . . .w`

�������
` ≤ k and∃ ϕ : [1..`] → [1..t] :
πW (wi) ∈ (WR(D) × {ϕ(i)})+ ,

ϕ(i) , ϕ(i + 1).


The bounded stage reachability problem takes an RW-SMCP S and a bound

k ∈ N as input. It askswhether the language L(S) contains awordwith atmost
k stages. Although the problem can be seen as a generalization of BCS (on
RW-SMCPs), it maintains the same complexity: it is still NP-complete [20].
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BSR
Input: An RW-SMCP S � (D , a0 , (Ai)i∈[1..t]) and a bound k ∈ N.
Question: Is L(S) ∩ Stage(D , t, k) , ∅?

Classical complexity theory does not distinguish between BCS and BSR.
Only a fine-grained complexity analysis shows that the latter problem is
actually much harder. For this analysis, we consider various parameters.
These are the size d of the data domain D, the number of threads t, and the
bound k on the number of stages. Moreover, we consider the parameter p, the
maximal number of states of a thread: p � maxi∈[1..t] |Ai |.

6.4.2 Upper and Lower Bound

We first focus on a parameterization of the problem BSR by p and t. Although
the parameterization is quite strict, it is in fact the only way to obtain a
fixed-parameter tractable algorithm. Other parameterizations are indeed
intractable, as we will see in Section 6.4.4. Especially the number of stages
k does not have much impact on the fine-grained complexity of BSR. We
present an upper and amatching lower bound for BSR(p, t). The former relies
on a suitable product construction, the latter is based on a reduction from
k × k-Clique and shows that we cannot avoid building the product.

Upper Bound We show that BSR(p, t) is fixed-parameter tractable. To this
end,we reduce theproblem to a reachabilityproblemanaproduct automaton.
The automaton stores the current configuration, the thread that is currently
writing, and the number of stages. This allows for mimicking stage-bounded
computations of the given RW-SMCP by runs of the automaton.

Theorem 6.54. BSR can be solved in time O(p2t · d2 · t2 · k2).

Proof. Let (S, k)bean instanceofBSRwithanRW-SMCPS � (D , a0 , (Ai)i∈[1..t]).
The idea behindbuilding theproduct automatonP(S) is simple. We can afford
a state for each configuration of S and moreover, store the currently writing
thread and the number of stages. To this end, P(S)works on the states

Conf (S) × [0..t] × [0..k].

Now, any transition of S can be mimicked by P(S). For instance a read
transition c −→?a

S c′ on configurations c , c′ is simulated by the transitions
(c , i , `)−→?a (c′, i , `), where i ∈ [1..t] and ` ∈ [1..k]. Note that neither the
current writer i nor the number of stages ` is changed.

For a write transition, this is different. Assume S performs c −→!a S c′

and the write transition is due to thread i′. Then, P(S) simulates it by
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(c , i , `)−→!a (c′, i′, `′). Here, `′ � ` + 1 if i′ , i. This means, if the currently
writing thread changes from i to i′, we have to increase the number of stages.
If the writing thread remains the same, i′ � i, we have `′ � `.

The initial state of P(S) is the tuple (c0 , 0, 0)where c0 is the initial configu-
ration. The final states of P(S) are those that contain a final configuration. We
have that S contains a word with at most k stages if and only if L(P(S)) , ∅.
Hence, it remains to determine the complexity of checking the latter. Since
P(S) has O∗(pt) states, checking non-emptiness of L(P(S)) takes time O∗(p2t).
For a formal proof we refer to Appendix B.1.10. �

Lower Bound We show that the algorithm fromTheorem 6.54 is optimal. To
this end, we give a reduction from k×k-Clique to BSR keeping the parameters
small. In fact, given a k × k–graph G, we construct an RW-SMCP S with
p � O(k2) and t � O(k). Moreover, G has the desired clique if and only if
L(S) contains a word with only one stage. By Lemma 5.14, we obtain that an
2o(t·log(p))-time algorithm for BSR would contradict the ETH.

Theorem 6.55. Unless ETH fails, BSR cannot be solved in time 2o(t·log(p))
.

Proof. We elaborate on the idea of the construction. A formal proof is given
in Appendix B.1.11. Let G be an instance of k × k-Clique with set of vertices
V � [1..k] × [1..k]. We first define D � V ∪ {a0} to be the data domain. In
fact, we want the threads to communicate on the vertices of G.

For each row i ∈ [1..k], we introduce thread Pi responsible for storing a
particular vertex of the row. We also add the thread P that is used to steer the
communication between the Pi . Our RW-SMCP S is then given by the tuple
S � (D , a0 , (Pi)i∈[1..k] , P). Note that the number of threads is t � k + 1.

Intuitively, S proceeds in two phases. In the first phase, each Pi non-
deterministically chooses a vertex from the i-th row and stores it in its states.
To this end, Pi has a transition reading the initial value a0 and branching into
a state representing the chosen vertex. After this phase, the Pi are storing a
clique candidate (1, j1), . . . , (k , jk) ∈ V . Consequently, it is left to verify that
there are edges among each two of these vertices.

In the second phase, we ensure that the needed edges exist. Thread P
starts to write a random vertex (1, j′1) of the first row to the memory cell.
The first thread P1 reads (1, j′1) from the memory and verifies that the read
vertex is actually the stored one from the clique candidate. The computation
in P1 will deadlock if j′1 , j1. The threads Pi with i , 1 also read (1, j′1) from
the memory. They can only proceed if there is an edge between the stored
vertex (i , ji) and (1, j′1). If this fails in some Pi , the computation in that thread
deadlocks. Otherwise, if no deadlock occurs, we have verified that (1, j1) is
adjacent to each vertex in the clique candidate. After this step, P writes a
vertex (2, j′2) from the second row to the memory, and the verification steps
repeat. In the end, after k repetitions of the procedure, we can ensure that
the guessed candidate has all the needed edges and is indeed a clique.
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Note that P has only O(k) states since it only needs to store the rows. The
Pi haveO(k2) states each. These threads need to remember the chosen column
j ∈ [1..k] and for each of these, count that they have seen one adjacent vertex
from each row. Moreover, P is the only thread that is writing. Hence, G has
the desired clique if and only if L(S) contains a 1-stage word. �

6.4.3 Absence of a Polynomial Kernel

We present a kernel lower bound for the problem BSR(p, t). Along with the
lower bound on the running time proven in Section 6.4.2, we get a clear picture
regarding the parameterized complexity of BSR(p, t). Although the parame-
terization is already rather restricted, we can neither hope for a fast algorithm
nor for a kernel of polynomial size. Altogether, the results demonstrate the
computational power of BSR as an under-approximation.

To prove the kernel lower bound, the idea is to cross-compose the problem
3-SAT intoBSR(p, t). However, setting up the cross-composition is not straight
forward as we face a challenging technical problem. Assume we are given
I instances of 3-SAT, I formulas for which we need to check whether one
of them is satisfiable. Then, the two significant parameters p and t are not
allowed to depend polynomially on I. Otherwise we would contradict the
requirements on a cross-composition, see Definition 5.42. In fact, we need to
ensure that p and t depend at most logarithmically on I.

This restricted dependence immediately excludes any idea for the cross-
composition which involves a thread choosing a particular 3-SAT-instance by
branching into I different states. It would cause a polynomial dependence of
p on I. Furthermore, it is not possible to construct a thread for each instance
as this would cause such a dependence of t on I. To circumvent the problem,
we need to find a way of choosing an instance without having I many states
or threads. As we will see, the solution is to assign a binary number of length
log(I) to each given instance and being able to compare these numbers bit by
bit. For each bit we will need one small thread, resulting in parameters p and
t depending only logarithmically on I. The result is as follows.

Theorem 6.56. BSR(p, t) does not admit a poly. kernel, unless NP ⊆ coNP/poly.

Proof. We construct the required cross-composition. Let ϕ1 , . . . , ϕI be the
given 3-SAT-instances, where each two are equivalent under R, the poly-
nomial equivalence relation of Example 5.41. Recall that two formulas are
equivalent under R if they have the same number of clauses and variables.
Hence we can assume each formula ϕ` with ` ∈ [1..I] to have m clauses,
namely ϕ` � C`

1 ∧ . . . ∧ C`
m , and the n variables {x1 , . . . , xn}.

In the RW-SMCP thatwe construct, communication is based on 4-tuples of
the form (`, j, i , v). Intuitively, such a tuple transports the following informa-
tion: the j-th clause C`

j of ϕ` can be satisfied by variable xi with valuation v.
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is satisfied by xi � 1

?(`,m , i′, v) for i′ , i

?(`,m , i , 1) if C`
m

is satisfied by xi � 1

?a0 ?(`, 1, i′, v) for i′ , i

?(`, 1, i , 0) if C`
1

is satisfied by xi � 0

?(`,m , i′, v) for i′ , i
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is satisfied by xi � 0
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. . .
!(`, 1, i , v)
for all `, i , v

!(`,m , i , v)
for all `, i , v
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Figure 6.7: The above thread Pxi chooses and stores a valuation of xi . The
upper branch corresponds to xi � 1, the lower branch to xi � 0. The thread
Pxi can only read those tuples that do not affect xi or those that encode a
clause which can be satisfied by the stored valuation. Thread Pw suggests m
clauses that need to be satisfied by the valuation stored in the Pxi .

Hence, the data domain of the program is given by

D � ([1..I] × [1..m] × [1..n] × {0, 1}) ∪ {a0}.

For choosing and storing an valuation of the variables, we introduce a
threadPxi for eachvariable xi . In thebeginning, eachPxi non-deterministically
chooses an valuation for xi and stores it in its state space.

We further introduce a writing thread Pw . During a computation, this
thread guesses exactly m tuples (`1 , 1, i1 , v1), . . . , (`m ,m , im , vm) in order to
satisfy m clauses of potentially different instances. Each (` j , j, i j , v j) is written
to the memory by Pw . All the threads Pxi then start to read the tuple. If Pxi

with i , i j reads it, the thread will simply move one state further since the
suggested tuple does not affect the variable xi . If Pxi with i � i j reads the
tuple, the thread will only continue its computation if v j coincides with the
stored value for xi that Pxi guessed initially andmoreover, if xi with valuation
v j satisfies the clause C

` j

j . Subsequently, Pw proceeds to the next tuple. The
construction of the Pxi and Pw is illustrated in Figure 6.7.

Now suppose Pw has written m tuples in exactly m steps and each Pxi has
performed exactly m+1 reads. Then this proves the satisfiability of m clauses
by the chosen valuation. But these clauses can be part of different instances.
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. . .
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bin(`) is 1

?(`, 1, i , v) ifb-th bit ofbin(`) is 0
?(`,m , i , v) if

b-th bit of
bin(`) is 0

Pb

Figure 6.8: The bit checkers Pb for b ∈ [1.. log(I)]. After reading a tuple
(`, 1, i , v), these threads store the b-th bit of bin(`). They can only reach a
final state if the b-th bit does not change throughout all suggested tuples.

It is not ensured that the clauses were chosen from one formula ϕ` . Themajor
technical difficulty of the cross-composition lies in how to ensure exactly this.

We overcome the difficulty by introducing so-called bit checkers Pb , where
b ∈ [1.. log(I)]. Each Pb is responsible for the b-th bit of bin(`), the binary
representation of `, where ϕ` is the instance we want to satisfy. When Pw
writes a tuple (`1 , 1, i1 , v1) for the first time, each Pb reads it and stores either
0 or 1, according to the b-th bit of bin(`1). After Pw has written a second tuple
(`2 , 2, i2 , v2), the bit checkerPb testswhether the b-th bits ofbin(`1) andbin(`2)
coincide and only proceeds if they are equal. Otherwise it will deadlock. This
will be repeated any time Pw writes a new tuple to the memory. We illustrate
the construction of the bit checkers in Figure 6.8.

Assume the computation does not deadlock in any of the Pb . Then we
can ensure that the b-th bit of bin(` j) with j ∈ [1..m] never changed during
the computation. This means that bin(`1) � · · · � bin(`m). Hence, Pw has
chosen clauses of a single instance ϕ` . Moreover, the valuation stored in the
Pxi satisfies the formula. This implies the correctness of the construction:
there is an ` ∈ [1..I] such that ϕ` is satisfiable if and only if the constructed
RW-SMCP contains a word with one stage. Note that we are only interested
in 1-stage words since Pw is the only thread that writes to the memory.

The parameters are p ∈ O(m) and t ∈ O(n+ log(I)). Hence, they depend at
most logarithmically on I and therefore the construction constitutes a proper
cross-composition. We provide a proof of correctness in Appendix B.1.12. �
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6.4.4 Intractability

As a last result on the fine-grained complexity of BSR, we show that parame-
terizations involving the number of stages k and the size of the data domain d

are intractable. It justifies our choice of parameters in Section 6.4.2 and shows
once more that fixed-parameter tractability can only be obtained by a strict
parameterization of BSR. Our goal is to show the following theorem.

Theorem 6.57. BSR(k, d) is not in XP, unless P � NP.

The theorem has a surprising aspect. The number of stages k is a powerful
parameter. Introducing the bound in a simultaneous reachability problem
like BSR lets the complexity drop from PSPACE to NP. However, its impact
is not enough to guarantee an FPT-algorithm. Even worse, we do not even
get membership in XP. This means there is no algorithm for BSR depending
exponentially only on the parameters k and d.

In order toprove the theorem,we showthatBSR isNP-hard even in the case
when both, k and d, are constants. Note that this indeed implies Theorem 6.57.
If BSR(k, d) would be a member of XP, then there would be an algorithm for
the problem running in time f (k, d) · n g(k,d), for some computable functions
f and g. The algorithm could then also be applied to ConstBSR, the variant
of BSR, where k and d are constant. In this case, it would solve ConstBSR in
polynomial time which contradicts the NP-hardness of the problem. Hence,
BSR(k, d) cannot be in XP. It is left to prove the following lemma.

Lemma 6.58. BSR is NP-hard even if k and d are constants.

Proof. We give a reduction from 3-SAT to BSR keeping both parameters con-
stant. Let ϕ be a 3-SAT-instance with m clauses and variables x1 , . . . , xn . We
construct an RW-SMCP S � (D , a0 , (Pxi )i∈[1..n] , Pv) with d � 4 symbols in the
data domain and L(S) only containing 1-stage words.

First, we clarify the communication among the threads of S. Like in other
related reductions we would like to base it on the literals of ϕ. However,
we cannot write and read literals directly, as this would cause a blow-up in
parameter d. Instead, we need to use a suitable binary encoding to keep the
data domain small. Let ` be a literal in ϕ. It consists of a variable xi and a
valuation v ∈ {0, 1}. We employ the padded binary encoding of i:

bin#(i) ∈ ({0, 1}.#)log(n)+1.

It is defined as the usual binary encoding of i but each bit is separated by the
padding symbol #. The encoding of literal ` is then defined to be the string
enc(`) � v.#. bin#(i). It encodes that variable xi has valuation v.

The RW-SMCP S communicates by reading and writing messages of the
form enc(`). To this end, we need the data domain D � {a0 , #, 0, 1}. Note
that the padding symbol # is required to prevent the threads from stuttering,
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reading the same symbol more than once. In fact we will make sure that each
thread in S has to read an exact number of symbols to reach a final state.

We have a thread Pxi for each variable xi . Initially, these choose a valuation
for the variables and store it. To this end, it can branch on reading a0 and
choose whether it assigns 0 or 1 to xi . Then another thread, called Pv , starts to
iterate over the clauses of ϕ. For each clause C, it nondeterministically picks
a literal ` in C and writes enc(`) to the memory. Each Pxi reads enc(`). Note
that reading and writing the encoding requires a sequence of transitions.

It is the task of Pxi to check whether the chosen literal ` is conform with
the stored valuation of xi . If ` involves a variable x j with j , i, thread Pxi

continues its computation by reading the whole string enc(`). If ` involves
xi , then Pxi can only continue its computation if the first bit in enc(`) shows
the stored valuation. Formally, there is only an outgoing path of transitions
on enc(xi) if Pxi stored 1 and on enc(¬xi) if it stored 0.

Note that each time Pv picks a literal `, all Pxi read enc(`), even if the literal
involves a different variable. This means that each Pxi reads exactly m encod-
ings of literals, corresponding to a word of fixed length. This is important for
correctness as the threads will only reach a final state if they did not miss a
single symbol. Phrased differently, there is no loss in communication.

Now assume Pv iterated through all m clauses and none of the Pxi got
stuck. Then each of them read exactly m encodings without running into
a deadlock. This means that the picked literals were all conform with the
valuations chosen by the Pxi and that a satisfying assignment for ϕ was
found. Note that Pv is the only thread that is writing to the memory. Hence,
each word in L(S) consists of a single stage, proving that also parameter k is
a constant. For a proof of correctness, we refer to Appendix B.1.13. �
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7. Liveness Verification in
Broadcast Networks

!baa

?baa

?baa

Broadcast networks are a model that was
originally introduced for the verification of
ad hoc networks and cache-coherence pro-
tocols. Such networks and protocols typ-
ically have to manage an arbitrarily large
number of identical devices or processors.
Tomodel such applications, broadcast net-
works are parameterized: they consist of an
arbitrary number of identical clients that
is not known a priori9. The communication among the clients is based on
sending broadcast messages. Proving the correctness of a broadcast net-
work amounts to proving the correctness for each potential number of clients.
While the complexity of most safety verification questions in this context has
already been solved, liveness verification of broadcast networks is not fully
understood. In particular, the complexity of the basic broadcast network liveness
verification problem (BNL) has been left open. The problem asks whether there
exists a computation in the network such that one client visits a final state in-
finitely often. BNLwas shown to beP-hard [123] but only inEXPSPACE [124].

By a fine-grained complexity analysis of BNL, we found that the problem
admits a polynomial-time algorithm. The algorithm relies on a characteriza-
tion of live computations in terms of paths in a suitable abstraction. The latter
might be of interest for other parameterized models as well. We also consid-
ered the complexity of the fair liveness verification problem (FBNL). It asks for a
computation where all participating clients visit a final state infinitely often.
We adjusted the algorithm of BNL to also solve FBNL in polynomial time.
The results were originally obtained in our publication [95]. The upcoming
text is an extension of the paper.

7.1 Verification of Broadcast Networks

Broadcast networks were introduced by Emerson and Namjoshi [147] for the
verification of parameterized systems. Such a system consists of an arbitrary
number of threads or devices that run an identical protocol or program.
We understand those threads and devices as anonymous clients that are not

9Parameterized models/systems are not to be confused with parameterized complexity.
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x � 1

y � 0

BUS

Memory

x � 1 y � 1

Figure 7.1: A multiprocessor system consisting of three CPUs with caches
and a memory over the variables x and y. Communication is via a bus.

aware of their identity. Clients typically communicate via some mechanism
like shared memory, rendezvous, or broadcast messages [17, 146, 147, 182].
Parameterized systems appear in various applications like distributed algo-
rithms [237], ad hoc networks [2, 124, 224, 236, 298, 302], depth-bounded
systems [276, 277, 327, 337], and cache-coherence protocols [9, 121, 147, 151].
Verifying parameterized systems is a challenging task. Correctness has to
be proven not only for a single instance of the system but for every num-
ber of participating clients. This has led to substantial effort concerning the
verification of parameterized systems, resulting in the development of a new
research field known as parameterized verification [4, 55].

In parameterized verification, broadcast networks are a well-established
model to represent parameterized systems. The clients of a broadcast network
are identical finite-state automata reflecting the interaction of a single device,
thread, or processor with its environment. A broadcast network consists of
an arbitrary number of clients that communicate via broadcast messages.

To demonstrate the applicability of the model, we consider an example:
a broadcast network for the cache-coherence protocol MSI [304]. Figure 7.1
illustrates the setting. It shows a schematic multiprocessor system which
contains a shared memory and three CPUs, each having a dedicated cache.
CPUs and memory communicate over a bus. Assume the memory maintains
the two variables x and y. When a CPU writes to or reads from a variable,
it does not immediately access the memory as such accesses are expensive
and degrade performance in practice. Instead, the CPU prefers to access its
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Figure 7.2: The communication scheme of the cache-coherence protocol MSI
written as a finite automaton over the domain of messages {write, read, inval}.

own cache, an operation that is rather fast. To this end, the cache holds a
local copy of x and y. Without regulation this may lead to different values
of x and y in each of the caches and the memory. Hence, when a variable is
assigned a new value by some CPU, other CPUs that access the same variable
may not have the corresponding up-to-date value in their caches and instead
work with their own value — a behavior that leads to faulty executions. We
call such a system incoherent. It is the task of a cache-coherence protocol to define
a communication scheme that ensures coherence of the systemwhile keeping
the performance as high as possible.

A basic cache-coherence protocol is MSI [304]. To each local copy of x
(and similarly for y) in a cache, it assigns one of the following three states:

• M (modified): The CPU has written to x, other CPUs did not see the
change. The up-to-date value of x is private to the writing CPU.

• S (shared): The up-to-date value of x is shared among at least two caches.

• I (invalid): Novalue is yet assigned to x or the assignedvalue is outdated.

MSI employs the bus to communicate messages among the CPUs that
may change the state in a cache. There are three types of messages. A write

request (write) formulates that a CPU wants to write to x. Similarly, a read

request (read) represents the fact that a CPUwants to update its outdated copy
of x. Upon receiving an invalidation message (inval), a CPU has to invalidate
its local copy of x — it is outdated now. The specification of MSI yields the
finite automaton shown in Figure 7.2. A CPU can send (!a) and receive (?a)
a message a. We do not elaborate on each of the state changes, instead we
pick an example. If a CPU has an up-to-date copy of x and wants to write
to it, it sends an invalidation message !inval over the BUS to the other CPUs
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and changes its state from S to M. All other CPUs receive ?inval and either
change their state from S to I or stay in I if they have already been there.

MSI promises coherence for systems with arbitrarily many processors. To
verify this, we model the protocol as a broadcast network. The specification
given in Figure 7.2 reflects the code executed on the clients of the network.
The broadcast network consists of arbitrarily many copies of these clients. An
example computation involving three clients is given below:

(I , I , I)
!write/?write/?write

−−−−−−−−−−−−−→ (M, I , I)
?read/!read/?read

−−−−−−−−−−−→ (S, S, I).

Note that communication in the network is based on sending broadcast
messages that each client, except from the sending client, has to receive.

To ensure coherence, MSI satisfies safety requirements. These can be
checked on the corresponding broadcast network for the protocol. For in-
stance, one of the requirements formulates that the state M can only be
assigned to one CPU or cache at a time. We can rephrase it as a reachability
problem in the broadcast network: if there is a computation that leads to a
point where M is assigned to two or more clients, we have found a bug in the
protocol. One can verify that such a computation does not exist [151].

An assumption that we made for MSI is that, once a message is sent, it is
received by all other CPUs. The communication topology is perfect. However,
when a fixed infrastructure is absent, like in ad hoc networks that are based
onwireless communication, wemay havemessage loss. In this case, the com-
munication topology is reconfigurable. It may change during a computation,
resulting in different listening clients for each sent message. In fact, a client
ready to receive a message may ignore it, and it may be the case that no client
receives it at all. Assume the communication in MSI is reconfigurable. Then,
the protocol does not guarantee coherence since it breaks the above safety
requirement. The following computation puts two caches into state M. Note
that the sent write requests are not received by any CPU.

(I , I)
!write/−
−−−−−→ (M, I)

−/!write

−−−−−→ (M,M).

Broadcast networks on various communication topologies have attracted
considerable attention in the literature. This includes work on reconfigurable
topologies [95, 123, 124, 176], locally changing topologies [26], fixed topolo-
gies [2], a perfect topology like the one above [151], and topologies with a
bounded diameter [125]. Moreover, there are variants and generalizations of
broadcast networks which involve local strategies for clients [38], communi-
cation failures [126], and probabilistic elements [37, 65]. In the following, we
focus on the verification of broadcast networks with reconfigurable topology.
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7.1.1 Safety Verification

The wide spectrum of applications of reconfigurable broadcast networks, es-
pecially for ad hoc networks and cache-coherence protocols, has led to the
formulation of two basic safety verification problems [124]. In the broad-

cast network coverability problem (BNC), the question is whether at least one
client, participating in the current computation, can reach an unsafe or final
state. While the problem is undecidable for a static topology [124], it has a
surprisingly low complexity in the reconfigurable case. In fact, BNC is P-
complete [123]. The second problem is the broadcast network synchronization

problem (BNS). The problem asks whether all participating clients can reach
a final state at the same time. Although seemingly harder than BNC, also
BNS turned out to be P-complete [123, 176] for reconfigurable networks.

The results show that reconfigurable broadcast networks are a model for
efficient safety verification. However, the results do not yield tight complexity
bounds for liveness verification andmodel-checking although these problems
were originally considered in the context of broadcast networks [147, 151].

7.1.2 Liveness Verification

Complexity of liveness verification for reconfigurable broadcast networkswas
first studied in [124]. The authors considered the broadcast network liveness

verification problem (BNL)10, a generalization of the coverability problem BNC.
BNL asks whether there exists a live computation where at least one partici-
pating client can visit a final state infinitely many times. By a reduction to
repeated coverability in Petri nets [154], BNL was shown to be solvable in
EXPSPACE [124]. However, the only known lower bound is P-hardness [123],
leaving a rather large gap which remained to be closed.

Contribution We contribute an algorithm solving BNL in polynomial time.
It closes the aforementioned gap. The algorithm relies on a representation of
live computations in terms of paths in an appropriate abstraction graph. Since
the graph is of exponential size one can neither construct it nor immediately
apply a path finding algorithm. Both would only yield an exponential-time
procedure for detecting live computations. Instead, we show that a path
exists if and only if there is a path in some particular normalform. Paths
in normalform can then be found efficiently by a fixed-point iteration which
terminates after polynomially many steps. Technically, the algorithm runs
in time O(p4 · t2) where p is the number of states of the client in the given
broadcast network and t is the size of its transition relation.

Although our result is a pure polynomial-time algorithm, we consider it
a contribution to fine-grained complexity. This has two reasons. First, we
give a precise upper bound in the parameters p and t for BNL which only

10The problem is also known as repeated coverability.
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turned out to be of polynomial shape. In fact, the bound was only achieved
while considering the parameter p in more detail. The second reason is that
the polynomial-time algorithm for BNL solves questions on the fine-grained
complexity of the LTL model-checking problem [290] of broadcast networks.
Indeed, with our algorithm, the time needed to solve the model-checking
problem depends polynomially on the size of the broadcast network and
exponentially only on the size of the LTL formula [320]. In [97], we elaborate
on the complexity in more detail. Here, we focus on the algorithm for BNL.

By a discussion with one of the authors of [37], we found that member-
ship in P of BNL can also be deduced from a result given in their work. The
idea is to construct a suitable vector addition systems with states (VASS) to
simulate broadcast networks and to employ an algorithm of Kosaraju and
Sullivan [239] for finding cycles. However, the approach requires combin-
ing non-trivial machinery like VASS and linear programming [239]. Our
algorithm is comparatively simple and tailored to the problem. In fact, our
fixed-point iteration is easy to implement and has a better time complex-
ity. Moreover, our abstraction via paths and the normalform might be of
independent interest in the verification of further parameterized models.

7.1.3 Fair Liveness

Aswe have seen, the liveness verification problem BNL generalizes the cover-
ability problemBNC. For the related synchronizationproblemBNS, a general-
ization to liveness verification is missing. We introduce a variant of BNL that
incorporates a notion of fairness which lifts the requirement of BNS to live
computations. The fair liveness verification problem (FBNL) requires that all
clients which participate infinitely often during a computation also see a final
state infinitely often, a requirement also known as compassion [291].

Contribution We show that FBNL, like BNL, can be solved in polynomial
time. The key is an instrumentation that compiles away the compassion re-
quirement in polynomial time and reduces FBNL to finding cycles in broad-
cast networks. For the latter we can then apply the algorithm developed for
BNL. By our results, safety and liveness verification for reconfigurable broad-
cast networks have the same time complexity. This phenomenon has been
observed for other (parameterized) models as well [143, 152, 198, 199], even
on the level of fine-grained complexity [93, 94, 96].

7.2 Complexity of Liveness in Broadcast Networks

We present the polynomial-time algorithm for BNL. To this end, we formally
introduce the model of reconfigurable broadcast networks and the liveness
verification problem in Section 7.2.1. In Section 7.2.2, we proceed by elabo-
rating on the abstraction graph and its properties. We also introduce paths
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in normalform and show that they characterize live computations. Finally,
in Section 7.2.3, we present the fixed-point iteration which finds paths in
normalform and show how it is applied to detect a live computation.

7.2.1 Broadcast Networks and BNL

A broadcast network is a concurrent system consisting of an arbitrary but
finite number of identical clients that communicate by passing messages. To
model such a network via finite-state systems, we assume that the messages
are chosen from a finite message domain D. A message a ∈ D can either be
sent, denoted by !a, or received, ?a. The communication operations that a
client can then perform are summarized in the set of operations

OP(D) � {!a , ?a | a ∈ D}.

Clients Whenmodeling the clients of a broadcast network, we abstract away
the internal behavior and focus on the communication with other clients via
the available communication operations from OP(D). With this, a client is
then simply given as a finite automaton over the set of operations.

Definition 7.1. A client is a finite automaton P � (Q ,OP(D), δ, I).

Here, Q is the set of states of the client, I ⊆ Q the set of initial states, and
δ ⊆ Q ×OP(D) × Q the transition relation. As usual, we extend δ to OP(D)∗
and write q−→w q′ instead of (q , w , q′) ∈ δ. We do not specify final states of
the client as they are not required to define broadcast networks. We will add
them later as an input to the liveness verification problems of interest.

BroadcastNetworks Broadcast networks fix anunderlyingmessagedomain
and a layout for the clients. The syntax is defined as follows.

Definition 7.2. A (reconfigurable) broadcast network is a tuple N � (D , P)where
D is a finite message domain and P is a client over OP(D).

To define the semantics of a broadcast network, we need to make explicit
how the communication among the clients in the network proceeds. This is
typically achieved by defining the reconfigurable communication topology in
termsof graphs that changeover time [26, 123, 124]. However, our formulation
avoids the usage of graphs. Instead, we tend to understand the reconfigurable
communication topology as a shared memory where the clients can write to
and read from. This moves broadcast networks closer to the related model of
leader contributor systemswhich we analyze in Chapter 8.

During a communication phase in a broadcast network, one client sends
a message and a number of other clients receive it. This induces a change of
the current state in each client participating in the communication. We use
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configurations to display the current states of all clients present in the network
and a corresponding transition relation on configurations to model the state
changes. We begin by defining the former. To this end, note that a broadcast
network contains arbitrarily but finitely many clients.

Definition 7.3. Let the pair N � (D , P) be a broadcast network with client
P � (Q ,OP(D), δ, I). A configuration of N is a tuple c � (q1 , . . . , qk) ∈ Qk

where k ∈ N is the number of involved clients. The set of configurations of N is

Conf (N) �
⋃
k∈N

Qk .

A configuration c is called initial if each client is in an initial state. Conse-
quently, the set of initial configurations is given by ConfI(N) �

⋃
k∈N Ik .

For a configuration c � (q1 , . . . , qk) ∈ Qk , we use Set(c) � {q1 , . . . , qk} ⊆ Q
to list the client states which occur within c. Moreover, we use the notation
c(i) � qi to access the individual components of the configuration.

With configurations, we can model the communication in the broadcast
network. Each communication phase induces a state change in the partici-
pating clients which is reflected by the following transition relation.

Definition 7.4. Let the tuple N � (D , P) be a broadcast network with client
P � (Q ,OP(D), δ, I). The transition relation of N is a relation on configurations:

→N ⊆ Conf (N) × D × Conf (N).

It is defined as follows. Let c � (q1 , . . . , qk) and c′ � (q′1 , . . . , q′k) be two
configurations involving k clients and let a ∈ D be a message. Then, there is
a transition c −→a N c′ if the following three conditions are satisfied.

(1) There is a sender, a client i ∈ [1..k]with transition qi−→!a q′i .

(2) There is a number of receivers, a subset of clients R ⊆ [1..k] \ {i} without
the sender such that q j−→?a q′j for each j ∈ R.

(3) All other clients stay idle: for all j < R ∪ {i} we have q j � q′j .

To denote the indices of clients that contributed to the transition, we use
the notation idx(c −→a N c′) � R ∪ {i}. Note that it may well be the case that
R � ∅. This means that all clients, except from the sender i, ignore the
message. Moreover, sender and receivers may change for each transition.
The latter reflects the reconfigurable communication topology.

The transition relation→N can be extended to words w ∈ D∗. We write
c−→w N c′ for a sequence of consecutive transitions and call it a computation of
the broadcast network N . For a computation c−→w c′, we omit the index N

168



7.2. Complexity of Liveness in Broadcast Networks

where it is appropriate. Moreover, we write c →∗N c′ if a corresponding word
w ∈ D∗ with c−→w N c′ exists. If |w | ≥ 1, we also use c →+

N c′. The definition of
idx can be extended to computations by listing all clients that contribute to one
of the transitions. Note that→N is only defined among configurations with
the same number of clients. Hence, the number of clients does not change
during a computation but is fixed a priori. This separates the model from
others that feature dynamic thread creation [21].

We illustrate the notion of a computationwith an example. To this end, re-
consider the broadcast network modeling the cache-coherence protocol MSI.

Example 7.5. Aswehave seen in Section 7.1, the broadcast networkN � (D , P)
for modeling MSI relies on the messages write, read, and inval. We abbreviate
these messages and capture them in the domain D � {w , r, i}. The client P of
N is given in Figure 7.3. It is the finite automaton from Figure 7.2 but over the
simplified domain and without self loops in the states. In fact, the latter can
be ignored since we have a reconfigurable communication topology where
clients can ignore messages and remain in their current state.

We consider a computation of N . Assumewe have two clients. Due to the
reconfigurable communication topology, we can bring both into the state qM :

(qI , qI)
w−→ (qM , qI)

w−→ (qM , qM).

Note that idx((qI , qI)−→w (qM , qI)) � {1} since the first client is the sender and
the second ignores the message. Similarly, idx((qM , qI)−→w (qM , qM)) � {2}. As
argued in Section 7.1, this breaks a safety requirement of the MSI protocol in
the case of a reconfigurable communication topology.

Consider the following computation, again involving two clients:

(qI , qI)
w−→ (qM , qI)

r−→ (qS , qS)
i−→ (qM , qI).

Since the configuration (qM , qI) repeats, we can actually add a loop to the
computation and repeat it an arbitrary number of times or even infinitely:

(qI , qI)
w−→ (qM , qI)

r−→ (qS , qS)
i−→ (qM , qI)

r−→ (qS , qS)
i−→ (qM , qI)

r−→ . . .

This shows that there is a computation of the broadcast network in which
the first client visits the state qM infinitely often. Intuitively this means, the
client can infinitely often modify the local variable stored in its cache.

Liveness Verification It is the task of the liveness verification problem
BNL to decide the existence of infinite computations like the one depicted
in Example 7.5. Let N � (D , P) be a reconfigurable broadcast network with
client P � (Q ,OP(D), δ, I). Formally, an infinite computation is a sequence
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qI qS qM

!r !i

!w

?r?w , ?i

?w

Figure 7.3: The client P of the broadcast network N � (D , P) with message
domain D � {w , r, i}. It is a modified variant of the client modeling the MSI
cache-coherence protocol, see Figure 7.2 for a comparison.

σ � c0 → c1 → . . . of infinitely many consecutive transitions. Such a compu-
tation is called initialized if c0 ∈ ConfI(N). To detect the infinite occurrence of
certain states within σ, we fix a set QF ⊆ Q of final states. Let

Fin(σ) � {i ∈ N | ∃∞ j : c j(i) ∈ QF}

denote the set of clients that visit a final state infinitely often.
The broadcast network liveness verification problem (BNL) takes a broadcast

network N � (D , P) with client P � (Q ,OP(D), δ, I) and a set of final states
QF ⊆ Q. It asks whether there exists an infinite initialized computation σ of
N in which at least one client visits a final state infinitely often, Fin(σ) , ∅.

BNL
Input: A broadcast network N � (D , P), a set of final states QF.
Question: Is there an initialized infinite σ with Fin(σ) , ∅?

The problem BNL was introduced as Repeated Coverability in [124]. In the
same work, it was shown to be solvable in EXPSPACE. However, the only
known lower bound isP-hardness [123], leaving a rather large gap to its upper
bound. We present an algorithm for BNL which runs in time O(p4 · t2), where
p is the number of states of the client and t the number of transitions.

Theorem 7.6. The problem BNL can be solved in time O(p4 · t2).

Combining Theorem 7.6 with the known hardness result for BNL closes
the gap and shows that the problem is complete for the class P.

Corollary 7.7. The problem BNL is P-complete.
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7.2.2 Graph Abstraction

Thefirst step toourpolynomial-timealgorithmforBNL is a characterizationof
infinite computations in terms of paths on a finite abstraction graph. In order
to prove it, we need to relate the existence of an infinite computation to the
existence of a finite one. As common in the handling of infinite computations
on finite automata, this is achieved by splitting such a computation into a
prefix and a suitable cycle that can be iterated. Fix a broadcast network
N � (D , P) with client P � (Q ,OP(D), δ, I) and a set of final states QF ⊆ Q.
The following lemma makes the splitting more precise.

Lemma 7.8. There is an infinite computation σ � c0 → c1 → . . . with Fin(σ) , ∅
if and only if there is a computation of the form c0 →∗ c →+ c with Set(c) ∩QF , ∅.

Proof. Assume there is a computation c0 →∗ c →+ c with Set(c) ∩ QF , ∅.
Then c →+ c can be iterated infinitely often to obtain an infinite computation
visiting QF infinitely often. In turn, in any infinite sequence from Qk one can
find a repeating configuration by the pigeon hole principle. This in particular
holds for the infinite sequence of configurations containing final states. �

AbstractionGraph ByLemma7.8, BNL can be solved byfinding a reachable
configuration c that contains a final state and that can be iterated. However,
broadcast networks are parameterized, meaning that the number of involved
clients in c is not fixed. Hence, we need to deal with an infinite number of
configurations and cannot immediately search for c. To overcome this we
need to abstract configurations and their transition relation in a suitable way.
In fact, we will devise a finite abstraction graph the cycles of which simulate
cycles on configurations. Thenwe only need to search for a cycle in the graph.

The basic idea of the abstraction graph is to represent configurations by
sets. In fact, a vertex of the graph keeps track of those sets of states S ⊆ Q
that are acquired by the clients. This means that a state s ∈ S is present in a
vertex, if the corresponding configuration contains at least one client in s. The
abstraction is inspired by the powerset construction for finite automata [296],
wherewe keep the set of states inwhich the automatonmight be in. However,
different from this construction, keeping a state s ∈ S in our abstraction
means that there is not at most one client in s but an arbitrary number of
clients greater than one. As a consequence, an edge from s to s′ may have
two effects. Some of the clients that are currently in s change their state to s′

while others stay in s. In that case, the set of acquired states is updated to
S′ � S ∪ {s′}. Alternatively, all clients may change their state to s′, in which
case we obtain S′ � (S \ {s})∪ {s′}. Hence, the edges of our abstraction graph
need to respect that certain states get killed while others get generated when
transitioning to a new vertex. The following definition takes this into account.
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Definition 7.9. The abstraction graph of the broadcast network N is a directed
graphG � (V,→G). The vertices V �

⋃
k≤p P(Q)k are k-tuples of sets of states

where k ≤ p � |Q |. For the edges→G , we need some preliminary notation.
Let S ⊆ Q and a ∈ D. The successor states of S (under receiving a) are those

states that can be reached from S via an ?a-transition in the client:

succ?a(S) � {q′ ∈ Q | ∃q ∈ S : q
?a−→ q′}.

The states within the set S that have an outgoing ?a-transition in the client,
are captured in the corresponding set of enabling states:

enabled?a(S) � {q ∈ S | ∃q′ ∈ Q : q
?a−→ q′}.

Let V1 � (S1 , . . . , Sk) and V2 � (S′1 , . . . , S′k) be two vertices in V . There is
an edge V1 →G V2 in the graph if the following three conditions are satisfied.

(1) There is a sender, an index i ∈ [1..k], states s ∈ Si and s′ ∈ S′i , as well as
an element a ∈ D such that s−→!a s′ is a send transition of the client.

(2) There are clients that move upon receiving a. For each j ∈ [1..k] there are
sets of states Gen j ⊆ succ?a(S j) and Kill j ⊆ enabled?a(S j) such that

S′j �
{(S j \ Kill j) ∪ Gen j , for j , i ,
(U j \ Kill j) ∪ Gen j ∪ {s′}, for j � i ,

where U j is either S j or S j \ {s}.

(3) Killed states are properly replaced by generated ones. For each index
j ∈ [1..k] and state q ∈ Kill j , we have that succ?a(q) ∩ Gen j is non-empty.

Intuitively, an edge in the abstraction graph G mimics a transition in
the broadcast network N without making explicit the precise configurations.
Condition (1) requires a sender, a component i that is capable of sending a par-
ticular message a ∈ D. Clients receiving the message a are represented in (2).
The subset Gen j ⊆ succ?a(S j) holds those states that are generated, reached by
clients performing a corresponding receive transition. These states are added
to the set S j . As mentioned above, states can also get killed. If, during a
receive transition, all clients in a particular state move to a newly generated
one, the original state will not be present anymore in a configuration. We
capture killed states in the set Kill j ⊆ enabled?a(S j) and remove them from
S j . Note that for the sender, the i-th component, we add the state s′ due to
the send transition. Moreover, we need to distinguish whether s gets killed
or not. This makes up the definition of the set Ui . Finally, Condition (3)
guarantees that each killed state is properly replaced by a generated state.

We illustrate the definition of the abstraction graph with an example. It
shows that cyclic computations can be mimicked by cycles in the graph.
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(
{qM}, {qI}

) (
{qS}, {qS , qI}

)
(
{qS}, {qS}

)
Figure 7.4: A cycle in the abstraction graph G mimicking the cyclic compu-
tation from Example 7.10. The vertices involve two components of sets. The
first component represents the first client, the second component represents
the second and the third client of the computation.

Example 7.10. Reconsider the broadcast network N from Example 7.5. As
argued above, it admits a cyclic computation involving two clients. Now we
consider a cyclic computation of the network which involves three clients:

(qM , qI , qI)
r−→ (qS , qS , qI)

r−→ (qS , qS , qS)
i−→ (qM , qI , qI).

The cyclic computation can be mimicked by a cycle in the abstraction
graph G of N . In fact, consider the cycle given in Figure 7.4. It is induced by
the computation but we need to argue that it is a proper cycle in G. To this
end, we need to check whether the edges satisfy Conditions (1), (2), and (3)
from Definition 7.9. We show it for the edge ({qM}, {qI}) →G ({qS}, {qS , qI}).

Condition (1) is satisfied since there is a corresponding send transition
qI−→!r qS in the second component. To see that Condition (2) is satisfied, note
that Gen1 � {qs} and Kill1 � {qM}. In the component of the sender, we have
Gen2 � Kill2 � ∅ and since one client remains in qI , we set U2 � {qI}. Note
that qS is automatically added to the component since it is the target state of
the send transition. For Condition (3), we have that succ?r(qM) ∩ Gen1 � {qS}
is not empty. The reasoning for the remaining edges is similar.

The observation made in the example is true in general. Any cyclic com-
putation implies a cycle in the abstraction graph. Moreover, the converse
direction is also true: a cycle in the abstraction graph entails a cyclic compu-
tation of the broadcast network. The following lemma states the equivalence.
It is a major step in the development of our algorithm for BNL.

Lemma 7.11. There is a cycle ({s1}, . . . , {sk}) →+

G ({s1}, . . . , {sk}) in G if and

only if there is a configuration c with Set(c) � {s1 , . . . sk} and c →+

N c.

The lemma also explains the restriction of the vertices in the abstraction
graph to k-tuples of sets of states, with k ≤ p. In fact, we are searching for
a cycle in a configuration and the latter can have at most p different states.

173



7. Liveness Verification in Broadcast Networks

Note that we need to keep the sets of states separately. This is to ensure
that, for every state si , the corresponding clients starting in si perform a cyclic
computation and all go back to si . The proof of Lemma 7.11 is rather technical
and lengthy. We omit it here and refer to Appendix B.2.1.

A first idea to find a cyclic and thus infinite computation of the broadcast
network would be to search for a cycle in the abstraction graph like the one
depicted in Lemma 7.11. However, the graph is of exponential size and
the search would result in an exponential-time procedure. Since our goal
is a polynomial-time procedure, we cannot afford running a cycle finding
algorithm on the abstraction graph immediately. Instead, we show that if a
cycle in the graph exists, then there is also one in a certain normalform. Then
it suffices to search for cycles in normalform. In Section 7.2.3, we will see that
these can be found in polynomial time by a fixed-point iteration.

Normalform We introduce the normalform — not only for cycles but for
general paths. The idea is to split a path into prefix and suffix. In the prefix,
we can only have edges that increase the sets stored in the components of the
current vertex. In the suffix, all edges decrease the stored sets. To define the
normalform, let V1 � (S1 , . . . , Sk) and V2 � (S′1 , . . . , S′k) be two vertices of the
abstraction graph. By V1 v V2, we denote the componentwise inclusion of the
vertices. Recall that this means S j ⊆ S′j for each component j ∈ [1..k].

Definition 7.12. Let V1 →G V2 →G · · · →G Vn be a path in the abstraction
graph G. It is said to be in normalform, if it takes the shape

V1 →∗G Vm →∗G Vn

such that the following conditions hold. In the prefix V1 →∗G Vm , the sets of
states increase monotonically, Vi v Vi+1 for all i ∈ [1..m − 1]. In the suffix
Vm →∗G Vn , the sets decrease monotonically, Vi w Vi+1 for all i ∈ [m..n − 1].

Note that an arbitrary path in G does not need to respect the order given
by the normalform. It may start with an edge that decreases a component of
the vertex and continue with an increasing edge. Moreover, general edges
can increase and decrease several components of a vertex at the same time.
The following lemma shows that, nevertheless, we can assume the path to be
in normalform. In fact we show that, if there is a path, there is also one in
normalform. This will ease the search for cycles in G significantly.

Lemma 7.13. Let V1 ,V2 be vertices of the abstraction graph G. There exists a path
from V1 to V2 if and only if there exists a path in normalform from V1 to V2.

Proof. If V1 →∗G V2 is a path in normalform, there is nothing to prove. For
the other direction, let σ � V1 →∗G V2 be an arbitrary path. To get a path in
normalform, we first simulate the edges of σ in such a way that no states are
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deleted. In a second step, we erase the states that should have been deleted.
We have to respect a particular deletion order to obtain a valid path.

Let σ � U1 →G U2 →G · · · →G U` with U1 � V1 and U` � V2. We
inductively construct an increasing path σinc � U′1 →G · · · →G U′` such that
Ui v U′j for all i ≤ j. For the base case, we set U′1 � U1. Now assume σinc

has already been constructed up to vertex U′j . In the path σ, there is an edge
e � U j →G U j+1. Since U′j w U j , we can simulate e on U′j : all states needed
for the execution are present in U′j . Moreover, we mimic e in such a way that
no states get deleted. This is achieved by setting the corresponding Kill sets to
be empty. Hence, we get U′j →G U′j+1 with U′j+1 w U′j since we do not delete
any states and U′j+1 w U j+1 since we simulate the edge e.

Let V′2 � U′` . The states in V′2 that are not in V2 are those that were deleted
along σ. We construct a decreasing path σdec � V′2 →∗G V2 which deletes all
these states. To this end, let V′2 � (T1 , . . . , Tk) and V2 � (S1 , . . . , Sk). An edge
in σ deletes sets of states in each component i ∈ [1..k]. Hence, to mimic the
deletion in the decreasing path, we need to consider subsets of

Del �

⋃
i∈[1..k]

(Ti \ Si) × {i}.

Note that the index i in a tuple (s , i) displays the component the state s is in.
We define an equivalence relation ∼ over Del: we have (x , i) ∼ (y , t) if and

only if the last occurrence of x in component i and y in component t in the
path σ coincide. Hence, two elements are equivalent if they get deleted at
the same time and do not appear again in σ. Note that the definition indeed
yields an equivalence relation. Nowwe introduce an order on the equivalence
classes. We have [(x , i)]∼ < [(y , t)]∼ if and only if the last occurrence of (x , i)
was before the last occurrence of (y , t). Since the order is total, we get a
partition of Del into equivalence classes P1 , . . . , Pn such that P j < P j+1.

Finally, we are able to construct σdec � K0 →G · · · →G Kn with K0 � V′2
and Kn � V2. During each edge K j−1 →G K j , we delete precisely the elements
in P j and do not add further states. Deleting the states P j in σ is due to an edge
e � Uk →G Uk+1. Wemimic e in such away that no state gets added by setting
the corresponding Gen sets to be empty. Since we respect the order <with the
deletions, the simulation of e from K j−1 is possible. Suppose, we need a state
s in component t to simulate e but the state is not available in component t of
K j−1. Then it was deleted before, we actually have (s , t) ∈ P1 ∪ . . . ∪ P j−1. But
this contradicts the fact that s is present in Uk . Hence, all the needed states
are available and we can perform the deletions. Since after the last edge of
σdec we have deleted all states within Del, we get that Kn � V2. �

Before we show how cycles in normalform can be found algorithmically,
we consider an example which illustrates the above proof.
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Example 7.14. Recall the cycle in the abstraction graph from Example 7.10:

σ � ({qM}, {qI}) →G ({qS}, {qS , qI}) →G ({qS}, {qS}) →G ({qM}, {qI}).

It clearly violates the normalform. To obtain a corresponding cycle in nor-
malform, we perform the construction from Lemma 7.13. First, we construct
an increasing path σinc that simulates only the generations of σ:

σinc � ({qM}, {qI}) →G ({qM , qS}, {qS , qI}).

Note that σinc actually has twomore edges that just loop in the last vertex. We
omit these. The deletions of σ are simulated by the path σdec. It deletes the
state qS from both components. The states qM and qI are not deleted since
they still occur in the last vertex of σ. We have:

σdec � ({qM , qS}, {qS , qI}) →G ({qM}, {qI}).

The cycle σinc.σdec is in normalform and like σ, starts and ends in ({qM}, {qI}).

7.2.3 Algorithm

We present the second step to our algorithm for BNL, a fixed-point iteration
that finds normalform-cycles in polynomial time. More precise, the itera-
tion decides the existence of a cycle ({s1}, . . . , {sk}) →+

G ({s1}, . . . , {sk}) in
normalform. According to the results presented in the previous section, this
witnesses a cyclic computation of the broadcast network. Subsequently, we
show how the cycle detection can be used to decide the existence of an infinite
computation that visits a final state infinitely often and thus to solve BNL.
For the remaining section, we fix a broadcast network N � (D , P) with client
P � (Q ,OP(D), δ, I) and a set of final states QF ⊆ Q.

Operators In order to formulate the existence of a cycle in terms of a fixed
point, we require some suitable operators. The idea is to mimic the mono-
tonically increasing prefix of a cycle in normalform by a post operator and the
monotonically decreasing suffix by a pre operator. Both operators are applied
to a vertex ({s1}, . . . , {sk}) and the result is intersected. This way we hope to
find an intermediary vertex that is reachable from ({s1}, . . . , {sk}) and that
can reach ({s1}, . . . , {sk}) again to close the cycle.

The challenge in designing the post operator is to ensure that receive
transitions are actually enabled by sends that lead to states in the intersection.
The samehas to be ensured for the pre operator. We solve this byusing afixed-
point iteration. Indeed, in the first step of the iteration, we determine the post

of ({s1}, . . . , {sk}) and intersect it with the pre of the vertex. In the next step,
we constrain the post and the pre to visiting only states within the previous
intersection. The results are intersected again, which may remove further
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states. Hence, the computation is repeated relative to the new intersection.
We continue until the intersection stabilizes and the fixed-point is found.

In order to constrain the operators as mentioned above, we do not work
with standard post and pre operators. Instead, we require both to have
an additional input, besides the vertex, which can be used to restrict the
underlying broadcast network to a certain set of states.

Definition 7.15. Let k ≤ p be an integer and C � (C1 , . . . , Ck) ∈ P(Q)k a
k-tuple of sets of states. The post operator, denoted by postC, is a mapping over
the domain P(Q)k . It is defined by postC(X1 , . . . ,Xk) � (X′1 , . . . ,X′k), where

X′i � {q′ ∈ Q | ∃q ∈ Xi : q
!a−→P↓Ci

q′}

∪ {q′ ∈ Q | ∃q1 , q2 ∈ X` : ∃q ∈ Xi : q1
!a−→P↓C`

q2 ∧ q
?a−→P↓Ci

q′}.

Here, P↓Ci denotes the automaton obtained from the client P by restricting it
to the set of states Ci . Similarly, we define the pre operator, denoted by preC.
We set preC(X1 , . . . ,Xk) � (X′1 , . . . ,X′k)with

X′i � {q ∈ Q | ∃q′ ∈ Xi : q
!a−→P↓Ci

q′}

∪ {q ∈ Q | ∃q1 , q2 ∈ X` : ∃q′ ∈ Xi : q1
!a−→P↓C`

q2 ∧ q
?a−→P↓Ci

q′}.

Let us consider thedefinition of thepost operator inmoredetail. In the i-th
component, it collects all states that are either reachable via a send transition
starting in Xi or a receive transition starting in Xi . The receive, however, has
to be enabled by a corresponding sendwhichmay be performed among states
in a different component X` . Additionally, the used transitions have to respect
the restriction imposed by C. Each transition used in the i-th componentmust
be available in the automaton P ↓Ci . The pre operator is similar. The only
difference is that we now collect predecessors of states instead of successors.

Post and pre operator are both monotone in C. This means, if C v C′,
we have postC(X1 , . . . ,Xk) v postC′(X1 , . . . ,Xk) for each vector (X1 , . . . ,Xk).
Similarly for pre. Monotonicity is essential when we want to apply a fixed-
point iteration involving the operators. The second important property is that
we can compute their (reflexive) transitive closures in polynomial time.

Lemma 7.16. Let C � (C1 , . . . , Ck) ∈ P(Q)k be a k-tuple of sets of states. The

closures post
+

C(X1 , . . . ,Xk) and pre
∗
C(X1 , . . . ,Xk) can be computed in timeO(p2 ·t2).

Proof. Both closures can be computed by a saturation. For post
+

C(X1 , . . . ,Xk),
we keep k sets R1 , . . . , Rk ⊆ Q, each collecting the successors of a partic-
ular component. Initially, we set Ri � Xi . The defining equation of X′i in
post

+

C(X1 , . . . ,Xk) already gives the saturation. One substitutes Xi by Ri and
X` by R` on the right side. The resulting set of states is added to the cur-
rent Ri . This process is applied to each component and repeated until the Ri

177



7. Liveness Verification in Broadcast Networks

do not change anymore, namely until the fixed point is reached. There is a
subtlety here: since we want to compute post

+

C(X1 , . . . ,Xk), we do not add the
newly computed states to Ri in the first iteration. Instead, we replace Ri by
these states to ensure that at least one transition was taken.

Let us analyze the time requirement of the saturation. After updating the
Ri in each component, we either already terminated or added at least one new
state to a set Ri . Since there are k ≤ p of these sets and each one is a subset
of Q, we need to update the sets Ri atmost p

2 many times. For a single update,
the dominant time factor comes from finding an appropriate send transition
to a receive transition. This can be achieved in time O(t2). Altogether, we can
compute the closure post

+

C(X1 , . . . ,Xk)within the time bound stated above.
Computing the closure pre

∗
C(X1 , . . . ,Xk) is similar. One can apply the

above saturation and only needs to reverse the transitions in the client. �

With post and pre operator at hand, we can now turn the above discussion
into an actual fixed-point iteration that finds cycles in normalform. The
following lemma shows the correctness of the approach and, moreover, that
the fixed-point can be computed in polynomial time.

Lemma 7.17. There is a cycle ({s1}, . . . , {sk}) →+

G ({s1}, . . . , {sk}) in the abstrac-

tion graph if and only if there is a non-trivial solution to the equation

C � post
+

C({s1}, . . . , {sk}) ∩ pre
∗
C({s1}, . . . , {sk}).

Moreover, such a solution can be found in time O(p4 · t2).

Proof. We use a Kleene iteration [330] to compute the greatest solution. Ini-
tiallywe set C � (Q , . . . ,Q) to be the largest element in the underlying domain
(P(Q)k , v). The iteration invokes Lemma 7.16 as a subroutine to compute
post

+

C({s1}, . . . , {sk}) and pre
∗
C({s1}, . . . , {sk}) each step and intersects the two

resulting vectors in each component. We take the intersection as a new vector
C and repeat the process. Since both involved operators are monotone in C,
the process finds the greatest non-trivial solution if it exists.

Every step of the iteration reduces the number of states in C by at least
one. Hence, we are guaranteed to terminate afterO(p2)many iterations. Since
computing the new C each iteration takes time O(p2 · t2) by Lemma 7.16, the
total time that we need to find a solution is at most O(p4 · t2).

It is left to prove the correctness of the approach. To this end, let a
cycle ({s1}, . . . , {sk}) →+

G ({s1}, . . . , {sk}) in G be given. By Lemma 7.13,
we can assume it to be in normalform. Hence, there is an increasing part
({s1}, . . . , {sk}) →∗G C and a decreasing part C →∗G ({s1}, . . . , {sk}) of the
cycle. Then, C is a non-trivial solution to the above equation.

For the other direction, let a solution C be given. Then we clearly have
the inclusion C v post

+

C({s1}, . . . , {sk}). Since post
+

C({s1}, . . . , {sk}) v C holds
by definition, we obtain equality. Hence, we can construct a monotonically
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increasing path ({s1}, . . . , {sk}) →∗G C. Similarly, we can construct a mono-
tonically decreasing path C→∗G ({s1}, . . . , {sk}) and get the desired cycle. �

Fixed-Point Algorithm With the fixed-point iteration, we can decide the
existence of a cyclic computation c →+

N c with Set(c) � {s1 , . . . , sk}. However,
it is yet openonwhich states s1 , . . . , sk wehave toperform the search for a cycle
in order to find a live computation that visits the final states infinitely often.
After all, we need that the corresponding configuration c can be reached from
an initial configuration. The idea is to use the set of all states that are reachable
from an initial state. In fact, there is a live computation if and only if there
is one involving all those states. If a state is not active during the cycle, the
corresponding clients will just stop moving after the initial phase.

The states that are reachable from an initial state can be computed in
polynomial time [123]. We compute these as a first step in our algorithm
for BNL and then apply the above fixed-point iteration. Algorithm 7.1 sum-
marizes our approach. The dominant time factor comes from the involved
fixed-point iteration. Hence, the time estimation of Theorem 7.6 follows.
Correctness is due to Lemmas 7.17, 7.11, and 7.8.

Algorithm 7.1 Broadcast Network Liveness Verification
Input: A broadcast network N � (D , P) and a set of final states QF ⊆ Q.
Output: True, if there is an initialized σ with Fin(σ) , ∅. False otherwise.

1: use algorithm of [123] to compute reachable states {s1 , . . . , sk} in P
2: if {s1 , . . . , sk} ∩QF � ∅ then
3: return false // Check is needed according to Lemma 7.8.
4: end if

5: set S � ({s1}, . . . , {sk}), C � Qk , and C′ � ∅.
6: while C , C′ do // Computation of greatest fixed point.
7: set C′ � C
8: compute C � post

+

C′(S) ∩ pre
∗
C′(S)with algorithm from Lemma 7.16

9: end while

10: if C � ∅ then
11: return false // Exclude trivial solution.
12: end if

13: return true

7.3 Complexity of Fair Liveness

The problem BNL does not take fairness into account. A clientmay contribute
to the live computation and help the distinguished client reach a final state
without ever making progress towards its own final state. We formulate a
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variant of BNL that incorporates a notion of fairness in that each participating
client needs to visit a final state infinitely often. In Section 7.3.1, we introduce
the problem formally. Subsequently, in Section 7.3.2, we solve it by a reduction
to BNL. Hence, also the fair variant of BNL can be solved in polynomial time.

7.3.1 Fair Computations and FBNL

The notion of fairness dates back to Pnueli and Sa’ar [291] and strengthens the
requirement that we have on a computation. Instead of only one client visit-
ing a final state infinitely often, we now require that all clients contributing
infinitely often to the computation also see a final state infinitely often. The
search for this kind of computations seems harder than the problem BNL. But
we show that they can also be found in polynomial time.

Fair Computations To formalize fairness in our setting, fix a broadcast net-
work N � (D , P) with client P � (Q ,OP(D), δ, I) and final states QF ⊆ Q.
Moreover, let σ � c0 → c1 → . . . be an initialized infinite computation of N .
Recall that the set of clients visiting a final state infinitely often during σ is
denoted by Fin(σ). To capture all clients participating infinitely often in the
computation — without the requirement of visiting a final state — we use

Inf (σ) � {i ∈ N | ∃∞ j : i ∈ idx(c j → c j+1)}.

Definition 7.18. A fair computation of the broadcast network N is an initialized
infinite computation σ that satisfies the inclusion Inf (σ) ⊆ Fin(σ).

Before we formulate the search for fair computations as a decision prob-
lem, let us consider an example of a fair and an unfair computation.

Example 7.19. Recall the broadcast network from Example 7.5. As we have
seen, it admits the following infinite computation:

σ � (qI , qI)
w−→ (qM , qI)

r−→ (qS , qS)
i−→ (qM , qI)

r−→ (qS , qS)
i−→ (qM , qI)

r−→ . . .

When we set QF � {qM}, then σ is not fair according to Definition 7.18. In
fact, we have Inf (σ) � {1, 2} since both clients contribute infinitely often to the
computation. But Fin(σ) � {1} since only the first client visits qM infinitely
often. Consequently, we do not have the required inclusion.

The broadcast network also has a fair computation. Indeed, the clients
can take turns visiting the final state qM as follows:

ρ � (qI , qI)
w−→ (qM , qI)

w−→ (qI , qM)
w−→ (qM , qI)

w−→ . . .

For this computation, we have Inf (ρ) � Fin(ρ) � {1, 2}. Hence, ρ is fair.
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Fair Liveness Verification We are ready to formalize the search for live
computations in the fair liveness verification problem (FBNL). Similar toBNL, the
problem takes a broadcast network N � (D , P)with clientP � (Q ,OP(D), δ, I)
and a set of final states QF ⊆ Q as input and asks whether N has a fair
computation, a computation σ with Inf (σ) ⊆ Fin(σ).

FBNL
Input: A broadcast network N � (D , P), a set of final states QF.
Question: Is there an initialized infinite σ with Inf (σ) ⊆ Fin(σ)?

Concerning the complexity of the problem, only a lower bound is known.
In fact, P-hardness of FBNL follows from [123]. But so far, no work has been
devoted to finding an upper bound. We prove that FBNL can be solvedwithin
the same polynomial time bound as BNL. The result is surprising since the
fairness requirement seems to make FBNL harder than BNL. However, we
show that it can be compiled away without creating much overhead.

Theorem 7.20. The problem FBNL can be solved in time O(p4 · t2).

Like for BNL, we can deduce that FBNL is P-complete. With the result,
we have shown that both liveness verification problems have the same com-
plexity as their corresponding safety verification counterparts. Summing up,
this means that safety and liveness verification for reconfigurable broadcast
networks do not differ in terms of time complexity.

Corollary 7.21. The problem FBNL is P-complete.

7.3.2 Reduction to BNL

We present the upper bound for FBNL. To find fair computations of a broad-
cast network, the idea is to apply the algorithm for BNL to an instrumentation
of the network that compiles away the fairness requirement. For constructing
the instrumentation,wefirst prove that fair computations can bedecomposed,
similarly to live computations, into a prefix and a good cycle. In a good cycle,
each participating client visits a final state. Thementioned instrumentation is
then constructed in such a way that it contains a plain cycle if and only if the
original network contains a good cycle. Hence, fairness — in terms of good
cycles — gets compiled away. For finding cycles in the instrumentation, we
can then employ an adjusted version of the fixed-point iteration for BNL.

Good Cycles A good cycle, or more general a good computation, ensures that
all clients contributing to the computation visit a final state at least once. The
notion allows for a simpler representation of the fairness requirement which
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we can handle algorithmically. For the remaining section, we fix a broadcast
network N � (D , P)with P � (Q ,OP(D), δ, I) and final states QF ⊆ Q.

Definition 7.22. A finite computation σ � c0 → c1 → · · · → cn of N is called
good for QF, denoted by c1 ⇒QF cn if each client contributing to σ visits a final
state. Formally, if i ∈ idx(σ) then there is a j ∈ [1..n] such that c j(i) ∈ QF.

Note that a good computation does not need to be initialized. Instead, it
may start at any configuration. If a good computation forms a cycle, we also
call it a good cycle. The following lemma decomposes a fair computation into
a prefix and a good cycle. It can be seen as a stronger variant of Lemma 7.8.

Lemma 7.23. There is a fair computation σ � c0 → c1 → . . . of the broadcast
network if and only if there is a computation of the form c0 →∗ c ⇒QF c.

Proof. If there is a computation of the form c0 →∗ c ⇒QF c, then the good
cycle c ⇒QF c can be iterated infinitely often to obtain a fair computation.

For the other direction, let a fair computation σ � c0 → c1 → . . . of the
network be given. Assume the configurations visited by σ are in Qk for some
integer k ∈ N. Then, there is a configuration c ∈ Qk that repeats infinitely
often in σ. Let c0 →∗ c be the prefix of the computation σ leading to c.

Let Inf (σ) � {i1 , . . . , in} be the set of clients that participate infinitely
often in σ. By the definition of a fair computation, we have Inf (σ) ⊆ Fin(σ).
Phrased differently, this means that each of the clients in {i1 , . . . , in} visits a
state from QF infinitely often along σ. Hence, for each j ∈ [1..n] we can find
a subcomputation σ j � c →+ c of σ, in which client i j visits a state from QF.
Concatenating all σ j yields the desired good cycle c ⇒QF c. �

Instrumentation Good cycles characterize fair computations. Hence, for
solving FBNL we need an algorithm detecting the former. Our algorithm for
this task takes the broadcast network N and constructs an instrumentation
NQF which ensures that (plain) cycles over NQF correspond to good cycles
over N . Cycles in NQF can be found by the fixed-point iteration for BNL.

The idea behind the construction of NQF is to let the clients compute in
three phases during a cycle. For each of these phases, there is a copy of the
state space Q. We denote these by Q, Q̂, and Q̃. In a cycle, the initial phase
is over the states of Q. As soon as a client participates, it has to move to the
second phase Q̂. From there, it can only go to the third phase Q̃ upon seeing
a final state. Finally, the client can return to Q. Hence, the instrumentation
detects whether the clients that participate in a cycle also see a final state
during their participation. We provide a formal definition.

Definition 7.24. The instrumentation of N is defined to be the broadcast net-
work NQF � (P′,D′) with domain D′ � D ∪ {n}, where n < D is a fresh
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Figure 7.5: Structure of the instrumentation NQF of the underlying broadcast
network N . Let I � {q}, then I′ � {q̃}. Assume that N has a transition q −→op

q′.
Then we get the above transitions within Q̃, Q̂ and from Q to Q̂. Moreover,
let q′ ∈ QF. Then we obtain the transition q̂′ −→!n q̃′. The remaining transitions
lead from each state of Q̃ via !n to the corresponding copy in Q.

symbol, and client P′ � (Q′,OP(D′), δ′, I′) is defined as follows. The states Q′

of the client are given by three copies of Q that we refer to as phases:

Q′ � Q ∪ Q̂ ∪ Q̃.

To define initial states and transition relation, we use a notation that
distinguishes states of Q′ by their phase. We write q, q̂, or q̃ depending on
the phase in which the considered state lies. The initial states are then given
by I′ � {q̃ | q ∈ I}. The transition relation δ′ is given as follows. For every
transition q −→op

q′ in δ, we have the three transitions

q −→op

q̂′, q̂ −→op

q̂′, q̃ −→op

q̃′ ∈ δ′.

Moreover, for each final state q ∈ QF, a client can pass from Q̂ to Q̃ via
q̂ −→!n q̃ ∈ δ′. Finally, for every state q ∈ Q, we have q̃ −→!n q ∈ δ′.

We illustrate the structure of the instrumentation in Figure 7.5. Note that
within the states of Q, there are no internal transitions. We are interested in
cycles leading from Q to Q. To leave Q, a client has to pass through Q̂ and
can only arrive at Q̃ upon seeing a final state. Then, it can go back to Q. But
this means that each client participating in such a cycle sees a final state on its
way. Hence, cycles from Q to Q have to be good. The observation is crucial
for the following lemma. It characterizes computations of N with good cycles
in terms of computations of NQF involving (plain) cycles.

Lemma 7.25. There is a computation of the form c0 →∗ c ⇒QF c in N if and only

if there is a computation of the form c̃0 →∗ c →+ c in the instrumentation NQF .
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The configuration c̃0 in the lemma is the copy of c0 over the states of Q̃.
This is where the computation has to start. Note that an initial prefix of N
can always be mimicked by a computation within Q̃. The configuration c of
NQF has only states in Q. Hence, c →+ c is indeed a cycle from Q to Q.

Proof. We elaborate on the idea, a formal proof is given in Appendix B.2.2.
The reasoning for prefixes is simple. By adding !n-transitions to the end of a
prefix c0 →∗ c of N , we can turn it into a prefix c̃0 →∗ c of NQF . Vice versa,
a prefix c̃0 →∗ c of NQF has to end with some !n-transitions. By removing
these, we can turn the prefix into a prefix c0 →∗ c of the original network N .

Now let a cycle c →+ c in NQF be given. Then, all clients are in a state
from phase Q. As soon as a client participates in the cycle, it will immediately
move from Q to Q̂. To return to Q, the client has to go through Q̃ since
there is no direct edge leading from Q̂ back to Q. But by the definition of the
instrumentation NQF , the client can only transition to Q̃ when it sees a state
from QF. This means that each participating client in the cycle sees a final
state on the way, resulting in a good cycle c ⇒QF c of N .

For the other direction, let c ⇒QF c be a good cycle of N . If a client
participates in it, we can simulate its computation on NQF . Assume it starts
in the state q ∈ Q. Upon its first transition, it moves from Q to Q̂ in NQF . The
client stays within the states of Q̂ and continues its computation until it sees
a state from QF. Note that the assumed cycle is good, hence the client will
definitely see such a state at some point. After visiting QF, the client moves
to Q̃ via taking the corresponding !n-transition. It continues its computation
in the phase Q̃ until it reaches the state q̃. Then, it moves to q by taking an
!n-transition. Altogether, this constitutes a cycle c →+ c in NQF . �

Algorithm For solving FBNL, it is left to argue that computations of the
form c̃0 →∗ c →+ c in the instrumentation can be found with the fixed-point
iteration from Section 7.2.3. To this end, we use a similar trick as in the
detection of cycles over N . Note that there is a cycle from phase Q to phase Q
in NQF if and only if there is such a cycle involving all states that are reachable
in Q. The clients of those states that are not needed during the cycle will not
participate and just preserve their current state.

This allows for employing the fixed-point iteration as in Algorithm 7.1,
with only slight variations. First, we compute the instrumentation NQF and
the states of NQF that are reachable from I′. Again we employ the algorithm
from [123] for this task. Then we intersect these states with the phase Q
to obtain all reachable states within Q. Let the intersection be {s1 , . . . , sk}.
Finally, we apply the fixed-point iteration from Lemma 7.17 to {s1 , . . . , sk}.
We summarized the approach in Algorithm 7.2.

The correctness ofAlgorithm7.2 follows fromLemmas 7.17, 7.11, and 7.25.
Recall that the fixed-point iteration witnesses the existence of a cycle over a
configuration c of NQF with Set(c) � {s1 , . . . , sk}. Since all these states are

184



7.3. Complexity of Fair Liveness

Algorithm 7.2 Fair Liveness Verification
Input: A broadcast network N � (D , P) and a set of final states QF ⊆ Q.
Output: True, if there is an initialized σ : Inf (σ) ⊆ Fin(σ). False otherwise.

1: compute NQF , the instrumentation of N
2: use algorithm of [123] to compute R, the set of reachable states of NQF

3: compute {s1 , . . . , sk} � R ∩Q // Reachable states in phase Q.
4: set S � ({s1}, . . . , {sk}), C � (Q′)k , and C′ � ∅.
5: while C , C′ do // Computation of greatest fixed point.
6: set C′ � C
7: compute C � post

+

C′(S) ∩ pre
∗
C′(S)with algorithm from Lemma 7.16

8: end while

9: if C � ∅ then
10: return false // Exclude trivial solution.
11: end if

12: return true

reachable in Q, there is a corresponding prefix c̃0 →∗ c. Altogether, we have
a computation c̃0 →∗ c →+ c entailing a computation of N with a good
cycle. There is a subtlety: the set of reachable states {s1 , . . . , sk} in Q can be
reached by a corresponding prefix. In fact, a state q̃ ∈ Q̃ can always reach its
corresponding copy q ∈ Q simply by sending !n. This means we perform the
corresponding prefix in Q̃ and then, at the end, move to the copies in Q.

The dominant time factor of Algorithm 7.2 is again caused by the fixed-
point iteration. To formulate it, note that the size of the instrumentation NQF

is linear in the size of N . Indeed, we have O(p) many states and O(t + p)
many transitions. We may assume that the given broadcast network N has
no isolated states since these can be removed. In this case, we obtain that
p ∈ O(t) and O(t + p) � O(t). According to Lemma 7.17, the algorithm then
runs in time O(p4 · t2). This completes the proof of Theorem 7.20.
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8. Safety and Liveness in Leader
Contributor Systems
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Leader contributor systems are a pa-
rameterized model consisting of a
designated leader process and an ar-
bitrarynumber of identical contribu-
tors. Communication is performed
via a shared memory. Leader con-
tributor systems are employed for
the verification of client-server ap-
plications and protocols on wireless
sensor networks — essentially con-
current programs that rely on amas-
ter/slave architecture and that have
anarbitrarynumberof slave threads.
Safety verification in a leader con-
tributor system is typically formulated as the so-called leader contributor reach-

ability problem (LCR). The problem asks whether the leader process can reach
an unsafe state when interactingwith a certain number of contributors. In the
finite-state case, LCR is known to be NP-complete [152]. Liveness verification
is modeled by the leader contributor liveness problem (LCL). The generalization
of LCR asks whether the leader can reach a particular set of states infinitely
often. Similar to its reachability counterpart, the problem is known to be
NP-complete [143]. Since these results have been obtained, no further algo-
rithmic progress for both problems has been made. This may include a more
detailed picture of the complexity or optimal verification algorithms.

In order to provide both, we conducted a fine-grained complexity analysis
of LCR and LCL. For LCR, the analysis identifies two tractable parameteri-
zations. We show that each admits a provably optimal safety verification
algorithm. Moreover, we present lower bounds on the corresponding kernels
and for identifying intractable parameterizations. The same parameteriza-
tions can be used for LCL. Lower bounds from LCR naturally carry over to
LCL. Surprisingly, our results show that the upper bounds also carry over, re-
sulting in two optimal liveness verification algorithms. This means that from
a fine-grained point of view, the complexities of LCR and LCL differ only by
a polynomial factor, although LCL seems to be harder. The upcoming text is
an extended version of the original presentation of the results in [93, 94, 96].
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Figure 8.1: Simple wireless sensor network for measuring the CO and the
CO2 concentration in the air. The base station initiates measurements, the
sensors perform them and send the received data back to the base station.

8.1 Verification of Leader Contributor Systems

A parameterized concurrent program combines the challenge of concur-
rent reasoning with that of having an arbitrarily large number of threads.
Problems appearing in the verification of such programs can be undecid-
able [17, 311]. In the case of a shared-memory communication, decidability
can often be recovered [21, 28, 103, 122, 152, 198, 227, 245]. A particularly
successful model for the verification of parameterized concurrent programs
that communicate via a shared memory are so-called leader contributor sys-
tems [93, 94, 96, 143, 152, 174, 198, 246]. These assume to have a distinguished
leader thread that interacts with an arbitrary but finite number of identical
contributor threads. Leader contributor systems first appeared in the work
of German and Sistla [182] and later in the work of Hague [198].

The popularity of these systems is due to two aspects. From a modeling
perspective, a variety of systems can be formulated as anonymous entities
interacting with a central authority. This includes client-server applications,
resource management systems, and in particular protocols on wireless sen-
sor networks (WSN) [228]. From an algorithmic point of view, the model
has been shown to be tractable. Safety verification is PSPACE-complete even
when the components of the system are pushdown automata [152, 198], an
assumption that usually leads to undecidability [202]. In fact, decidability of
safety verification is preserved even when the components are rather power-
ful: for instance for Petri nets and lossy channel systems [246]. In the case of
finite-state components, safety verification is onlyNP-complete [152]. Surpris-
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Figure 8.2: Leader contributor system consisting of a leader thread PL, amem-
ory cell, an a contributor thread PC. The system models a mutual exclusion
among the subroutines of PC. Either all contributors enter the subroutine
measure CO or all enter the subroutine measure CO2.

ingly, the complexity remains the same for liveness verification. The problem
is NP-complete [143] for finite-state components and PSPACE-complete for
pushdown automata [143, 174]. Checking (some) LTL-definable properties
for the model turned out to be NEXP-complete [174].

We illustrate the idea of leader contributor systems with an example.
Assume we are given a wireless sensor network which measures the air
pollution. The network consists of a base station and a large amount of
sensors at different locations. We illustrate its structure in Figure 8.1. The
sensors can either measure the current carbon monoxide (CO) or carbon
dioxide concentration (CO2) in the air. The base station accumulates and
steers themeasurements. For receiving coherent data, the sensors must agree
on which measurement to perform next: CO or CO2. Phrased differently, no
sensors shouldmeasure the CO concentrationwhile others currentlymeasure
the CO2 concentration. This can be realized by a mutual exclusion protocol:
either all sensors in the network enter their subroutine for measuring CO or
all sensors enter the subroutine for measuring CO2.

With leader contributor systems, we can model the wireless sensor net-
work and verify the mutual exclusion. We show the corresponding system
in Figure 8.2. The base station is represented by the leader thread PL — it is
the only distinguishable component of the network. Sensors are modeled as
contributor threads PC. There is an arbitrarily large number of sensors and
they all run the same procedure. The wireless communication is modeled
in terms of a shared memory. Leader and contributors may write !a to or
read ?a from the memory. Since wireless communication may be unstable
and sensors can be mobile, messages in the system may get lost. We assume
a reconfigurable communication topology, like for broadcast networks.

The mutual exclusion protocol works as follows. The leader PL either
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writes start_CO or start_CO2 to the memory, depending on which measure-
ment the threadwants to initiate. A contributor can read the value and branch
into the corresponding subroutine. The following example computationwith
two contributors initiates a measurement of the CO concentration. Note that
one of the two contributors actually starts the measurement, the other one
did not receive the message due to lossy communication:

(iL , iC , iC)
!start_CO−−−−−−→ (q1 , iC , iC)

?start_CO−−−−−−→ (q1 , p1 , iC).

Like in the computation, it may be the case that contributors do not start
their measurement. But it cannot happen that some contributor decides
to measure CO2 instead of CO. Hence, the simple communication pattern
already guarantees mutually exclusion among the subroutines of the con-
tributor PC. Although the example is simple, it reveals a rather powerful
mechanism of leader contributor systems. In fact, we will later use this kind
of mutual exclusion to encode SAT into the model.

Like in the example, we focus on leader contributor systems with finite-
state components. Our goal is to understand the complexity of safety and
liveness verification in more detail and go beyond NP-completeness. This
includes fine-grained upper bounds as well as matching lower bounds. In
the following, we state our contribution to both problems.

8.1.1 Safety Verification

Safety verification for leader contributor systems is typically phrased in terms
of a reachability problem for the leader thread. The leader contributor reachabil-
ity problem (LCR) askswhether the leader can reach a final state in the presence
of a certain number of contributors. The complexity of the problem was first
considered by Hague [198] and later by Esparza, Ganty, andMajumdar [152].
The studies pinpoint the complexity of LCR in various cases, including the
PSPACE-completeness for pushdown components and the NP-completeness
for finite-state components. We are interested in the latter.

Contribution We contribute a fine-grained complexity analysis of LCR in
the finite-state case. It is performed in three canonical parameters: the size d

of the data domain of the shared memory, the size of the leader thread l, and
the size of the contributor thread c. The size of these parameters depends on
themodeled application. Intuitively, in awireless sensor network, the sensors
are comparatively simple. Hence, c tends to be small in this case. We would
then prefer an FPT-algorithm which depends solely on c in the exponential
part of its running time. The complexity analysis provides exactly this: we
show that the parameterization LCR(c) is fixed-parameter tractable. If c tends
to be large when modeling other applications, we suggest a parameterization
in d and l: in fact, LCR(d, l) is FPT as well. Note that both parameters are
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Problem Upper Bound Lower Bounds

LCR(d, l) (d + l)O(d+l) 2o((d+l)·log(d+l)) No polynomial kernel

LCR(c) O∗(2c) O∗((2 − ε)c) for ε > 0 No polynomial kernel

LCR(d) - W[1]-hard

LCR(l) - W[1]-hard

Table 8.1: Fine-grained complexity of LCR. Main results are the algorithms
for LCR(d, l) and LCR(c) as well as the lower bound for the former.

required in this case. Parameterizing by d or l alone leads to W[1]-hardness.
We summarize the results of our fine-grained analysis in Table 8.1.

Our analysis does not only yield tractable parameterizations of LCR,
we also give provably optimal verification algorithms. One of our main
contributions is the corresponding algorithm for LCR(d, l) which runs in
time (d + l)O(d+l). The algorithm bases on the notion of a witness, a sketch
of a computation of the underlying leader contributor system. A witness is
valid if there is an actual computation corresponding to it. Hence, instead
of searching for a computation, we can seek for a valid witness. The first
algorithmic idea one would probably have, is to iterate over all witnesses
and perform a validity check on each. Although this leads to membership in
FPT [93], the resulting algorithm is rather slow and can be accelerated signif-
icantly. Instead of iterating over all witnesses, we show that valid witnesses
can be build up inductively from small witnesses. To this end, we interleave
validity checks with compression phases. Our algorithm is then a dynamic
programming on small witnesses, exploiting the inductive approach.

The algorithm is complemented by a matching lower bound. We set up
a reduction from k × k-Clique to LCR which yields that the latter cannot be
solved in time 2o((d+l)·log(d+l)) unless the ETH fails. The reduction is technically
challenging since we have to keep the size of the data domain d linear. This
restricts the amount of information that can be exchanged among leader and
contributors and requires a communication pattern to transfer more complex
messages. The idea is related to reductions known from (weak) memory
testing [77, 98, 180, 183]. We also provide a second lower bound for LCR(d, l):
the problem does not admit a polynomial kernel.

When considering c as a parameter, we obtain an algorithm running in
time O∗(2c). To this end, we first characterize computations of the leader
contributor systems in terms of paths on a compressed graph. The character-
ization relies on a saturation argument which is inspired by thread-modular
reasoning [161, 162, 193, 211]. The problem LCR can then be phrased as a
reachability problem on the graph. Constructing the graph immediately and
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applying a path finding algorithm however, results in an O∗(4c)-time algo-
rithm [93]. To obtain the desired running time, we show that the reachability
problem on the graph can be solved without constructing the whole graph
at once. In fact, we can decompose the graph into so-called slices and for
each solve a smaller reachability problem in polynomial time. By employing
dynamic programming, we can then accumulate the information acquired for
the slices to decide reachability on the complete graph.

The algorithm is optimal in the fine-grained sense. We provide a lower
boundwhich prohibits anO∗((2−ε)c)-time algorithm for any ε > 0. The lower
bound relies on the SCON and a corresponding reduction from the problem
Set Cover to LCR. Note that intuitively, also LCR fits into the category of
problems admitting a lower bound via the SCON. Indeed, LCR requires a
non-trivial dynamic programming algorithm to be solved efficiently and the
problem seems to be less related to SAT. Finally, we prove that the parame-
terization LCR(c) does not admit a polynomial kernel.

8.1.2 Liveness Verification

Like for safety verification, liveness for leader contributor systems is phrased
in terms of the leader thread. The most common decision problem is the
leader contributor liveness problem (LCL). It asks whether the leader can reach
a set of final states repeatedly and hence, infinitely often. The problem was
first studied by Durand-Gasselin, Esparza, Ganty, andMajumdar in [143] and
has been shown to admit the same complexity as reachability: LCL is NP-
complete for finite-state components and PSPACE-complete for pushdowns.
We consider the former complexity result in more detail.

Contribution In order to obtain a more detailed picture of its complex-
ity, we conducted a fine-grained analysis of LCL in the case of finite-state
components. To this end, we considered the same parameterizations as for
the safety verification problem LCR. The results are given in Table 8.2. Our
analysis shows that, even from a fine-grained point of view, the complexities
of LCR and LCL differ only by a polynomial factor. Indeed, when parame-
terized by d and l, we obtain an (d + l)O(d+l)-time algorithm for LCL. When
parameterized by c, we get an algorithm running in time O∗(2c).

We explain the results inmoredetail. Thefirst step toderive algorithms for
LCL is to decompose a live computation of the leader contributor system into
a prefix and a cycle. This decomposition is guided along so-called interfaces

whichmatch corresponding prefixes and cycles. With the notion of interfaces,
we can then splitLCL into two separate problems: finding aprefix andfinding
a cycle. Finding prefixes is amatter of reachability and algorithms forLCR can
be applied. We show how to combine these algorithms with a cycle detection
to obtain algorithms that find live computations. The latter will run in time
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Problem Upper Bound Lower Bounds

LCL(d, l) (d + l)O(d+l) 2o((d+l)·log(d+l))

LCL(c) O∗(2c) O∗((2 − ε)c) for ε > 0

CYC O(d2 · (c2 + l
2 · d2)) -

Table 8.2: Results of the fine-grained analysis of the liveness verification prob-
lem LCL. The main result is the polynomial-time algorithm for CYC which
entails the FPT-algorithms for both parameterizations of LCL.

O(Reach(d, l, c) · Cycle(d, l, c)) where Reach(d, l, c) denotes the running time of
the invoked reachability algorithm and Cycle(d, l, c) that of the cycle detection.

We denote the problem of finding cycles by CYC. Our main contribution
is an algorithm for CYC which runs in polynomial time O(d2 · (c2 + l

2 · d2)).
This shows that Cycle(d, l, c) is only a polynomial factor and consequently,
liveness has the same complexity as reachability — up to a polynomial factor.
Phrased differently, the running times of the algorithms for LCR carry over to
LCL which results in the two FPT-algorithms stated in Table 8.2. Technically,
the algorithm for CYC relies on a characterization of cycles via (certain) SCC
decompositions of the contributor. To find these decompositions in polyno-
mial time,we employ afixed-point iterationwhich repeatedly invokes Tarjan’s
algorithm [313] for finding general SCC decompositions.

Note that lower bounds from LCR carry over to LCL immediately. Hence,
our analysis provides two provably optimal verification algorithms for LCL.

8.2 Safety Verification Algorithms

We present the FPT-algorithms for the safety verification problem LCR. To
this end, we begin by formally introducing leader contributor systems and
the problem LCR in Section 8.2.1. Then, the presentation is split into two
parts according to the two tractable parameterizations of the problem. In
Section 8.2.2, we focus on the parameterization LCR(d, l) and present the
corresponding (d + l)O(d+l)-time algorithm. Consequently, in Section 8.2.3,
we parameterize by the size of the contributor c and develop the O∗(2c)-time
algorithm for LCR. Lower bounds are postponed to Section 8.3.

8.2.1 Leader Contributor Systems and LCR

A leader contributor system is a parameterized system consisting of a designated
leader thread and an arbitrary but finite number of identical contributor
threads. Communication is handled via a shared memory cell which can
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hold one value at a time from some underlying data domain. We formalize
these systems and introduce the corresponding reachability problem LCR.

Shared Memory and Operations Let D be some fixed data domain. The
leader and the contributors interact with a memory cell holding a value of D.
In fact, both kinds of threads can write !a a value a ∈ D to the memory or
read ?a a value a ∈ D from the memory. We formally model this interaction
by the alphabet of operations over the data domain D:

OP(D) � {!a , ?a | a ∈ D}.

To prevent the memory cell from being empty, it holds a particular value
a0 ∈ D in the beginning of a computation. We refer to a0 as the initial value.

Leader and Contributor The leader thread is an abstraction of a master
thread which focuses on making visible the interaction with the memory. To
this end, it is defined in terms of a finite automaton over the operations of D.

Definition 8.1. Let D be some finite data domain. The leader (thread) is a
(nondeterministic) finite automaton PL � (QL ,OP(D), δL , q0

L).

Note that the leader comeswithout final states. We incorporate these later
as an input to the reachability problem. The semantics of PL is that of a usual
finite automaton, defined in terms of its transition relation δL. We extend it
to words of operations w ∈ OP(D)∗ and denote it by q −→w L q′ if (q , w , q′) ∈ δL.

Contributors model the interaction of identical slave threads with the
memory. We employ a definition, similar to that of the leader.

Definition 8.2. Let D be some finite data domain. A contributor (thread) is a
(nondeterministic) finite automaton PC � (QC ,OP(D), δC , p0

C).

The semantics of a single contributor is as expected. Like for the leader,
we write q −→w C q′ if (q , w , q′) ∈ δC and w ∈ OP(D)∗. However, contributors
are the parameterized part of a leader contributor systems. This means they
appear in arbitrary but finite numbers and cannot be distinguished. The
impact that this has on a computation is discussed in a minute when we
formalize the semantics of a leader contributor system.

Leader Contributor Systems We combine the above ingredients in the def-
inition of a leader contributor system. The syntax is as follows.

Definition 8.3. A leader contributor system (LCS) is defined to be a tuple of the
form S � (D , a0 , PL , PC) where D is a finite data domain, a0 ∈ D is an initial
memory value, PL is the leader thread, and PC is a contributor.
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Computations of a leader contributor system are defined in terms of se-
quences of configurations. A configuration carries all information that leader
or contributors require in order to interact with their environment. An in-
teraction may depend on the current memory value and on the internal state
of the considered thread. To track this, a configuration contains the cur-
rent states of all contributors and the leader as well as the current memory
value. Since there might be an arbitrary number of contributors involved in
a computation, the number of configurations cannot be finite.

Definition 8.4. Fix a leader contributor system S � (D , a0 , PL , PC). A con-

figuration of S is a tuple (q , a , pc) ∈ Conf (S)t � QL × D × Qt
C. It consists of

the current state q of the leader, the current memory value a, and the pro-

gram counter pc, holding the current value of each of the t ∈ N participating
contributors. The set of configurations of S is given by

Conf (S) �
⋃
t∈N

Conf (S)t .

A configuration is called initial if it is of the form c0 � (q0
L , a

0 , pc
0), where

pc
0(i) � q0

C is the initial state of the contributor for each component i.

It will be handy to access the different components of a configuration. We
use several projections for this task. Let πL and πD denote the maps that
project a configuration to the state of the leader, respectively the memory
content. Phrased differently: πL(q , a , pc) � q and πD(q , a , pc) � a. Moreover,
let πC be the map that projects a configuration to the set of contributor states
that are present in the vector pc. We have πC(q , a , pc) � {pc(i) | i ∈ [1..t]}
where t is the number of currently involved contributors.

The current configuration of a leader contributor systemmay change over
time due to interactionwith thememory or an internal transition of the leader
or one of the involved contributors. These changes are captured as usual—by
a transition relation on configurations. We formalize below.

Definition 8.5. Let S � (D , a0 , PL , PC) be a leader contributor system. We
define the transition relation of S to be a relation among configurations:

→S ⊆ Conf (S) × (OP(D) ∪ ε) × Conf (S).

The relation contains transitions that are either induced by the leader or by
one of the contributors. We focus on the former. If there is a write transition
of PL, then it induces a corresponding transition of→S:

q
!b−→L q′ implies (q , a , pc) !b−→S (q′, b , pc).

Note that the leader changes its state to q′ and the memory changes its value
to b. The states pc of the contributors are not affected by the transition.

195



8. Safety and Liveness in Leader Contributor Systems

If the leader has a read transition, it carries over to a transition of→S if
the read value is currently available in the memory. We have:

q
?a−→L q′ implies (q , a , pc) ?a−→S (q′, a , pc).

An internal transition of PL induces a transition of→S independent of the
current memory value. It only changes the current state of the leader:

q
ε−→L q′ implies (q , a , pc) ε−→S (q′, a , pc).

Transitions induced by the contributors are defined similarly. Let pc be a
program counter with pc(i) � p and pc

′ � pc[i � p′]. Recall that pc and pc
′

coincide except for the i-th component, where pc
′(i) � p′. We have:

p
!b/?a/ε
−−−−−→C p′ implies (q , a , pc)

!b/?a/ε
−−−−−→S (q , b/a , pc

′)

like for the leader. Note that the transitions do not change the state of PL.
To define computations, we generalize the transition relation→S to words

over OP(D) in the obvious way. We denote the generalization by c −→w S c′

where w ∈ OP(D)∗ and call it a computation of S. Sometimes we also write
c →∗S c′ if a word w with c −→w S c′ exists, and if |w | ≥ 1 we write c →+

S c′. A
computation σ � c0 →S c1 →S · · · →S ck of the leader contributor system is
called initialized if c0 is an initial configuration.

Note that →S is only defined among configurations involving the same
number of contributors. This means that contributor threads cannot be dy-
namically created once a computation has begun. Moreover, it is convenient
to assume that, during a computation, the leader threadPL neverwrites !a and
immediately reads ?a the same value a again. This can be achieved via a slight
modification of the leader. Assumewe have two transitions σ1 � q −→!a L q′ and
σ2 � q′ −→?a

L q̂. Since PL can provide the requested a when it passes from q
to q̂ via σ1.σ2, we can add the transition σ3 � q −→!a L q̂. When the leader now
takes σ1.σ2 during a computation, we can assume it to take the transition σ3
instead without changing what is visible to the contributors on the memory.

Beforewe formalizeLCR, the reachability problemof interest, we illustrate
computations of leader contributor systems with an example.

Example 8.6. We reconsider the leader contributor system from Section 8.1
which models a mutual exclusion. We extend the system so that it checks
whether the mutual exclusion works as expected. The corresponding system
S � (D , a0 , PL , PC) is given in Figure 8.3. Consider the following computation
involving two contributors. It chooses the upper branch of the system:

(q0 , a0 , p0 , p0) !a−→S (q1 , a , p0 , p0) ?a−→S (q1 , a , p1 , p0) ?a−→S (q1 , a , p1 , p1).
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q0
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q3 q4
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PL !a
?c
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PC ?a !c
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Figure 8.3: Leader contributor system S � (D , a0 , PL , PC)modeling a mutual
exclusion with sanity check. The domain is D � {a0 , a , b , c , d}. The state q5

of PL cannot be reached, no matter how many contributors are active.

As we can see in the computation, the leader has the power of choosing
which branch to follow. To this end, it either writes !a or !b. With the
operation, the leader forces all active contributors to read the corresponding
symbol a or b. Hence, all PC either go to state p1 or all go to state p2. The
contributors can confirmarriving the states bywriting c or d. Since both states
can never be arrived at the same time, only one message c or d can be read by
the leader. But this means that state q5 is not reachable in PL, independent of
the number of contributors. The mutual exclusion works as expected.

In general, reaching a particular state may well depend on the number
of contributors. Consider the leader contributor system T � (D , a0 , PL , PC)
depicted in Figure 8.4. We consider a computation which lets the leader PL
arrive at the state q4. The computation involves two contributors:

(q0 , a0 , p0 , p0) !a−→T (q0 , a , p1 , p0) ?a−→T (q1 , a , p1 , p0) !b−→T (q2 , b , p1 , p0)
?b−→T (q2 , b , p1 , p2) !c−→T (q2 , c , p1 , p2) ?c−→T (q3 , c , p1 , p2)

!a−→T (q3 , a , p1 , p2) ?a−→T (q4 , a , p1 , p2).

In fact, to reach q4, we need at least two contributors that participate.
Having only one contributor does not suffice: it cannot provide a and c when
the leader needs to read it from the memory. Hence, a larger number of
contributors may enable reachability of a particular state.

Leader Contributor Reachability In the example we have seen that a cer-
tain number of contributors may lead to reachability of an unsafe state. When
modeling an actual parameterized application, this means that once the num-
ber of slave threads is too large, the system may not satisfy its safety require-
ments anymore. This is not what we expect to be a correct system. Instead,
safety requirements should hold, independent of the number of involved
threads. This means that we need to verify leader contributor systems for
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ε
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p0
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PC !a !a

?b !c

Figure 8.4: Leader contributor system T � (D , a0 , PL , PC) over the domain
D � {a0 , a , b , c}. Two contributors are required to reach the state q4 in PL.

each potentially occurring number of contributors. To this end, the leader con-
tributor reachability problem (LCR) does not put a bound on their number. The
problem asks whether in a given leader contributor system, a final state of the
leader can be reachedwhen interactingwith some number of contributors.

LCR
Input: An LCS S � (D , a0 , PL , PC) and final states QF ⊆ QL.
Question: Is there an initialized c0 →∗S c with πL(c) ∈ QF?

As mentioned above, the problem LCR with finite-state components, as it
is stated here, isNP-complete [143]. For our fine-grained analysis, we consider
three parameters. The size d of the underlying data domain D, the number
of states l of the leader PL and the number of states c of the contributor PC.

8.2.2 Parameterization by Domain and Leader

The first step to our fine-grained analysis is an algorithm for the parame-
terization LCR(d, l). Note that both parameters are required since dropping
one already results in intractability, see Section 8.3.3. Our algorithm runs in
time (d + l)O(d+l) and shows that the parameterization is FPT. Moreover, the
algorithm is optimal in the fine-grained sense. We present the corresponding
lower bound in Section 8.3.1. Formally, we prove the following theorem.

Theorem 8.7. The problem LCR can be solved in time (d + l)O(d+l)
.

Our algorithm relies on a notion of witnesses. These are sketches of com-
putations that can witness reachability of a final state. A witness is valid if
it represents an actual computation. Hence, LCR can be solved by finding a
valid witness leading to a final state. To obtain an FPT algorithm, one can
therefore iterate over all witnesses and test each for being valid11. The latter
takes polynomial time. However, this results in an algorithm running in time

11The number of witnesses, as they are defined here, is infinite. In [93] we used a slightly
different variant of witnesses which only yields a finite number.
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proportional to (d · l)O(d·l), the number of witnesses [93]. The key to improve
the upper bound to (d+ l)O(d+l) is the fact that we can restrict to so-called short

witnesses. Intuitively, these are sketches of loop-free computations. We show
that validity of witnesses can be checked inductively from validity of short
witnesses. The inductive approach is then used within a dynamic program-
ming which admits the desired running time and proves Theorem 8.7.

Witnesses A witness is a compact way of representing a computation of
a leader contributor system. From a computation, a witness only stores the
operations performed by the leader and the positionswherememory symbols
were written by a contributor for the first time. These are called first-write

positions. They are crucial since from such a position on, we can assume an
unbounded supply of the corresponding symbol. We formalize:

Definition 8.8. Let S � (D , a0 , PL , PC) be a leader contributor system, ρ some
computation of S, and a ∈ D an arbitrary data value. Let c −→!a S c′ be the tran-
sition (if it exists) of ρ where a gets written for the first time by a contributor.
Then we may call the transition the first write (of a).

Once a first write of a symbol a has been performed, we can assume that
an arbitrary number of contributors is waiting to provide a whenever we
need it. The reasoning is as follows. Assume the first write is carried out
by contributor P1

C which takes the transition p −→!a C p′. Then we can assume
that there is a contributor P2

C that mimicked the behavior of P1
C during the

computation. This means whenever P1
C did a transition, P2

C copycatted it
right away. Hence, P2

C also arrives in state p and is ready to provide a. The
argument similarlyworks for arbitrarilymany copies of P1

C, providing a along
a computationwhenever it is required. The idea goes back to the copycat lemma

stated in [152]. We illustrate the notion of a first write via an example.

Example 8.9. Recall the leader contributor system S � (D , a0 , PL , PC) given in
Figure 8.3. We consider the following computation of S with one contributor:

ρ � (q0 , a0 , p0) !a−→S (q1 , a , p0) ?a−→S (q1 , a , p1) !c−→S (q1 , c , p3).

The transition that is marked red in ρ is the first write of c. Note that the
first transition, the write of a, is not a first write since the symbol is written by
the leader and not by a contributor. We can add any number of copies of the
involved contributor to ρ which all arrive in state p1 and wait to provide c.
The corresponding computation is the following:

(q0 , a0 , p0 , . . . , p0) !a−→S (q1 , a , p0 , . . . , p0) ?a−→S (q1 , a , p1 , p0 , . . . , p0) ?a−→S . . .

. . .
?a−→S (q1 , a , p1 , . . . , p1) !c−→S (q1 , c , p3 , p1 , . . . , p1).
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Again, the first write is marked red. Note that, after the write, the intro-
duced copies are all waiting to provide c whenever it is needed.

The trickwith first writes is that we do not need to store subsequentwrites
of the contributors in a witness. We only need to store the position where
the first write is happening. From then on, we can assume that there is a
contributor providing the symbol when we need it. Note that the number of
first writes is bounded by d. Clearly, each symbol from the domain D can only
be written once for the first time. This means that the number of first-write
positions that a witness needs to store is bounded by d.

Definition 8.10. Let S � (D , a0 , PL , PC) be a leader contributor system. A
witness is a triple x � (w , q , σ) consisting of the following ingredients.

• The word w � (q1 , a1).(q2 , a2) . . . (qn , an) ∈ (QL × (D ∪ {⊥}))∗ represents
a run of the leader PL. It contains states of PL followed either by a
memory value from the domain D or the symbol ⊥ < D.

• The state q ∈ QL is the target state of the encoded run of PL.

• Let k ≤ d. The monotonically increasing map σ : [1..k] → [1..n] spec-
ifies the positions where first writes happen, the so-called first-write

positions. Note that σ does not specify any symbols.

The number of first-write positions k is called the order of x. We denote
it by ord(x) � k. Moreover, let init(x) � q1 denote the first state appearing
in w. We call the witness x initialized if init(x) � q0

L is the initial state of the
leader PL. The set of all witnesses is denoted by Wit.

Each computation of a leader contributor system can be compressed into
a witness. We illustrate this compression with an example.

Example 8.11. We reconsider the computation of the leader contributor sys-
tem T � (D , a0 , PL , PC) from Example 8.6 and Figure 8.4. It is given below:

(q0 , a0 , p0 , p0) !a−→C (q0 , a , p1 , p0) ?a−→L (q1 , a , p1 , p0) !b−→L (q2 , b , p1 , p0)
?b−→C (q2 , b , p1 , p2) !c−→C (q2 , c , p1 , p2) ?c−→L (q3 , c , p1 , p2)

!a−→C (q3 , a , p1 , p2) ?a−→L (q4 , a , p1 , p2).

Note thatwemarked thefirstwrites red and that the transitions are labeled
by L and C, depending on whether the leader or a contributor moved. We
construct a witness x � (w , q , σ) out of the computation. The word w encodes
the leader run. For its construction, we only store transitions of the leader
and we ignore those symbols that were read by the leader. We obtain:

w � (q0 ,⊥).(q1 , b).(q2 ,⊥).(q3 ,⊥).
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Moreover, we have q � q4 as it is the target state of the run on the leader PL.
We may understand w as follows. The leader moves from q0 to q1 by reading
a particular symbol. Then, it moves from q1 to q2 by writing b, and so on.

The reason why we can omit the symbols read by PL is that, once PL reads
a symbol a ∈ D, it has to be a symbol that already appeared as a first write.
Indeed, in the above case PL reads a when passing from q0 to q1. But a has
already been written by a contributor for the first time. When passing from
q2 to q3, the leader PL reads c. But at this point, also c has seen its first write.

To finish the construction of the witness x, it is left to determine σ. The
map shows the first write positions. In our case, it is given by

σ : [1, 2] → [1..4]
1 7→ 1
2 7→ 3

Intuitively, the map encodes that a first write is happening at position 1
of the word w. This is when PL passes from q0 to q1. Note that this is indeed
true, since the first write of a happens at that position. According to σ, a first
write also appears at position 3 of w. This is also true as the first write of c
appears while the leader traverses from state q2 to q3.

Altogether, the witness x � (w , q , σ) is a compressed representation of
the above computation. But the compression looses some information. For
instance, we do not recall the actual symbols that appeared at the first write
positions. Moreover, we did not store any transition of the contributors. As
we will see, we can reconstruct the latter out of the information given by a
witness. The former, however, is something that we need to provide.

Validity Some witnesses correspond to an actual computation of the sys-
tem, some do not. To get a reliable test for correspondence, we formalize two
requirements for witnesses: leader validity and contributor validity. If both are
satisfied by a witness, we can guarantee that there is a computation corre-
sponding to the witness at hand. Moreover, each witness that stems from
an actual computation satisfies the requirements. Intuitively, leader validity
means that the witness at hand encodes a proper run of the leader. Contribu-
tor validity ensures that the first writes along this run can be provided by the
contributors. However, the definition of a witness only specifies first-write
positions but not the actual values of the first writes that appear along the
run. To obtain these, we need the notion of first-write sequences. These will
allow for defining leader and contributor validity.

Definition 8.12. Let S � (D , a0 , PL , PC) be a leader contributor system. A
first-write sequence β is a sequence of distinct data values. Formally:

β � β1 . . . βk ∈ D≤d

with βi , β j for i , j. The set of first write sequences is denoted by FW.
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Fix a leader contributor system S � (D , a0 , PL , PC) for the remaining sec-
tion. We formalize leader validity. Intuitively, the requirement ensures that a
witness encodes a proper run of the leader that only writes as depicted by the
witness. Reading is restricted to so-called available first writes — data values
that already appeared in first writes up to the current position of the run. To
this end, leader validity is defined along first write sequences. The length of
the sequence needs to match the order of the considered witness.

Definition 8.13. Let x � (w , q , σ) ∈ Wit with w � (q1 , a1) . . . (qn , an) and
β ∈ FW a first-write sequence with |β | � ord(x). For an index i ∈ [1..n], let

Sβ(i) � {β` | σ(`) ≤ i}

be a set containing all those symbols of β that occurred as first writes up to
position i. We call Sβ(i) the set of available first writes. The witness x is called
leader valid (along β) if for all i ∈ [1..n], the following holds:

• if ai , ⊥, the leader PL has a write transition qi −→!ai
L qi+1.

• if ai � ⊥, either qi � qi+1, there is a transition qi −→ε L qi+1, or there is a
transition qi −→?b

L qi+1 with b ∈ Sβ(i) an available first write.

Note that we assume qn+1 � q in the definition. We use the predicate
LValidβ(x) to denote that the witness x is leader valid along β.

We apply the technical notion to our running witness example. It illus-
trates the requirements that are encoded into leader validity.

Example 8.14. Reconsider the witness x � (w , q , σ) from Example 8.11 with

w � (q0 ,⊥).(q1 , b).(q2 ,⊥).(q3 ,⊥),

target state q � q4, and σ defined by σ(1) � 1 and σ(2) � 3. It compresses a
computation of leader contributor system T � (D , a0 , PL , PC) from Figure 8.4.
Witness x is leader valid along the first-write sequence β � a.c. Consider for
instance position 3. We have a3 � ⊥ and there is a read transition q2 −→?c

L q3

of c ∈ {a , c} � Sβ(3). For position 2, we have a2 � b and a write transition
q1 −→!b L q2. The reasoning for the remaining positions is similar.

We formalize our second requirement — contributor validity. It ensures
that first writes can be provided by the contributors in the positions deter-
mined by the witness at hand. To provide the i-th first write βi , at least one
contributor needs to reach a state p ∈ QC with an outgoing transition

p −−→!βi
C p′.

However, on its path to p, reading is restricted to available writes, symbols that
already appeared as first writes and symbols that the leader can write.
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Definition 8.15. Let x � (w , q , σ) ∈ Witwith w � (q1 , a1) . . . (qn , an). To define
the available writes, we need some notation: for s ∈ QL and Γ ⊆ D, let

LoopL(s , Γ) � {a | s
u.!a.v−−−−→L s ∧ πRD(u.!a.v) ∈ Γ∗},

where πRD is the homomorphism that maps a read ?b to b and projects away
writes, πRD(!b) � ε. Intuitively, LoopL(s , Γ) is the set of writes that the leader
can provide in a loop over s while reading is restricted to Γ.

Now let α ∈ FW be a first-write sequence of length k < ord(x). Assume a
contributor needs to provide the (k + 1)-st first write. The symbols that are
available to the contributor for reading either stem from the leader PL or are
first writes from fellow contributors. Let j � σ(k + 1) be the position of the
(k + 1)-st first write. We define the (regular) language of available writes by

LAW(x , α) � Γ∗1{a1 , ε}Γ∗2{a2 , ε} . . . Γ∗j ,

where Γi � Loop(qi , Sα(i))∪Sα(i). Note that if ai � ⊥, we interpret it as ai � ε.

The language LAW(x , α) is built in such a way that a symbol becomes
available for reading once it is written for the first time. Moreover, a first
write can potentially enable the leader to access a new loop and thus provide
a fresh symbol for reading. Since the leader has only a single instance, unlike
the contributors, the copycat argument does not work at this point. In fact, we
cannot just provide the writes of PL as a set to the contributors. Instead, we
have to follow a run of PL which rather leads to the definition of a language.

We are now ready to define contributor validity. We might see it as a
reachability problem along the language of available writes.

Definition 8.16. Let x � (w , q , σ) be a witness and β ∈ FW a first-write
sequence with |β | � ord(x). Moreover, let i ∈ [1..ord(x)] and let

Qi � {p ∈ QC | ∃p′ : p
!βi−−→C p′}

be the states of the contributor that can provide the i-th first write βi . The set
TraceC(Qi) � {w | ∃p ∈ Qi : p0

C −→
w

C p} contains all words leading to Qi .
The witness x is called valid for the i-th first write (of β) if

LAW(x , β1 . . . βi−1) ∩ πRD(TraceC(Qi)) , ∅.

Weuse the predicate CValidi
β(x) to indicate non-emptiness of the intersection.

If x is valid for all first writes of β, we call it contributor valid (along β) and
indicate it with the predicate CValidβ(x). Formally, we have

CValidβ(x) �
∧

i∈[1..ord(x)]
CValidi

β(x).

203



8. Safety and Liveness in Leader Contributor Systems

Note that a witness is valid for the i-th first write if there is a trace leading
to the set of states Qi . During this trace, reading is restricted to available
writes that have been seen up to first-write position σ(i). We give an example.

Example 8.17. Consider the witness x � (w , q , σ) from Example 8.11 where

w � (q0 ,⊥).(q1 , b).(q2 ,⊥).(q3 ,⊥),

q � q4, and σ is given by σ(1) � 1 and σ(2) � 3. We show that x is valid for the
second first write of β � a.c. To this end, recall the structure of the underlying
leader contributor system T � (D , a0 , PL , PC), shown in Figure 8.4.

The first step is to determine Q2 � {p ∈ QC | ∃p′ : p −→!c C p′} � {p2}.
The traces leading to Q2 are given by TraceC({p2}) �?b.(!c)∗. Now we have to
determine the language of available writes. Since σ(2) � 3, we have

LAW(x , β1) � LAW(x , a) � Γ∗1.Γ∗2.{b , ε}.Γ∗3 ,

with Γ1 � Loop(q0 , Sa(1)) ∪ Sa(1) � {a} since there are no loops in PL and
we have Sa(1) � {a}. Similarly, we obtain Γ2 � Γ3 � {a}. Altogether,
LAW(x , β1) � a∗.(b ∪ ε).a∗. The intersection of interest is then given by:

LAW(x , β1) ∩ πRD(TraceC(Q2)) � a∗.(b ∪ ε).a∗ ∩ b � b.

This means, the contributor which provides the first write of c, can take
the trace ?b to get to the state p2. From the state, it can write the symbol c.

With the notions in place, we can now define a witness to be valid if it
is both, leader valid and contributor valid. As we will see, valid witnesses
characterize computations of leader contributor systems. Moreover, it is
simple to test whether a given witness is actually valid.

Definition 8.18. Let x ∈ Wit and β ∈ FW a first-write sequence of length
|β | � ord(x). If x is leader valid along β and contributor valid along β, we call it
valid (along β). Again, we use a predicate: Validβ(x) � LValidβ(x)∧CValidβ(x).

The following lemma shows that validity of a witness along a first-write
sequence can be checked in polynomial time. Phrased differently, the corre-
sponding predicate can be evaluated rather efficiently.

Lemma 8.19. For a given witness x ∈ Wit and first-write sequence β ∈ FW, the

predicate Validβ(x) can be evaluated in polynomial time.

Proof. The predicate LValidβ(x) can be evaluated in polynomial time since
we only need to look for appropriate transitions in PL along x. For contrib-
utor validity, consider the predicate CValidi

β(x). We can clearly construct a
finite automaton A for the language LAW(x , β1 . . . βi−1) in polynomial time.
Moreover, the set πRD(TraceC(Qi)) admits a representation via some finite
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automaton B. Hence, to check validity for the i-th first write, we construct
the cross product of A and B and check the resulting automaton for non-
emptiness. This takes polynomial time. By definition, also the predicate
CValidβ(x) and thus Validβ(x) can then be evaluated in polynomial time. �

Note that the lemma implies that all predicates, LValidβ(x), CValidi
β(x),

CValidβ(x), and Validβ(x), can be evaluated in polynomial time. Moreover,
we dropped the assumption |β | � ord(x). If order of witness and length of
first-write sequence do not match, the predicates all evaluate to false.

Validity ensures that a witness corresponds to an actual computation of
the system and vice versa. The following lemma states the desired character-
ization. We omit the proof. Details can be found in Appendix B.3.1.

Lemma 8.20. There is an initialized computation c0 →∗S c with πL(c) � q if and

only if there is an initialized x � (w , q , σ) ∈ Wit and a β ∈ FW with Validβ(x).

Note that the number of witnesses, as they are stated here, is infinite.
Hence, we cannot just iterate over all witnesses and test each for validity.
When using an adjusted form of witnesses, this is possible. We followed the
approach in [93]. However, the obtained algorithm runs in time (d · l)O(d·l)
only. Our goal is to speed this up by using a short variant of witnesses.

ShortWitnesses Intuitively, a short witness encodes a run of the leader with-
out loops. This limits their length and hence constitutes a suitable foundation
for an algorithmic approach. The idea is as follows. It suffices to consider
(long) witnesses x that can be decomposed into a concatenation of short wit-
nesses: x � x1 × · · · × xk . An xi then encodes that part of the leader run of
x around the i-th first write. Leader validity and contributor validity of x
along a first-write sequence can then be checked inductively along the short
witnesses xi . We exploit the inductive structure by a dynamic programming
which involves only short witnesses and runs in time proportional to their
number. Since there are at most (d + l)O(d+l) many, we obtain the desired run-
ning time. Before we can formulate the corresponding algorithm, we need to
introduce short witnesses and the concatenation operator mentioned above.

Definition 8.21. A short witness is a witness x � (w , q , σ) ∈ Wit where the
leader states in w � (q1 , a1) . . . (qn , an) are distinct. We have qi , q j for i , j.
We use Wit

sh to denote the set of all short witnesses. Moreover for k ∈ [1..d], let
Ord(k) denote the set of those short witnesses x with ord(x) � k.

The concatenation operator can be applied to all witnesses instead of
only short ones. Intuitively, it concatenates the leader runs of the given
operands and glues together the first-write positions accordingly. To make
this a reasonable definition, we assume that the target state of the first operand
matches the initial state encoded in the second operand.
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Definition 8.22. Let x � (w , q , σ) and y � (v , p , τ) be two witnesses with
init(y) � q. The concatenation of x and y is the witness

x × y � (w.v , p , ρ).

The map ρ � σ.τ is the concatenation of σ and τ. If σ : [1..k] → [1..n] and
τ : [1..`] → [1..m], then ρ : [1..k + `] → [1..n + m] is defined by

ρ(i) �
{

σ(i), if i ≤ k ,
τ(i − k) + n , otherwise.

Note that ρ is monotonically increasing since σ and τ are. Hence, x × y is
indeed a witness. Moreover, we have ord(x × y) � ord(x) + ord(y).

We will later use the concatenation of witnesses to increase the order
step by step. However, note that the concatenation does not yield a short
witness. Combining loop-free runs of the leader may well lead to repetition
of states and therefore spawn loops. We define an operator that shrinks a
given witness to a short one by cutting out these loops.

Definition 8.23. Let (w , q , σ) be a witness with w � (q1 , a1) . . . (qn , an). Let
i ∈ [1..n] be the least index such that there exists an i′ > i with qi � qi′. Fix j
to be the minimal among the indices i′. We define the operator

Shrink : Wit→Wit

(w , q , σ) 7→ (w′, q , σ′),

where w′ � (q1 , a1) . . . (qi−1 , ai−1).(q j , a j) . . . (qn , an) and the first-write posi-
tions σ′ are defined by cutting out j − i positions:

σ′(`) �


σ(`), if σ(`) < i ,

i , if i ≤ σ(`) ≤ j,
σ(`) − j + i , otherwise.

If the input is a short witness, Shrink is the identity. To obtain a short
witness from a long one, we apply the operator repeatedly. Let Shrink

∗ denote
the repeated application of Shrink until a fixed point is reached — until all
loops are cut out. We obtain Shrink

∗ : Wit→Wit
sh.

Note that Shrink
∗ does not change the order of a given witness. It pre-

serves all first-write positions. We employ the operator along with the above
concatenation to obtain a product that keeps short witnesses short.

Definition 8.24. Let x � (w , q , σ) ∈ Ord(k) and y � (v , p , τ) ∈ Ord(`) with
init(y) � q. The short concatenation of x and y is defined to be the short witness

x ⊗ y � Shrink
∗(x × y) ∈ Ord(k + `).
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With these tools at hand, we can describe how validity of a witness can
be checked inductively. The idea is to build up a valid witness step by step.
We start from a single short witness. In each step, we concatenate the current
witness at hand with a new short witness, responsible for providing the next
first write. Hence, each step increases the order by exactly one. We stop the
process as soon as all first writes have been provided.

During the process, we have to take care of two properties. First, we
only concatenate with short witnesses preserving validity. Second, to obtain
an algorithm with the desired running time from the process, we cannot
afford working with long witnesses. We need to mix the concatenation with
shrinking to obtain a short witness in each step. The discussion leads to an
inductive definition of validity for short witnesses— depending on the order.

Definition 8.25. Let z ∈ Wit
sh be a short witness and β ∈ FW a first-write

sequence such that |β | � ord(z). We call z short valid (along β) if the predicate
Validsh

β (z) evaluates to true. The predicate is defined depending on ord(z).

• If ord(z) � 0, then β � ε. There are no first-write positions and hence,
only leader validity is important. In this case, we have:

Validsh

ε (z) � LValidε(z).

• If ord(z) � k + 1 for a k ∈ N, then β � β1 . . . βk+1. We have:

Validsh

β (z) �
∨

x∈Ord(k)
y∈Ord(1)

(
[z � x ⊗ y] ∧ LValidβ(x × y)∧
CValidk+1

β (x × y) ∧ Validsh

β′(x)

)
,

where β′ � β1 . . . βk is the prefix of β with the last element omitted.

We elaborate on the recursive structure of the predicate Validsh

β (z) in more
detail. The main idea is to cut off the last first write βk+1, check z’s validity
with βk+1 separately, and then continue on the remaining part. To this end, z is
decomposed into two short witnesses x ∈ Ord(k) and y ∈ Ord(1). The bracket
[z � x ⊗ y] evaluates to true if and only if z is the short concatenation of x
and y. Intuitively, y is the short witness responsible for providing the last first
write βk+1 and x is the remaining part. The short witness x is already known
to be valid along β′ since Validsh

β′(x) holds. With the remaining predicates, we
test whether x and y can be composed while maintaining validity. In fact,
LValidβ(x × y) guarantees leader validity and CValidk+1

β (x × y) ensures that y
provides the first write βk+1, and thus contributor validity holds.

The upcoming lemma shows that (usual) validity can be replaced by short
validity. Both notions are capable of witnessing computations leading to
some final state in the leader contributor system. This has two implications.
We can work with short witnesses instead of long ones and, algorithmically,
we can check (short) validity of a witness inductively along Definition 8.25.
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Lemma 8.26. Let β ∈ FW be some first-write sequence. There is a (long) witness

x � (w , q , σ) ∈ Wit with Validβ(x) and init(x) � p if and only if there is a short

witness z � (v , q , τ) ∈ Wit
sh
with Validsh

β (z) and init(z) � p.

Weomit the proof of Lemma 8.26 and refer to Appendix B.3.2 for technical
details. Along with Lemma 8.20 we have now shown that LCR reduces to
findingan initialized shortwitness z ∈ Wit

sh andafirst-write sequence β ∈ FW

such that the predicate Validsh

β (z) evaluates to true.

Algorithm We present the algorithm that finds valid short witnesses and
decides LCR. The idea is to turn the recursive definition of short validity into
a dynamic programming. In Algorithm 8.1, we give a detailed description.

The main idea is as follows. For each first-write sequence β ∈ FW and
each short witness z ∈ Wit

sh, we compute Validsh

β (z) until we find a valid z
that is initialized and the target state of which is in QF. Note that in the latter
case, we witness a computation of the leader contributor system in which the
leader visits a final state. To store already computed validity information,
we maintain a table T which has an entry T[β, z] for each β ∈ FW and each
z ∈ Wit

sh with ord(z) � |β |. It stores thevaliditypredicate: T[β, z] � Validsh

β (z).
To compute the table T, we elaborate on how a single entry T[β, z] is

computed. According to Definition 8.25, for ord(z) � |β | � 0 we have

T[ε, z] � LValidε(z).
If ord(z) � |β | � k ≥ 1, we employ the recursive structure of LValidβ(z).

We iterate over all short witnesses x ∈ Ord(k − 1) and y ∈ Ord(1) and check
whether z � x ⊗ y holds. If so, we compute the predicates LValidβ(x × y)
and CValidk

β(x × y) and look up Validsh

β′(x) � T[β′, x] in the table, where
β′ � β1 . . . βk−1 is the trimmed first-write sequence. The entry is given by:

T[β, z] � LValidβ(x × y) ∧ CValidk
β(x × y) ∧ T[β′, x].

We stop the computation of T as soon as we find a β ∈ FW and a z ∈ Wit
sh

with target state q and init(z) � q0
L such that T[β, z] � true. In this case, we can

return true. If we do not find such a β and z, we return false. The correctness
of Algorithm 8.1 follows from Lemma 8.20 and Lemma 8.26.

It is left to determine the complexity of the algorithm. We provide a
complete analysis in Appendix B.3.3. Here, we elaborate on the idea. The
dominant time factor comes from the number of entries of T and the time that
is required to compute an entry. The former is proportional to the number
of short witnesses: (d + l)O(d+l). Since (short) concatenation and the validity
predicates LValidβ(w) and CValidk

β(w) can be computed in polynomial time,
the time required to compute an entry of T is also bounded by (d + l)O(d+l).
Hence, the running time is (d + l)O(d+l), as stated in Theorem 8.7.

Lemma 8.27. Algorithm 8.1 runs in time (d + l)O(d+l)
.
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Algorithm 8.1 Leader Contributor Reachability

Input: An LCS S � (D , a0 , PL , PC), a set of final states QF ⊆ QL.
Output: True, if ∃ initialized c0 →∗S c with πL(c) ∈ QF. False otherwise.

1: let T be a table with an entry T[β, z] for β ∈ FW, z ∈ Wit
sh.

2: for each z ∈ Ord(0) do
3: T[ε, z] � LValidε(z) // Order 0 — no first writes.
4: end for

5: for k � 1, . . . , d do

6: for each β ∈ FW with |β | � k do

7: for each z ∈ Ord(k) do
8: set T[β, z] � false // Initialize entry with false.
9: for each x ∈ Ord(k − 1) and y ∈ Ord(1) do
10: if z � x ⊗ y then // Decomposition of z found.
11: compute witness w � x × y
12: compute Boolean bval � LValidβ(w) ∧ CValidk

β(w)
13: look up value brec � T[β1 . . . βk−1 , x]
14: if bval ∧ brec then

15: set T[β, z] � true // Valid according to Definition 8.25.
16: if target state of z is in QF and init(z) � q0

L then

17: return true // Valid short witness leading to QF found.
18: else

19: goto next witness z ∈ Ord(k)
20: end if

21: end if

22: end if

23: end for

24: end for

25: end for

26: end for

27: return false
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8.2.3 Parameterization by Contributor

The second algorithm of our fine-grained complexity analysis of LCR focuses
on the parameterization in the size c of the contributor. We show that the
parameter has substantial influence on the complexity of the problem. In fact,
our algorithm solves LCR in time O∗(2c) only. A matching lower bound for
the algorithm is provided later, in Section 8.3.1.

Our algorithm is based on a characterization of computations in terms of
paths in a so-called saturation graph. This reduces LCR to reachability in that
graph. The saturation graph represents an arbitrary number of contributors
by only a single set. Intuitively, it simulates a computation of the leader
contributor system while saturating the set of states that can be reached
by the contributors. With a dynamic programming over the subsets of the
contributor states, we can then efficiently decide reachability in the saturation
graph. This solves LCR. The corresponding result is as follows.

Theorem 8.28. The problem LCR can be solved in time O(2c · c4 · d2 · l2).

In the following, we prove Theorem 8.28. To this end, we fix a leader
contributor system S � (D , a0 , PL , PC) and a set of final states QF ⊆ QL.

SaturationGraph The reasond’être of the saturationgraph is to reduce from
the infinite set of configurations to a manageable search space. Key to this
reduction is the observation that keeping one set of states for all contributors
suffices. Indeed, assume that the contributors can reach a particular set of
states S ⊆ QC during a computation. Thenwe can assume that for each p ∈ S,
there is an arbitrary number of contributors that are currently in state p.
The reason is the copycat lemma [152]: we can always mimic the behavior of
a contributor by an arbitrary number of other contributors. Hence, if one
contributor can reach state p ∈ S, an arbitrary number of contributors can.
This means that we do not have to distinguish between different contributor
instances anymore. We formally define the graph of interest.

Definition 8.29. The saturation graph G � (V, E) is a directed graph over

V � QL × D × P(QC).

Hence, a vertex v ∈ V is not an explicit configuration but a tuple v � (q , a , S),
where q ∈ QL, a ∈ D, and S ⊆ QC. Between the vertices, we define the
edges E. They mimic the transition relation among configurations.

Write and read transitions of the leader change the current state of PL and
potentially the memory value. Let b ∈ D and S ⊆ QC, we have:

q
!a−→L q′ implies (q , b , S) →E (q′, a , S),

q
?b/ε
−−−→L q′ implies (q , b , S) →E (q′, b , S).
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q0 q1 q2 q3

PL
!a ?b ?c

p0

p1

p2

PC ?a !c
?a

!b

Figure 8.5: Leader contributor system S � (D , a0 , PL , PC) over the domain
D � {a0 , a , b , c}. The only final state is given by QF � {q3}.

Similarly, we obtain edges that mimic the behavior of the contributors.
These edges also change the memory value but only saturate the set S instead
of precisely tracking the set of states that the contributors reached. Let q ∈ QL
and b ∈ D. Like for the leader, we have two cases:

p
!a−→C p′ implies (q , b , S) →E (q , a , S ∪ {p′}),

p
?b/ε
−−−→C p′ implies (q , b , S) →E (q , b , S ∪ {p′}).

Computations start in the initial configuration. The counterpart in the
saturation graph G is the initial vertex v0 � (q0

L , a
0 , {q0

C}).

The saturation graph is built to simulate computations of the leader con-
tributor system. But before we elaborate on the corresponding characteriza-
tion of computations, we illustrate the graph with an example.

Example 8.30. Consider the leader contributor system given in Figure 8.5. It
contains a final state QF � {q3}. We construct the saturation graph G � (V, E)
associated to the system. The vertices are given by

V � QL × D × P({p0 , p1 , p2}).

The edges are constructed along PL and PC. For instance, there is an edge
(q1 , a , {p0}) →E (q1 , a , {p0 , p1}) since PC has a read transition from p0 to p1

on symbol a. Intuitively, the edge describes that currently, the leader is in
q1, the memory holds a, and an arbitrary number of contributors is in p0.
Then, some of these read a and move to p1, some stay in p0. Hence, we might
assume an arbitrary number of contributors in both states now, p0 and p1.

We constructed the saturation graph G in Figure 8.6. Note that it is a
collection of subgraphs GS � G[QL × D × {S}]. In the graph, the vertex
(q3 , c ,QC) involving the final state of the leader is reachable from the initial
vertex v0 � (q0 , a0 , {p0}). A path is for instance given by

v0 →E (q1 , a , {p0}) →E (q1 , a , {p0 , p1}) →E (q1 , a ,QC)
→E (q1 , b ,QC) →E (q2 , b ,QC) →E (q2 , c ,QC) →E (q3 , c ,QC).
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(q0 , a0)

(q1 , a)

G{p0}

(q1 , a)

(q1 , c)

G{p0 ,p1}

(q1 , a)

(q1 , b) (q2 , b)

G{p0 ,p2} (q1 , a)

(q1 , b) (q2 , b) (q3 , b)

(q1 , c) (q2 , c) (q3 , c)

GQC

Figure 8.6: Saturation graph G of the LCS given in Figure 8.5. Self-loops and
vertices not reachable from v0 � (q0 , a0 , {p0}) are omitted. We use GS for the
induced subgraph G[QL ×D × {S}]. Since it is clear from the context, we also
omit the third component of the vertices. Red vertices involve the final state
q3 of the leader. The blue highlighted area shows the slice G{p0},{p0 ,p1}.

The path encodes a computation of the underlying leader contributor
system. In fact, it starts in c0 and the leader first writes a to the memory, the
contributors read the symbol andmove to the states p1, p2, and one stays in p0.
Hence, the contributors reached the set QC of states. Then one contributor
provides b, another one provides c, so that the leader can arrive at q3.

The example shows that paths in the saturation graph correspond to com-
putations of the system. The observation is true in general: for each com-
putation we can construct a corresponding path and vice versa. This means
that we can reduce LCR to the problem of finding an appropriate path in the
saturation graph. The following lemma states the desired characterization.

Lemma 8.31. There is an initialized computation c0 →∗S c with πL(c) ∈ QF if and

only if there is a path v0 →∗E v in G with vertex v ∈ QF × D × P(QC).

Weomit the proof of Lemma 8.31 and refer to Appendix B.3.4 for technical
details. The lemma immediately yields an algorithmic idea for solving LCR:
construct the saturation graph G and apply a suitable path finding algorithm.
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We followed the approach in [93]. However, the resulting algorithm runs
in time O∗(4c) and is therefore too slow to match the desired running time
stated in Theorem 8.28. In fact, the expensive part is the construction of the
saturation graph G. Consequently, we need to solve the reachability problem
on the graph without explicitly constructing it at once.

Slicewise Reachability To avoid the construction of the saturation graph,
we restrict to so-called slices. These are polynomially-sized subgraphs of G
where reachability queries can be decided efficiently. The general reachability
problem on G can then be solved by accumulating reachability information
of the slices. To this end, we employ a table T storing this information. Our
algorithm then fills the table with a dynamic programming. We define T.

Definition 8.32. Table T has for each set S ⊆ QC an entry T[S], defined by

T[S] � {(q , a) ∈ QL × D | v0 →∗E (q , a , S)}.

Hence, T[S] contains all vertices in the subgraph GS � G[QL × D × {S}],
where the third component is fixed to be S, that are reachable from v0.

Once computed, table T stores sufficient information to solve the consid-
ered problem LCR. Indeed, any entry of T that contains a final state of the
leader clearly witnesses a computation to the same. We formally state the
correspondence. Note that the proof follows from Lemma 8.31.

Lemma 8.33. There is an initialized computation c0 →∗S c with πL(c) ∈ QF if and

only if there exists a subset S ⊆ QC such that T[S] ∩ (QF × D) , ∅.

It remains to compute the table. To this end, we show that T admits a
recurrence relation which can be exploited by a dynamic programming to
fill T bottom-up. The relation relies on the slices of G. Intuitively, these
subgraphs divide the reachability problem on G along the subsets of states
that the contributors can reach. We can then consider the problem slicewise.

Definition 8.34. Let W ⊆ QC be a subset and p ∈ QC \ W be a state. Set
S � W ∪ {p}. The slice GW,S is the induced subgraph

GW,S � G[QL × D × {W, S}].

We denote the edges of GW,S by EW,S.

A slice GW,S fixes the set of contributor states to be W and S. Phrased
differently, it focuses on the interface between the subgraphs GW and GS in
the saturation graph. We illustrate the notion with an example.
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Example 8.35. Consider the saturation graph shown in Figure 8.6. The blue
highlighted subgraph is the slice G{p0},{p0 ,p1}. It contains the subgraphs G{p0}
and G{p0 ,p1} as well as the connecting edge (q1 , a , {p0}) →E (q1 , a , {p0 , p1}).
Other slices of the saturation graph can be found similarly.

Note that each path from v0 to (q3 , c ,QF) either leads through the two
slices G{p0},{p0 ,p1} and G{p0 ,p1},QC or the two slices G{p0},{p0 ,p2} and G{p0 ,p2},QC .

With the notion of slices at hand, we can formulate the desired recurrence
relation for the table T. The main idea is to reduce the reachability problem
of G to its slices. Let ρ be a path in G. Then, the set of contributor states seen
along ρ gets saturated over time. If we cut ρ each time a new contributor
state gets added, we obtain subpaths which belong to different slices of G.
For instance, if a state p ∈ QC gets added to the currently visited set W ⊆ QC
of contributor states, the corresponding subpath leads from GW to GS, where
S is defined by S � W ∪ {p}. Hence, it is a path in the slice GW,S.

The observation shows that any path in the saturation graph G is a con-
catenation of paths in the slices of G. This means that we can identify the
reachable vertices of G slice by slice. To this end, we need the following
notion. It makes the reachability problem within a single slice more precise.

Definition 8.36. Let W ⊆ QC be a subset of contributor states and p ∈ QC \W .
Set S � W ∪ {p}. The set R(W, S) ⊆ QL ×D contains all vertices of GS that are
reachable from T[W]within the slice GW,S . Formally, we have

R(W, S) � {(q , a) ∈ QL × D | ∃(q′, a′) ∈ T[W]with (q′, a′,W) →∗EW,S
(q , a , S)}.

The following recurrence relation on the entries of T is the foundation of
our algorithm for filling the table. It reflects the fact that a vertex (q , a , S) in
G is reachable from v0 if it can be reached from some vertex (q′, a′, S \{p})
which is itself reachable from v0. The state p can be any state in S. The proof
of the recurrence relation immediately follows from the definitions.

Lemma 8.37. Table T admits the recurrence relation T[S] � ⋃
p∈S R(S \{p}, S).

Before we state our algorithm for computing the table T, we illustrate the
introduced notions and the recurrence relation with an example.

Example 8.38. Reconsider the saturation graph given in Figure 8.6. The table
T has eight entries in this case, one for each subset of QC � {p0 , p1 , p2}. But
there are only four entries that are non-empty. These can be drawn out of
Figure 8.6. Each of the shown subgraphs contains exactly those vertices that
are reachable from the initial vertex v0. For instance, we have

T[{p0}] � {(q0 , a0), (q1 , a)} and
T[{p0 , p1}] � {(q1 , a), (q1 , c)}.
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For W � {p0} and S � {p0 , p1}, the set R(W, S) contains those vertices in
GS that are reachable from T[W] � T[{p0}]. According to the graph, these
are (q1 , a , S) and (q1 , c , S) and hence we get T[S] � R(W, S).

Algorithm We apply the recurrence relation of Lemma 8.37 in a bottom-up
dynamic programming to fill the table T. Let S ⊆ QC be a subset and assume
we have already computed the entries T[S \{p}], for each p ∈ S. To compute
T[S] � ⋃

p∈S R(S \{p}, S), we first need to determine the sets R(S \{p}, S). For
a fixed p, we can compute R(S \{p}, S) by a simple fixed-point iteration on
the slice GS\{p},S which finds the reachable vertices. Then, we construct the
union of all sets R(S \{p}, S) and obtain the new entry T[S].

We realized the approach in Algorithm 8.2, stated below. Note that the
algorithm computes the entry T[{p0

C}] � {(q , a) | v0 →∗E (q , a , {p
0
C})} by a

fixed-point iteration on the subgraph G{p0
C}
. Moreover, it applies the afore-

mentioned steps for computing the remaining entries T[S]. The correctness
of Algorithm 8.2 follows from Lemma 8.37 and Lemma 8.33.

Algorithm 8.2 Leader Contributor Reachability

Input: An LCS S � (D , a0 , PL , PC), a set of final states QF ⊆ QL.
Output: True, if ∃ initialized c0 →∗S c with πL(c) ∈ QF. False otherwise.

1: let T be a table with entry T[S] � ∅ for each S ⊆ QC. // Initialize table.
2: compute T[{p0

C}] // By a fixed-point iteration in G{p0
C}
.

3: for each {p0} ( S ⊆ QC do // Some increasing order on subsets of QC.
4: for each p ∈ S do

5: compute R � R(S \{p}, S) // By a fixed-point iteration in GS\{p},S.
6: set T[S] � T[S] ∪ R
7: end for

8: if T[S] ∩ (QF × D) , ∅ then
9: return true // Computation exists due to Lemma 8.33.
10: end if

11: end for

12: return false

It is left to determine the complexity of Algorithm 8.2. Note that , in the
worst case, the algorithm computes all 2c many entries of the table T. Hence,
we need to determine the time needed to compute a single entry. According
to the recurrence relation given in Lemma 8.37, an entry T[S] is given by the
union of the sets R(S \{p}, S)with p ∈ S. The following lemma shows that we
can compute these efficiently— by a fixed-point iteration on the slice GS\{p},S.

Lemma 8.39. Let S ⊆ QC and p ∈ S. Assume we have already computed the entry

T[S \{p}]. Then, we can compute the set R(S \{p}, S) in time O(c3 · d2 · l2).
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Proof. We elaborate on the idea. A detailed proof is given in Appendix B.3.5.
First, we construct the slice GS\{p},S. This takes time O(c3 · d2 · l2). Then we
apply a fixed-point iteration which identifies all vertices (q , a , S) in the slice
that are reachable from some vertex (q′, a′, S \{p}) with (q′, a′) ∈ T[S \{p}].
The iteration runs in timeO(c2 ·l2) since the slice containsO(c·l)many vertices.
Hence, the dominant time factor is due to the construction of GS\{p},S. �

Wrapping up, an entry T[S] can be computed in timeO(c4 ·d2 · l2) since it is
the union of at most |S | ≤ c many sets R(S \{p}, S). Note that the complexity
estimation also holds forT[{p0

C}], which is computedby afixed-point iteration
on the subgraph G{p0

C}
. Hence, Algorithm 8.2 runs in time O(2c · c4 · d2 · l2).

8.3 Lower Bounds for Safety Verification

We present the lower bounds found by our fine-grained complexity analysis
of the problem LCR. In Section 8.3.1, we provide two lower bounds, one for
each parameterization LCR(d, l) and LCR(c). These prove that the safety ver-
ification algorithms from Section 8.2 are optimal in the fine-grained sense. In
Section 8.3.2, we show that both parameterizations are unlikely to admit a
polynomial kernel. At last, in Section 8.3.3, we prove that the parameteriza-
tions LCR(d) and LCR(l) are W[1]-hard and therefore intractable.

8.3.1 Optimality of Safety Verification Algorithms

We prove that both tractable parameterizations of LCR, namely LCR(d, l) and
LCR(c), admit fine-grained lowerbounds. These show that thepresentedFPT-
algorithms for the parameterizations are optimal in the fine-grained sense.

For the former parameterization LCR(d, l) we rely on the ETH as a lower
bound provider. Technically, we prove that the problem cannot be solved in
time 2o((d+l)·log(d+l)). Thismatches the running time (d+l)O(d+l) of the algorithm
for the parameterization presented in Section 8.2.2. For LCR(c), we obtain a
lower bound from the SCON. It yields that LCR cannot be solved in time
O∗((2 − ε)c) for any ε > 0. Again, this matches the upper bound for the
parameterization: the algorithm from Section 8.2.3 runs in time O∗(2c).

Parameterization by Domain and Leader We prove that LCR cannot be
solved in time 2o((d+l)·log(d+l)) unless the ETHfails. To achieve the lower bound,
we give a reduction from the problem k×k-Clique toLCR. Technically, given a
k×k–graph G, where the vertices are arranged in a k×k-matrix, we construct a
leader contributor system S that satisfies the following: the data domain and
the leader are of size linear in k. Formally, d � O(k) and l � O(k). Moreover,
there is a computation of S where the leader can reach a final state if and only
if G contains a clique with one vertex from each of its rows.
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The reduction implies the desired lower bound. Indeed, assume there
is some algorithm for LCR which solves the problem in time 2o((d+l)·log(d+l)).
Combined with the above reduction, which takes polynomial time, we obtain
an algorithm that solves k × k-Clique and runs in time:

2o((d+l)·log(d+l))
� 2o((k+k)·log(k+k))

� 2o(k·log(k)).

By Theorem 5.13, this contradicts the exponential time hypothesis. Hence,
such an algorithm for LCR cannot exist. We elaborate on the reduction.

Theorem 8.40. Unless ETH fails, LCR cannot be solved in time 2o((d+l)·log(d+l))
.

Proof. Let G be an instance of k × k-Clique. Recall that a vertex of G is a
tuple (i , j) ∈ V � [1..k] × [1..k], where i is the row and j is the column.
In the reduction to LCR, we need that the leader and the contributors can
communicate on these vertices in order to find the desired clique. However,
we cannot store tuples (i , j) in the memory immediately. This would cause
a quadratic blow-up d � O(k2). Instead, we communicate a vertex (i , j) as
a string row(i). col( j). Formally, the data domain of the leader contributor
system S � (D , a0 , PL , PC), that we are about to construct, is then given by

D � {row(i), col(i), #i | i ∈ [1..k]} ∪ {a0}.

The symbols #i will become clear in a moment, the symbol a0 is the initial
memory value. Note that d is now linear in k. Moreover, note that we need to
explicitly distinguish between row and column symbols to avoids stuttering,
the repeated reading of the same symbol. In fact, without the distinction it
could happen that a contributor or the leader reads a row symbol twice and
takes it for a column. With the chosen data domain, we circumvent this.

A computationof the systemS startswith each involved contributor choos-
ing a vertex of G to store. Let us for simplicity denote a contributor storing
the vertex (i , j) ∈ V by P(i , j). Note that there might be several copies of P(i , j).
Since there are arbitrarily many contributors, the initially chosen vertices are
only a superset of the clique which we want to find. To cut away the false
vertices, the leader PL guesses for each row the vertex belonging to the clique.
Contributors storing other vertices than the guessed ones will be switched off
bit by bit. Other contributors either store the guessed vertex or a vertex from
a different row. The former can continue their computation, the latter ones
need to verify that their stored vertex is connected to the guessed one.

Technically, the leader contributor system S performs for each i ∈ [1..k]
the following steps. If (i , j) is the vertex of interest, PL writes the symbol
row(i) to the memory. Each contributor that is still active reads the symbol
and moves on for one state. Then PL communicates the chosen column by
writing col( j). The structure of PL is illustrated in Figure 8.7.

Upon reading the symbol col( j), a contributor P(i′, j′) reacts in one of the
following three ways. (1) If i′ , i, then P(i′, j′) stores a vertex of a different

217



8. Safety and Liveness in Leader Contributor Systems

. . .
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! col(1)
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? row(i+1)
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Figure 8.7: The leader PL shown above guesses k vertices, one from each
row. After guessing, it waits for the confirmatiion #1 . . . #k . A contributor PC
chooses a vertex (i , j) to store. It can only provide #i if the leader guesses
vertices that are connected to (i , j) and, for the i-th row, exactly guesses (i , j).

row. The computation in P(i′, j′) can only continue if (i′, j′) is adjacent to (i , j)
in the given graph G. Otherwise it will stop. (2) If i′ � i and j′ � j, then
P(i′, j′) stores exactly the vertex guessed by PL. In this case, P(i′, j′) can continue
its computation. (3) If i′ � i and j′ , j, contributor P(i′, j′) stores a different
vertex from the i-th row. The computation in this contributor immediately
stops. We constructed a contributor thread in Figure 8.7.

After k rounds of the above communication pattern, there are only con-
tributors left that store vertices guessed by the leader PL. Moreover, each two
of these vertices are adjacent and hence, they form a clique. To transmit this
information to the leader PL, each P(i , j) writes the symbol #i to the memory, a
special confirmation symbol for row i. After PL has read the string #1 . . . #k , it
moves to its final state. We obtain that there exists a computation of S where
PL visits its final state if and only if G contains a clique of size k with exactly
one vertex from each row. A formal construction of the system S and a proof
of correctness are given in Appendix B.3.6. �
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Parameterization by Contributor We prove that an algorithm for LCR run-
ning in timeO∗((2−ε)c) for an ε > 0 is unlikely to exist. To this end, we rely on
the SCON and establish a tight linear reduction from Set Cover to LCR. More
precise, we turn an instance (U, F , r) of Set Cover with n � |U | into a leader
contributor system S such that the size of the contributor satisfies c � n + t
where t ∈ N is some constant. Moreover, we show that there are r sets in F
that cover U if and only if there is a computation of S where the leader visits
a final state. By Lemma 5.32, the desired lower bound for LCR follows.

Theorem 8.41. Unless SCON fails, LCR cannot be solved in time O∗((2 − ε)c).

Proof. We describe the mentioned reduction from Set Cover to LCR in more
detail. Let (U, F , r) be an instance of Set Cover. We want to construct a
leader contributor system S � (D , a0 , PL , PC). Themain idea is as follows. We
let the leader guess r sets from F . The contributors store the elements that
got covered by the chosen sets. In a final communication phase, the leader
verifies that it has chosen a valid set cover by querying whether all elements
of U have been stored by the contributors. To this end, communication is
based on the elements of U. Formally, the data domain is given by

D � {u , u# | u ∈ U} ∪ {a0}.

For guessing r sets from the family F , the leader PL consists of r similar
phases. Each phase starts with PL choosing an internal transition to some set
T ∈ F . Once T is chosen, the leader writes a sequence of all elements u ∈ T
to the memory. Figure 8.8 illustrates the structure of PL.

A contributor PC of S consists of c � n + 1 many states: one initial state
and a state to store each element u ∈ U. It is shown in Figure 8.8. When PL
writes an element u ∈ T to the memory, there is a contributor storing this
element in its states by reading u. Hence, each element that got covered by
the chosen set T is recorded in one of the contributors.

After r rounds of guessing, the contributors hold those elements of U
that are covered by the chosen sets. Now the leader verifies that it has really
picked a proper set cover of U. To this end, it checks whether all elements of
U have been stored by the contributors. Formally, the leader can only proceed
to its final state if it can read the symbols u#, for each u ∈ U. A contributor
can only write u# to the memory if it stored the element u before. Hence, PL
reaches its final state if and only if a valid set cover of U was chosen. For a
formal construction and a proof of correctness we refer to Appendix B.3.7. �

8.3.2 Kernel Lower Bounds

In order to emphasize on the hardness of the problem LCR, we show that
both tractable parameterizations, LCR(d, l) and LCR(c), do not admit a poly-
nomial kernel. Hence, despite their tractability, problem kernels of these
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Figure 8.8: The leader PL chooses r sets from the familyF � {T1 , . . . , Tm}. If it
chooses Ti � {ui1 , . . . , ui` }, it writes all elements of the set to thememory. The
process is repeated r times. After this, PL waits for the confirmation u#

1 . . . u
#
n

to reach its final state. The contributor PC reads and stores one element ui of
U � {u1 , . . . , un}. It can confirm that it has stored ui by writing u#

i .

parameterizations remain large after a preprocessing. To obtain the kernel
lower bounds, we rely on the cross-composition framework from Section 5.4.
Recall that a cross-composition from a problem Q into a parameterization of
LCR is a polynomial-time reduction that acts as a logical OR. Given several
instances of Q, it can detect whether one of these is a yes-instance. Moreover,
a cross-composition keeps the parameter(s) of LCR small. If we are given t
instances of Q, the parameter(s) of LCR are not allowed to depend polynomi-
ally on t. Establishing a cross-composition into LCR(d, l) and LCR(c) yields
that polynomial kernels for the parameterizations are unlikely to exist.

Parameterization by Domain and Leader The kernel lower bound for the
parameterization LCR(d, l) is obtained by a cross-composition from 3-SAT.
The difficulty in coming up with such a cross-composition is the restriction
on the size of the parameters that it needs to satisfy. In this case, this affects
d and l. Both parameters are not allowed to depend polynomially on t,
the number of given 3-SAT-instances. We resolve a potential polynomial
dependence on t by encoding the choice of a particular instance into the
contributors via a binary tree. The result is as follows.
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Figure 8.9: The leader PL guesses a binary representation of an index ` ∈ [1..t]
to pick a 3-SAT-instance ϕ` . Then it guesses an assignment for the variables
x1 , . . . , xn . The contributors confirm that the chosen assignment satisfies the
j-th clause of ϕ` by writing # j . The leader waits to read #1 . . . #m .

Theorem 8.42. LCR(d, l) does not admit a poly. kernel, unless NP ⊆ coNP/poly.

Proof. Beforewe describe the details of the cross-composition from 3-SAT into
LCR(d, l), we need a polynomial equivalence relation on Boolean formulas.
To this end, we employ the relation R from Example 5.41. Roughly, two
formulas are equivalent under R if both encode 3-SAT-instances and if both
formulas have the same number of variables and clauses.

Let ϕ1 , . . . , ϕt be given 3-SAT-instances, each two of them equivalent
under the equivalence relation R. This means that all ϕ` have the same
number of clauses m and use the same set of variables {x1 , . . . , xn}. Hence,
we may assume that ϕ` is of the form ϕ` � C`

1 ∧ . . . ∧ C`
m .

We construct a leader contributor system S � (D , a0 , PL , PC) and a set of
final states QF such that S has an initialized computation where the leader
reaches a final state if and only if an ϕ` has a satisfying assignment. Compu-
tations of S proceed in three phases. In the first phase, S chooses an instance
ϕ` out of the given 3-SAT-instances. In the second phase, the system guesses
an assignment for all variables and in the third phase, S verifies that the cho-
sen assignment indeed satisfies ϕ` . While the second and the third phase do
not cause a dependence of the parameters d and l on t, the first phase does.
Guessing a number ` ∈ [1..t] and communicating it in one shot requires a
data domain of size O(t). This causes a polynomial dependence of d on t.

To implement the first phase of S without causing the polynomial depen-
dence, we transmit the indices ` ∈ [1..t] of the 3-SAT-instances in binary. In
fact, the leader PL guesses and writes a sequence of tuples

(u1 , 1), . . . , (ulog(t) , log(t))
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with ui ∈ {0, 1} to the shared memory. This amounts to choosing an instance
ϕ` with the binary representation bin(`) � u1 . . . ulog(t). We illustrate the
construction of the leader thread PL in Figure 8.9.

It is the contributors’ task to store the choice. Each time the leader writes
(ui , i) to the memory, the contributors read and branch either to the left, if
ui � 0, or to the right, if ui � 1. Hence, in the first phase, the contributors
are binary trees with t many leaves, each leaf storing the index of a 3-SAT-
instance ϕ` . Since we did not assume that t is a power of 2, there might be
computations arriving at leaves that do not represent proper indices. In this
case, the computation of S deadlocks immediately. Note that the number of
symbols which are required to transmit the binary strings is O(log(t)). The
construction of a contributor thread PC is shown in Figure 8.10.

In the second phase, S guesses an assignment for the variables. To this
end, the system communicates on tuples of the form (xi , v) with i ∈ [1..n]
and v ∈ {0, 1}. The leader guesses such a tuple for each variable and writes
it to the memory. A participating contributor is free to read one of the tuples.
After it has read (xi , v), it stores that variable xi evaluates to v.

In the third phase, S performs the satisfiability check. Each contributor
that is still active has stored the chosen instance ϕ` , a variable xi , and its
evaluation v. Assume that xi when evaluated to v, satisfies C`

j , the j-th
clause of ϕ` . Then the contributor loops in its current state while writing
the symbol # j . The leader waits to read the whole string #1 . . . #m . If PL can
succeed, we are sure that the m clauses of ϕ` were satisfied by the chosen
assignment. Thus, ϕ` is satisfiable and PL moves to its final state.

Wrapping up, S has the required property of detecting whether one ϕ` is
satisfiable. Moreover, we have that d � l � O(log(t) + n + m). This matches
the requirements of a cross-composition. For details on the construction of S
and a formal proof of correctness, we refer to Appendix B.3.8. �

Parameterization by Contributor We cross-compose the problem 3-SAT
into LCR(c). This shows that the parameterization is unlikely to admit a
kernel of polynomial size. The result is the following.

Theorem8.43. LCR(c) does not admit a polynomial kernel, unlessNP ⊆ coNP/poly.

Proof. Let ϕ1 , . . . , ϕt be instances of 3-SAT such that each two are equivalent
under the polynomial equivalence relation R from Example 5.41. Then, all
ϕ` have the same number of clauses m and are defined over the same set of
variables x1 , . . . , xn . We may assume that ϕ` � C`

1 ∧ · · · ∧ C`
m .

We construct a leader contributor system S � (D , a0 , PL , PC) that has a
computation where PL visits a final state if and only if there is an ` ∈ [1..t]
such that ϕ` is satisfiable. The basic idea behind S is the following. First, the
leader PL guesses the instance ϕ` as well as an evaluation for the variables.
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Figure 8.10: The contributor PC first acts like a binary tree. Leaves of the tree
either encode indices of ϕ1 , . . . , ϕt or binary numbers not belonging to an
instance (x). Then PC reads a variable xi with a valuation and stores it. It can
write # j if the variable with the assignment satisfies the j-th clause of ϕ` .

The contributors store the latter. Then, leader and contributors verify that the
chosen evaluation indeed satisfies the formula ϕ` .

For guessing ϕ` , the leader has a separate branch for each instance. Note
that we can afford the size of the leader l to depend on the number of given
instances t. The cross-composition only restricts the parameter c. Hence, we
do not face the problem that we had in Theorem 8.42.

The structure for guessing the evaluation of the variables is simple. The
leader writes tuples (xi , vi) with vi ∈ {0, 1} to the memory. The contributors
read such a tuple and store the evaluation in their states. After the guessing
phase, the contributors can write the symbols #`j to the memory, depend-
ing on whether the currently stored variable with its evaluation satisfies the
clause C`

j . As soon as the leader has read the string #`1 . . . #
`
m , it moves to its

final state, showing that the evaluation satisfies all clauses of ϕ` .
Note that the parameter c is of size O(n) and does not depend on t at

all. Hence, the restrictions of a cross-composition are met. We omit a formal
construction of S since it is quite similar to that of Theorem 8.42. �

8.3.3 Intractability

The parameterization LCR(d, l) is FPT. This raises the question on whether
already one of the parameters, d or l, suffices to obtain tractability. We answer
it in the negative. In fact, both parameterizations LCR(d) and LCR(l) are
W[1]-hard. This justifies our choice of parameterizations in Section 8.2 and
resolves the last bit of the fine-grained complexity of LCR.

Weobtain the hardness forW[1]by constructingparameterized reductions
from Clique(k) to LCR(d) and LCR(l). Recall that the problem Clique(k) is
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W[1]-hard by Corollary 4.15. The reductions transport the hardness to the
parameterizations of LCR. We summarize in the following theorem.

Theorem 8.44. LCR(d) and LCR(l) are both W[1]-hard.

Proof. We first reduce Clique(k) to LCR(l). More precisely, we construct from
an instance (G, k) of Clique in polynomial time a leader contributor system
S � (D , a0 , PL , PC) with l � O(k). The system has a computation where PL
visits a final state if and only if G has a clique of size k. This meets the
requirements of a parameterized reduction.

Let G � (V, E). The system S operates in three phases. In the first phase,
the leader chooses a clique candidate, k vertices of the graph. To this end,
PL consecutively writes symbols (v1 , 1), (v2 , 2), . . . , (vk , k) with vi ∈ V to the
memory. During this selection, the contributors non-deterministically choose
to store a suggested vertex (vi , i) in their state space.

In the secondphase, the leaderPL againwrites a sequence of vertices to the
memory. But this time it uses different symbols: (w#

1 , 1), (w#
2 , 2), . . . , (w#

k , k).
Note that the vertices wi ∈ V do not have to coincide with the vertices vi from
the first phase. It is the contributor’s task to verify that the new sequence
coincides with the one guessed in the first phase and moreover, that it con-
stitutes a proper clique. To this end, for each i ∈ [1..k], the contributors PC
operate as follows. If a contributor storing (vi , i) reads the symbol (w#

i , i), the
computation on the contributor can only continue if wi � vi . If a contributor
storing (v j , j) with j , i reads (w#

i , i), the computation can only continue if
v j , wi and if there is an edge between v j and wi in G.

Finally, in the third phase, we need to ensure that there was at least
one contributor storing (vi , i) and that the checks from the second phase all
succeeded. To this end, a contributor that has successfully gone through the
second phase and stores (vi , i)writes the symbol #i to thememory. The leader
pends to read the sequence #1 . . . #k . This ensures the selection of k different
vertices and that each two of them are actually adjacent.

Note that the construction of the leader requires only l � O(k) many
states as it only guesses 2 · k many vertices and waits to read k symbols.
Hence, we obtain the desired parameterized reduction to LCR(l). For a formal
construction and a proof of correctness, we refer to Appendix B.3.9.

For proving W[1]-hardness of the parameterization LCR(d), we slightly
change the above reduction. Note that in the reduction, the size of the data
domain D is |V | · k. Hence, it is not a parameterized reduction for the param-
eter d. The factor |V | appears since leader and contributors communicate on
the vertices of G. The main idea of the new reduction is to decrease the size
of D by transmitting vertices in binary. To this end, fix some binary encoding
bin : V → {0, 1}t with t � log(|V |). Then, instead of a single tuple (v , i) with
v ∈ V and i ∈ [1..k], the leader PL writes a sequence

#.(b1 , i)#.(b2 , i)# . . . #.(bt , i).#
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to thememorywithbin(v) � b1 . . . bt . The special padding symbol # is needed
to prevent the contributors from reading a symbol (b j , i)multiple times. Note
that the new data domain only needs O(k)many symbols.

The reduction then proceeds as above. The only difference is that the con-
tributors nowneed to decode the binary encoding of a vertex. This is achieved
by adding a binary branching tree of the contributors like in Theorem 8.42.
We omit the details and refer to Appendix B.3.9. �

8.4 Fine-Grained Complexity of Liveness Verification

The leader contributor liveness problem (LCL) is a generalization of LCR. It asks
whether the leader can reach a final state infinitely often instead of only
once. We conducted a fine-grained complexity analysis of LCL and in the
following, we present our results. In Section 8.4.1, we formally introduce the
liveness problem. Then, in Section 8.4.2, we show how LCL can be divided
into the reachability problem LCR and a cycle detection problem which we
refer to as CYC. Since we have already established algorithms for LCR in
Section 8.2, it is left to solve CYC. In Section 8.4.3, we formulate a polynomial-
time algorithm for the problem. Finally, we compose the algorithms for
LCR and the algorithm for CYC in Section 8.4.4. The composed algorithms
solve LCL within the same running times as for LCR.

Note that the lower bounds for LCL naturally take over from LCR. Hence,
we only need to provide upper bounds for the liveness verification problem.

8.4.1 The Problem LCL

The problem LCL is the task of decidingwhether the leader satisfies a liveness
specification while interacting with a certain number of contributors. Unlike
LCR, this is modeled as a repeated reachability problem on the given leader
contributor system: is there a computation such that the leader visits a set of
final states infinitely often? So far, we only considered finite computations of
leader contributor systems. To define LCL, we need to consider infinite ones.

Definition 8.45. Let S � (D , a0 , PL , PC) be a leader contributor system with
leader thread PL � (QL ,OP(D), δL , q0

L). An infinite computation of S is a se-
quence σ � c0 →S c1 →S . . . of infinitely many transitions.

Let QF ⊆ QL be a set of final states. Since σ involves infinitely many
configurations but the set QL is finite, there are states of the leader that occur
infinitely often along the computation. The following set captures all final
states of the leader that occur infinitely often. Note that it might be empty.

Fin(σ) � {q ∈ QF | ∃∞i : q � πL(c i)}

Given a leader contributor system S � (D , a0 , PL , PC) and a set of fi-
nal states QF for the leader, the leader contributor liveness problem (LCL) asks
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Figure 8.11: Leader contributor system S � (D , a0 , PL , PC) over the data
domain D � {a0 , a , b , c}. The leader thread PL is given on the left hand side
of the figure, the contributor PC on the right hand side.

whether there is an initialized infinite computation σ such that the leader vis-
its QF infinitely often along σ. Phrased differently, it asks whether Fin(σ) , ∅.
If this is the case, we also call σ a live computation.

LCL
Input: An LCS S � (D , a0 , PL , PC) and final states QF ⊆ QL.
Question: Is there an initialized infinite σ with Fin(σ) , ∅?

Before we consider the fine-grained complexity of LCL we illustrate the
problem of finding an infinite computation with an example.

Example 8.46. Consider the leader contributor system S � (D , a0 , PL , PC)
given in Figure 8.11. Note that the leader PL contains a final state QF � {q2}.
The following computation with two contributors is a live computation:

(q0 , a0 , p0 , p0) !a−→S (q0 , a , p1 , p0) ?a−→S (q1 , a , p1 , p0)
!b−→S(q1 , b , p1 , p2) ?b−→S (q2 , b , p1 , p2) !c−→S (q0 , c , p1 , p2)
?c−→S(q0 , c , p0 , p2) ?c−→S (q0 , c , p0 , p0) →∗S (q

0 , c , p0 , p0) →S . . .

Indeed, PL visits the final state q2 infinitely often. Note that the compu-
tation splits into a prefix, leading to (q0 , c , p0 , p0), and a cycle in this con-
figuration. We will later show that each live computation can actually be
decomposed in such a way and that we can exploit this fact algorithmically.

Like LCR, the problem LCL is NP-complete [143]. For a fine-grained
complexity analysis of LCL, we consider the same parameters as for the
reachability counterpart: the size of the data domain d, the number of states of
the leader thread l, and the number of states of the contributor thread c. Since
lower bounds from LCR trivially carry over to LCL, all results established
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in Section 8.3 also hold for LCL. This includes lower bounds based on the
ETH and on the SCON, kernel lower bounds, and intractability results. We
summarize the derived lower bounds for LCL in the following corollary.

Corollary 8.47. The problem LCL admits the following lower bounds.

a) LCL(d) and LCL(l) are both W[1]-hard.

b) Unless ETH fails, LCL cannot be solved in time 2o((d+l)·log(d+l))
.

c) Unless SCON fails, LCL cannot be solved in time O∗((2 − ε)c) for an ε > 0.

d) Neither LCL(d, l) nor LCL(c) admit a polynomial kernel, unlessNP ⊆ coNP/poly.

Upper bounds do not easily transfer from LCR to LCL. Hence, to match
the lower bounds on the running time for LCL stated above, we need to come
upwith two new algorithms. We develop these algorithms in the subsequent
sections. The rough idea is to decompose LCL into the reachability problem
LCR and a cycle detection problem and show that the latter can actually
be solved in polynomial time. Then, the running times of the algorithms for
LCR are thedominant time factors. SinceLCR canbe solved in time (d+l)O(d+l),
we obtain the same running time for liveness verification.

Theorem 8.48. The problem LCL can be solved in time (d + l)O(d+l)
.

Similarly, since LCR can be solved in time O∗(2c), the running time carries
over to LCL. The following theorem states the precise running time.

Theorem8.49. The problemLCL can be solved in timeO(2c ·d2 ·l·(l·c4+d·c2+d
3 ·l2)).

8.4.2 Interfaces

A live computation naturally decomposes into a prefix and a cycle. Hence to
solve LCL, we need to find both, a prefix computation and a cyclic computa-
tion. However, we need to satisfy two requirements. First, cycles should be
saturated. This means that no new contributor states are encountered along a
cycle. The property is required to find cycles efficiently, by a fixed-point iter-
ation in polynomial time. Second, prefix and cycle need to match: the prefix
should lead to a configuration that the cycle loops on. Since there are infinitely
many configurations, we introduce the finite domain of interfaces. These are
capable of matching prefix and cyclic computations. Then, LCL amounts to
finding a prefix and a saturated cycle that match at some interface.
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Saturated Cycles We first focus on the decomposition of a live computation
into a prefix and a saturated cycle. To this end, we fix some leader contributor
system S � (D , a0 , PL , PC) and a set of final states QF ⊆ QL. In a saturated
cycle, the initial configuration already contains all contributor states that will
be encountered along the cycle. We define the notion below.

Definition 8.50. Let τ : c →∗ c be a cyclic computation of S on some con-
figuration c ∈ Conf (S). Then, τ is called saturated if πC(c′) ⊆ πC(c) for each
configuration c′ visited by τ. We write c →∗

sat
c for a saturated cycle.

The following lemma decomposes a live computation into a prefix and a
saturated cycle. Its proof once again relies on the copycat lemma [152].

Lemma 8.51. There is an initialized infinite computation σ with Fin(σ) , ∅ if and
only if there is an initialized finite computation c0 →∗ c →+

sat
c with πL(c) ∈ QF.

Proof. Given a computation of the form c0 →∗ c →+

sat
c such that πL(c) ∈ QF,

we can iterate the cyclic part to obtain a computation that visits the final
states QF infinitely often. For the other direction, let σ be an initialized
infinite computation with Fin(σ) , ∅ which involves t contributors. Then,
σ visits infinitely many configurations that contain a state from QF. Since t
is fixed, there are only finitely many such configurations. Hence, there is a
repeating configuration c with πL(c) ∈ QF and c0 →∗ c →+ c.

It is left to show that we can assume the cycle to be saturated. Suppose
c →+ c is not saturated. Then there is a state p ∈ QC which does not occur
in c but is encountered in a configuration c′ along the cycle. Let P denote the
contributor that visits p in c′. We add a new contributor Pc to the computation
that mimics the behavior of P. Each time P takes a transition, Pc copycats
it immediately. Once Pc reaches p, it does not move any further and stays
in p. We apply the procedure for each new state occurring in the cycle. After
having iterated through the cycle once, we have collected all of these states
and there is a contributor staying in each of them. Now we can run the
cycle without discovering new states. This yields a computation of the form
d0 →∗ d →+

sat
d with πL(d) ∈ QF as required. �

Interfaces Lemma 8.51 is a first step to decompose LCL into finding a prefix
and a cycle. But so far, we cannot just search for both separately. We need
to ensure that the found computations can be linked at a configuration. To
avoid handling explicit configurations, we introduce the notion of interfaces.
An interface abstracts away from a configuration to its leader state, memory
value, and set of contributor states. Hence, an interface can be seen as a
summary of those configurations that are suitable for linking prefix and cycle.

Definition 8.52. An interface is a triple I � (q , a , T) ∈ QL×D×P(QC) consisting
of a state of the leader q, a memory value a, and a set of contributor states T.
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A configuration c ∈ Conf (S) matches the interface I if πL(c) � q, πD(c) � a,
and πC(c) � T. We write I(c) if c matches I, interpreting the interface as a
predicate. The set of all interfaces is denoted by IF.

The next lemma shows that the notion of interfaces finally allows for
decomposing LCL. In fact, we can search for prefix and cyclic computation
separately as long as they both match the same interface. We skip the proof
of the lemma and refer to Appendix B.3.10 for details.

Lemma 8.53. Let I ∈ IF. There is a computation c0 →∗ c →+

sat
c with I(c) if and

only if there are computations d0 →∗ d and f →+

sat
f with I(d) ∧ I( f ).

Since finding prefix computations is a matter of LCR, we can apply the
algorithms from Section 8.2 for this task. To solve LCL, it is therefore left to
detect cycles. We formalize the problem. It takes an interface and asks for a
saturated cycle on a configuration that matches the given interface.

CYC
Input: An LCS S � (D , a0 , PL , PC) and an interface I ∈ IF.
Question: Is there a computation c →+

sat
c with I(c)?

We present a fixed-point iteration that solves the problem CYC in polyno-
mial time. The precise running time is stated in the below theorem.

Theorem 8.54. CYC can be solved in time O(d2 · (c2 + d
2 · l2)).

With Theorem 8.54, we can elaborate on the algorithmic idea to solve
LCL inmore detail. First, we start one of the two safety verification algorithms
solving LCR, on those final states that the live computation should visit.
After a slight modification, these algorithms output all interfaces witnessing
prefix computations to those states. Then, we can iterate over the obtained
interfaces and pass each to the algorithm solving CYC. If it finds a cycle, a live
computation exists. Since CYC can be solved in polynomial time, the running
times of LCR carry over to LCL — up to a polynomial factor.

8.4.3 Finding Cycles

We present an algorithm which solves CYC in time O(d2 · (c2 + d
2 · l2)). This

proves Theorem 8.54. The algorithm relies on a characterization of saturated
cycles in terms of stable SCC decompositions. These are decompositions of the
contributor thread into strongly connected subgraphs that are stable in the
sense that they write exactly the symbols they intend to read. By setting up
a suitable operator, we show that stable SCC decompositions can be found
by a fixed-point iteration in the mentioned time. Technically, the iteration is
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simple. It repeatedly calls Tarjan’s algorithm [313] for computing SCCdecom-
positions. Hence, the algorithm is easy to implement and shows that stable
SCC decompositions are an ideal structure for detecting saturated cycles.

We also discovered that cycles can be detected by a non-trivial polynomial-
time reduction to the problem of finding cycles in dynamic graphs. Although
the latter can be solved in polynomial time [239], the obtained algorithm for
CYC does not admit an efficient polynomial-time complexity. The reason
is that the algorithm in [239] repeatedly solves linear programs that grow
large due to the reduction. Compared to this method, our algorithm is more
efficient and technically simpler due to being tailored to the actual problem.

Strongly Connectedness We focus on the characterization of saturated cy-
cles in terms of stable SCC decompositions. The first step is to define the
correct notion of strongly connectedness. Intuitively, a stable SCC decom-
position is a decomposition of the contributor thread that can provide itself
with all the symbols that a cycle along this structure may read. Hence, we
link such a decomposition to a set Γ ⊆ D of reads that are enabled. Then, we
can define strongly connectedness depending on the set Γ.

To illustrate the upcoming definitions, we start with a fixed saturated cycle
and generalize its properties. To this end, let I � (q , a , T) ∈ IF be an interface
and τ � c →+

sat
c be a saturated cycle with I(c). We assume that the set

Writes(τ) � {b ∈ D | d !b−→S d′ ∈ τ}

is non-empty — τ contains at least one write. If τ contains only reads, then
either a contributor or the leader run in an ?a-loop which is easy to detect.

Let P be some contributor which moves during the cycle τ. Then, P
changes its current state over time. Assume the contributor starts in a state
p ∈ QC and visits a state p′ ∈ QC during τ. Since P runs along a cycle, the
contributor will eventually move from p′ back to p again. This means that in
the underlying contributor thread PC, there is a path from p to p′ and vice
versa. Phrased differently, p and p′ are strongly connected.

We generalize the observation from the fixed cycle τ to a set of enabled
reads Γ ⊆ D. To this end, we first define a suitable subgraph of the con-
tributor thread PC, where reads are restricted to Γ. The notion of strongly
connectedness that we pursue is then defined on this graph.

Definition 8.55. Let Γ ⊆ D. The graph over T with enabled reads Γ is the
directed graph GT(Γ) � (T, E(Γ)). It consists of the vertices T ⊆ QC and
the set of edges E(Γ). The latter contains an edge for each transition of PC
between states in T that is either a read of a symbol in Γ or a write of an
arbitrary symbol. Formally, for two states p , p′ ∈ T we have

(p , p′) ∈ E(Γ) if p
?b−→C p′ with b ∈ Γ or if p

!b−→C p′ with b ∈ D.
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T � {p0 , p1 , p2},
Γ � {a , b}

T � {p0 , p1},
Γ � {c}

T � {p0 , p1 , p2},
Γ � {a , b , c}

p0

p1

p2

p0

p1

p2

p0

p1

p2

Figure 8.12: The graph GT(Γ) for three instances of T ⊆ QC and Γ ⊆ D. Then,
SCCdcmpT(Γ) is the SCC decomposition of the corresponding GT(Γ).

Let p , p′ ∈ T be two states — and thus vertices of GT(Γ). We say that p
and p′ are strongly Γ-connected if p and p′ are strongly connected in GT(Γ).

Like the classical notion, the above generalizes to sets. We say that a set
V ⊆ T is strongly Γ-connected if each two states in V are strongly Γ-connected.

The fixed cycle τ � c →+

sat
c induces the graph GT(Γ) with Γ � Writes(τ).

The cycle runs along the SCC decomposition of this graph. Indeed, following
a particular contributor P of τ, we collect all states visited along τ in a set
TP ⊆ T. Then TP is strongly Γ-connected since reads performed during τ
must be from the set Γ � Writes(τ). But this means that TP is contained
in an inclusion maximal strongly Γ-connected set, an SCC of GT(Γ). Hence,
the contributors in τ stay within the SCCs of the graph. We generalize the
observation to an arbitrary set of enabled reads.

Definition 8.56. Let Γ ⊆ D be a set of enabled reads and V ⊆ T strongly
Γ-connected. We call V a strongly Γ-connected component (an Γ-SCC) if it is
inclusion maximal. The latter means that for each V ⊆ V′ with V′ strongly
Γ-connected, we already have V � V′. Note that a Γ-SCC is an SCC of GT(Γ).

We consider the unique partition (T1 , . . . , T`) of T into Γ-SCCs Ti ⊆ T. It
is called the Γ-SCC decomposition of T and we denote it by SCCdcmpT(Γ). Note
that the order of the partition is not important and that it is indeed unique.
In fact, SCCdcmpT(Γ) is the (usual) SCC decomposition of the graph GT(Γ).

The Γ-SCC decomposition of T can be computed by an application of
Tarjan’s algorithm [313] to the graph GT(Γ). This becomes important when
we compute Γ-SCC decompositions in our algorithm for solving CYC. We
illustrate the notion of Γ-SCC decompositions with an example.

Example 8.57. Reconsider the simple leader contributor system illustrated in
Figure 8.11. We constructed three graphs GT(Γ) of the system, for different
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instances of T and Γ. They are given in Figure 8.12. From the graphs we can
determine the corresponding Γ-SCC decomposition of T. We list them below:

For T � {p0 , p1} and Γ � {c} : SCCdcmpT(Γ) � {p0 , p1}.
For T � {p0 , p1 , p2} and Γ � {a , b} : SCCdcmpT(Γ) � ({p0}, {p1}, {p2}).
For T � {p0 , p1 , p2} and Γ � {a , b , c} : SCCdcmpT(Γ) � {p0 , p1 , p2}.

Stability The second step to the characterization of saturated cycles in terms
of stable SCC decompositions is the correct definition of stability. Intuitively,
an Γ-SCC decomposition is stable if it can provide the enabled reads Γ as
writes. Phrased differently, a cyclic computation on the strongly connected
components can generate all the writes that it needs and thus, keep itself live.
This requires a formal definition of the writes that an Γ-SCC decomposition
can provide. To this end, recall that we fixed an interface I � (q , a , T) ∈ IF.

Definition 8.58. Let Γ ⊆ D and SCCdcmpT(Γ) � (T1 , . . . , T`). The writes of the
Γ-SCC decomposition (T1 , . . . , T`), denoted by Writes(T1 , . . . , T`), is the set of
all symbols that occur as writes either between the states of an Ti or in a cycle
q →∗L q of the leader while preserving the memory content a. Formally, we
set Writes(T1 , . . . , T`) � WritesC(T1 , . . . , T`) ∪WritesL(T1 , . . . , T`)where

WritesC(T1 , . . . , T`) � {b ∈ D | p !b−→C p′ with p , p′ ∈ Ti} and

WritesL(T1 , . . . , T`) � {b ∈ D | ∃u , v ∈ OP(D)∗ : (q , a) u.!b.v−−−−→L′ (q , a)}.

Here,→L′ denotes the transition relation of the automaton PL′, a restriction
of the leader PL to reads within WritesC(T1 , . . . , T`). The automaton also
keeps track of the memory content. Formally, we define it to be the tuple
PL′ � (QL × D ,OP(D), δL′ , (q0

L , a
0))with transitions

(s , b) !b′−→L′ (s′, b′) if s
!b′−→L s′,

(s , b) ?b−→L′ (s′, b) if s
?b−→L s′ and b ∈ WritesC(T1 , . . . , T`),

(s , b) ε−→L′ (s , b′) if b′ ∈ WritesC(T1 , . . . , T`).

The last transitions change thememory content due to awrite of a contributor.

Before we elaborate on properties concerning the writes of an Γ-SCC
decomposition, we illustrate the notion with an example.

Example 8.59. We determine the writes of the Γ-SCC decompositions of Ex-
ample 8.57. Recall that the underlying leader contributor system is given in
Figure 8.11. Fix an interface I � (q0 , c , T) with T � {p0 , p1 , p2}. We com-
puted two Γ-SCC decompositions of T, for varying Γ. For Γ � {a , b} we have
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SCCdcmpT(Γ) � ({p0}, {p1}, {p2}). Therefore, we obtain

WritesC(SCCdcmpT(Γ)) � ∅ and
WritesL(SCCdcmpT(Γ)) � ∅.

Note that each component in the Γ-SCC decomposition consists of only a
single states and there is no write transition in PC that loops on such a state.
There are no writes that the contributors could provide. Moreover, since ?a
and ?b are not enabled in PL, there is no write transition that occurs on a loop
in q0. This means that also the leader cannot provide any writes.

For Γ′ � {a , b , c}we have that SCCdcmpT(Γ′) � {p0 , p1 , p2} consists of only
a single component. Consequently, we obtain

WritesC(SCCdcmpT(Γ′)) � {a , b} and
WritesL(SCCdcmpT(Γ′)) � {c}.

In the chosen example, the writes of the decompositions behave mono-
tonically. We have Γ ⊆ Γ′ and in fact, ∅ � Writes(SCCdcmpT(Γ)) is contained in
the set Writes(SCCdcmpT(Γ′)) � {a , b , c}. Aswewill see, this is true in general.

The next lemmamakes the monotonicity of writes more precise. This fact
will become important whenwe formulate an operator for finding stable SCC
decompositions. We skip the technical proof and refer to Appendix B.3.11.

Lemma 8.60. Let Γ ⊆ Γ′ ⊆ D be two sets of enabled reads. We have

Writes(SCCdcmpT(Γ)) ⊆ Writes(SCCdcmpT(Γ′)).

When we go back to the saturated cycle τ � c →+

sat
c, reads in the cycle

are always preceded by corresponding writes. Phrased differently, the writes
Writes(τ) performed along τ provide all symbols that are needed for reading.
The following generalizes this property to Γ-SCC decompositions.

Definition 8.61. Let Γ ⊆ D. The Γ-SCC decomposition SCCdcmpT(Γ) of T is
called stable if it provides Γ as its writes, meaning Writes(SCCdcmpT(Γ)) � Γ.

Note that the definition asks for an equality instead of an inclusion. The
reason is that we can express stability as a fixed point of a suitable operator.
We give an example of stable and non-stable decompositions.

Example 8.62. Recall the SCC decomposition and their writes from Exam-
ple 8.59. For Γ � {a , b}, we have Writes(SCCdcmpT(Γ)) � ∅. Hence, the
decomposition SCCdcmpT(Γ) is clearly not stable. For Γ′ � {a , b , c}, we have
Writes(SCCdcmpT(Γ′)) � {a , b , c} which shows stability of SCCdcmpT(Γ′).

233



8. Safety and Liveness in Leader Contributor Systems

Characterization We proceed with the desired characterization. There is a
saturated cycle if and only if there exists a stable SCC decomposition. This is
a major step towards the polynomial-time algorithm for the problem CYC. As
we will see, the existence of a stable SCC decomposition can be determined
by a fixed-point iteration. Recall that we fixed the interface I � (q , a , T) ∈ IF.

Lemma 8.63. There is a saturated cycle τ � c →+

sat
c with I(c) if and only if there

exists a non-empty subset Γ ⊆ D such that SCCdcmpT(Γ) is stable.

Proof. Assume the existence of a saturated cycle τ. Our candidate set of
enabled reads is Γ � Writes(τ). We have that Γ ⊆ Writes(SCCdcmpT(Γ)) since
each write occurring in τ is either carried out by a contributor within a single
component or by the leader which performs the loop q →∗L q. If equality
Γ � Writes(SCCdcmpT(Γ)) holds, then SCCdcmpT(Γ) is stable and Γ is the
desired set. Otherwise, we have Γ ( Writes(SCCdcmpT(Γ)).

In the latter case, we consider Γ′ � Writes(SCCdcmpT(Γ)) instead of Γ. Since
Γ ⊆ Γ′, we can apply Lemma 8.60 and obtain that

Γ′ � Writes(SCCdcmpT(Γ)) ⊆ Writes(SCCdcmpT(Γ′)).

Iterating this process yields a sequence of sets (Γi)i∈N which is defined by
Γi+1 � Writes(SCCdcmpT(Γi)) and which is strictly increasing, Γi ( Γi+1. The
sequence is finite since Γi ⊆ D for all i. Hence, there is a last set Γd which
necessarily fulfills Γd � Γd+1. But this means Γd � Writes(SCCdcmpT(Γd)).

For the other direction, we give the idea behind the proof. A formal
construction is provided in Appendix B.3.12. Let Γ ⊆ D be a set of enabled
reads such that SCCdcmpT(Γ) is stable. We do not immediately construct
a saturated cycle, but a balanced computation ρ � c →+ d where d and c
coincide up to the order of the contributor states. Phrased differently, d is
a permutation of c. Moreover, ρ is saturated in the above sense. There are
now new contributor states discovered along ρ. Since d contains the same
contributor states as c, ρ can also be started in the configuration d. This
yields c →+ d →+ d′ where d′ is a new permutation of c. Since there are
only finitely many such permutations, we eventually get a computation of the
form c →∗ e →+

sat
e and hence, the desired saturated cycle.

Let SCCdcmpT(Γ) � (T1 , . . . , T`). To construct ρ, we first fix the behavior
of the leader. We pick a run ρL of PL′ from (q , a) to (q , a) that, on its way,
writes all the symbols in WritesL(T1 , . . . , T`). Note that such a run exists. We
let t denote its length. To execute ρL properly, we have to provide the symbols
that it reads on the way. Since these are from the set WritesC(T1 , . . . , T`), we
construct supporting runs of the contributors providing the required symbols.

Let b ∈ WritesC(T1 , . . . , T`). Then there is a write transition p −→!b C p′ with
states p , p′ ∈ Ti . The idea is to keep enough copies of contributors in the
source state p to provide b whenever the leader needs it. However, to obtain
a balanced computation, we have to transfer the amount of contributors that
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moved from p to p′ back to p. Since Ti is strongly Γ-connected, there is a path
p′→∗ p in GT(Γ). Hence, there is a run on PC from p′ back to p reading only
symbols from Γ. With the above transition and the mentioned run of PC, we
get a cyclic run on p. We refer to it as cycle(p).

In the configuration c, we keep for each symbol b ∈ WritesC(T1 , . . . , T`)
with source state pb exactly t + 1 copies of all states occurring in cycle(pb). We
assume the contributors in c are grouped into blocks Bb(i) for i ∈ [1..(t + 1)].
Each block Bb(i) simulates the cyclic run cycle(pb).

When the leader starts to move along ρL, it might need to read a symbol b.
Then, there is a block Bb(i) which can provide b. One contributor executes
the corresponding write transition of cycle(pb). To balance the block again,
the remaining contributors execute the remaining transitions of cycle(pb). The
idea is that each remaining contributor moves one state further in the cycle.
Executing write transitions is simple. These can be just be ignored by other
participants. Read transitions in the block are handled in two different ways.

Reads within the set WritesC(T1 , . . . , T`) are executed in a special initial
phase. To this end, we let the (t + 1)-st copies of the cycles move. These
provide the corresponding symbol and all other blocks read.

Reads within the set WritesL(T1 , . . . , T`) are provided by the leader on
ρL. Since the leader traverses through all symbols in WritesL(T1 , . . . , T`) at
least once, there is a transition which writes the required symbol for the first
time. This write is used to synchronize with all blocks simultaneously. The
described computation is indeed balanced. �

Operator To solve CYC it is left to check the existence of a set Γ ⊆ D with
a stable SCC decomposition. Following the definition of stability, we can
express Γ as a fixed point which can be computed by a Kleene iteration [330]
in polynomial time. We define the suitable operator.

Definition 8.64. The operator WritesSCC : P(D) → P(D) maps a given set X
to the writes of the X-SCC decomposition of T. Formally,

WritesSCC(X) � Writes(SCCdcmpT(X)).

We have already shown that the writes of SCC decompositions behave
monotonically. Moreover, we can compute SCC decompositions efficiently by
applying Tarjan’s algorithm [313]. These properties carry over to the operator,
it is monotone and can be evaluated in polynomial time.

Lemma 8.65. For X ⊆ X′ subsets of D, we have WritesSCC(X) ⊆ WritesSCC(X′).
Moreover, WritesSCC(X) can be evaluated in time O(d · (c2 + d

2 · l2)).

Proof. Monotonicity follows immediately from Lemma 8.60. For the evalua-
tion, let X be given. We apply Tarjan’s algorithm to the graph GT(X) in order
to compute the X-SCC decomposition SCCdcmpT(X). It is left to compute the
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writes of the decomposition. This requires a simple automata construction.
For details we refer to Appendix B.3.13. �

The following lemma summarizes our reasoning. It states that the non-
trivial fixed points ofWritesSCC are precisely the setswith a stable SCCdecom-
position. Hence, searching for a saturated cycle amounts to searching for a
non-trivial fixed point. The proof follows from the definition of the operator.

Lemma 8.66. Let Γ ⊆ D be a non-empty subset. Then, we have

Γ � WritesSCC(Γ) if and only if SCCdcmpT(Γ) is stable.

Fixed-Point Algorithm We describe the fixed-point iteration for finding a
stable SCCdecomposition and summarize the algorithm for solvingCYC. It is
stated asAlgorithm8.3 below. Tofinda setΓwith a stable SCCdecomposition,
the algorithm employs a Kleene iteration that computes the greatest fixed
point of WritesSCC. It starts from Γ � D, the largest element of the underlying
lattice P(D). At each step, the iteration evaluates WritesSCC(Γ) by invoking
the algorithm from Lemma 8.65 as a subroutine.

Algorithm 8.3 Saturated Cycle Finding

Input: An LCS S � (D , a0 , PL , PC) and an interface I ∈ IF.
Output: True, if there is a cycle c →+

sat
c with I(c). False otherwise.

1: Set Γ � D and Γ′ � ∅.
2: while Γ , Γ′ do // Computation of greatest fixed point.
3: Set Γ′ � Γ
4: Compute Γ � WritesSCC(Γ)with algorithm from Lemma 8.65
5: end while

6: if Γ � ∅ then
7: return false // Exclude trivial solution.
8: end if

9: return true

Algorithm 8.3 terminates after at most d iterations of its loop since at
least one element is removed from the set Γ each iteration. Since evaluating
WritesSCC(Γ) once takes timeO(d·(c2+d

2 ·l2)), the algorithmhas a total running
time of O(d2 · (c2 +d

2 · l2))which matches Theorem 8.54. Note that correctness
of Algorithm 8.3 follows from Lemma 8.63 and Lemma 8.66.

8.4.4 Liveness Verification Algorithms

Recall that Lemma 8.53 uses interfaces to decompose the problem LCL into
finding a prefix andfinding a cycle. We already solved the latter problemwith
the algorithm for CYC. For the former, we would like to apply the algorithms
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forLCR fromSection 8.2. But there is a subtlety. While the two algorithms can
determinewhether the leader can reach afinal state, theydonot output proper
interfaces that witness reachability. However, the algorithm for CYC requires
these interfaces as its input. Hence, we need to adjust the two algorithms for
LCR, so that they output the corresponding interfaces.

Fix a leader contributor system S � (D , a0 , PL , PC) and a set of final states
QF ⊆ QL. We define the interfaces that are reachable via a corresponding
prefix computation. Once these interfaces are computed by an algorithm
solving LCR, we can pass them to the algorithm for CYC. The definition
limits to increasing prefix computations that do not lose contributor states
along the way. Note that we can always assume an increasing prefix when
solving LCL. We provide a proof of this fact in Appendix B.3.14.

Definition 8.67. An initialized computation c0 →S c1 →S · · · →S c` is called
increasing if πC(c i) ⊆ πC(c i+1) for each i. We denote it by c0 →inc c` . An
interface I � (q , a , T) ∈ IF is called reachable if there exists an initialized
increasing computation c0 →∗

inc
c such that c matches I, formally I(c).

Assume we have computed the set of reachable interfaces. Then we can
solve LCL. On each interface I � (q , a , T) with q ∈ QF that is contained in
the set, we start the algorithm for CYC. If it detects a cycle, we found a live
computation where the leader loops on q. Otherwise, we go to the next
reachable interface containing a final state of the leader.

Algorithm 8.4 Leader Contributor Liveness

Input: An LCS S � (D , a0 , PL , PC), a set of final states QF ⊆ QL.
Output: True, if ∃ initialized σ with Fin(σ) , ∅. False otherwise.

1: Compute setI of reachable interfaceswith an algorithm fromLemma8.68
2: for I � (q , a , T) ∈ I with q ∈ QF do // Iterate over reachable interfaces.
3: Run Algorithm 8.3 on input (S, I). // Algorithm for CYC.
4: if result is true then
5: return true // Prefix and cycle found.
6: end if

7: end for

8: return false // No interface admits a cycle.

Hence, it is left to compute the set of reachable interfaces. We can modify
the two algorithms for LCR to output the set. This will not increase the
running times of these algorithms. The next lemma states the modified
algorithms. We provide a proof in Appendix B.3.15.

Lemma 8.68. The set of reachable interfaces can be computed in time

(d + l)O(d+l)
or O(2c · c4 · d2 · l2).
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With Lemma 8.68 at hand, we can finally state the complete liveness
verification algorithm solving LCL. It is given in Algorithm 8.4 and follows
the above idea. We iterate over all reachable interfaces that contain a final state
of the leader and pass each of them to the algorithm for solving CYC until we
find a cycle. Correctness of the approach is proven in Appendix B.3.16.

It is left to determine the running time. It depends on which algorithm
we use to compute the set I of reachable interfaces. If we decide for the
(d+ l)O(d+l)-time algorithm from Lemma 8.68 then the size of I is bounded by
this running time. This means that the iteration over all interfaces I ∈ I takes
at most (d + l)O(d+l) many steps. Each step calls the algorithm for CYC which
runs in polynomial time. Hence, altogether we obtain that Algorithm 8.4
takes time (d + l)O(d+l). This proves Theorem 8.48.

Now assumewe employ the O(2c · c4 ·d2 · l2)-time algorithm for computing
the set I. Since I ⊆ IF, it is of size at most 2c · d · l. This means that the
iteration over all I ∈ I takes at most 2c · d · l steps. Like above, each step calls
the algorithm for CYC which runs in time O(d2 · (c2 + d

2 · l2)). Summing up,
we obtain a total running time of the form O(2c · d2 · l · (l · c4 + d · c2 + d

3 · l2))
which matches the upper bound stated in Theorem 8.49.
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Consistency algorithms are a central tool in
the verification of shared-memory imple-
mentations. Given an execution of a con-
current program over a shared memory,
such an algorithm checks whether the
execution respects the consistency model

of the memory. A memory (consistency)

model defines when changes in the mem-
ory performed by one thread are visible
to other threads. Prominent examples
are Sequential Consistency (SC) and Total

Store Order (TSO). The given execution
consists of multiple sequences, one for each thread, of read and write events.
Formally, a consistency algorithm then checks whether the events in the ex-
ecution can be arranged in an interleaving that satisfies the axioms of the
memory model. For most models, checking consistency is NP-complete and
hence, consistency algorithms require exponential running time. This makes
the problem appealing for more detailed complexity analyses. While such
analyses have been conducted, most of them focus on provingNP-hardness or
membership in P under the assumption that some parameters of the problem
are constant. But none of these analyses yields FPT-algorithms.

We developed a framework which provides provably optimal consistency
algorithms for various memory models. The framework is based on a uni-
versal consistency problem which can be instantiated by different models.
We construct an algorithm for the problem running in time O∗(2k), where k
is the number of write events in the given execution. Each instance of the
framework then admits an O∗(2k)-time consistency algorithm. By apply-
ing the framework, we obtain corresponding algorithms for SC, TSO, PSO,
and RMO. Moreover, we show that the obtained algorithms for SC, TSO,
and PSO are optimal. Parts of the upcoming text have been published in our
work [98]. This chapter is an extension of the work.

9.1 Testing Consistency of Shared Memories

An implementation of a sharedmemory typically promises consistency guar-
antees to programmers. These guarantees describe the intended behavior
of the shared memory and, for instance, ensure that write accesses are con-
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`1
1 : rd(z , 0)

`1
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`2
1 : rd(z , 0)

`2
2 : wr(x , 1)

`2
3 : rd(y , 0)

T2

x � ⊥
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z � ⊥

Memory

Figure 9.1: Execution of threads Tpre , T1 , T2 over the variables x , y , z. The
operation rd(z , 0) is a read access on variable z which loads the value 0. Sim-
ilarly, wr(y , 1) writes 1 to y. The red marked operations are critical sections.
Both threads should not enter them simultaneously.

sumed in the issued order. Programmers developing software over the shared
memory can rely on the consistency guarantees and tune their software ac-
cordingly. Providing correct consistency guarantees is difficult. One needs
to represent the memory by simple guarantees that help the programmer
to use specific features of the memory. Moreover, due to the complex and
performance-oriented design, implementing shared memories is prone to
errors and implementations may actually fail to provide the promised guar-
antees. Consistency algorithms help to overcome both obstacles. They take
an execution of a concurrent program over the shared memory and check
whether the execution respects the guarantees promised by the memory.

Consistency guarantees are described in the form of memory models.
These formulate axioms on how accesses to the memory can be arranged
or reordered. Two important memory models are the basic model Sequen-
tial Consistency (SC) by Lamport [251] and the model Total Store Order (TSO)
by Sparc [305, 306] which is often applied to simulate the x86-architecture.
An execution of a concurrent program over the shared memory is given by
sequences of read and write accesses — one for each thread. Checking con-
sistency then amounts to checkingwhether a given execution can be arranged
in an interleaving that satisfies the axioms of a particular memory model.

We consider an example. Figure 9.1 shows an execution of a program
involving the three threads T1, T2, and Tpre over the variables x, y, and z. An
operation `1

2 : wr(y , 1) consists of the label `1
2 and the memory access wr(y , 1).

In this case, it is a write of the value 1 to the variable y. Similarly, rd(y , 0) tries
to read the value 0 from y. Let us assume that the red-marked operations
`1

3 : rd(x , 0) and `2
3 : rd(y , 0) are critical sections of T1 and T2. The threads

should not enter them at the same time.
At first sight, this seems impossible. Assuming that the thread Tpre starts
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the execution, it sets all variables to 0. Indeed, its execution

wr(x , 0).wr(y , 0).wr(z , 0)

yields the memory content x � 0, y � 0, and z � 0. Note that Tpre must run
before the two other threads can even start since both require to read z � 0
initially. If after Tpre has completed the thread T1 proceeds, it sets variable
y to 1 with its write `1

2 : wr(y , 1). This already prevents T2 from entering its
critical section since it cannot execute `2

3 : rd(y , 0) anymore and there is no
write on y that could set it back to 0 again. Vice versa, if T2 proceeds after
Tpre, the thread sets x to 1 which prevents T1 from entering its critical section.
Hence, the two writes `1

2 : wr(y , 1) and `2
2 : wr(x , 1) enforce mutual exclusion

and avoid that both threads enter their critical section simultaneously. This
construction is also referred to as Dekker’s mutex [132].

In the example we assumed that accesses to the memory are atomic. If a
write `1

2 : wr(y , 1) is issued, it gets pushed to the memory and is executed in
one atomic step. Similarly, each read immediately loads the currently stored
value of the desired variable from the memory. No other operations can
interfere. This behavior is formalized in the memory model SC. Hence the
example shows that, under SC, mutual exclusion works as expected. While
SC is a rather intuitive way of imagining the behavior of a memory, it is not
what is typically implemented on an x86-architecture. The reason is that
atomic accesses to the memory are quite expensive and a high-performance
system cannot afford to execute them each time a programmer expects the
system to do so. Instead, atomic memory accesses should be relaxed to more
liberal accesses that allow for faster interaction with the shared memory.

A relaxed memory model is TSO. Instead of considering writes and reads
atomic actions, TSO assumes that threads have a FIFObuffer into thememory,
as depicted in Figure 9.2. Once a thread arrives at a write, the write gets
pushed into the buffer. Subsequent writes are appended in FIFO-manner. At
some point, thememory decides that a certain amount of writes from a buffer
gets flushed. It changes the stored values of the affected variables accordingly.
Read accesses of a thread either load their value from thememory or, if awrite
to the same variable is present in the buffer, perform an early read. The latter
loads the value from the last write to the variable in the buffer.

Let us consider the execution from Figure 9.1 under the relaxed memory
model TSO. Before the threads T1 and T2 can begin, Tpre first needs to set
the variable z to 0. Hence, Tpre needs to start. The thread performs three
writes. Under TSO, each gets pushed into the buffer in FIFO-order. This is
illustrated on the left hand side of Figure 9.2. Once the memory flushes the
buffer and executes all three writes, we have the memory valuation x � 0,
y � 0, and z � 0. Now the threads T1 and T2 can start their execution.
Assume T1 proceeds. Its read `1

1 : rd(z , 0) is loaded from the memory. Then
the write `1

2 : wr(y , 1) gets pushed into the buffer. Finally, the read `1
3 : rd(x , 0)
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x � ⊥

y � ⊥

z � ⊥

Memory
T1

Tpre wr(x , 0)wr(y , 0)wr(z , 0)

T2

x � 0

y � 0

z � 0

Memory
T1 wr(y , 1)

Tpre

T2 wr(x , 1)

Figure 9.2: Two configurations of the memory with buffers for each thread.
On the left hand side, Tpre pushed all its writes into the buffer. On the right
hand side, the memory has completely flushed the buffer of Tpre. The threads
T1 and T2 pushed their writes into the corresponding buffers.

is loaded from the memory since the buffer of T1 does not contain a write
to x. The thread T1 reaches its critical section. Now it is T2’s turn. The
thread performs its read `2

1 : rd(z , 0) by loading the value from the memory
and subsequently pushes its write `2

2 : wr(x , 1) into the buffer. The resulting
situation is illustrated on the right hand side of Figure 9.2. Note that the
memory still holds the values x � 0, y � 0, and z � 0 since it did not flush
the buffer of T1 yet. This means that T2 can perform its read `2

3 : rd(y , 0)
by loading from the memory. Note that T2 does not access the buffer of T1.
Hence, T2 cannot perform an early read and loads the value of y from the
memory which finally lets T2 enter its critical section.

The example shows that mutual exclusion breaks under TSO. Hence,
relaxing thenotionof consistencymay lead tounexpectedbehavior. In general
one has to find a trade-off between performance and programmability. If the
latter is too strict, the performance will drop but if we relax the guarantees
by too much, the shared memory may imply unwanted errors. To avoid
these errors, it is important to test whether the consistency guarantees, or the
memory model, promised by a shared memory are actually fulfilled.

The problem of checking consistency has received considerable attention
in the literature [62, 77, 98, 180, 183, 326, 336]. We are interested in its com-
plexity. It mostly depends on the considered memory model and for most
models, the problem is NP-complete. We give a more detailed overview.

9.1.1 Classical Complexity Results

Gibbons and Korach were the first to study the complexity of consistency
checking [183]. They focused on the memorymodel SC [251] and proved that
checking consistency in this setting is NP-complete. Moreover, the authors
considered several restrictions of the problem and showed that even with a
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constant number of threads, the problem remains NP-complete. The com-
plexity of checking consistency under the SPARC memory models [305, 306]
TSO, Partial Store Order (PSO), and Relaxed Memory Order (RMO) was inves-
tigated by Cantin, Lipasti, and Smith in [77]. The authors showed that, like
for SC, checking consistency for these models is NP-complete. Besides the
SPARCmodels, thework also statesNP-completeness of consistency checking
under Processor Consistency [7, 192] and Alpha [104]. Furbach, Meyer, Schnei-
der, and Senftleben [180] extended the NP-completeness to almost all models
appearing in the Steinke-Nutt hierarchy [307], a hierarchy for comparing
memory models based on the behavior that they allow for. This yields NP-
completeness results for memory models like Causal Consistency (CC) [250],
Pipelined RAM (PRAM) [256], and Cache Consistency [192]. The complexity of
checking consistency under CC was further investigated by Bouajjani, Enea,
Guerraoui, and Hamza [62]. The authors found that checking consistency
under variants of CC is NP-complete as well.

But there are also polynomial-time consistency algorithms. For the mem-
orymodelLOCAL [203], consistency can be checked in polynomial time [180].
Moreover, also Cache Consistency and PRAM allow for polynomial-time con-
sistency checks if certain parameters of the problem are assumed to be con-
stant [180]. A further assumption that sometimes allows for checking consis-
tency in polynomial time is data independence [43, 62, 336]. In fact, the behavior
of a shared-memory implementation or a database should not depend on pre-
cise values used in applications [3, 332]. One may therefore assume that in a
given execution, a value is written to a variable at most once. The assumption
leads to two polynomial-time consistency algorithms, namely for CC [62] and
for PRAM [326]. However, for themodels SC, TSO, and PSO, theNP-hardness
carries over to the data-independent case [180, 183].

Related to the problem of checking consistency is checking robustness. In
its full generality, this is the question whether the semantics of a program
changes when certain aspects like the memory model are altered. This can
for instance mean that a program running under garbage collection shows
the same behavior when run under safe memory reclamation [331]. In the
context of memory models, robustness is often checked according to a par-
ticular model. Then, instead of only a single execution, one needs to verify
that all executions are consistent under the model. For SC and CC, this is
undecidable [16, 62]. Under data-independence, it becomes decidable for
CC [62]. A decidability result [63] was also obtained for verifying Eventual

Consistency [314]. Robustness can also be checked against a particular model.
Checking robustness against TSO refers to checking whether the behavior of
a program under TSO and the behavior under SC coincide. The problem is
known to be PSPACE-complete [64]. A similar result is known for checking
robustness againstPOWER [131] andPartitionedGlobalAddress Spaces [76].
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Problem Upper Bound Lower Bound

MM-Cons(k) O∗(2k) -

SC-Cons(k) O∗(2k) 2o(k)

TSO-Cons(k) O∗(2k) 2o(k)

PSO-Cons(k) O∗(2k) 2o(k)

RMO-Cons(k) O∗(2k) -

Table 9.1: Fine-grained complexity of checking consistency parameterized by
the number of write operations k. Main results are the algorithm for MM-
Cons and the lower bounds for checking consistency under SC, TSO, PSO.

9.1.2 Framework for Consistency Algorithms

While the classical complexity of checking consistency is well understood,
only little is knownabout the fine-grained complexity of the problem. We take
a first step towards the fine-grained complexity in the data-independent case.
Let SC-Cons denote the consistency problem for SC under the assumption
of data independence. Like mentioned above, SC-Cons is NP-complete. The
problem offers various parameters for an analysis and for some of them,
intractability is already known. For instance, parameterizing in the number
of threads leads to W[1]-hardness [270], taking the maximum number of
operations per thread as a parameter is not in XP [183], and parameterizing
by the size of the data domain is not in XP as well, as we will see later.

We focus on the parameter k —thenumber ofwrite operations in the given
execution. This is not onlydue to the intractability of otherparameters but also
due to polynomial preprocessings [336] that manage to reduce the number of
write operations in instances. Performing such a reduction beforehand limits
the size of k and speeds-up a potential FPT-algorithm in the parameter.

Contribution We provide a framework which yields provably optimal con-
sistency algorithms for variousmemorymodels. The obtained algorithms run
in time O∗(2k). We demonstrate the applicability of the framework by giving
the corresponding algorithms for the models SC, TSO, PSO, and RMO.

We summarized our contribution in Table 9.1. Our framework is based
on a universal consistency problem that can be instantiated by a memory
model of choice. We denote it as MM-Cons. Our main result is an algorithm
for MM-Cons which runs in time O∗(2k). Then, any instance by a memory
model automatically admits an O∗(2k)-time consistency algorithm. For the
formulation of the problem and the framework, we rely on the axiomatic lan-
guage for specifying consistency CAT, developed byAlglave [11] andAlglave,
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Maranget, and Tautschnig [12]. Roughly, CAT formulates memory models
in terms of relations and acyclicity constraints among them. Then, check-
ing consistency amounts to finding a particular store order [336] on the write
operations that satisfies the acyclicity constraints of the considered model.

For solving MM-Cons, we show that instead of a store order we can also
find a total order on the write operations that satisfies similar acyclicity con-
straints. The advantage is that total orders are algorithmically simpler to find.
Then, we develop a notion of snapshot orders that mimics total orders on sub-
sets of write events. This allows for shifting from the relation-based domain
of the problem MM-Cons to the subset lattice of write operations. On this
lattice, we can perform a dynamic programming which builds up the desired
total order step by step along the subsets. This avoids an explicit iteration over
all total orders whichwould result in anO∗(kk)-time algorithm. Keeping track
of the acyclicity constraints is achieved by so-called coherence graphs. Acyclic-
ity of these graphs ensures that we build up the total order consistently with
the considered memory model. In total, the dynamic programming runs in
time O∗(2k). This constitutes the time-complexity of solving MM-Cons.

We applied our framework to the memory models SC, TSO, PSO, and
RMO. To this end, we followed the CAT formulation of thesememorymodels
given in [11, 12] and instantiated the universal consistency problem MM-
Cons by them. The result are O∗(2k)-time algorithms for the corresponding
consistency problems SC-Cons, TSO-Cons, PSO-Cons, and RMO-Cons. Note
that these algorithms significantly improve upon already existing O∗(kk)-time
algorithms for the problems [336]. Those are usually based on an iteration
over all store orders which we avoid by a dynamic programming.

For proving that our framework also yields optimal algorithms, we show
that SC-Cons, TSO-Cons, and PSO-Cons cannot be solved in time 2o(k). To this
end, we rely on the ETH and construct a linear reduction from 3-SAT to each
of the three problems. As we will see, the assumption of data independence
makes these constructions non-trivial. Since writing the same value twice to
a certain variable is not allowed, we need to find other sources of hardness
that allow for encoding SAT into the corresponding consistency problem.

9.2 Framework

We present our framework for consistency algorithms. Given a memory
model, the framework provides an (optimal) algorithm for the correspond-
ing consistency problem. To this end, we first introduce some basic no-
tions around memory models in Section 9.2.1. These are needed to state
the universal consistency problem MM-Cons which is at the heart of our
framework. We formally introduce the problem in Section 9.2.2. Finally, in
Section 9.2.3, we solve MM-Cons with a dynamic programming algorithm
running in time O∗(2k). Then, each instance of MM-Cons by a concrete mem-
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ory model admits an O∗(2k)-time consistency algorithm. Instantiations with
SC, TSO, PSO, and RMO are shown in Section 9.3.

9.2.1 Memory Models

Describing memory models uniformly was a long-standing open problem.
The task is difficult since some models like IBM’s POWER [216] simply lack
a formal definition while others, like the SPARC models [305, 306], do pro-
vide a formal definition within their specification. The pioneering work
by Alglave [11] and Alglave, Maranget, and Tautschnig [12] solved the task
and unified the approaches for describing memory models. The authors
presented the language CAT which describes memory models in terms of
relations and acyclicity constraints. Many memory models have been for-
mulated in CAT up to now. We base our definition of a memory model on
this language. However, note that our framework cannot be applied to any
memory model formulated in CAT. We require that the model and the corre-
sponding consistency check admit a particular form. This will become more
clear in Section 9.2.2. We begin by introducing the notion of an event and we
recall basic operations on relations. We mainly follow [11, 12, 62, 336].

Events and Relations To define the problem of checking consistency for a
given execution, we first need a description of what an execution actually is.
Formally, it consists of sequences of so-called events thatmodelwrite and read
accesses to the shared memory. Before we define them, fix some finite set of
variables Var, a finite data domain Val, and a finite set of labels Lab.

Definition 9.1. A write event is defined by w : wr(x , v), where w ∈ Lab is a
label, x ∈ Var is a variable, and v ∈ Val is a value. It models a write access
which stores value v in variable x. The set of all write events is defined by

WR � {w : wr(x , v) | w ∈ Lab, x ∈ Var, v ∈ Val}.

A read event is given by r : rd(x , v) with r ∈ Lab, x ∈ Var, and v ∈ Val. It
models a read access loading v from variable x. The set of read events is

RD � {r : rd(x , v) | r ∈ Lab, x ∈ Var, v ∈ Val}.

The set of all events is given by E � WR ∪ RD. For a subset O ⊆ E, we
denote by WR(O) and RD(O), the set of write and read events in O. For a
particular event o ∈ E, we often omit the label since it is clear from the context.
Moreover, we use var(o) ∈ Var to access the variable of o.

A real execution of a program imposes dependencies among events. For
instance, a thread executes events in some particular order or a read event
gets its value from some particular write event. To make these dependencies
visible, we employ the notion of strict orders and relations.
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Definition 9.2. Let O ⊆ E be a subset of events. A strict partial order on O is an
irreflexive, transitive relation over O. Note that it is not a usual partial order
since the relation has to be irreflexive. A strict partial order that is total on
the events of O is called a strict total order on O. We often refer to these orders
without explicitly mentioning that they are strict.

Before we formally describe executions, we quickly fix the notation for
some basic operations on relations. Let O ⊆ E be a subset of events and
rel, rel

′ ⊆ O × O two arbitrary relations over the set. We denote by rel ◦ rel
′

the composition of the relations, by rel
+ the transitive closure, and by rel

−1 the
inverse relation. For a fixed variable x ∈ Var, we denote by relx the restriction
of relation rel to events that contain variable x. Formally, we set

relx � {(o , o′) ∈ rel | var(o) � var(o′) � x}.

Histories Nowwe have all the tools at hand to formally describe executions.
They aremodeled by so-called histories. A history consist of several sequences
of events, each describing the execution of one thread. Dependencies among
the events are described by the program order and the reads-from relation.

Definition 9.3. A history is a tuple h � 〈O , po, rf 〉, where O ⊆ E is a subset of
events executed by the threads of the underlying program. The program order

po ⊆ O ×O is a partial order which orders the events of a thread according to
its execution. Typically, po is a union of total orders, one for each thread. The
relation rf ⊆ WR(O)×RD(O) is called reads-from relation. For each read event,
it specifies the write event providing the needed value. Formally, for each
read event r ∈ RD(O) there is a write event w ∈ WR(O) such that (w , r) ∈ rf

and if (w , r) ∈ rf , both events contain the same variable and value.

If a history h � 〈O , po, rf 〉 is fixed, we typically focus on the subset of
events O. To this end, we abuse notation and write WR and RD instead of
WR(O) and RD(O). For a fixed variable x ∈ Var, we denote by WR(x) the set
of write events in h that write some value to variable x:

WR(x) � {w ∈ WR | var(w) � x}.

Since we need it later, we also define the relation po-loc. It is the restriction of
the program order po to events on the same variable:

po-loc � {(o , o′) ∈ po | var(o) � var(o′)}.

To illustrate thedefinition and thenotations,we continuewith an example.
To this end, we model the execution considered in Section 9.1 by a history.

Example 9.4. The history h � 〈O , po, rf 〉 in Figure 9.3 formalizes the execution
of Figure 9.1. Like the execution, h consists of the three treads T1, T2, and Tpre
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wr(x , 0)

wr(y , 0)
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Figure 9.3: A history consisting of the threads T1, T2, and Tpre. The program
order po is given by the unlabeled arrows. It follows the execution order (top
to bottom) given by each thread. Formally, it is a union of the resulting three
total orders. Arrows labeled by rf show the reads-from relation.

that communicate via the variables x , y , z over the data domain {0, 1}. The
set of events O is given by the events listed in the figure.

Each thread executes from top to bottom. This is simulated by the pro-
gram order po, given by the transitive closure of the unlabeled edges in h.
Altogether, po is the union of three total orders, one for each thread. The
reads-from relation is given by the arrows labeled by rf . Each read event in
h is linked to its corresponding write event by the relation. For instance, we
have that both read events rd(z , 0) are linked to the write event wr(z , 0). This
means that in an actual execution, the write needs to happen before the two
reads. Consequently, the threads T1 and T2 have to wait until Tpre finishes
and executes wr(z , 0) since the correct value for z is not available for reading
earlier. The relation po-loc is empty in the example. Indeed, the program
order does not relate two events involving the same variable.

Note that in the definition of a history h � 〈O , po, rf 〉, we assume the
reads-from relation rf to be given. This is due to the assumption of data
independence [2, 43, 62, 288, 332, 336] that wemake. In fact, implementations
of shared memories and databases do not always depend on actual data
values in practice. This means that in an execution, we may assume that a
specific value is written to a variable at most once. From such an execution,
we can simply read off the relation rf . Note that without having rf at hand,
analyzing histories is more involved. A history without reads-from relation
induces many histories with specific rf , one for each possible relation among
writes and reads that explains how the read values are obtained.

Memory Models We define our notion of memory models. Intuitively, such
a model is an abstraction of the concrete behavior of a shared memory. It
formulates axioms that the program order and the reads-from relations of
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histories must satisfy. The upcoming definition goes back to the work of
Alglave [11]. Compared to the full language CAT [12], the definition can
be seen as an earlier and simpler version of the language that, for instance,
does not handle memory fences. While this limits the expressiveness of our
framework, it offers certain structures that we can exploit algorithmically.

Definition 9.5. A memory model MM is a tuple MM � (po-mm, rf -mm) con-
sisting of the two relations po-mm and rf -mm. The preserved program order

po-mm is a subrelation of po that describes which pairs in program order are
maintained by MM. The latter relation, rf -mm, is a subrelation of rf . It shows
which write events are visible globally under the memory model.

As a teaser, we phrase the memory model Sequential Consistency (SC) in
terms of the above definition. Note that SC’s original definition by Lam-
port [251] is informal but Alglave [11] showed that it is actually an instance of
Definition 9.5. The formal definitions of other models like TSO and PSO are
postponed to Section 9.3 when we apply our algorithmic framework.

Definition 9.6. The memory model Sequential Consistency (SC) is defined by

SC � (po-sc, rf -sc).

In the tuple, the preserved program order po-sc � po is the complete program
order and similarly, rf -sc � rf is the complete reads-from relation.

Thememorymodel SCpreserves the complete programorder. Thismeans
it does not allow for reordering events within the same thread but only for
interleaving events from different threads. Moreover, under SC each issued
write event gets pushed immediately to the memory and is therefore visi-
ble to each other thread. Consequently, the memory model also preserves
the complete reads-from relation. As we will see later, other more relaxed
memory models, do not preserve po and rf completely. Hence, we may see
sequential consistency as the strictest of all memory models [307].

9.2.2 Universal Consistency

We formulate the foundation of our framework. It is based on a consistency
problem that we call MM-Cons. The term MM in the name refers to an
arbitrary memory model. The idea is that MM-Cons can be instantiated to
simulate a particular model of choice. But before we can define MM-Cons,
we first need to make the notion of consistency more precise. We chose a
formulation that allows for an efficient algorithmic check but deviates from
the literature [11, 12, 62, 336] at first sight. However, as we will prove later in
Section 9.3, our notion and the standard notion from literature coincide.
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w′ � wr(x , v′)

r � rd(x , v′)

w � wr(x , v)

rf

tw

cf

Figure 9.4: The conflict relation cf . The write w succeeds w′ in tw-order (red)
but the read r obtains its value from w′. We get an cf -edge (blue) from r to w
indicating that r needs to happen before w in an execution.

Consistency Weelaborate on our notion of consistency. Intuitively, a history
is consistent under a memory model if the events can be scheduled in such
a way that no dependency cycles occur. These cycles clash with the program
order and the reads-from relationpreservedby thememorymodel and cannot
be scheduled properly. Following [11, 12], finding a schedule amounts to
finding a particular store order on thewrite events of the historywhich satisfies
certain acyclicity requirements. We replace the store order by a total order
and focus on two particular acyclicity requirements.

Definition 9.7. Let h � 〈O , po, rf 〉 be a history and MM � (po-mm, rf -mm) an
arbitrary memory model. Then h is called MM-consistent or consistent under
MM if there exists a strict total order tw ⊆ WR×WR such that the two graphs

Gloc � (O , po-loc ∪ rf ∪ tw ∪ cf ) and Gmm � (O , po-mm ∪ rf -mm ∪ tw ∪ cf )

are both acyclic. In the graphs, the conflict relation cf ⊆ RD×WR is defined by

cf � rf
−1 ◦

⋃
x∈Var

twx .

In the definition, the relation cf makes visible the conflicts between read
and write events that stem from fixing the total order tw. We have (r, w) ∈ cf

if r is a read event on a variable x, w is a write event on x, and there is a
write event w′ on x such that (w′, r) ∈ rf and (w′, w) ∈ tw. Hence, in an
execution, the read r gets its value from w′ and since w succeeds w′ in tw-
order, we need that r happens before the write w. Otherwise, the read value
gets overwritten by w too early. This is reflected by the single edge (r, w) ∈ cf

in conflict relation. We illustrate the situation in Figure 9.4.
The acyclicity of the graph Gloc is called uniprocessor requirement [11] or

memory coherence for each location [77]. Roughly it demands that the program
order restricted to writes on the same variables is respected by the total
order tw. The second acyclicity requirement in the definition resembles the
memory model MM. If the graph Gmm is acyclic, the given history can be
scheduled without violating the preserved program order and reads-from
relation. We consider an example that clarifies the acyclicity requirements.
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Figure 9.5: The graph Gsc. The total order tw is the transitive closure of the
red edges. The blue edges are the conflict relation cf . Note that the graph
contains a cycle showing that tw is not a witness for SC-consistency of h.

Example 9.8. Consider the history h � 〈O , po, rf 〉 from Figure 9.3. In Sec-
tion 9.1, we have already seen that h cannot be executed under SC. Hence, the
history should not be SC-consistent. We argue that this is indeed true.

By Definition 9.6, SC is given by the tuple SC � (po-sc, rf -sc) � (po, rf ).
To disprove SC-consistency of h, we would need to show that for each total
order tw on thewrite events, one of the two graphs Gloc or Gsc contains a cycle.
But instead of testing it for each tw, we focus on a particular one. Other orders
can be tested similarly. Figure 9.5 illustrates the graph

Gsc � (O , po ∪ rf ∪ tw ∪ cf )

for the total order tw that is given by the transitive closure of the red edges in
the graph. For the construction ofGsc, note that the conflict relation cf consists

of two edges, namely rd(y , 0)
cf

−→ wr(y , 1) and rd(x , 0)
cf

−→ wr(x , 1). These are
marked blue in Figure 9.5. The former edge stems from the inverted rf -edge
rd(y , 0) → wr(y , 0) composedwith the tw-edgewr(y , 0) → wr(y , 1). The other
edge of the conflict relation is obtained similarly.

Obviously, Gsc contains several cycles. One of these is given by the edges

rd(y , 0)
cf

−→ wr(y , 1) tw−→ wr(x , 1)
po

−→ rd(y , 0).

It shows that the chosen total order tw is not a witness for consistency of h
under SC. In fact, similarly to our example, one can show that any total
order tw will cause such a cycle. This implies that h is not SC-consistent.

As we already mentioned above, our definition of consistency deviates
from the literature [11, 12]. We make the differences more precise. The
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largest deviation is that we demand a total order tw instead of a store order.
The latter is a partial order that is total on write events to the same variable.
In Section 9.3 we will show that we can replace one by another without
changing the resulting notion of consistency. A further difference is that we
do not explicitly test for out of thin air values [266]. For the majority of memory
models considered in this thesis, the test is not required as it is already implied
by the acyclicity of Gloc and Gmm. But when the test is needed, like in the case
of RMO, it can easily be added. Lastly, we do not need a particular test for
well-formedness. In fact, it is already implied by our definition of histories and
the fact that we search for a total order on all write events.

Checking Consistency With the correct notion of consistency at hand, we
are ready to define the universal consistency problem MM-Cons. To this
end, let MM be some fixed memory model. Given a history h as input,
MM-Cons asks whether h is actually consistent under MM.

MM-Cons
Input: A history h � 〈O , po, rf 〉.
Question: Is h MM-consistent?

As discussed earlier, the classical complexity of the problem is well-
understood. Instantiations by memory models like SC, TSO, or PSO are
typically NP-complete [180, 183]. Concerning the fine-grained complexity,
many parameterizations of MM-Cons are intractable. For instance parame-
terizing by the number of threads isW[1]-hard [270], the parameterization in
the number of events per thread is not even in XP [183], and as we will see
later, the parameterization in the size of the data domain is not in XP as well.
Therefore, we conduct a fine-grained complexity analysis in the parameter
k � |WR|, the number of write events in the given history. The choice of k as a
parameter is alsomotivated by practice. In fact, the number seems to be small
in practical instances after an application of the polynomial preprocessing
described in [336], to which our framework can be adapted to.

One of the main findings of our fine-grained complexity analysis is an
algorithm for MM-Cons which runs in time O∗(2k). We will later instantiate
the problem with concrete memory models and obtain an O∗(2k)-time con-
sistency algorithm for each. Moreover, we will provide lower bounds that
prove their optimality. Let n � |O | denote the number of events in the given
history h. The following theorem formally states the upper bound.

Theorem 9.9. The problem MM-Cons can be solved in time O(2k · k2 · n2).

Note that MM-Cons(k) is quickly seen to be fixed-parameter tractable. In
fact, the problem can be solved by a simple algorithm running in time O∗(kk).
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It iterates over all total orders of WR and checks acyclicity of Gloc and Gmm in
polynomial time. Since the number of total orders is bounded by k

k, we obtain
the stated running time. Our goal is to improve on this algorithm. As we
cannot afford to iterate over all total orders in O∗(2k), we need an alternative
approach. We summarize our development in the upcoming section.

9.2.3 Upper Bound

We present the algorithm for the universal consistency problem MM-Cons.
Themain idea is to switch from the domain of total orders, where the problem
is defined, to the subset lattice of write events. Over the lattice, we can then
employ a dynamic programming which runs in time O∗(2k). The crux in
changing the domain of the problem is that for a particular subset of write
events, we do not need to remember a precise total order. As we will see,
we only need to store that it can be ordered by a so-called snapshot order.
These orders approximate total orders on subsets of writes. But not having a
precise order at hand yields a significant disadvantage. We cannot just check
acyclicity requirements in the end like in the simple iteration algorithm above.
Instead, we need to perform several acyclicity tests on-the-fly. To this end, we
employ the notion of coherence graphs. These graphs carry enough information
to ensure acyclicity as it is required by MM-Cons. For the remaining section,
we fix an instance of MM-Cons, a history h � 〈O , po, rf 〉.

Snapshot Orders We begin our technical development by introducing snap-

shot orders. Intuitively, they express that a certain subset of write events has
already been ordered totally while the complement of the subset did not
admit an order yet. To this end, a snapshot order consists of two parts: a
total order on the particular subset and a partial order expressing that the
complement precedes the subset but is yet unordered.

Definition 9.10. Let V ⊆ WR be a subset. A snapshot order on V is a union

tw[V] � t[V] ∪ r[V].

It consists of some strict total order t[V] on V and a fixed relation r[V]which
expresses that the elements of the complement V � WR \ V are smaller than
the elements of V , but which leaves V unordered. It is defined by

r[V] � {(v , v) | v ∈ V , v ∈ V}.

Note that, like the name already suggests, a snapshot order is indeed a
strict partial order. Moreover, when the underlying subset V is the set of all
write events, so if we have V � WR, any snapshot order tw[WR] is actually
a total order on WR. Note that r[WR] � ∅ in this case. But this means that
consistency under MM can be checked by finding a snapshot order tw[WR]

253



9. Memory Consistency

that satisfies both acyclicity constraints. This formulation has one significant
advantage over the formulation in terms of plain total orders: snapshot orders
canbe constructed fromother snapshot orders on smaller subsets. Technically,
this is the foundation of our dynamic programming algorithm and the reason
why we can shift from total orders to subsets of write events.

Sincewe replace total orders by snapshot orders, we need to generalize the
acyclicity constrains of MM-consistency to the latter. With this adjustment,
we can then phrase the problem MM-Cons over the subset lattice P(WR).

Definition 9.11. Let V ⊆ WR be a subset of write events and tw[V] some
snapshot order on V . We define the following two graphs:

Gloc(tw[V]) � (O , po-loc ∪ rf ∪ tw[V] ∪ cf [V]),
Gmm(tw[V]) � (O , po-mm ∪ rf -mm ∪ tw[V] ∪ cf [V]).

Similar to the definition of MM-consistency given above, the conflict relation

cf [V] ⊆ RD ×WR in both graphs is defined by cf [V] � rf
−1 ◦⋃x∈Var

tw[V]x .

Note that Definition 9.11 is obtained by exchanging the total order tw

in the graphs Gloc and Gmm by a snapshot order on some subset V ⊆ WR.
Consequently, for a snapshot order tw[WR] on the complete set of write
events, the resulting graphs Gloc(tw[WR]) and Gmm(tw[WR]) are exactly Gloc

and Gmm as they appear in the definition of MM-consistency. To illustrate the
newly defined graphs, we consider an example.

Example 9.12. In Example 9.8, we have analyzed the consistency of history
h � 〈O , po, rf 〉 from Figure 9.3 under SC. To this end, we constructed Gsc for a
particular total order tw on the write events of h. Nowwe construct the graph
Gsc(tw[V]) along a snapshot order tw[V]. It is shown in Figure 9.6.

First, we fix a subset. Let V � {wr(y , 1),wr(x , 1)}. It is shown by the gray
highlighted events in the graph. As a snapshot order we chose

tw[V] � t[V] ∪ r[V],

where t[V] consists of only one edge, namely wr(y , 1) → wr(x , 1). This
already constitutes a total order on V . The edge is marked red in the graph.
The relation r[V] is fixed by definition. It contains an edge from each write
event in V to each write in V . The corresponding edges are marked green.

To complete the construction of Gsc(tw[V]), it is left to determine the
conflict relation cf [V]. It consists of the two edges

rd(y , 0)
cf [V]
−−−→ wr(y , 1) and rd(x , 0)

cf [V]
−−−→ wr(x , 1).

Both edges are highlighted in blue. Note that the former one exists since there
is an rf -edge rd(y , 0) → wr(y , 0) and an tw[V]-edge wr(y , 0) → wr(y , 1). The
reasoning for the second edge of the conflict relation is similar.
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Figure 9.6: The graph Gsc(tw[V]) � (O , po ∪ rf ∪ tw[V] ∪ cf [V]) with set
V � {wr(y , 1),wr(x , 1)} highlighted in gray. The snapshot order tw[V] is the
union of the total order t[V], marked red, and the partial order r[V], marked
green. The conflict relation cf [V] consists of the two blue edges.

The graph Gsc(tw[V]) already contains a cycle. Hence, we do not need to
construct a total order on the complete set of write events to obtain one, the
snapshot order is sufficient. In fact, each total order tw that contains tw[V]
induces a cycle in its graphGsc and is hence not able towitness SC-consistency
of h. Note that the total order constructed in Example 9.8 is such an order.

With snapshot orders and the above defined graphs we can now formu-
late MM-Cons over subsets of write events. This reflects the desired switch
away from the domain of total orders to a domain that has an algorithmically
appealing structure. Formally, we state MM-consistency in terms of a table T
with a Boolean entry T[V] for each subset V ⊆ WR. The entry T[V]will eval-
uate to 1, if there is a snapshot order on V that does not induce a dependency
cycle. Otherwise, T[V]will evaluate to 0. We give a formal definition.

Definition 9.13. Table T has for each set V ⊆ WR an entry T[V], defined by

T[V] �
{
1, if ∃ snapshot ord. tw[V] : Gloc(tw[V]) and Gmm(tw[V]) acyclic,
0, otherwise.

Note that the entry T[WR] of the table actually stores whether h is MM-
consistent. In fact, any snapshot order tw[WR] on the complete set of writes is
a total order. Moreover, the correspondinggraphsGloc(tw[V])andGmm(tw[V])
coincide with Gloc and Gmm, those graphs which are required to be acyclic.
This means that T stores sufficient information to solve MM-Cons. The fol-
lowing lemma summarizes the relation between problem and table.

Lemma 9.14. History h is MM-consistent if and only if T[WR] � 1.
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9. Memory Consistency

Coherence Graphs Lemma 9.14 leaves us with the problem of evaluating
the entry T[WR]. To obtain T[WR], our approach is to set up a recurrence
relation among the entries of T and then to fill the table with a bottom-up
dynamic programming. For the formulation of the recurrence relation, we
add one write event after another. This means we show how an entry T[V]
can be used to compute an entry T[V ∪ {v}] for a write event v ∈ V .

When passing from T[V] to T[V ∪{v}], we need to provide a snapshot or-
der on the larger set V∪{v}which satisfies the stated acyclicity requirements.
Note that a snapshot order on V can always be extended to a snapshot order
on V ∪{v}: we only need to insert v as newminimal element in the contained
total order. But this is not sufficient to evaluate T[V ∪ {v}]. We also need
to keep track of whether the acyclicity requirements are compatible with the
new minimal element v. To this end, we perform acyclicity tests on so-called
coherence graphs. These graphs do not depend on a particular snapshot order
and solely rely on the fact that v is the minimal element. This will later allow
for a recurrence relation on T that avoids touching precise orders.

Definition 9.15. Let V ⊆ WR be a subset of write events and v an element
in V . The coherence graphs of V and v are defined as follows:

Gloc[V, v] � (O , po-loc ∪ rf ∪ r[V, v] ∪ cf [V, v]),
Gmm[V, v] � (O , po-mm ∪ rf -mm ∪ r[V, v] ∪ cf [V, v]).

The relation r[V, v] expresses that the set V ∪ {v} precedes V ∪ {v} and that
the write event v is the minimal element in V ∪ {v}. It is defined by

r[V, v] � r[V ∪ {v}] ∪ {(v , w) | w ∈ V},

Note that r[V∪{v}] is the fixed order fromDefinition 9.10. The conflict relation
is defined as expected, by cf [V, v] � rf

−1 ◦⋃x∈Var
r[V, v]x .

Coherence graphs provide less information than the graphs Gloc(tw[V])
and Gmm(tw[V]) that depend on a particular snapshot order. We show a
comparison in Figure 9.7. In fact, a coherence graph Gmm[V, v] like on the
left hand side of the figure does not know about a total order within the
elements of V . It only carries information that can be derived from v and V
immediately. Namely that v isminimal inV′ � V∪{v} and thatV′precedesV .
Thismeanswe can construct the coherence graphswithout knowing a precise
snapshot order. This is crucial for the recurrence relation thatwe aim for since
it prevents us from iterating over possible snapshot orders.

Assume we know that T[V] � 1 and we want to evaluate T[V′]. Since
the entry of V evaluates to 1, we know that there is a snapshot order tw[V]
such that Gloc(tw[V]) and Gmm(tw[V]) are both acyclic. Now we construct a
snapshot order tw[V′] onV′ as above—by inserting v as theminimal element
of V′. Now the question is whether the graphs Gloc(tw[V′]) and Gmm(tw[V′])
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Figure 9.7: Schematic illustration of a coherence graph Gmm[V, v] on the left
hand side. Vertices are write events of the history. The figure focuses on
the relation r[V, v] � r[V ∪ {v}] ∪ {(v , w) | w ∈ V}. Edges of r[V ∪ {v}] are
marked green, others are marked black. On the right hand side, we illustrate
Gmm(tw[V]) for some snapshot order tw[V] � t[V] ∪ r[V] on V . The total
order t[V] is marked red, the relation r[V] is marked green.

are both acyclic. Instead of answering it directly, we show that each cycle
which occurs in one of the two graphs already occurs in one of the coherence
graphs Gloc[V, v] or Gmm[V, v]. Hence, if both coherence graphs are known to
be acyclic, we obtain that T[V′] � 1 as well. This means that in the recurrence
relation, we need to test two things to determine T[V′]. Namely whether
T[V] � 1 and whether the corresponding coherence graphs are both acyclic.

In the subsequent lemma, we make the recurrence relation more precise.
Note that it is a top-down formulation that only refers to non-empty subsets
of write events. Evaluating the base case V � ∅ is trivial. The only snapshot
order on the empty set is the empty order. Hence, T[∅] � 1 if and only if the
graphs Gloc(∅) � (O , po-loc∪ rf ) and Gmm(∅) � (O , po-mm∪ rf -mm) are acyclic.

Lemma 9.16. Let V ⊆ WR be a non-empty subset of write events. The table T
admits the following recurrence relation among its entries:

T[V] �
∨
v∈V

(
Gloc[V\{v}, v] acyclic

)
∧

(
Gmm[V\{v}, v] acyclic

)
∧ T[V\{v}].

We interpret the expression
(
Gloc[V\{v}, v] acyclic

)
as a predicate that

evaluates to 1 if and only if the corresponding graph is acyclic. Hence, the
recurrence relation requires the existence of a write event v ∈ V such that
both coherence graphs are acyclic and the entry T[V \{v}] evaluates to 1. A
proof of Lemma 9.16 is provided in Appendix B.4.1.

Algorithm With the recurrence relation at hand we can evaluate the ta-
ble T by a dynamic programming. To this end, we store already computed
entries and look them up when required. We formulated the approach as
Algorithm 9.1 below. Initially, we evaluate T[∅]. As mentioned above, this
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Algorithm 9.1 MM-Consistency
Input: A history h � 〈O , po, rf 〉.
Output: True, if h is MM-consistent. False otherwise.

1: let T be a table with entry T[V] � 0 for any V ⊆ WR. // Initialize table.
2: compute T[∅] � ((O , po-loc ∪ rf ) acyclic) ∧ ((O , po-mm ∪ rf -mm) acyclic)
3: for each ∅ , V ⊆ WR do // Some increasing order on subsets of WR.
4: for each v ∈ V do

5: set V′ � V \ {v} // Test recurrence for v ∈ V .
6: compute T[V] � T[V′] ∧ (Gloc[V′, v] acyclic) ∧ (Gmm[V′, v] acyclic)
7: if T[V] � 1 then

8: goto next subset of WR

9: end if

10: end for

11: end for

12: return T[WR]

amounts to testingwhether (O , po-loc∪rf ) and (O , po-mm∪rf -mm) are acyclic.
An entry T[V] with V , ∅ is evaluated as follows. We branch over all
write events v ∈ V , test whether the two coherence graphs Gloc[V \ {v}, v]
and Gmm[V \{v}, v] are acyclic, and look up whether T[V \ {v}] � 1. If all
three queries are positive, we store T[V] � 1. If such a write v ∈ V does
not exist, we obtain T[V] � 0. Correctness of Algorithm 9.1 follows from the
recurrence relation, Lemma 9.16, and the above characterization, Lemma 9.14.

To prove Theorem 9.9, it is left to elaborate on the complexity of Algo-
rithm 9.1. The table T has 2k many entries that we need to compute. This
constitutes the exponential factor in the estimation of Theorem 9.9. For each
entry T[V], we branch over at most k many write events v ∈ V . Looking up
the value of T[V \ {v}] can be done in constant time because we have already
computed it. As wewill see in the subsequent lemma, constructing the coher-
ence graphs and testing them for acyclicity can be performed in time O(k ·n2).
Hence, a single entry can be computed in time O(k2 · n2). Consequently, we
can estimate the time complexity of Algorithm 9.1 by O(2k · k2 · n2).

Lemma9.17. LetV ⊆ WR and v ∈ V . Constructing the coherence graphsGloc[V, v]
and Gmm[V, v] and testing both for acyclicity can be done in time O(k · n2).

Proof. The construction of the coherence graphs is straight forward. Acyclicity
is checked by employing Kahn’s algorithm [226] for finding a topological
sorting. We provide details in Appendix B.4.2. �
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9.3 Instantiating the Framework

We show the applicability of our framework and obtain consistency algo-
rithms for the memory models SC, TSO, PSO, and RMO. To this end, we first
need to prove that our notion of consistency and the notion of consistency
used in the literature actually coincide. We refer to the latter as validity. In
Section 9.3.1, we show that consistency and validity are indeed equal. This en-
sures that consistency algorithms obtained from our framework really solve
the correct problem. In Section 9.3.2 we then apply our framework to the
mentioned memory models. Applying it to SC, TSO, and PSO is straight
forward. For RMO, we need to make a slight adjustment.

9.3.1 Validity versus Consistency

Consistency, as it is considered in the literature, is sometimes also referred
to as validity [11, 12]. We use this name to avoid confusion with consistency
as we defined it. In Section 9.2.2, we elaborated on the differences between
consistency and validity. Now we show that although the definitions vary,
both notions are actually equal. To this end, we first give a formal definition
of validity. It relies on so-called store orders [11, 12, 336] that are also known
as coherence orders. These are orders that are total on write events to the same
variable but do not relate write events to different variables.

Definition 9.18. Let h � 〈O , po, rf 〉 be a history. A store order is a strict partial
order ww ⊆ WR ×WR such that wwx is a strict total order on WR(x) for each
variable x ∈ Var and such that it decomposes into

ww �

⋃
x∈Var

wwx .

Note that in contrast to total orders on WR, store orders provide less
information. In fact, we may see a total order as an enriched store order
where edges between write events to distinct variables have been added.

With store orders at hand, we can now define the notion of validity.
Similar to consistency, it requires that certain dependency graphs are acyclic.
But instead of a total order, it only requires a store order.

Definition 9.19. Let h � 〈O , po, rf 〉 be a history and MM � (po-mm, rf -mm)
some arbitrary memory model. History h is called MM-valid if there exists a
store order ww ⊆ WR ×WR such that the two graphs

Gww

loc
� (O , po-loc ∪ rf ∪ ww ∪ fr) and Gww

mm
� (O , po-mm ∪ rf -mm ∪ ww ∪ fr)

are acyclic. The from-read relation fr ⊆ RD ×WR is defined by fr � rf
−1 ◦ ww.
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Figure 9.8: The graph Gww

sc
. The corresponding store order ww is given by

the red edges, the from-read relation fr is shown in blue. Note that the graph
contains a cycle. Hence, ww is not a witness for SC-validity of h.

Like in the definition of consistency, we do not explicitly check for out of
thin air values. Whenever the test is required, we can add it since it does
not depend on a particular store order. Moreover, well-formedness again
follows automatically from the definition of histories and the fact that we are
searching for a store order. We illustrate validity with our running example.

Example 9.20. We reconsider history h � 〈O , po, rf 〉 of Figure 9.3. In Exam-
ple 9.8 we have seen that h is not SC-consistent. Since we are about to show
that consistency and validity are equal notions, h should also not be SC-valid.
This is indeed true. Like for consistency, for validity we would have to show
that each store order ww induces a cycle in one of the graphs Gww

loc
or Gww

sc
.

Again, we focus on a single ww. In Figure 9.8, we illustrate the graph

Gww

sc
� (O , po ∪ rf ∪ ww ∪ fr)

for the store order ww given by the red edges. Note that it is indeed a store
order. By the definition of the from-read relation, we get the two edges

rd(y , 0)
fr

−→ wr(y , 1) and rd(x , 0)
fr

−→ wr(x , 1).

The from-read-edges induce a cycle in the graph. Hence, ww does not
witness SC-validity of h and indeed no store order can. One can show that
for each other store order, a dependency cycle occurs.

We show the equivalence of validity and consistency. To this end, we
need to prove that the store order in the definition of validity can be replaced
by a total order on the write events that preserves acyclicity. A first step is
provided by the following lemma. It shows that a store order ww in Gww

loc
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can be replaced by any linearization of ww without affecting the acyclicity.
Phrased differently, any total order tw on the write events that contains ww

can be inserted into Gww

loc
- it will still be acyclic. The reasoning for the graph

Gww

mm
will be simpler. We state the lemma, a proof is given in Appendix B.4.3.

Lemma 9.21. Let h � 〈O , po, rf 〉 be a history, ww a store order, and tw a total order

on WR such that ww ⊆ tw. If Gww

loc
is acyclic, then so is the graph

Gtw

loc
� (O , po-loc ∪ rf ∪ tw ∪ fr).

Now we are ready to prove the desired result: validity and consistency
actually refer to the same notion. The result is crucial for the applicability of
our framework. We formalize it in the upcoming lemma.

Lemma 9.22. A history is MM-valid if and only if it is MM-consistent.

Proof. Fix a history h � 〈O , po, rf 〉 and assume that h is MM-valid. Then there
exists a store order ww such that Gww

loc
and Gww

mm
are both acyclic. We consider

the edges of the latter graph in more detail. They form a relation

ord-mm � po-mm ∪ rf -mm ∪ ww ∪ fr.

Since the graph Gww

mm
is acyclic, the transitive closure ord-mm

+ does not
contain reflexive elements. Hence, it is a strict partial order on the events O.
But this means that there is a linear extension of ord-mm

+, a strict total order
L ⊆ O × O such that ord-mm

+ ⊆ L. From L, we can construct the required
total order on the set of write events. We define it by

tw � L ∩WR ×WR.

Then, tw is a total order on WR and we have ww ⊆ L ∩WR×WR � tw. To
show MM-consistency of h, we need to prove that Gloc and Gmm are acyclic.
Note that the latter refer to the graphs from Definition 9.7:

Gloc � (O , po-loc ∪ rf ∪ tw ∪ cf ) and Gmm � (O , po-mm ∪ rf -mm ∪ tw ∪ cf ).

The store order ww is contained in tw. Hence, we obtain that wwx ⊆ twx
for each variable x ∈ Var. This implies that wwx � twx since wwx is total
on WR(x), the write events to x. We can therefore deduce that

ww �

⋃
x∈Var

wwx �

⋃
x∈Var

twx

and consequently, by the definition of the conflict relation cf , that

cf � rf
−1 ◦

⋃
x∈Var

twx � rf
−1 ◦ ww � fr.
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Since fr � cf and ww ⊆ tw, we obtain the acyclicity of Gloc � Gtw

loc
from

Lemma 9.21. The acyclicity of the graph Gmm follows since its edges

po-mm ∪ rf -mm ∪ tw ∪ cf

form a subrelation of L. A cycle would mean that L has a reflexive element,
but L is a strict order. Hence, h is MM-consistent.

For the other direction, assume that h is MM-consistent. By definition,
there is a total order tw on WR such that Gloc and Gmm are both acyclic. To
show that h is also MM-valid, we construct the store order

ww �

⋃
x∈Var

twx .

Note that, since twx is total on WR(x), the order ww is indeed a proper store
order and we clearly have the inclusion ww ⊆ tw.

We show that Gww

loc
and Gww

mm
are acyclic graphs. In fact, we have that

fr � rf
−1 ◦ ww � cf .

This implies that Gww

loc
and Gww

mm
are subgraphs of Gloc and Gmm, respectively.

Hence, the two graphs are acyclic and h is MM-valid. �

9.3.2 Instances

We apply our framework to thememorymodels SC, TSO, PSO, andRMO and
obtain O∗(2k)-time consistency algorithms for each. The result from Sec-
tion 9.3.1 ensures that the algorithms are indeed correct. Note that for the
application of the framework, we rely on the formal description of the men-
tioned memory models due to Alglave, Maranget, and Tautschnig [11, 12].

Sequential Consistency We have already considered the memory model
Sequential Consistency (SC) [251] in Definition 9.6. Recall that it is given by

SC � (po-sc, rf -sc) � (po, rf ).

Thismeans that SC preserves the complete program order and reads-from
relation. This makes the uniprocessor test, the acyclicity of the graph Gloc,
obsolete since it is a subgraph of Gsc. However, our framework still applies in
this case. Following Theorem 9.9, it yields an algorithm for SC-consistency
which runs in time O(2k · k2 · n2). In Section 9.4, we show that SC-consistency
cannot be solved in time 2o(k) unless the ETH fails. Hence, our framework
yields a provably optimal consistency algorithm for SC.

Corollary 9.23. The problem SC-consistency can be solved in time O(2k · k2 · n2).
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Total Store Order The memory model Total Store Order (TSO) [305, 306] by
SPARC resembles a relaxed memory behavior. Instead of directly accessing
the memory with each write or read event like in SC, each thread has an own
FIFO buffer which delays the memory access. In fact, issued write events of a
thread are pushed into the buffer and are only visible to the owning thread but
not to others. At some nondeterministic point in time, the memory decides
to flush the buffer and to update the variables accordingly. Only then, the
writes are visible to other threads as well. If the owner of the buffer reads a
certain variable, it tries to perform an early read. This means the thread first
looks through its buffer and reads the latest issued write on that variable. It
only loads the value of the variable from the memory if there is no write on
that variable in the buffer. We give a formal definition.

Definition 9.24. The memory model Total Store Order (TSO) is defined by

TSO � (po-tso, rf -tso).

The preserved program order po-tso is a relaxation of the program order
which contains no write-read pairs. Formally, it is given by

po-tso � po \WR × RD.

The relation rf -tso � rf e is a restriction of the reads-from relation rf to write-
read pairs stemming from different threads:

rf e � {(w , r) ∈ rf | (w , r) < po ∧ (r, w) < po}.

Unlike SC, the model TSO relaxes the program order and the reads-from
relation. The relaxation of the former does not contain write-read pairs.
This means TSO allows for reordering consecutive write and read events.
Intuitively, the reason is as follows. Once the thread sees a write event, it
pushes the same to the buffer. But this does not mean that the event gets
flushed into the memory immediately, the write is pending. A consecutive
read event is performed by the thread immediately, either by an early read
or by accessing the memory. Flushing the write event into the memory and
performing the corresponding changes to a variable can be delayed until after
the read. Hence, there is no need for a program order edge between the two
events. The relaxation of rf represents that writes are only visible to other
threads once they were flushed into the memory. Writes that are read within
a thread do not have to be visible to other threads due to early reads. To
illustrate the relaxed notion of memory behavior, we consider an example.

Example 9.25. We show that the history h � 〈O , po, rf 〉 from Figure 9.3 is
TSO-consistent. Recall that we have already seen in Example 9.8 that it is not
SC-consistent. This illustrates that TSO is themore relaxed notion ofmemory.
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Figure 9.9: The graphGtso � (O , po-tso∪rf e∪tw∪cf ). Note that po-tso does not
contain the edges wr(y , 1) → rd(x , 0) and wr(x , 1) → rd(y , 0). The relation rf e
is the complete reads-from relation. The graph is acyclic.

To showconsistency, weneed a total order tw on thewrites events of h such
that Gloc and Gtso are acyclic. We constructed the latter graph in Figure 9.9.
It involves the preserved program order po-tso which does not contain write-
read pairs and the relaxed reads-from relation rf e which coincides with rf in
this case. The corresponding total order tw is given by the transitive closure
of the red edges. Note that the graph is actually acyclic. Moreover, the other
graph Gloc � (O , po-loc ∪ rf ∪ tw ∪ cf ) is a subgraph of Gtso in this example.
Hence, it is acyclic as well and consequently, h is TSO-consistent.

The observation from the example is true in general. The model TSO al-
lows for strictlymore behavior than SC does [307]. In fact, each execution that
is consistent under SC is also consistent under TSO but there are examples
that are TSO-consistent and not SC-consistent.

We apply our framework to TSO. Unlike for SC, the uniprocessor test
is really needed this time. The graph Gloc is not necessarily a subgraph
of Gtso. The application yields an algorithm for TSO-consistency running in
time O(2k · k2 · n2). The optimality of the algorithm is shown in Section 9.4.

Corollary 9.26. The problem TSO-consistency can be solved in time O(2k · k2 · n2).

Partial Store Order The second memory model by SPARC that we consider
is called Partial Store Order (PSO) [305, 306]. It is weaker than TSO [307]
since a thread now has one FIFO buffer per variable. Into this buffer, the
thread can only pushwrite events to the particular variable. Thememory can
nondeterministically choose to flush any of the buffers. Consequently, writes
to distinct variables may arrive at the memory not following the program
order. But this means that the program order among write events is only
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preserved if they access the same variable. We need to relax it accordingly.
Like for TSO, early reads can be performed from all the buffers of a thread.
Hence, the reads-from relation of PSO is similar to TSO. We formalize.

Definition 9.27. The memory model Partial Store Order (PSO) is given by

PSO � (po-pso, rf -pso).

In the tuple, the preserved program order po-pso does neither contain write-
read pairs nor write-write pairs. It is defined by

po-pso � po \ (WR × RD ∪WR ×WR).

The relaxation of the reads-from relation is rf -pso � rf e .

When applying our framework to PSO, we obtain a consistency algorithm
for the memory model which runs in time O(2k · k2 ·n2). Like for SC and TSO,
we prove in Section 9.4 that the algorithm is optimal in the fine-grained sense.

Corollary 9.28. The problem PSO-consistency can be solved in time O(2k · k2 · n2).

Relaxed Memory Order We adjust our framework to also capture SPARC’s
Relaxed Memory Order (RMO) [305, 306]. The model needs an explicit test
for out of thin air values and allows for so-called load-load hazards. We show
how both modifications can be built into the framework without affecting the
complexity of the resulting consistency algorithm.

While the program order and the reads-from relation are sufficient to
describe SC, TSO, and PSO, the memory model RMO requires an additional
dependency relation [11]. It models address and data dependencies among
events in a history. For instance, if a read event has influence on the value
written by a subsequent write event due to an arithmetic operation. We
extend our notion of histories to also contain the dependency relation.

Definition 9.29. An (extended) history h � 〈O , po, rf , dp〉 consists of a program
order po, a reads-from relation rf , and a dependency relation

dp ⊆ po ∩ (RD × O).

Note that dp always starts in a read event.

The dependency relation is required to detect values that come out of thin
air [266]. These occur when a read event has to read a value that stems from
a write event which is scheduled later. We given an example [11].

Example 9.30. Consider the history h � 〈O , po, rf , dp〉 given in Figure 9.10.
The event rd(x , 1) can only load 1 from x if wr(x , 1) can provide it. However,
the write event is scheduled later in the history since we have

rd(x , 1)
dp

−→ wr(y , 1)
rf

−→ rd(y , 1)
dp

−→ wr(x , 1).
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Figure 9.10: An extended history h � 〈O , po, rf , dp〉 with a dependency cycle.
Executing the history h requires out of thin air values.

This yields a dependency cycle involving the relations dp ∪ rf . Hence, an
execution of the history would create the value 1 for x or y out of thin air.

The non-existence of out of thin air values like in Example 9.30 is an
additional requirement that we need to add to our notion of consistency. To
this end, we formulate it in terms of an acyclicity requirement.

Definition 9.31. Let h � 〈O , po, rf , dp〉 be an extended history. Then h does
not contain out of thin air values if the following graph is acyclic:

Gthin � (O , dp ∪ rf ).

The second step to describe consistency under RMO is to model so-called
load-load hazards [11]. These occur when two reads of the same variable
are scheduled contrary to program order. This behavior is indeed allowed
by RMO. We define a relaxed relation that captures load-load hazards.

Definition 9.32. Let h � 〈O , po, rf , dp〉 be an extended history. The relation

po-locllh � po-loc \ RD × RD

takes away the read-read pairs from po-loc. Hence, it does not order read
events on the same variable and allows for reordering the same.

To obtain an algorithm from our framework for memory models that
require an out of thin air check and allow for load-load hazards, we need to
adjust the notion of consistency to this case. For the former, we need to add
the acyclicity check for out of thin air values. For the latter, we have toweaken
the uniprocessor check to allow for load-load hazards.

Definition 9.33. Let h � 〈O , po, rf , dp〉 be an arbitrary extended history and
MM � (po-mm, rf -mm) somememory model. We call h MM-consistent if there
exists a total order tw ⊆ WR ×WR such that the following are satisfied.

(1) History h does not contain out of thin air values, Gthin is acyclic.
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(2) The graph Gloc-llh � (O , po-locllh ∪ rf ∪ tw ∪ cf ) is acyclic.

(3) The graph Gmm � (O , po-mm ∪ rf -mm ∪ tw ∪ cf ) is acyclic.

Our framework can be generalized to check whether an extended history
is MM-consistent. In fact, we only need to make two minor adjustments.
First, we add an initial test for the acyclicity of Gthin. Note that the graph does
not depend on the total order tw. Hence, the acyclicity test can be performed
before the actual algorithm from the framework starts. We employ Kahn’s
algorithm [226] to solve the task in time O(n2). Second, we replace the
graph Gloc from the uniprocessor check by the graph Gloc-llh. This ensures that
Requirement (2) of the above definition is captured.

The changes to the framework do not affect its correctness. In fact, the
crucial results, namely Lemma 9.22 and Lemma 9.16, still hold. Moreover,
the running time of the resulting algorithm does not change. Applying the
framework with out of thin air test and weaker uniprocessor check still yields
a consistency algorithm running in time O(2k · k2 · n2).

Corollary 9.34. Given an extended history h � 〈O , po, rf , dp〉, the problem of

checking MM-consistency of h can be solved in time O(2k · k2 · n2).

Wewant to apply the adjusted framework in order to obtain a consistency
algorithm for RMO. The formal definition of the model is given below.

Definition 9.35. The memory model Relaxed Memory Oder (RMO) is given by

RMO � (po-rmo, rf -rmo).

where po-rmo � dp and rf -rmo � rf e .

Now we are ready to apply the framework to RMO. Like for the other
models, it yields a consistency algorithm running in time O(2k · k2 · n2).

Corollary 9.36. The problem RMO-consistency can be solved in time O(2k · k2 ·n2).

9.4 Lower Bounds

We show that our framework provides optimal consistency algorithms for
the memory models SC, TSO, and PSO. To this end, we prove that none of
the consistency problems of the mentioned models can be solved in time 2o(k)

unless the ETH fails. Since the algorithms obtained in Section 9.3 match
this lower bound, they are indeed optimal in the fine-grained sense. In
Section 9.4.1, we present the lower bound for SC-Cons. Technically, it is a
reduction from 3-SAT to the problem. Then, in Section 9.4.2, we adjust the
reduction to also work for the problems TSO-Cons and PSO-Cons.
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Figure 9.11: Part of the history hϕ for a particular variable x ∈ Var, a literal
` ∈ L, and a clause C � `1 ∨ `2 ∨ `3. The values of c and d depend on the
literal `. If ` � x, then c � 0, d � 1. Otherwise, if ` � ¬x, we have c � 1, d � 0.

9.4.1 Sequential Consistency

Toprove that the problem SC-Cons cannot be solved in time 2o(k), we construct
a linear reduction from 3-SAT to the problem. Technically, let ϕ be an 3-SAT-
instancewith n manyvariables and m many clauses. We construct a history hϕ
which contains k � O(n +m)write events and which is consistent under SC if
and only if ϕ is satisfiable. By invoking Lemma 5.6, we then obtain that an
2o(k)-time algorithm for SC-Cons is unlikely. We summarize.

Theorem 9.37. Unless ETH fails, SC-Cons cannot be solved in time 2o(k)
.

It is left to construct the reduction. The main difficulty is the fact that the
history hϕ needs to be data independent. Many reductions for proving hard-
ness in memory consistency rely on the availability of multiple write events
storing the same value in a variable [77, 180, 183]. Then the computational
power comes from choosing a particularwrite event. In the data-independent
case, we do not have multiple writes. Instead, it is only allowed to write a cer-
tain value to a variable once. This limits the source of computational power
to interleaving the events of the history. However, we show that this is still
sufficient to evaluate given 3-SAT-instances.

Wefix somenotations. Let thevariables ofϕ begivenbyVar � {x1 , . . . , xn}
and let the clauses of ϕ be C1 , . . . , Cm . By L � {` | ` ∈ Ci} we denote the set
of literals. We assume that a literal ` occurs in exactly one clause. This means
that we may have several copies of the same literal but with different names.
Themain idea of our reduction is to mimic an evaluation ϕ by an interleaving
of the events in the history hϕ. To this end, we divide evaluating ϕ into three
steps: (1) choose an evaluation of the variables xi , (2) evaluate the literals ` ∈ L
accordingly, and (3) check whether the clauses C j are all satisfied. For each
of these steps we have separate threads taking care of the task. Scheduling
them in different orders will yield different evaluations.
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Figure 9.11 provides an overview of these threads. Technically, the figure
presents a part of the history hϕ thatwe are about to construct in the following.
Note that it only shows a collection of individual threads without an explicit
reads-from relation. However, the relation is given implicitly since each value
is written at most once to a particular variable. We will refer to the figure
several times when we elaborate on the details of the reduction.

Choosing an Evaluation To realize the first step, namely choosing an eval-
uation of the variables, we construct two threads T0(x) and T1(x) for each
variable x ∈ Var occurring in ϕ. These determine the evaluation of the vari-
able x and consist of only a single write event. As illustrated in Figure 9.11,
the thread T0(x)writes 0 to x, the thread T1(x)writes 1 to x.

If T0(x) gets scheduled before T1(x), variable x is evaluated to 1. Oth-
erwise, the variable is evaluated to 0. This means that the thread that is
scheduled later will determine the actual evaluation of x. Hence, choos-
ing an evaluation amounts to ordering the write events accordingly. Note
that write events that get overwritten are still required for generating certain
dependency cycles. This will become more clear during the next two steps.

Evaluating the Literals In the second step, we propagate the evaluation of
the variables to the literals. Let ` ∈ {x ,¬x} be a literal of ϕ on some variable
x ∈ Var. We construct two threads that mimic the evaluation of `.

The first thread is denoted by T0(`). It is responsible for evaluating `
when x got evaluated to 0 in the first step. To this end, T0(`) performs a
read event rd(x , 0), followed by a write wr(`, c) and another read rd(x , 0). It is
illustrated in Figure 9.11. The value of c depends on the literal `, we have

c �

{
0, if ` � x
1, if ` � ¬x.

Note that the read events rd(x , 0) guard the write event wr(`, c). This ensures
that T0(`) can only run if x is already evaluated to 0 and once T0(`) is running,
the evaluation of x cannot change until the thread finishes. In fact, if x is set to
1 during T0(`) is running, the thread is unable to perform its last read event.

The second thread for the literal is denoted by T1(`). It behaves similar
to T0(`) and evaluates the literal ` when variable x got evaluated to 1 in the
first step. To this end, T1(`) consists of the following events:

rd(x , 1)
po

−→ wr(`, d)
po

−→ rd(x , 1),

where d � 1 if ` � x and d � 0 if ` � ¬x. Again, the two outer read
events guard the write in between. Note that both threads, T0(`) and T1(`),
cannot interfere. Like for the variable threads from Step (1), the thread that
is scheduled later determines the actual evaluation of the literal `. Hence,
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wr(`1 , 1)

wr(`1 , 0)

rd(`1 , 1)

rd(`1 , 0)

rf

rf

tw
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Figure 9.12: If the write event wr(`1 , 1) precedes wr(`1 , 0), then there is a cor-
responding tw-edge. It induces an cf -edge from rd(`1 , 1) to wr(`1 , 0). Hence,
there is a path from rd(`1 , 1) to rd(`1 , 0)with edges from rf ∪ cf .

choosing an evaluation of the variables and the literals amounts to choosing
a total order tw on the write events of the history hϕ.

Evaluating the Clauses We are left with the third step, evaluating the
clauses. We consider a particular clause C � `1 ∨ `2 ∨ `3. For C, we con-
struct three threads T1(C), T2(C), and T3(C) as they are shown in Figure 9.11.
It is the task of these to ensure that at least one literal in C evaluates to 1.

To understand how the threads work, assume we have chosen an evalua-
tion of the variables (and the literals) such that C is not satisfied— the literals
`1, `2, and `3 all evaluate to 0. Let tw be a total order that corresponds to the
chosen evaluation. Then, by the end of tw, the variables `1, `2, and `3 all store
the value 0. Due to the construction of hϕ, `1 storing 0 implies that wr(`1 , 1)
preceded the write event wr(`1 , 0) in tw. Hence, there is an edge

wr(`1 , 1)
tw−→ wr(`1 , 0).

Hence intuitively, the read event rd(`1 , 1) in T1(C) has to be scheduled be-
fore the read event rd(`1 , 0) in T2(C). Otherwise, the value 1 gets overwritten
by 0 and cannot be read anymore. In the history, this is reflected as follows.
Since the read event rd(`1 , 1) reads from wr(`1 , 1) and the read event rd(`1 , 0)
reads from wr(`1 , 0), we get two corresponding rf -edges. They are illustrated
in Figure 9.12. As a consequence, we also obtain an cf -edge from rd(`1 , 1) to
wr(`1 , 0) and therefore a path which reflects the order of the reads:

rd(`1 , 1)
rf ∪ cf

−−−−→ rd(`1 , 0).

Since the variables `2 and `3 also store 0 by the end of the total order tw,
we obtain similar paths among the corresponding read events:

rd(`2 , 1)
rf ∪ cf

−−−−→ rd(`2 , 0) and rd(`3 , 1)
rf ∪ cf

−−−−→ rd(`3 , 0).
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Due to the construction of the threads T1(C), T2(C), and T3(C), there are
program order edges between these reads. Putting them together with the
above paths yields a cycle in Gsc � (O , po ∪ rf ∪ tw ∪ cf ):

rd(`1 , 1)
rf ∪ cf

−−−−→ rd(`1 , 0)
po

−→ rd(`2 , 1)
rf ∪ cf

−−−−→ rd(`2 , 0)
po

−→ rd(`3 , 1)
rf ∪ cf

−−−−→ rd(`3 , 0)
po

−→ rd(`1 , 1).

Correctness The above shows that a non-satisfying assignment for for-
mula ϕ yields a total order tw with a cyclic graph Gsc. Assignments that
satisfyϕ amount to total orders that keep the graph acyclic. However, the con-
struction of the precise orders is subtle. We provide details in Appendix B.4.4.
The following lemma states the correctness of the reduction. Recall that for
SC-consistency, it is sufficient that the graph Gsc is acyclic.

Lemma 9.38. Formula ϕ is satisfiable if and only if the history hϕ is SC-consistent.

It is left to argue that we have constructed a linear reduction. To this end,
we determine the number of write events in hϕ. For each variable x ∈ Var

and each literal ` ∈ L, we introduce two write events. We obtain that

k � 2 · n + 2 · |L |.

Since there are at most 3 · m many literals in ϕ, we get that k is bounded by
2 · n + 6 · m. This is linear in n + m and completes the proof of Theorem 9.37.
Moreover, note that the data domain employed in the above reduction is of
size only 2. This implies that SC-Cons parameterized by the size of the data
domain is not in the class XP unless P � NP.

9.4.2 Total and Partial Store Order

We show that consistency checking under the memory models TSO and
PSO admits a lower bound similar to SC-Cons. The idea is to adjust the
reduction from the preceding section to the two relaxed models. In fact,
we will add read events to the reduction to enforce a sequential behavior.
Intuitively, we force the FIFO buffers of TSO and PSO to push each issued
write immediately to the memory. Then the models behave like sequential
consistency. The advantage is that the correctness argument of the reduction
for SC then also applies here. Moreover, wedonot change the number ofwrite
events and therefore obtain a linear reduction from 3-SAT to TSO-Cons and
PSO-Cons. This yields a lower bound for both problems.

Theorem 9.39. Unless ETH fails, neither the problem TSO-Cons nor the problem

PSO-Cons can be solved by an algorithm running in time 2o(k)
.
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Fix an 3-SAT-instance ϕ with n many variables and m many clauses. We
consider the history hϕ constructed in the reduction from Section 9.4.1 under
TSO and PSO. Recall that both models relax the program order. We have:

po-tso � po \WR × RD,

po-pso � po \ (WR × RD ∪WR ×WR).

While there are no po-edges of the form WR ×WR in the history hϕ, there
are po-edges leading from a write event to a read event. Indeed, the threads
T0(`) and T1(`) for a particular literal ` contain a write event that is guarded
by two reads. The threads were defined by

T0(`) : rd(x , 0)
po

−→ wr(`, c)
po

−→ rd(x , 0),

T1(`) : rd(x , 1)
po

−→ wr(`, d)
po

−→ rd(x , 1),

where c and d were chosen accordingly to `. The po-edges connecting the
write events with the latter read events will vanish under TSO and PSO. This
means that for a total order tw on the write events of hϕ, the graphs Gtso and
Gpso are strict subgraphs of Gsc that miss out some edges. Phrased differently,
a cycle in Gsc does not necessarily imply a cycle in Gtso or Gpso. Hence, the
history might be TSO or PSO-consistent while not being SC-consistent.

Construction We overcome this problem by splitting the threads T0(`)
and T1(`) into two separate parts. The construction is shown in Figure 9.13.
We still have the first part of T0(`) that reads rd(x , 0) and writes wr(`, c). But
the latter guarding read is replaced by a new thread T′0(`), defined by

rd(`, c)
po

−→ rd(x , 0).

The construction for T1(`) is similar. The remaining part of hϕ is copied
without further changes. We denote the obtained history by h′ϕ. The ad-
vantage of the construction is that for any total order tw on the write events
of h′ϕ, the three graphs Gsc, Gtso, and Gpso all coincide. In fact, there are no po-
edges of the form WR×WR or WR×RD that could be deleted by considering
TSO or PSO. This means that we actually enforce sequential behavior.

Correctness The number of write events in h′ϕ is clearly linear in n+m since
we did only add read events to hϕ. Hence, we obtain a linear reduction and
it is only left to show that the construction is indeed correct. We need to
prove that ϕ is satisfiable if and only if h′ϕ is SC-consistent. Note that the
latter is equivalent to h′ϕ being TSO-consistent and PSO-consistent. Instead of
proving the equivalence directly, we use that the result already holds for hϕ
by Lemma 9.38. Then we show that hϕ is SC-consistent if and only if the
new history h′ϕ is SC-consistent. The desired equivalence follows. Hence, to
obtain correctness we need to prove the following lemma.
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Figure 9.13: Parts of the newly constructed history h′ϕ for some variable x and
some literal ` � x/¬x. The values of c and d depend on the literal. If ` � x,
then we have c � 0, d � 1. Otherwise, we have c � 1, d � 0.

Lemma 9.40. History hϕ is SC-consistent if and only if h′ϕ is SC-consistent.

Proof. The idea is simple. The history hϕ contains program order edges

wr(`, c)
po

−→ rd(x , 0) and wr(`, d)
po

−→ rd(x , 1)

that do not occur in h′ϕ. Here, x is a variable and ` � x/¬x. However, these
edges can be mimicked by the history h′ϕ via the two paths

wr(`, c)
rf

−→ rd(`, c)
po

−→ rd(x , 0),

wr(`, d)
rf

−→ rd(`, d)
po

−→ rd(x , 1).

This means if we have a total order tw on the write events of hϕ such that
the graph Gsc(hϕ) over the history contains a cycle, then the cycle also appears
in the graph Gsc(h′ϕ) over h′ϕ. Indeed, if the cycle contains one of the above
program order edges, we replace it by the corresponding path in Gsc(h′ϕ).
Other edges of the cycle are anyhow present in Gsc(h′ϕ).

The other direction also holds. A cycle in Gsc(h′ϕ) induces a cycle in the
graph Gsc(hϕ). The idea is similar. The occurrence of one of the above paths
can be replaced by the corresponding po-edge in Gsc(hϕ). Other edges are
anyhow available in the graph due to the construction of h′ϕ.

The argument shows that acyclicity, and hence SC-consistency, is pre-
served across the histories. We provide a formal proof in Appendix B.4.5. �

With Lemma 9.38 and Lemma 9.40, we obtain that ϕ is satisfiable if and
only if h′ϕ is SC or TSO or PSO-consistent. This proves Theorem 9.39 and
shows that TSO-Cons and PSO-Cons parameterized by the size of the data
domain behave like SC-Cons: both problems are not in XP unless P � NP.
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10. Related Work

There have been previous efforts in studying the
fixed-parameter tractability or even the fine-grained
complexity of verification tasks and decision prob-
lems fromclosely relatedfields. Wediscuss the corre-
sponding references. The related work for bounded
context switching, broadcast networks, leader con-
tributor systems, and memory consistency has al-
ready been considered in the introductions to the chapters 6, 7, 8, and 9.

10.1 Program Verification

We discuss the related work on the fine-grained complexity of verification
tasks. Some of the references are not necessarily classical parameterized
complexity results or fine-grained analyses. Nevertheless, they may state
hardness results or running times that we consider a contribution to the fine-
grained complexity of program verification. We grouped the references into
three fields: Model Checking in Section 10.1.1, Concurrency Bug Prediction and

Consistency in Section 10.1.2, and Static Analysis and Parsing in Section 10.1.3.

10.1.1 Model Checking

In their paper [264], Madhusudan and Parlato employ arguments based on
treewidth to prove the decidability of emptiness problems for various au-
tomata models common in model checking. Besides showing decidability,
the authors provide fine-grained complexity upper bounds for each of the
considered problems. In [127], Demri, Laroussinie, and Schnoebelen con-
sider the parameterized complexity of various model checking problems for
systems consisting of synchronized components — among them LTL and
CTL model checking. The chosen parameter is the number of components.
The authors show that all considered problems are intractable. Similar model
checking questions are examined in thework of Göller [191]. This time the pa-
rameter is the size of the property that needs to be checked. The author shows
that, even if the problem admits an FPT-algorithm, the running timewill typ-
ically depend on the parameter in a non-elementary way. More generally,
Flum and Grohe [165, 166] consider model checking problems for fragments
of first order logic and characterize intractability in terms of these problems.
The parameterized complexity of symbolic model checking questions was
considered by de Haan and Szeider in [117].
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10.1.2 Concurrency Bug Prediction and Consistency

The parameterized complexity of Data Race Prediction was considered by
Mathur, Pavlogiannis, and Viswanathan [270]. A data race occurs when a
shared resource is accessed simultaneously by different threads and at least
one access is a write. The authors give an upper bound for the prediction
of data races and they prove that, assuming the ETH, their algorithm is op-
timal. Moreover, they show that in general, the problem is W[1]-hard. The
intractability was further examined by the same authors in [271]. They show
that predicting races reversing synchronization operations like acquiring and
releasing locks one time is alreadyW[1]-hard. If the order of synchronization
operations is respected, data race prediction can be solved in polynomial time.
In [155], Farzan and Madhusudan consider the parameterized complexity of
Predicting Atomicity Violations. These are bugs where the intended atomicity
is interfered by another thread. When the prediction ignores the underlying
synchronization mechanism, the authors provide a singly exponential FPT-
algorithm for predicting these violations. If the mechanism is respected and
based on locks, the problem is proven to be W[1]-hard.

Related to the prediction of concurrency bugs is the problem of checking
the consistency of computations. The complexity of checking consistency un-
der the memory model SC was first considered by Gibbons and Korach [183].
Although they mostly prove NP-hardness for several variants of the problem,
they also provide fine-grained polynomial-time upper bounds which hold
under certain assumptions. This was further investigated by Furbach, Meyer,
Schneider, and Senftleben [180]. The authors considered different memory
models and besides proving NP-hardness, they provided polynomial-time
algorithms if certain parameters are assumed to be constant. The complexity
of Transactional Consistency was considered by Biswas and Enea [43]. The
authors provide an FPT-algorithm for checking this kind of consistency, a
problem proven to be NP-hard by Papadimitriou in 1979 [288]. Serializabil-

ity under TSO was considered by Enea and Farzan [149]. It is shown that
checking a trace for TSO-serializability is NP-hard but also FPT.

10.1.3 Static Analysis and Parsing

In static analysis and parsing, fine-grained complexity results mostly focus
on optimal polynomial-time algorithms. Since compilers are required to
performhighly efficient, each bit or factor of an incorporated polynomial-time
algorithm that can be improved is significant. But there are also algorithmic
barriers that are unlikely to be breached. A prominent provider for lower
bounds in this setting is the so-called Boolean Matrix Multiplication Conjecture

BMM [1, 329]. This is the assumption that two n × n Boolean matrices cannot
be multiplied by a combinatorial algorithm running in subcubic time: O(n3−ε)
for an ε > 0. The term combinatorial refers to a multiplication algorithm that
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does not incorporate an algebraic approach like Strassen did [309]. Therefore,
combinatorial is commonly interpreted as non-Strassen-like algorithm [30, 205].

Mathiasen and Pavlogiannis give a cubic upper bound for Andersen’s

Pointer Analysis [269]. They prove the optimality of their algorithm with
an application of the BMM. A fine-grained analysis of Dyck Reachability was
performed by Chatterjee, Choudhary, and Pavlogiannis in [80]. The problem
is fundamental to static analysis and for instance builds the basis of alias
analysis and data-dependence analysis. The authors show that Dyck reacha-
bility can be solved in almost linear time and they provide a corresponding
lower bound for the problem showing that their algorithm is indeed optimal.
The fine-grained complexity of On-Demand Data Flow Analysis was consid-
ered in [82]. The goal of such an analysis is to preprocess a given program
in an offline phase and then to answer on-demand queries efficiently during
an online phase, based on the preprocessed information. Roughly, the au-
thors present a linear-time and space algorithm for on-demand analyses and
argue that it is optimal. Fine-grained polynomial-time algorithms for various
problems on recursive state machines were given in [83].

Parsing general context free grammars can be performed by the well-
knownCYKalgorithm in cubic time [335]. Lee showed in [252] that a subcubic
parser is unlikely to exist assuming the BMM. Note that there are subcubic
parsers for the task like the one by Valiant [317]. However, Lee’s result
proves the existence of a combinatorial algorithm running faster than O(n3)
unlikely and Valiant’s parser relies on faster, Strassen-like, matrix multipli-
cation. Knuth found that parsing deterministic context-free languages can
be done in linear time by a so-called LR-parser [235]. LR-parsers are impor-
tant since they are often employed to parse programming languages. Since
Knuth’s work, many more practical variations of LR-parsers were invented,
for instance Simple LR [129], LALR [128, 130], andMinimal LR [287].

10.2 Automata Theory

Parameterized and fine-grained complexity analyses have been performed
for various problems in automata theory. In [159], Fernau, Heggernes, and
Villanger considered the complexity of the problems Synchronizing word and
DFA Consistency. The former seeks for a word that is uniformly accepted
from all initial states, the latter separates two sets of words by a DFA. The
authors performed two fine-grained complexity analyses of the problems in-
cluding FPT-upper bounds, ETH and SETH-based lower bounds, as well as
kernel lower bounds. Fernau and Krebs, in [160], considered the complexity
of Universality, Equivalence, and Intersection Emptiness for finite automata over
various alphabets. They provide lower bounds for these problems relying
on ETH and SETH. The so-called Bounded DFA Intersection Emptiness Prob-

lem was considered by Wareham [323]. The work provides a separation of
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tractable and intractable parameters of the problem. Variants of the intersec-
tion emptiness problem for finite automata and relatedmodels have also been
considered from a fine-grained perspective in [119, 312, 325].

Fine-grained polynomial upper and lower bounds for generalized Büchi
games were provided by Chatterjee, Dvorák, Henzinger, and Loitzenbauer
in [81]. Their lower bounds do not solely rely on the BMM but also on other
hardness assumptions like the Orthogonal Vectors Conjecture (OVC) and the
Strong Triangle Conjecture (STC). The fine-grained complexity of reachability
on pushdown systems was considered by Chatterjee and Osang [84] and
Hansen, Kjelstrøm, and Pavlogiannis [200]. The former work shows that the
problem is unlikely to admit a subcubic combinatorial algorithm, even on
simple path-like pushdown systems. The latter paper provides a quadratic-
time algorithm for sparse pushdown systems with bounded stack height as
well as a corresponding lower bound. The parameterized complexity of safety
in threshold automata was examined by Balasubramanian [25]. The author
proves the general problem to be W[1]-hard but restrictions of the problem
that reflect practical instances are shown to be fixed-parameter tractable.
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We elaborate on problems and ideas that we consider
future work. We differentiate between two directions. In
Section 11.1we discuss taskswithin the realm of program
verification that are suitable for a fine-grained complexity
analysis. Moreover,wegive ideas onextending the results
obtained in this thesis. In Section 11.2, we explain our
ideas on related problems. This includes a question on
the space consumption of our verification algorithms and
a meta problem from fine-grained complexity theory.

11.1 Verification Tasks

We consider two reachability problems of models that are well-known from
program verification. Then we discuss possible extension of our results to
checking consistency under certain memory models.

Reversal Bounded Counter Machines A counter machine is a finite automa-
ton equipped with a set of integer counters. These are manipulated by the
transitions of the machine: they can be increased, decreased, and even tested
for zero. Reachability on themodel is undecidable since already two counters
suffice to simulate a Turing machine [278]. To regain decidability, Ibarra [214]
introduced the class of reversal bounded counter machines. A reversal occurs
on a counter if it swaps from an increasing to a decreasing phase or vice
versa. The corresponding reachability problem then asks whether a state or
a configuration can be reached within a given number of reversals.

The reachability problem for reversal bounded countermachines is known
to be NP-complete [197]. Although Gurari and Ibarra investigate the in-
tractability and tractability of parameters up to some extent in their work,
a fine-grained complexity analysis of the problem is still missing. We aim
for such an analysis. Significant parameters that could be investigated are
the number of allowed reversals, the number of counters, and the size of the
underlying finite automaton (its number of states).

Communication Free Petri Nets and Basic Parallel Processes Communica-

tion free Petri Nets [150, 208] are a restricted class of Petri Nets where each
transition requires only one token for activation. Unlike for general Petri
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Nets, where the reachability problem was recently proven to be Ackermann-
complete [115, 253], the reachability problem for communication free Petri
Nets is known to be NP-complete [150]. The importance of this model comes
from the fact that communication free Petri Nets correspond to so-called Basic

Parallel Processes [99, 178, 208, 209, 220, 221, 222], a simple class of recursive
expressions capable of capturing concurrent behavior.

The NP-completeness makes a fine-grained complexity analysis of the
reachability problem appealing. There are various parameters that could be
of interest: the number of places, the number of transitions, or the highest
number of tokens that occur while firing a transition.

Memory Consistency In Chapter 9, we developed a framework that yields
consistency algorithms and we applied it to the memory models SC, TSO,
PSO, and RMO. We would like to explore the limitations of the framework
and examine whether it can be instantiated to other memory models like
POWER as well. If such an application is not immediate, we want to gen-
eralize the framework accordingly. This requires a deeper understanding
of the CAT [12] formulation of the desired memory models and how much
expressiveness of CAT we can handle with the framework.

A further idea with the framework is to develop a tool for checking con-
sistency. Since our algorithm runs in time O∗(2k), where k is the number of
write events of the given history, a preprocessing that reduces this parame-
ter would significantly help to improve the algorithm on practical examples.
Such a preprocessing was developed and implemented by Bouajjani, Enea,
Erradi, and Zennou [336]. In the corresponding tool, the authors currently
combine their preprocessing with an enumeration that takes time O∗(kk). We
believe that replacing the enumeration by our O∗(2k)-time dynamic program-
ming algorithm would result in a tool that is fast on larger instances.

Concerning the parameterized complexity of checking consistency, two
further questions remained open. First, it is not yet clear how the number
of variables in the given history affects the parameterized complexity of the
problem. Gibbons and Korach [183] have shown that checking consistency
with two variables is alreadyNP-hard but their reduction heavily relies on the
fact that the given history is not data-independent. We believe that proving
the potential intractability of the parameter in the data-independent case
requires a quite clever construction like for the number of threads [270].

The second question is how the fine-grained complexity of checking con-
sistency, measured in the number of write events k, behaves in the data-
dependent case. We know that there is an algorithm for this case which
runs in time O∗(kk). It iterates over all total orders of write events and then
greedily reads. However, it is not yet clear whether our O∗(2k)-time algo-
rithm can be generalized to this case or whether there is a lower bound of the
form 2o(k·log(k)). The former would require a more powerful FPT-technique
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which tames the complexity stemming from the missing reads-from relation.
The latter would require a clever reduction, for instance from k × k-Clique.

11.2 Further Problems

We discuss ideas on two related problems. The first idea concerns the space
consumption of our verification algorithms and whether it can be reduced,
the second is on the expressiveness of (fast) subset convolution.

Space Usage Most algorithms that rely on dynamic programming, also the
ones presented in this thesis, require exponential space. This is typically a
bottleneck. In their work [261], Lokshtanov and Nederlof present techniques
to reduce the space consumption of dynamic programming algorithms signif-
icantly — to polynomial space — without increasing the running time by too
much. The main idea is to perform an algebraization. This requires the appli-
cation of fast transforms, like the ones presented in Section 3.3.1, to translate
the underlying problem or structure into the algebraic world.

We would like to figure out to what extend the techniques presented by
Lokshtanov andNederlof can be applied in our setting, as space consumption
is often critical for verification algorithms. Especially for the problem Shuffle
Mem and for checking consistency under a given memory model, we would
like to investigate a potential application. Currently, we solve the former
problem in time O∗(2k) via fast subset convolution but we require exponential
space. With the techniques of [261], there might be a more elaborate alge-
braization that allows for an O∗(2k)-time and polynomial-space algorithm.
For checking consistency, we currently employ a dynamic programming al-
gorithm that requires exponential space. With an algebraization, we hope to
reduce the requiredmemory to polynomial space. It would not only be rather
surprising but also mathematically very appealing if an algebraization could
help to obtain a more efficient algorithm for checking memory consistency.

Expressiveness of Subset Convolution In [89], we considered a new log-
ging procedure for hardware monitoring. Roughly, a signal is traced on a
certain interval of clock cycles and each such cycle is associated with a bitvec-
tor from a set V that uniquely identifies it. Any time the signal turns from 0
to 1 or vice versa, the logging procedure adds up the corresponding bit vector.
As a result, we obtain a target vector t and the precise number of signal flips k.
The corresponding testing problem for the procedure then asks whether a
given target vector t can be reached by adding up exactly k vectors from V .

This testing problem can be understood as an exact coverability problem over
the field F2 and is clearly NP-hard. In [92], we considered its fine-grained
complexity. We solved the problem with an extension of subset convolution
faster than the naive dynamic programming algorithm. This extension is

283



11. Future Work

capable of expressing the requirement of having exactly k distinct vectors, which
is not immediate. This raised the question of howmuch requirements we can
express or computewith the convolutionwithout increasing the running time
of either fast subset convolution [48] — in the case of the union operator on
sets, or of theWalsh-Hadamard transform [8]— in the case of addition/XOR.
At best we would like to have an algebraic description of the properties or the
domain where the convolution operator can be computed without harming
the running time. As we have already seen for Shuffle Mem and the above
problem, this could have applications in testing.
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12. Conclusion

Wehavepresenteda comprehensive studyof thefine-
grained complexity of program verification. To this
end, we examined howwell-known techniques from
parameterized and fine-grained complexity theory
carry over to typical safety, liveness, and testingprob-
lems from program verification. Our results do not only provide a detailed
picture of the complexity of each considered problem but also provably opti-
mal verification algorithms for the same.

First, we considered the complexity of BCS and established anO∗(mcs ·2cs)-
time algorithm and a lower bound of m

o(cs/log(cs)). The algorithm shows that
BCS benefits from FPT-techniques like fast subset convolution. Further, we
have seen that lower bound assumptions like the SCON and the ETH, as well
as intractability theory known from parameterized complexity theory help to
understand the complexity of BCS in much finer detail.

We also examined the fine-grained complexity of safety and liveness in
parameterized systems, namely in broadcast networks and leader contributor
systems. For the former we considered the liveness verification problems
BNL and FBNL and provided a polynomial-time algorithm for both, thereby
closing a long-standing gap in their complexities. For the latter, we considered
the safety verification problem LCR. We gave two algorithms, one running
in time (d + l)O(d+l) and one running in time O∗(2c). Both algorithms were
matched by corresponding lower bounds, one based on the ETH, one based
on the SCON. Other parameterizations of LCR were shown to be intractable.
Subsequently, we considered LCL, the liveness verification problem of leader
contributor systems. We showed that LCL can be decomposed into LCR and a
cycle findingproblemCYC. By solvingCYC in polynomial time,we concluded
that the complexity of LCR and LCL match up to a polynomial factor.

Finally, we considered the problem of checking consistency of computa-
tions over a shared memory. We provided a framework that takes a memory
model and yields a consistency algorithm that runs in timeO∗(2k). We applied
the framework to the models SC, TSO, PSO, and RMO. For the former three
models, we matched the running time of the obtained consistency algorithm
with a corresponding lower bound relying on the ETH.

Altogether, our results show that techniques fromparameterized andfine-
grained complexity help tounderstand the complexity of programverification
in more detail. Not only are these techniques capable of providing new and
optimal approaches to verification, they also help to distinguish between
simple and intricate instances. This matches our goals formulated initially.
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A. Additional Material for
Parameterized and Fine-Grained

Complexity

We provide additional material and proofs for the chapters 3, 4, and 5.

A.1 Additional Material and Proofs for Chapter 3

A.1.1 Proof of Lemma 3.9

Proof. We prove the equation by showing two inequalities. For the first one,
let a cover C ⊆ {F1 , . . . , F j} of X be given. There are two cases: (1) F j < C
or (2) F j ∈ C. In Case (1), we have that C is contained in {F1 , . . . , F j−1} and
hence |C | ≥ T[X, j − 1]. For Case (2), consider that X \ F j is covered by
C \ {F j} ⊆ {F1 , . . . , F j−1}. We obtain that |C| ≥ 1 + T[X \ F j , j − 1]. Putting
both cases together we can derive the inequality

T[X, j] ≥ min(T[X, j − 1], 1 + T[X \ F j , j − 1]).

For the other direction, let a cover C ⊆ {F1 , . . . , F j−1} of X be given. Then,
C also lies in {F1 , . . . , F j} and appears in the definition of T[X, j]. Hence,
|C| ≥ T[X, j]. If a cover C ⊆ {F1 , . . . , F j−1} of X \ F j is given, we can complete
it to a cover C∪{F j} of X within {F1 , . . . , F j}. Consequently, |C| + 1 ≥ T[X, j].
Combining both observations, we obtain a second inequality:

T[X, j] ≤ min(T[X, j − 1], 1 + T[X \ F j , j − 1]).

The inequalities show that the recurrence, as it is stated above, is indeed
correct. This completes the proof of the lemma. �

A.1.2 Proof of Theorem 3.20

Proof. We begin with the ranked zeta transform. We interpret the function f
over vectors. Then, the ranked zeta transform ζ̂ f is given by

(ζ̂ f )(k , x1 , . . . , xn) �
∑

y1 ,...,yn∈{0,1}
y1+···+yn�k

[y1 ≤ x1 ∧ . . . yn ≤ xn] · f (y1 , . . . , yn).
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Note that the sum of the yi needs to be equal to k. This ensures that the
current set in the summation is actually of correct size k.

To compute ζ̂ f , we define a table ζ̂k[(x1 , . . . , xn), j]with an entry for each
vector (x1 , . . . , xn) ∈ {0, 1}n and integers k , j ∈ [0..n]. For j ≥ 1, an entry
ζ̂k[(x1 , . . . , xn), j] stores the following sum:∑

y1 ,...,y j∈{0,1}
y1+···+y j�k

[y1 ≤ x1 ∧ . . . y j ≤ x j] · f (y1 , . . . , y j , x j+1 , . . . , xn).

For j � 0, we define ζ̂k[(x1 , . . . , xn), 0] � f (x1 , . . . , xn). Note that the defini-
tion immediately implies that ζ̂k[(x1 , . . . , xn), n] � ζ̂(k , x1 , . . . , xn).

To fill the table, we employ a dynamic programming along the following
recurrence, quite similar to the fast zeta transform.

ζ̂k[(x1 , . . . , xn), j] �


ζ̂k[(x1 , . . . , xn), j − 1] if x j � 0,
ζ̂k[(x1 , . . . , x j−1 , 0, x j+1 , . . . , xn), j − 1]
+ ζ̂k−1[(x1 , . . . , x j−1 , 1, x j+1 , . . . , xn), j − 1]

if x j � 1.

As for the fast zeta transform, the first case x j � 0 is immediate and the second
case x j � 1 requires a distinction of y j � 0 and y j � 1. Note that for y j � 1,
we must take the sum y1 + · · · + y j � k into account. In fact, when removing
y j from the summation, we obtain y1 + · · · + y j−1 � k − 1. This explains the
occurrence of ζ̂k−1[(x1 , . . . , x j−1 , 1, x j+1 , . . . , xn), j − 1] in the recurrence.

We apply the recurrence for increasing k � 0, 1, . . . , n. Hence, we can
compute the ranked zeta transform in O(2n · n2) arithmetic operations. For
computing the ranked Möbius transform, one can reuse the recurrence of the
fast Möbius transform and derive an algorithm similar to the fast ranked zeta
transform. It needs O(2n · n2) arithmetic operations. �

A.1.3 Further Applications of Subset Convolution in Counting

We show further applications of fast subset convolution. In the following, we
employ the technique to determine the chromatic number, the domatic number,
and to count the number of spanning forests of a graph.

Chromatic Number The chromatic number of a graph is the minimum num-
ber of colors needed to color the graph. For the example given in Figure 3.4,
this number is 3. We refer to the problem that, given a graph G � (V, E), com-
pute its chromatic number, as Chromatic [112]. With being able to compute
the number of k-colorings, according to Theorem 3.24, solving Chromatic is
simple. Let F again denote the family of independent sets within V and χF
its characteristic function. We compute ∗kχF for increasing k, starting from 1.
Since (∗kχF )(V) > 0 if and only if there is a k-coloring of G, we stop as soon
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v1 v2 v3

v4 v5

Figure A.1: The red marked vertices A1 � {v1 , v2 , v5} and the green marked
vertices A2 � {v3 , v4} show two dominating sets of the underlying graph. The
pair (A1 ,A2) is a domatic partition. Note that there is no domatic partition
with three or more sets. The domatic number of the graph is 2.

as we arrive at the minimal k with (∗kχF )(V) > 0. Then, k is the chromatic
number. The algorithm terminates as the chromatic number of a graph is at
most its number of vertices. Altogether, it takes O∗(2n) time.

Domatic Number Theorem 3.23 can be used to determine the domatic num-

ber of a graph. To clarify the notion, we start by defining dominating sets. Let
G � (V, E) be a graph. A subset X ⊆ V is called dominating set if each vertex
in V \ X is connected to a vertex in X. Examples are given in Figure A.1.

Deciding the existence of a dominating set of a certain size in a given
graph is a well-studied NP-complete decision problem, called Dominating
Set [112]. The problemwill be of interest later. We are interested in partitions
into dominating sets. Let k ∈ N be an integer. A k-domatic partition of G is
a k-partition (A1 , . . . ,Ak) of V , where each set Ai is a dominating set of G.
The domatic number of G is the maximal size of such a partition. Formally, the
maximal k ∈ N such that there exists a k-domatic partition of G.

To compute the domatic number, we can employ Theorem 3.23 with F
being the family of dominating sets. Computing F and its characteristic
function χF can be established in time O∗(2n). The value (∗kχF )(V) is non-
negative if and only if there is a k-domatic partition of G. Hence, we compute
∗kχF iteratively for increasing k andwe stop as soon as we reach a k such that
(∗k+1χF )(V) � 0. Then, k is the domatic number. Note that the algorithm
terminates since the domatic number is bounded by n and it takes timeO∗(2n).

Counting Spanning Forests We can count other types of partitions by vary-
ing the family F and its characteristic function χF in Theorem 3.23. As long
as we guarantee that χF can be computed in time O∗(2n), like we did for
independent sets and dominating sets, the theorem yields an O∗(2n)-time
algorithm for counting partitions into the corresponding sets.

But fast subset convolution can also handle more general functions. For
instance, it can be used to to count the number of spanning forests [170], a
problem that is known for its #P-completeness [219]. A spanning forest of
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an undirected graph G � (V, E) is an acyclic subgraph of G that spans all
vertices in V . If the subgraph is connected, it is a spanning tree. Hence, a
spanning forest consists of various spanning trees that are not connected to
each other. But this means that a spanning forest actually induces a partition
of the vertices into sets that can be spanned by trees.

The latter observation lets us determine the number of spanning forests
via subset convolution. To this end, define s : P(V) → Z to be the function
mapping a subset X ⊆ V to the number of spanning trees in the induced
subgraph G[X]. Moreover, let k ∈ N be an integer. Then, the number of
spanning forests that consist of k spanning trees is given by

(∗k s)(V) �
∑

A1∪...∪Ak�V
Ai∩A j�∅,i, j

s(A1) · · · s(Ak).

Assuming we are given the map s, we can compute ∗k s for each k ∈ [1..n]
in time O∗(2n). Hence, we can determine the total number

∑n
k�1(∗k s)(V) of

spanning forests of G within the same time complexity. To get the function s,
we apply Kirchhoff’s matrix tree theorem [234]. It shows that the number of
spanning trees in a graph can be computed in polynomial time. By computing
the number for each subset X of V , we can obtain s in time O∗(2n).

A.1.4 Proof of Lemma 3.28

Proof. In order to show the correctness of the representation, we prove that
ζ( f ∗c g) � (ζ f ) · (ζg). Then, the result follows from the fact that the Möbius
transform µ is the inverse operator of the zeta transform ζ, see Lemma 3.15.
We begin by expanding the left-hand side. To this end, let X ⊆ U.

ζ( f ∗c g)(X) �
∑
Y⊆X

( f ∗c g)(Y)

�

∑
Y⊆X

∑
A∪B�Y

f (A) · g(B)

�

∑
A∪B⊆X

f (A) · g(B).

The latter reformulation is correct since it does not make a difference whether
to sum over all covers of subsets of X or to sum over the subsets in the cover
directly. But if we do so, the sum is actually a product of two sums.∑

A∪B⊆X

f (A) · g(B) �
( ∑

A⊆X

f (A)
)
·
( ∑

B⊆X

g(B)
)

�
(
(ζ f )(X)

)
·
(
(ζg)(X)

)
�

(
(ζ f ) · (ζg)

)
(X).

We can derive that ζ( f ∗c g) � (ζ f ) · (ζg)which completes the proof. �
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A.2 Additional Material and Proofs for Chapter 4

A.2.1 Proof of Theorem 4.6

Proof. Let (F , r) be an instance of Set Cover with universe U and family
of sets F � {S1 , . . . , Sm}. We construct an instance (G, k) of Dominating
Set as follows. First, we set the parameter k � r. Then we construct the
graph G � (V, E). It contains vertices for each element in U and for each set
in F . Formally, V � U ∪ S where S � {s1 , . . . , sm} contains m fresh vertices.
There is an edge from a vertex u ∈ U to a vertex si in S if and only if u ∈ Si .
Moreover, the vertices in S form a clique. Formally,

E � {{u , si} | u ∈ Si} ∪ {{si , s j} | i , j}.

The edges of the form {u , si} represent the cover problem. The clique is
needed to remove additional domination conditions from the vertices in S.
The only condition should be to dominate vertices of U and not other vertices
in S. An illustration of the graph can be found in Figure A.2.

Since G can be constructed in polynomial time, it is left to prove the
correctness of the reduction. To this end, let (F , r) be a yes-instance of Set
Cover. Then, there is a cover of U consisting of at most r sets in F . Phrased
differently, there is a set of indices I with |I | ≤ r and U �

⋃
i∈I Si . Consider

the set of vertices X � {si | i ∈ I} ⊆ S. We have |X | ≤ r and by construction
of G, the set X is dominating. In fact, each vertex s ∈ S either belongs to X or
is adjacent to a vertex of X since G[S] is a clique. A vertex u ∈ U belongs to
a set Si with i ∈ I since we assumed to have a cover. Hence, by construction
there is an edge {u , si} ∈ E with vertex si ∈ X.

Now let (G, k)with k � r be a yes-instance of Dominating Set. Then, there
is a dominating set X of size at most r in G. The set X may contain vertices
from U and S. We show that there is a dominating set of equal or smaller size
containing only vertices of S. To this end, we assume that each element u ∈ U
belongs to some set Si ∈ F . If this is not the case, we clearly started with a
no-instance of Set Cover(r) and the reduction is redundant. Let X contain a
vertex u ∈ U. By our assumption, there is a vertex si ∈ S such that {u , si} ∈ E.
Then, the set X \{u}∪{si} is still a dominating set of G and of same or smaller
size than X. Iterating this process yields a dominating set Y of size at most r
with Y ∩U � ∅. From Y, we can construct a cover of U.

Consider the set of indices I � {i | si ∈ Y}. Then, the sets Si ∈ F with i ∈ I
cover the universe U. In fact, let u ∈ U be an element. Since Y is a dominating
set of G, there is a vertex si ∈ Y such that {u , si} ∈ E. By construction of G
this means that u ∈ Si and i ∈ I. We obtain U �

⋃
i∈I Si . �
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u1 u2 . . . unU

s3s2s1 . . . smS

. . .

. . .
. . .
. . .

. . .

. . .

u1 ∈ S1 u1 ∈ S2

Figure A.2: The constructed graph G � (V, E)with vertices V � U ∪ S, where
U � {u1 , . . . , un} and S � {s1 , . . . , sm}. The lower part of the graph, G[S],
forms a clique. There are no edges between the vertices of U. An edge {ui , s j}
is present in the graph if and only if ui belongs to the set S j .

A.2.2 Proof of Lemma 4.11

Proof. To prove the lemma, we first define a family of circuits that replaces
the 2 in the definition of weft by another constant. Let c ∈ N be a constant
with c ≥ 2. Moreover, let d ≥ 1. The family C(t , c , d) consists of all circuits
that are of depth at most d and that have at most t gates with fan-in larger
than c on each input-output path. Note that C(t , d) � C(t , 2, d).

Our next step is to give a parameterized reduction from WCS[C(t , c , d)],
the problem WCS restricted to circuits of the family C(t , c , d), to the prob-
lemWCS[C(t , d ·c)]. Let (C, k) be an instance of the former, with C ∈ C(t , c , d).
We construct a circuit C′ as follows: each gate in C with fan-in at most c is
transformed into a chain of at most c − 1 gates, each with fan-in 2. For each
such transformation, we need to add at most c to the depth. Since the depth
of C was bounded by d, the depth of the resulting circuit C′ is at most d · c.
The construction is correct: C has a satisfying assignment of weight k if and
only if C′ has. Hence, we have a parameterized reduction.

Nowwe interchange the class C(t , d) of circuits in the definition ofW[t] by
the new family C(t , c , d). LetW′[t] be the class of problems that are reducible
to WCS[C(t , c , d)] for some d ∈ N. By the above reduction, we obtain the
inclusion W′[t] ⊆ W[t]. Hence, it is left to show the other inclusion as well.
To this end, note that each circuit ofweft bounded by t has atmost t gateswith
fan-in larger than 2 on each input-output path. Hence, it also has at most t
gates of fan-in larger than c on each input-output path. Phraseddifferently, we
have C(t , d) ⊆ C(t , c , d). This immediately yields a parameterized reduction
from WCS[C(t , d)] to WCS[C(t , c , d)], namely the identity. Hence, we obtain
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the other inclusion as well: W[t] ⊆ W′[t]. �

A.2.3 Proof of Theorem 4.19

Proof. Let (G , r) be an instance ofHitting Set and letG be over the universeU.
We construct an instance (F , r) of Set Cover. The new universe that we
consider is V � G, the family of sets of the Hitting Set-instance. The family
F ⊆ P(V) consists of the subsets Fu ⊆ V , one for each u ∈ U. A set Fu
contains all sets of V where element u is present:

Fu � {G ∈ V | u ∈ G}.

It is left to prove that there is a hitting set of size at most r intersecting
each set of G if and only if there is a set cover of V consisting of at most r sets
from F . First, we may assume that there is a hitting set H ⊆ U with |H | ≤ r.
Consider the subfamily C � {Fu ∈ F | u ∈ H} of F . It has size at most r.
Moreover, it forms a set cover of V . To see the latter, let G ∈ V . Since H is a
hitting set, there exists an element u ∈ U that lies in the intersection H ∩ G.
Hence, G ∈ Fu and Fu is a set from C. We obtain V �

⋃
Fu∈C Fu .

For the other direction, let a set cover of V , a subfamily C ⊆ F of size at
most r with V �

⋃
Fu∈C Fu be given. We construct a hitting set H by setting

H � {u ∈ U | Fu ∈ C}. The set is of size at most r and intersects with each
set from G: let G ∈ G � V , then there is a set Fu ∈ C so that G ∈ Fu . But this
means that u ∈ H and u ∈ G. Hence, the intersection H∩G is non-empty. �

A.3 Additional Material and Proofs for Chapter 5

A.3.1 Proof of Lemma 5.2

Proof. Assume the contrary, namely that there is an algorithm A solving
the problem 3-SAT in time 2o(n). Our goal is to derive a contradiction.
Algorithm A runs in time O∗(2n/g(n)) where g(n) is an unbounded and
monotonously increasing function. Since δ3 > 0 by ETH, we can conclude
that there is an integer n0 ∈ N such that for each n ≥ n0, we have

g(n) > 2
δ3
.

The inequality implies that the running timeof algorithmA canbe asymp-
totically bounded. Therefore,A runs in time

O∗(2n/g(n)) � O∗(2 1
2 ·δ3·n).

By the definition of δ3, we get that 0 ≤ δ3 ≤ 1
2 · δ3 and hence δ3 � 0. This

contradicts the exponential time hypothesis and completes the proof. �
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A.3.2 Proof of Theorem 5.10

Proof. We follow a linear reduction from 3-SAT to Directed Ham. Cycle and
obtain the lower bound for the latter from Lemma 5.6. To this end, let ϕ be
a formula in 3-CNF with n variables and m clauses. We construct a directed
graph G with at most 7 ·m many vertices such that G has a Hamiltonian cycle
if and only if the formula ϕ is satisfiable.

For each variable x in ϕ, we construct a variable gadget, a subgraph sim-
ulating the evaluation of x. It contains 2 · `(x) many vertices, where `(x)
is the number of times that x appears as a literal in ϕ. Let these vertices be
called v1 , v2 , . . . , v2·`(x). We chain them by adding the directed edges (vi , vi+1)
and (vi+1 , vi). An illustration is given in Figure A.3. Evaluating x is then sim-
ulated by traveling through the gadget: going from left to right corresponds
to setting x to 0. Going from right to left amounts to setting x to 1.

Clauses are represented as follows. For a clause C, we add a single new
vertex to the graph that we also refer to as C. Assume C contains a variable
x and let C be the i-th clause that holds x or ¬x as a literal, according to
some enumeration. Then we tie the variable gadget of x with the vertex C,
depending on the precise literal. If x appears as literal in C, we add the edges
(v2·i+1 , C) and (C, v2·i). Otherwise, ¬x is a literal in C and we add the two
edges (v2·i , C) and (C, v2·i+1). Assume we are in the latter case and we take a
tour from left to right in the variable gadget of x, we evaluate x to 0. Then, we
can visit the vertex C and return to the variable gadget. If we go from right to
left, we evaluate x to 1, we cannot visit C and return. Hence, visiting C and
thus satisfying the clause is left to another variable.

Finally, we add some edges that let us choose an assignment of the vari-
ables. Let x1 , . . . , xn be an enumeration of the variables and v1 , . . . , v2·`(xi) the
vertices of the variable gadget of xi and similarly u1 , . . . , u2·`(xi+1) the vertices
of xi+1’s gadget. We add the following four edges:

(v1 , u1), (v1 , u2·`(xi+1)), (v2·`(xi) , u1), (v2·`(xi) , u2·`(xi+1)).

We further add these four edges between the variable gadgets of xn and x1.
Intuitively, the edge (v2·`(xi) , u1) means that from the right end of the

variable gadget of xi , so after evaluating xi to 0, we go to the left end of the
variable gadget of xi+1, so we evaluate xi+1 to 0 as well.

The constructed graph G has one vertex for each clause and 2 ·`(x) vertices
for a variable x. Since ϕ contains at most 3 · m many literals, we can bound
the number of vertices of G by the following inequality:

m +

n∑
i�1

2 · `(xi) ≤ m + 2 · 3 · m � 7 · m.

Hence, it is left to argue on the correctness. Like mentioned above, an
assignment can be simulated by G by traveling through the variable gadgets

322



A.3. Additional Material and Proofs for Chapter 5

v1 v2 . . . vi vi+1 . . . v2·`(x1)

u1 u2 . . . u j u j+1 . . . u2·`(x2)

w1 w2 . . . wl wl+1 . . . w2·`(xn)

..
.

..
.

..
.

. .
.

. .
. ..

.

C

Figure A.3: Graph G constructed from ϕ on variables x1 , . . . , xn . Variable
gadgets are marked blue. We show the gadget of x1 containing the vertices
vi , the gadget of x2 containg the vertices ui , and the gadget of xn containing
the wi . Going from left to right through a gadget means evaluating the cor-
responding variable to 0. Similarly, going from right to left means evaluating
it to 1. Note the edges between the variable gadgets. They are used to choose
the evaluation. The clause C in the figure is given by ¬x1 ∨ x2 ∨ ¬xn . It is
connected appropriately to the variable gadgets by the red marked edges.

in the appropriate direction. During this travel, the clause vertices can be
visited and thus satisfied if the literal matches the chosen assignment. Hence,
a Hamiltonian cycle in G corresponds to a satisfying assignment of ϕ. �

A.3.3 Proof of Theorem 5.12

Proof. We follow the classical reduction from 3-SAT. To this end, let ϕ be a
formula in 3-CNF with n variables and m clauses. We construct a graph G
such that G is 3-colorable if and only if ϕ is satisfiable.

First, we introduce three vertices: F, T, and N , that are arranged in a
triangle. In a proper 3-coloring all three vertices need to have different colors.
The color that is assigned to F models the evaluation false, the color of T
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models true, and the color of N is the base color. To ease the notation, we refer
to these colors by T, F, and N when we consider colorings of the graph.

To simulate variable assignments, we introduce a gadget for each vari-
able x. It consists of two vertices, x and ¬x, that are connected to each other.
Moreover, x and ¬x are both adjacent to N . Hence, in a 3-coloring of the
graph, x and ¬x cannot be assigned the same color and one of them needs to
be colored by T, the other one by F. This means that exactly one of the literals
is evaluated to true and the other one to false.

Clauses are simulated by clause gadgets. For a clause C � `1 ∨ `2 ∨ `3
with the three literals `i , we construct it as follows. There are two triangles
that simulate the or gates in the clause. The first triangle has as inputs an
edge from `1 and `2. The third node is the output, called out1, of this or

gate. The second triangle has as inputs an edge from `3 and from out1 and
an output vertex called out2. Hence, the triangles are stacked and can be seen
as appending one or gate to another. The vertex out2 is moreover adjacent
to F and N implying that in a 3-coloring out2 has to be colored by T which
represents the evaluation of C. An illustration is given in Figure A.4.

Concerning the correctness of the construction, note that a clause gadget
can be colored by 3 colors in G if and only if one of its input literals is colored
by T. The latter is true if and only if one of the literals is assigned true.

The graph has a total of 3 + 2 · n + 6 · m vertices. Hence, the reduction is
indeed linear and the result follows by Lemma 5.6. �

A.3.4 Proof of Lemma 5.17

Proof. Assume there is an algorithm solving Q in time f (t) · no(t) where n
is the size of the input and f (t) is a computable function. We show that
this contradicts the ETH. There is a linear parameterized reduction from
Clique to Q. Let the reduction take an instance (G, k) of Clique and output
an instance (I , t) of Q in time g(k) · |G |d where g(k) is a computable function
and d ∈ N is a constant. Moreover, let t � c · k for a constant c ∈ N. Note
that the size of I is bounded by the running time of the reduction, we get
the estimation |I | ≤ g(k) · |G |d . By appending the algorithm for Q to the
reduction, we obtain an algorithm for Clique that runs in time

f (t) · |I |o(t) + g(k) · |G |d ≤ f (c · k) · (g(k) · |G |d)o(k) + g(k) · |G |d

≤ f (c · k) · g(k)o(k) · |G |o(k).

The function f (c · k) · g(k)o(k) is computable 12 since f (t), themultiplication
function c · k, and g(k) are. Hence, the described algorithm for Clique con-
tradicts Theorem 5.15 and therefore the ETH. This completes the proof. �

12Recall that o(k) � k/s(k) for a monotonously increasing and unbounded function s(k).
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T F

N

xi

¬xi

x1

¬x1

. . .

. . .

xn

¬xn

. . .

. . .

out1

out2

FigureA.4: The graph constructed froma formulaϕwith variables x1 , . . . , xn .
Variable gadgets are marked blue. The red marked part of the graph is the
gadget of the clause C � ¬x1 ∨ xi ∨ ¬xn . It is connected to its literals. Its
output out2 represents the evaluation of C. The vertex is adjacent to F and N .
In a 3-coloring, it has to be colored by T — C must evaluate to true.

A.3.5 Proof of Theorem 5.22

Proof. We show that, if the SETH holds then the ETH holds as well. To
this end, assume the latter does not hold. Formally this means that δ3 � 0.
Our goal is to show that this already implies δq � 0 for each q ∈ N which
contradicts the SETH. To start with, let q ∈ N be a constant with q ≥ 4
and δq > 0. Note that such a constant exists since the SETH holds true.

We construct an algorithm for q-SAT that breaks the SETH. Let a formulaϕ
in q-CNF with n variables be given. First, we decompose ϕ by sparsification.
To this end, set ε �

1
4 · δq > 0. By Theorem 5.3, there exists a constant K ∈ N

and an algorithmD running in time O∗(2ε·n) that computes a decomposition

ϕ �

t∨
i�1

ϕi ,

where t ≤ 2ε·n and each ϕi is a formula in q-CNF with at most K · n clauses
and n variables. Note that ϕ is satisfiable if and only if one of the ϕi is.

Now we transform each ϕi to an instance ψi of 3-SAT by the following
reduction. Each clause C � `1 ∨ . . .∨ `q of ϕi is replaced by introducing q − 3
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new variables x1 , . . . , xq−3 in ψi and the following q − 2 clauses:

C1 � `1 ∨ `2 ∨ x1 ,

C2 � ¬x1 ∨ `3 ∨ x2 ,

. . .

Cq−2 � ¬xq−3 ∨ `q−1 ∨ `q .

Clearly, the formula ψi can be computed in polynomial time and ϕi is
satisfiable if and only if ψi is. Since ϕi has at most K · n clauses, the total
number of variables of ψi can be estimated as follows:

n + (q − 3) · K · n ≤ (1 + q · K) · n.

Now we check satisfiability of each formula ψi by a suitable 3-SAT-
algorithm. We assumed that δ3 � 0. Since this is the infimum of the set

A � {c ∈ R | There is an algorithm solving 3-SAT in time O∗(2c·n)},

there is a sequence (cn)n∈N in A that converges to 0. Hence, there exists an
index n0 ∈ N such that the element d � cn0 from the sequence satisfies:

d ≤
δq

4 · (1 + q · K) .

Since d is in element of A, there is a corresponding algorithm A solving
3-SAT in time O∗(2d·n). We applyA to each formula ψi . Since ψi has at most
(1 + q · K) · n many variables, this step takes time

O∗(2d·(1+q·K)·n) � O∗(2 1
4 ·δq ·n).

As soon as one of the ψi is found to be satisfiable, the original formula ϕ
is satisfiable as well and we can report a yes-instance. Otherwise, if none of
the ψi has a satisfying assignment, ϕ is a no-instance. Hence, the described
algorithm solves the problem q-SAT. Summing up, it runs in time

O∗(2 1
4 ·δ4·n︸︷︷︸
A on ψi

· 2ε·n︸︷︷︸
nr. of ψi

+ 2ε·n︸︷︷︸
D on ϕ

) � O∗(2 1
4 ·δq ·n+ε·n) � O∗(2 1

2 ·δq ·n).

Altogether, we found an algorithm solving q-SAT in time O∗(2 1
2 ·δq ·n). By

the definition of δq we obtain 0 ≤ δq ≤ 1
2 · δq and therefore δq � 0 which

contradicts the above δq > 0. This completes the proof. �
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A.3.6 Proof of Lemma 5.23

Proof. Assume that the SETH holds. By definition this means that the se-
quence (δq)q∈N converges to 1. We are interested in the constant δ which
reasons over the running time of algorithms for the general problem SAT. It
is defined to be the infimum of the following set:

A � {c ∈ R | There is an algorithm solving SAT in time O∗(2c·n)}.

We show that δq ≤ δ for each q ∈ N. To this end, let q ∈ N and let c ∈ A
be arbitrary. Then, there exists an algorithm A solving SAT in time O∗(2c·n).
Clearly, A also solves the problem q-SAT. But this means δq ≤ c and since c
is an arbitrary element of A and δ is the infimum, we obtain that δq ≤ δ.

Next, note that δ ≤ 1 since we can always solve SAT via a simple brute
force approach in time O∗(2n). This implies that for each q ∈ Nwe have

δq ≤ δ ≤ 1.

We already know that (δq)q∈N converges to 1. By the above inequality, this
means that δ � 1. Now assume that there is an algorithm solving SAT in time
O∗((2 − ε)n) for some ε > 0. Set c � log(2 − ε). Then, c < 1 and we have

2c·n
� (2 − ε)n .

Hence, the aforementioned algorithm runs in time O∗(2c·n) and therefore we
get that 1 � δ ≤ c < 1 which is a contradiction. We can conclude that such an
algorithm cannot exist which completes the proof. �

A.3.7 Proof of Lemma 5.28

Proof. To prove the lemma, consider the constant λ, defined similarly to the
λq but demanding an algorithm for the general problem Set Cover. Formally,

λ � inf{c ∈ R | There is an algorithm solving Set Cover in time O∗(2c·n)}.

Note that λ ≤ 1 since we can solve Set Cover in time O∗(2n). Moreover,
for each q ∈ N, we have λq ≤ λ. Indeed, any algorithm for Set Cover also
solves the problem q-Set Cover within the same running time. Altogether:

λq ≤ λ ≤ 1.

Since (λq)q∈N converges to 1 by the SCON, we obtain that λ � 1. Now
assume there is an algorithm solving Set Cover in time O∗((2 − ε)n) for
some ε > 0. By setting c � log(2 − ε) < 1, the running time can be estimated
by O∗(2c·n). Hence, by definition of λ, we can conclude that 1 � λ ≤ c < 1
which is a contradiction. Consequently, the algorithm cannot exist. �
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A.3.8 Proof of Lemma 5.29

Proof. We describe the reduction. Let (U, F , r) be an instance of q-Set Cover.
First, we may assume that r ≤ n. Otherwise we could solve the instance in
polynomial time since for each element u ∈ U we could just search for a set
in F containing u and add it to the cover. Moreover, we assume that r is
divisible by q. If this is not the case, we need to add at most q many elements
to U and corresponding singleton sets to F to achieve it 13. Nowwe construct
the family F̂ in such a way that it contains all the unions of q sets from F :

F̂ � {
q⋃

i�1
Si | S1 , . . . , Sq ∈ F are distinct sets}.

Note that each set in the family F̂ has at most q2 many elements. By
iterating over all possible q-tuples of sets from F , we can compute F̂ in time
O(mq), where m � |F |. This is indeed a polynomial expression since q is a
constant. We define r̂ �

r
q ∈ N. Since r ≤ n, we obtain the bound r̂ ≤ 1

q · n.
It is left to show the correctness of the construction. First assume that

(U, F , r) is a yes-instance of q-Set Cover. Then there are sets S1 , . . . , Sr ∈ F
that cover the universe U. Since r is divisible by q and r̂ �

r
q , we can divide

these sets into r̂ many groups of q sets each:

{S1 , . . . , Sq}, {Sq+1 , . . . , S2·q}, . . . , {S(r̂−1)·q+1 , . . . , Sr}.

Since F̂ contains all unions of q sets from F , it also contains the unions
of the above groups. Let Ci be the union of the i-th group. Since the Ci cover
U and all Ci are in F̂ , the tuple (U, F̂ , r̂) is a yes-instance of q2-Set Cover.

For the other direction, let the sets C1 , . . . , C r̂ ∈ F̂ cover U. By construc-
tion, each Ci is a union of q sets from F . Let these be given by

C1 � S1 ∪ . . . ∪ Sq ,

. . .

C r̂ � S(r̂−1)·q+1 ∪ . . . ∪ Sr

with each S j ∈ F . Then S1 , . . . , Sr is a cover of U with sets from F . �

A.3.9 Proof of Theorem 5.30

Proof. To prove the result, we need to determine the limit of an appropriate
sequence (σq)q∈N. Each element σq of it is defined to be the infimum among

13This obviously changes the universeU to someuniverse Û other than stated in the lemma.
However, we only add a constant number of elements, at most q many. For our purpose— and
this is mainly Theorem 5.30 — we can ignore this change.
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the exponents d ∈ R appearing in the running timeO∗(2d·(n+r))of an algorithm
solving the problem q-Set Cover. Formally, we set σq to be the infimum of

Bq � {d ∈ R | There is an algorithm solving q-Set Cover in O∗(2d·(n+r))}.

Note the difference to the definition of λq where we demand an algorithm
depending solely on the parameter n in the exponent. Despite this difference,
we show that both sequences, (λq)q∈N and (σq)q∈N, actually have the same
limit. To this end, first note that (σq)q∈N is a convergent sequence as it is
increasing, σq ≤ σq+1. Moreover, the sequence is bounded by 1 since there
are algorithms for Set Cover running in time O∗(2n) � O∗(2n+r).

For each q ∈ Nwehave λq ≥ σq . Clearly, an algorithm solving q-Set Cover
in time O∗(2c·n) also solves the problem in time O∗(2c·(n+r)). Hence, each such
c ∈ R satisfies c ≥ σq and thus the infimum among these c, namely λq , also
satisfies the inequality. We obtain that λq ≥ σq .

Now we estimate certain elements of (σq)q∈N from below. Fix q ∈ N.
We employ the powering technique of Lemma 5.29. Recall that it reduces
an instance (U, F , r) of q-Set Cover to an instance (U, F̂ , r̂) of q2-Set Cover
such that r̂ ≤ 1

q · n and the universe U is not affected by the reduction. Let
d ∈ Bq2 . Then, there is an O∗(2d·(n+r))-time algorithmA solving q2-Set Cover.
We construct an algorithm solving q-Set Cover. To an instance (U, F , r), we
apply the powering technique and obtain an instance (U, F̂ , r̂). To the latter
we applyA. The algorithm solves q-Set Cover in time

O∗(2d·(n+r̂)) � O∗(2d·(1+ 1
q )·n).

By definition of λq , we obtain that d · (1 +
1
q ) ≥ λq and since d was an

arbitrary element of Bq2 , we obtain that σq2 · (1 +
1
q ) ≥ λq . With the above, we

can conclude that for each q ∈ N, the following inequality holds:

λq2 · (1 +
1
q
) ≥ σq2 · (1 +

1
q
) ≥ λq .

Since both sequences, (λq)q∈N and (σq)q∈N, are convergent, also their sub-
sequences converge to the corresponding limit. Therefore, we can deduce:

lim
q→∞

λq � lim
q→∞

σq .

Nowwe can show that an O∗((2−ε)n+r)-time algorithm for Set Cover con-
tradicts the SCON. Assume the SCON holds but such such an algorithm,
called C, still exists for some ε > 0. Consider σ, defined to be the infimum of

{d ∈ R | There is an algorithm solving Set Cover in time O∗(2d·(n+r))}.

Clearly, an algorithm for Set Cover also solves instances of q-Set Cover.
Hence, we obtain for each q ∈ N that σq ≤ σ. Moreover, we have that σ ≤ 1.
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Since the sequence (σq)q∈N converges to 1 by the SCON, we can conclude that
σ � 1. Now set d � log(2 − ε) < 1. Then, algorithm C solves the problem
Set Cover in time O∗(2d·(n+r)). This mans that 1 � σ ≤ d < 1, a contradiction.
Hence, algorithm C cannot exist which completes the proof. �

A.3.10 Proof of Theorem 5.44

Proof. Let C be the cross-composition of S into Q and assume there is a
polynomial compression B of Q into some problem R. Consider the problem

R#
� {d1.#.d2.# . . . #.d` | ` ∈ N and there is an i ∈ [1..`]with di ∈ R}.

The problem R# accepts a string of the form d1.# . . . #.d` if one of the
instances di already lies in R. Note that the symbol # is a fresh symbol, not
used by R. Our goal is to show that appending B to C actually yields an
OR-distillation of S into problem R#. However, according to Corollary 5.39,
the latter does not exist unless NP ⊆ coNP/poly holds.

In the following, we describe how the OR-distillation is set up. To this
end, let R denote the polynomial equivalence relation which exists along
with the cross-composition C. Moreover, let s1 , . . . , st be t given instances
and n � maxi∈[1..t] |si |. The OR-distillation proceeds in five steps:

In Step 1, duplicates among the given instances s1 , . . . , st ∈ Σ∗ are re-
moved. Note that this does not change whether there exists an instance si in
S or not. Hence, we can now assume that the strings s1 , . . . , st are actually
all distinct and since |si | ≤ n for each i, we get that t ≤ ∑n

j�0 |Σ| j ≤ |Σ|n+1.
Phrased differently, we have that log(t) � O(n). Removing duplicates can
clearly be done in time polynomially in n and t which is compatible with the
polynomial-time constraint put on an OR-distillation.

Step 2 of the OR-distillation partitions the instances s1 , . . . , st into classes
C1 , . . . , Cb according to R. Since R has at most polynomially many equiv-
alence classes when restricted to Σ≤n , we obtain that b ≤ p0(n) for some
polynomial p0(x). Setting up the classes C j can be done in time polynomially
in n and t since deciding equivalence under R takes polynomial time.

Now, in Step 3, we apply the cross composition C iteratively to each C j .
For increasing j, we feed C with the instances of C j . Note that these are
equivalent under R. Consequently, we obtain an instance (y j , k j) such that

(y j , k j) ∈ Q if and only if there is an s ∈ C j with s ∈ S,

and there is a polynomial p1(x)with k j ≤ p1(n + log(|C j |)). Since |C j | ≤ t and
log(t) � O(n), we can further estimate the size of the parameter:

k j ≤ p1(n + log(t)) ≤ p2(n),

for some polynomial p2(x). Note that, after applying Step 3, we have the
following equivalence: there exists an i ∈ [1..t] with si ∈ S if and only if
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there is a j ∈ [1..b] such that (y j , k j) ∈ Q. Computing Step 3 again takes time
polynomially in n and t since C does and there are b ≤ t many classes C j .

Step 4 applies the polynomial compressionB to each instance (y j , k j). The
output will be instances w j , one for each j ∈ [1..b] such that w j ∈ R if and
only if (y j , k j) ∈ Q and |w j | ≤ p3(k j) for a polynomial p3(x). Since k j ≤ p2(n)
is already bounded, we obtain that |w j | ≤ p4(n) for some polynomial p4(x).
Note that the instances w j still satisfy the equivalence: there exists an i ∈ [1..t]
with si ∈ S if and only if there is a j ∈ [1..b] such that w j ∈ R. Moreover,
applying Step 4 takes time polynomially in t and n since B does.

In Step 5 we construct the instance w � w1.# . . . #.wb . Due to the above
equivalence, we have that w ∈ R# if and only if there is an i ∈ [1..t] with
si ∈ S. This meets Condition (1) of an OR-distillation. Moreover, we have

|w | ≤(b − 1) + b · max
j∈[1..b]

|w j |

≤(b − 1) + b · p4(n)
≤p0(n) + p0(n) · p4(n) � p5(n),

for anappropriatepolynomial p5(x). Hence, Condition (2) of anOR-distillation
is also satisfied. Finally, the time constraint formulated in Condition (3) is
also met since each of the steps takes time polynomially in n and t. �

331



332



B. Detailed Proofs and Further
Concepts

We provide detailed proofs and elaborate on further concepts that were part
of our fine-grained complexity analyses in Chapters 6, 7, 8, and 9.

B.1 Proofs for Chapter 6

B.1.1 Proof of Theorem 6.21

Proof. We show the correctness of the construction. To this end, assume that
the constructed instance of BCS has a solution, namely a word u ∈ L(S) with
at most 2e context switches. Since u ∈ L(M), we know it is of the form

u � (v1 , wi1)d1 .(v2 ,wi2)d2 . . . (vk , wik )dk

with i1 < . . . < ik and
∑

i∈[1..k] di � 2e. Hence, u is of length exactly 2e. The
word u also lies in the shuffle Xi∈[1..e]L(Ai). Since each Ai only accepts a
word of length exactly 2, each Ai needs to be involved in the shuffle.

Wedefine themapϕ : V(H) → V(G) according to u by settingϕ(v j) � wi j .
Since each vertex v ∈ V(H) is adjacent to an edge ei ∈ E(H) and the corre-
sponding thread Ai contributes to the shuffle, u contains a letter of the form
(v , wi j ) and therefore, ϕ has an entry for each vertex of H. Moreover, note
that ϕ is injective due to the order i1 < . . . < ik .

We need to show that ϕ preserves the edges of H. Let ei � {vs , vt} ∈ E(H)
be an edge and let ϕ(vs) � wis and ϕ(vt) � wit satisfy is < it . Towards a
contradiction, assume that {ϕ(vs), ϕ(vt)} < E(G). Then, Ai would not accept
a subword of u of the form (vs , wis ).(vt , wit ). This contradicts the fact that Ai
contributes in the shuffle and hence, all edges of H are mapped to edges of G.

Now assume that an embedding ϕ of H into G is given. We order the
vertices v1 , . . . , vk ∈ V(H) with ϕ(v j) � wi j in such a way that i1 < . . . < ik .
We define the word u, supposed to be in the language of the SMCP:

u � (v1 , wi1)d1 . . . (vk , wik )dk ,

where d j is the degree of v j , the number of adjacent edges.
By definition, we have that u ∈ L(M). Moreover, the word lies in the

shuffle Xi∈[1..e]L(Ai) as each edge {vs , vt} ∈ E(H) is mapped to an edge
{ϕ(vs), ϕ(vt)} ∈ E(G). Note that, moreover, |u | � 2e. Hence, the word has at
most 2e � cs many context switches.
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Finally, we need to show that the reduction can be compute in polynomial
time. To this end, we show that the size of the shared memory M and the
threads Ai is polynomially bounded. The number of states of M is at most
O(|V(H)| · |V(G)| · |E(H)|). The automaton needs to remember the last letter
and the number of letters already produced. Each of the Ai needs |V(G)| + 2
states as it only needs to remember the vertex of G read in the first letter. �

B.1.2 Proof of Theorem 6.23

Proof. We formally describe the cross-composition and the construction of
the corresponding SMCP. The underlying alphabet is defined by

Σ � ({x1 , . . . , xk} × {?0, !0, ?1, !1}) ∪ {#}.

Intuitively, (xi , ?0) corresponds to querying if variable xi evaluates to 0 and
(xi , !0) corresponds to verifying that xi indeed evaluates to 0. The symbol #
was added to prevent that the emptyword lies in the language of the resulting
SMCP. The latter is defined by S � (Σ,M, (Ai)i∈[1..k] , B).

For each variable xi , the thread Ai keeps track of the value assigned to xi .
To this end, Ai has exactly three states: an initial state and two final states,
one for each possible value. We have

L(Ai) � (xi , !0)+ ∪ (xi , !1)+.

Thread B is responsible for checking whether one out of the t given for-
mulas is satisfiable. To this end, B has the states

{p , p0 , p f } ∪ {p j
i | j ∈ [1..t], i ∈ [1..` − 1]},

where p is the initial state, and p f is the final state. For a fixed j ∈ [1..t],
the states p j

1 , . . . p
j
`−1 are used to iterate through the ` clauses of ϕ j . The

transitions between p j
i and p j

i+1 are labeled by (xs , ?0) or (xs , ?1), depending
on whether variable xs occurs with or without negation in the (i +1)-st clause
of ϕ j for i ∈ [1..` − 2]. Note that there are at most three transitions between
p j

i and p j
i+1. For the first clause, the transitions start in p0 and end in p j

1, while
for the `-th clause, the transitions start in p j

`−1 and end in p f . Further, there
is a transition from p to p0 that is labeled by #.

To answer the requests of B, we use the shared memory M. It ensures
that each request of the form (xs , ?1) is also followed by a confirmation of
the form (xs , !1), and similar for value 0. The memory M has an initial state
qinit, a final state q f , and for each variable xs , two states q0

s and q1
s . We get

a transition between q f and each q0
s , labeled by the request (xs , ?0). To get

the confirmation, we introduce a transition from q0
s back to q f , labeled by

(xs , !0). We proceed similarly for q f and q1
s . To get from qinit to q f initially, we
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introduce a transition from qinit to q f , labeled by the symbol #, preventing M
from accepting the empty word.

We show the correctness of the construction: There exists a j ∈ [1..t] such
that ϕ j is satisfiable if and only if L(S) ∩ Context(Σ, k + 1, 2`) , ∅.

First, let a j ∈ [1..t] be given such that ϕ j is satisfiable. Then there is a
satisfying evaluation with assigns a value vs to each variable xs , s ∈ [1..k].
A word w ∈ L(S) ∩ Context(Σ, k + 1, 2`) can be constructed as follows. Let
xs1 , . . . , xs` denote variables (repetition allowed) that contribute to satisfying
the clauses of ϕ j . This means that xsi can be used to satisfy the i-th clause of
ϕ j . We define the word

w � #.(xs1 , ?vs1).(xs1 , !vs1) . . . (xs` , ?vs` ).(xs` , !vs` ).

Then, we obtain that w indeed lies in L(S) ∩ Context(Σ, k + 1, 2`).
For the other direction, let w ∈ L(S) ∩Context(Σ, k + 1, 2`) be given. Then

w is of the following form:

w � #.(xs1 , ?vs1).(xs1 , !vs1) . . . (xs` , ?vs` ).(xs` , !vi` ).

Due to the construction of the threads Ai , note that xsi � xsi′ implies
vsi � vsi′ in the word. Hence, we can construct a satisfying assignment v for
one of the given ϕ j . We assign each xsi occurring in w the value vsi . For
variables that do not occur in w, we can assign 0 or 1.

By construction, B iterates through the clauses of one of the given ϕ j .
Since B also accepts during the computation of w, there is a j ∈ [1..t] such
that all the clauses of ϕ j can be satisfied by v. Hence, ϕ j is satisfiable.

Finally, the parameters of the constructed BCS-instance are the size of
the memory, m � 2k + 2 and the number of context switches cs � 2`. Both
are bounded by max j∈[1..t] |ϕ j | and therefore independent of t. Hence, all
requirements on a cross-composition are met. �

B.1.3 Proof of Lemma 6.26

Proof. Formally, we construct the SMCP S′ � (Γ,M′, (Bi)i∈[1..cs+1]). The first
step is to define the underlying alphabet:

Γ � Σ ∪ {#1 , . . . , #t} ∪ {#}.

To define the Bi , assume that the threads of the SMCP S are given by
A j � (P j ,Σ × { j}, δ j , p0

j , p
f
j ). Automaton Bi � (P′i , Γ × {i}, δ

′
i , p

init

i , Fi) is the
union of all A j with a new preceding initial state and an additional state
which simulates that Bi is inactive. Formally, the states of Bi are given by

P′i �
⋃

j∈[1..t]
P j ∪ {pinit

i , pinact

i }.
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The initial state is pinit

i . The set of final states Fi is given by the final states
of each of the A j and the inactive state. We have Fi �

⋃
i∈[1..t] p

f
j ∪ {p

inact

i }.
Note that we did not formally define the threads of an SMCP to have a set of
final states. However, the case of a single final state can always be recovered
by simply adding one additional new final state. The transition relation δ′i
contains each δ j . Moreover, we add the transitions

pinit

i

# j
−→ p0

j for j ∈ [1..t] and pinit

i
#−→ pinact

i .

The language of Bi is then indeed given by L(Bi) � # ∪⋃
j∈[1..t] # j .L(A j).

To define the sharedmemory of S′, let M � (Q ,Σ, δ, q0 , q f ) be thememory
of S. We define M′ � (Q′, Γ, δ′, qinit , q f ), where

Q′ � Q ∪ {q(# j ,i) | j ∈ [1..t] and i ∈ [1..cs]} ∪ {qinit}.

A state q(# j ,i) stores the last seen symbol # j and the number i of automata
that has already been activated. Such a state has only outgoing transitions
with # j′ where j < j′. Note that the initial state is qinit and the final state q f
is the final state of M. The transition relation δ′ is the union of the transition
relation of M and the transitions that are explained below.

To force each Bi to make a choice of which thread A j to simulate, we add

q(# j ,i)
#l−→ q(#l ,i+1)

for j ∈ [1..t], j < l ≤ t and i ∈ [1..cs − 1]. For the initial choice, we add

qinit
#l−→ q(#l ,1)

for all l ∈ [1..t]. Finally, for the last choice, we add the transitions

q(# j ,cs)
#l−→ q0

for j ∈ [1..t] and j < l ≤ t.
To give the Bi the opportunity not to simulate any of the A j and to be

deactivated, we add the following transitions

q(# j ,i)
#−→ q(# j ,i+1) for j ∈ [1..t] and q(# j ,cs)

#−→ q0.

In the first phase of a computation, namely where the Bi choose a thread
A j to simulate, we do exactly cs context switches. Then we need at most
cs further context switches for the simulation of the chosen A j and M. The
construction immediately implies the equivalence:

L(S′) ∩ Context(Γ, cs + 1, 2cs) , ∅ if and only if L(S) ∩ Context(Σ, t , cs) , ∅.

This shows the correctness and completes the proof. �

336



B.1. Proofs for Chapter 6

B.1.4 Proof of Lemma 6.27

Proof. In the given instance (S, cs) of BCS with SMCP S � (Σ,M, (Ai)i∈[1..t]),
let the shared memory be given by M � (Q ,Σ, δ, q0 , q f ) and let the threads
be given by the tuples Ai � (Pi ,Σ × {i}, δi , p0

i , p
f
i ).

The TuringMachine N works in three different modes, stored in its states:
a switch mode which performs the context switches and chooses a thread to
simulate, a simulation mode which simulates contexts, and an accept mode
which checks if M and all simulated Ai arrive at their final state. Formally,

N � (QN ,ΣN , ΓN , δN , qinit , qacc , qrej),

where the states are given by

QN � {switch, sim} ×Q × [0..cs + 2] ∪ {acc} × [0..t] ∪ {qacc , qrej}.

Note that a state either stores the current mode switch or sim along with
the current state of M and the context counter, or the mode acc along with
the number of threads that are accepting. The initial state is given by
qinit � (switch, q0 , 0). Hence, N starts in switch mode since it has to choose a
thread for the first context. The accepting state is qacc and the rejecting state
is qrej. The tape alphabet of N is given by

ΓN �

⋃
i∈[1..t]

Pi ∪ {S1 , . . . , St , $}.

It consists of all states of the Ai . We assume them to be disjoint. Moreover,
there are fresh symbols S1 , . . . , St. Their meaning will become clear in a
moment. The symbol $ represents the left-end marker of the machine’s tape.

The input word of N is w � S1 . . . St . Instead of putting the initial state
q0

i of Ai into the i-th cell, we use the additional symbol Si to describe that Ai
did not participate in the computation of S that is simulated by N . If Si still
remains after the simulation has been completed, we know that Ai did not
contribute. Note that the same reasoning does not apply when we replace Si
by the initial state q0

i since the state can be the final state as well.
We elaborate on the transitions δN . Whenever N is in switch mode, a

thread Ai is chosen to simulate. We allow N for moving left and right on the
tape, remembering the current state of M and the number of contexts taken
but without changing the tape content. For q ∈ Q and j ≤ cs, we have

((switch, q , j), p) → ((switch, q , j), p ,D),

where D ∈ {L, R} is a direction and p ∈ ΓN . Although not explicitly stated,
we forbid that, on the left-end marker $, we can further turn to the left. The
machine N can also change themode to sim. In this case, we start, or continue,
the computation of the chosen thread Ai . For j ≤ cs, we have

((switch, q , j), p) → ((sim, q , j), p ,D).
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Once the simulation mode is activated, there are two cases to distinguish.
Either the chosen thread Ai did not move before. Then, the currently visited
cell holds Si . Or it has moved before. Then, the cell holds the current state of
Ai . In the first case, we need a transition that activates Ai and performs a first
context. This has to be synchronized with M. We have

((sim, q , j), Si) → ((switch, q′, j + 1), p′,D),

for states q , q′ ∈ Q and p′ ∈ Pi such that L(M(q , q′)) ∩ L(Ai(p0
i , p
′)) , ∅.

In the latter case, we continue the computation of Ai . The corresponding
context is synchronized with the shared memory M. We have the transitions

((sim, q , j), p) → ((switch, q′, j + 1), p′,D),

for all states q , q′ ∈ Q and p , p′ ∈ Pi with L(M(q , q′)) ∩ L(Ai(p , p′)) , ∅.
Note that after changing the mode from sim to switch, a context has been

successfully simulated. To track their number, N increases the context counter
by 1. The counter is not allowed to go beyond cs + 1. Once this happens, the
machine N will immediately reject. For all q ∈ Q and p ∈ ΓN , we have

((switch, q , cs + 2), p) → qrej.

If N arrives in a state of the form (switch, q , j), where q � q f is the final
state of M and j ∈ [1..cs + 1], it can enter accept mode.

((switch, q , j), p) → ((acc, 0), p ,D).

Once N is inmode acc, it moves the head to the left end of the tapewithout
changing the tape content and its current state. Then the idea is then to scan
the tape, from left to right, and to checkwhether each participating Ai arrived
at a final state. In this case, we increase a particular counter. For threads Ai
that did not contribute, there is still the symbol Si in the i-th cell. We also
count these as accepting. We need the following transitions:

((acc, j), p) → ((acc, j + 1), p , R),

for p a final state of one of the Ai or p ∈ {S1 , . . . , St}. As soon as N detects
that all threads were either accepting or not participating at all, the machine
will accept the input. For p ∈ ΓN , we have

((acc, t), p) → qacc.

To simulate at most cs+1 different contexts of the Ai with M, the machine
N needs to take at most t · (cs + 1)many steps. Once TM enters the mode acc,
it takes an additional 2t steps to verify that each Ai is in its final state or did
not participate at all. Hence, we are looking for a computation of N of length
at most t · (cs + 1) + 2t � t · (cs + 3). The correctness is immediate and clearly,
N and w can be constructed in polynomial time. �
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B.1.5 Relating Scheduling Dimension and Carving Width

In order to relate scheduling dimension and carving width, we first formally
introduce the latter. Like many other graphmeasures, also the carving width
relies on a notion of decompositions.

Definition B.1. Let G � (V, E) be an undirected multigraph. A carving de-

composition of G is a tuple (T, ϕ), where T is a binary tree and ϕ is a bĳection
mapping the leaves of T to the vertices V .

For an edge e ofT, removing e fromT partitions the tree into two connected
components. Let S1 , S2 ⊆ V be the images under ϕ, of the leaves falling into
these components. We define the width of e to be the integer

width(e) � E(S1 , S2) �
∑

u∈S1 ,v∈S2

E(u , v).

The width of the decomposition (T, ϕ) is the maximum width of all edges
in T. The carving width of G is theminimumwidth among all decompositions:

cw(G) � min{width(T, ϕ) | (T, ϕ) a carving decomposition of G}.

We are now ready to prove Lemma 6.34.

Proof of Lemma 6.34. First we show that from a given carving decomposition
(T, ϕ) of G′ ofwidth k, we can construct a contraction process π of G of degree
at most k. This implies sdim(G) ≤ cw(G′). The idea is to inductively assign
to each node of T a partial contraction process of G of degree at most k. We
start at the leaves of T and go bottom-up. At the end, the needed contraction
process will be the one assigned to the root.

Before we start, we fix some notation. Let w be a vertex occurring in a
partial contraction processes starting in G. By V(w) ⊆ V , we denote the set
of vertices of G that get contracted to w. Note that, if two vertices u , v get
contracted to w during the process, we have V(w) � V(u) ∪V(v). For a node
n of th tree T, we use leaf (n) ⊆ V to denote the image, under ϕ, of the leaves
of the subtree of T rooted in n.

Now we show the following. We can assign to any node n in T a pair
(πn , w), where πn � G1 , . . . ,G` is a partial contraction process such that
G1 � G, deg(Gi) ≤ k , for each i ∈ [1..`] and w is a vertex in V(G`) with
V(w) � leaf (n), and V(G`) � V \ leaf (n) ∪ {w}. The latter invariants ensure
that the process contracts the vertices in leaf (n) to w and furthermore, no
other vertices in G are contracted. The process that we assign to the root r is
thus a proper contraction process of G, contracting all vertices of G to a single
vertex. Moreover, the degree of the process is bounded by k.

To start the induction, we assign any leaf n of T the pair (G, ϕ(n)). Note
that leaf (n) � {ϕ(n)} � V(ϕ(n)). Hence, we only need to elaborate on the
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degree of G since the invariants are satisfied. For any v ∈ V , we have

deg(v) � max{indeg(v), outdeg(v)}
� max{

∑
u∈V

E(u , v),
∑
u∈V

E(v , u)}

≤
∑
u∈V

max{E(u , v), E(v , u)}

�

∑
u∈V

E′(v , u) � E′(v ,V \ {v}).

Let n′ denote the leaf with ϕ(n′) � v. Furthermore, let e be the edge of T
connecting n′ with its parent node. Then width(e) � E′(v ,V \ {v}). Since the
width of e is bounded by k, we also get that deg(v) ≤ k and thus, deg(G) ≤ k.

Now suppose we have a node n of T with two children n1 and n2 that are
already assignedpairs (π1 , w1) and (π2 , w2)with partial contraction processes

π1 � G1 , . . . ,G` and π2 � H1 , . . . ,Ht ,

where G1 � H1 � G and deg(Gi), deg(H j) ≤ k for i ∈ [1..`], j ∈ [1..t].
Furthermore, w1 ∈ V(G`) and w2 ∈ V(Ht) satisfy the invariants:

V(w1) � leaf (n1) and V(G`) � V \ leaf (n1) ∪ {w1},
V(w2) � leaf (n2) and V(Ht) � V \ leaf (n2) ∪ {w2}.

We also fix the notation for the contractions applied in π2. Let σi be the
contraction applied to Hi to obtain Hi+1. Hence, Hi+1 � Hi[σi] for i ∈ [1..t−1].

We construct the partial contractionprocess that performs the contractions
of π1, the contractions of π2, and contracts w1 and w2 to a vertex w. Set

πn � G1 , . . . ,G` ,G`+1 , . . . ,G`+t ,

where G`+i � G`+i−1[σi], for i ∈ [1..t − 1] performs the contractions of π2 and
G`+t � G`+t−1[w1 , w2 7→ w]. Then πn is well-defined. Since the intersection
leaf (n1) ∩ leaf (n2) is empty, we have that V(G`) � V \ leaf (n1) ∪ {w1} contains
leaf (n2). Thus, it is possible to apply the contractions σ1 , . . . , σt−1 to G` since
they only contract vertices from leaf (n2). Assume that a vertex v ∈ V \ leaf (n2)
would be contracted during π2. Then v < V(Ht) � V \ leaf (n2) ∪ {w2}. Since
v , w2, we would get that v is in leaf (n2)which is a contradiction.

We assign to n the pair (πn ,w). What is left to prove is that the above
invariants are satisfied. For the vertex w ∈ V(G`+t), we have:

V(w) � V(w1) ∪ V(w2) � leaf (n1) ∪ leaf (n2) � leaf (n).
Since we apply the contractions of π1 and π2 to obtain G`+t−1, we get:

V(G`+t−1) � (V(G`) ∩ V(Ht)) ∪ {w1 , w2}
� (V \ leaf (n1) ∩ V \ leaf (n2)) ∪ {w1 , w2}
� V \ (leaf (n1) ∪ leaf (n2)) ∪ {w1 , w2}
� V \ leaf (n) ∪ {w1 ,w2}.
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The graph G`+t is obtained by contracting w1 and w2 in G`+t−1. Hence, we
have that V(G`+t) � V(G`+t−1) \ {w1 , w2} ∪ {w} � V \ leaf (n) ∪ {w}.

No we prove that all occurring graphs in πn have degree bounded by k.
It is clear by assumption that this holds for G1 , . . . ,G` . We show the same for
G`+i with i ∈ [1..t − 1]. Let u ∈ V(G`+i). We distinguish three cases.

(1) If V(u) ⊆ leaf (n1), then we have that none of the σ j acts on u since
this would imply that a vertex from leaf (n1) gets contracted by σ j which is
not possible. Hence, u ∈ V(G`) and degG`+i

(u) � degG`
(u) ≤ k. Note that by

degA(v), we indicate the degree of a vertex v in a graph A.
(2) If V(u) ⊆ leaf (n2), then no contraction of π1 acts on u and u is a vertex

that occurs during the application of σ1 , . . . , σi . Hence, u ∈ V(Hi+1) and the
degree is bounded: degG`+i

(u) � degHi+1
(u) ≤ k.

(3) If V(u) ⊆ V \ (leaf (n1) ∪ leaf (n2)), then u is neither involved in the
contractions of π1 nor in the contractions of π2. Hence, u ∈ V and, again the
degree of the vertex is bounded: degG`+i

(u) � degG(u) ≤ k.
Finally,weprove that the graphG`+t hasdegree boundedby k. For a vertex

u , w in V(G`+t), we have degG`+t
(u) � degG`+t−1

(u) since u is not involved in
the contraction [w1 ,w2 7→ w] that is applied to G`+t−1 in order to obtain G`+t .
Now we consider w. First note, that indegG`+t

(w) � E(V \ V(w),V(w)) and
outdegG`+t

(w) � E(V(w),V \ V(w)). Then we can derive:

degG`+t
(w) � max{indegG`+t

(w), outdegG`+t
(w)}

� max{E(V \ V(w),V(w)), E(V(w),V \ V(w))}
� max{

∑
u∈V(w),v∈V\V(w)

E(v , u),
∑

u∈V(w),v∈V\V(w)
E(u , v)}

≤
∑

u∈V(w),v∈V\V(w)
max{E(v , u), E(u , v)}

�

∑
u∈V(w),v∈V\V(w)

E′(v , u)

� E′(V(w),V \ V(w)).

Let e denote the edge between n and its parent node. Then the width is given
by width(e) � E′(V(w),V \ V(w)). Since the width is bounded by k, we get
that degG`+t

(w) is bounded by k and hence, deg(G`+t) ≤ k. Note that in the
case where n is the root, the degree of w is 0. This completes the proof of the
first stated inequality: sdim(G) ≤ cw(G′).

To prove that cw(G′) ≤ 2sdim(G), we show how to turn a given contraction
processπ ofG of degree k into a carvingdecomposition (T, ϕ) ofG′ ofwidth at
most 2k. Let π � G1 , . . . ,G|V | be the given process. We inductively construct
a tree T with a labeling λ : V(T) → ⋃

i∈[1..|V |]V(Gi) that assigns to each node
of T a vertex from one of the Gi . We start with a root node r and set λ(r) � w,
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where w is the latest vertex that was introduced by the contraction process:

G|V | � G|V |−1[w1 , w2 7→ w].

Now suppose, we are given a node n of T with λ(n) � v. Assume v
occurs in π on the right hand side of a contraction. This means there is a j
such that G j+1 � G j[v1 , v2 7→ v]. We add two children n1 and n2 to the tree
T and set λ(ni) � vi for i � 1, 2. If v does not occur on the right hand side
of a contraction in π then v is clearly a vertex of G. In this case, we stop the
process on this branch and n remains as a leaf of T.

By the process, we obtain a tree T where the leaves are labeled by vertices
of G. If we set ϕ to be λ restricted to the leaves, then ϕ is a bĳection between
the leaves of T and V . Consequently, (T, ϕ) is a carving decomposition of G′.

Now we show by induction on the structure of T that for each node n of
T we have: V(λ(n)) � leaf (n). Recall that leaf (n) is the image, under ϕ, of the
leaves of the subtree of T rooted in n. We start at the leaves of T. Let l be
a leaf, then we have: leaf (l) � {λ(l)} and moreover V(λ(l)) � {λ(l)}. For a
node n of T with children n1 , n2 such that the equations leaf (ni) � V(λ(ni))
already hold for i � 1, 2, we get the following:

leaf (n) � leaf (n1) ∪ leaf (n2) � V(λ(n1)) ∪ V(λ(n2)).

Since n1 , n2 are the children of n, we get by the construction of T that there is
a contraction in π of the form G j+1 � G j[λ(n1), λ(n2) 7→ λ(n)] and hence:

V(λ(n1)) ∪ V(λ(n2)) � V(λ(n)).

Finally, we show that the width of the carving decomposition (T, ϕ) is at
most 2k. To this end, let e be an edge in T, connecting the node n with its
parent node. Further, let w denote λ(n) and w ∈ V(G j). Then we have:

width(e) � E′(leaf (n),V \ leaf (n))
� E′(V(w),V \ V(w))
�

∑
u∈V(w),v∈V\V(w)

E′(u , v)

�

∑
u∈V(w),v∈V\V(w)

max{E(u , v), E(v , u)}

≤
∑

u∈V(w),v∈V\V(w)
(E(u , v) + E(v , u))

� E(V(w),V \ V(w)) + E(V \ V(w),V(w))
� outdegG j

(w) + indegG j
(w).

Since deg(π) is bounded by k, also the degree of G j is bounded by k and
hence, width(e) is at most 2k. Altogether, the width of (T, ϕ) is at most 2k. �
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B.1.6 BCS under Bounded Scheduling Dimension

We consider BCS restricted to schedules of bounded dimension. To formally
define the problem, let Sched(Σ, t, s) be thosewords over the alphabetΣ×[1..t]
the scheduling graphs of which have dimension bounded by s:

Sched(Σ, t, s) � {w ∈ (Σ × [1..t])∗ | sdim(G(w)) ≤ s}.

The bounded scheduling problem (Bounded Sched) then asks whether a
given SMCP contains a word with dimension bounded scheduling graph.

Bounded Sched
Input: An SMCP S � (Σ,M, (Ai)i∈[1..t]) and a bound s ∈ N.
Question: Is L(S) ∩ Sched(Σ, t, s) , ∅?

We provide an algorithm for Bounded Sched showing that the parame-
terization in m, s, and t is fixed-parameter tractable. It is yet an open problem
whether two of these parameters already suffice for an FPT-algorithm.

Theorem B.2. Bounded Sched can be solved in time O∗((2m)4s · 4t).

We present a fixed-point iteration that mimics the definition of contrac-
tion processes by iteratively joining the interface sequences of neighboring
threads. To this end, we need a suitable notion of a composition operation.

Definition B.3. Let S � (Σ,M, (Ai)i∈[1..t]) be an SMCP with shared memory
M � (Q ,Σ, δM , q0 , q f ) and let ρ ∈ (Q × Q)∗ be an interface sequence. A
contraction of ρ is an interface sequence ρ′ obtained from summarizing subse-
quences of ρ. Summarizing (q1 , q′1) . . . (qk , q′k)where q′i � qi+1 for i ∈ [1..k−1]
means contracting the sequence to (q1 , q′k). By con(ρ) ⊆ (Q × Q)∗ we denote
the set of all interface sequences that are contractions of ρ.

For two interface sequences σ, τ ∈ (Q × Q)∗, we define their contraction
product to be the following set of interface sequences:

σ ⊗ τ �

⋃
ρ∈σXτ

con(ρ).

The contraction product contains all interface sequences that are obtained
from shuffling σ and τ and then summarizing subsequences. If the resulting
interface sequences should be of length at most k ∈ N, we use the notation
σ ⊗k τ for the corresponding product. Formally, σ ⊗k τ � (σ ⊗ τ) ∩ (Q ×Q)≤k .

Given an SMCP S � (Σ,M, (Ai)i∈[1..t]) and a bound s ∈ N, the idea of our
algorithm is to compute a fixed point over the powerset lattice

GIF � P((Q ×Q)≤s × P([1..t])).
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The elements in GIF are sets of generalized interface sequences, pairs consist-
ing of an interface sequence together with the set of threads that has been
used to construct it. We generalize the contraction product ⊗k to the domain.

Definition B.4. Let S � (Σ,M, (Ai)i∈[1..t]) be an SMCP with shared mem-
ory M � (Q ,Σ, δM , q0 , q f ) and k ∈ N an integer. Moreover, let the pairs
(σ1 , T1), (σ2 , T2) ∈ GIF be two generalized interface sequences. Their contrac-
tion product is the set of generalized interface sequences

(σ1 , T1) ⊗k (σ2 , T2) �
{
(σ1 ⊗k σ2) × (T1 ∪ T2), if T1 ∩ T2 � ∅,
∅, otherwise.

The definition states that (σ1 , T1), (σ2 , T2) can only be contracted if the sets
of threads T1 and T2 are disjoint. Otherwise, σ1 and σ2 would contain an
interface sequence stemming from the same thread id. Contracting the two
sequences would result in a computation where we have two copies of id.
Therefore, it would not be conform with the program S.

Nowwe can formulate the fixed-point iteration that constitutes the basis of
our algorithm. It begins by computing the interface languages of the threads
and then combines them with the contraction product:

L1 �

⋃
j∈[1..t]

IF(A j) × {{ j}},

Li+1 � Li ∪ (Li ⊗s Li).

Note that the fixed-point iteration terminates since the underlying domain
GIF is finite. The following lemma states that the iteration is correct.

Lemma B.5. We have that L(S) ∩ Sched(Σ, t, s) , ∅ if and only if the least fixed

point contains the pair ((q0 , q f ), T) for some T ⊆ [1..t].

Before we provide a proof of the lemma, we analyze the complexity of
the iteration. First, we determine the precise number of steps that we require
for the computation of the fixed point. To this end, note that ⊗s requires that
the sets of threads of its operands are disjoint. This means that, after t many
steps, we have covered all subsets of [1..t] and the computation will stop.

Note that Li ⊆ (Q ×Q)≤s × P([1..t]). Hence, |Li | ≤ m
2(s+1) · 2t. This means

that, in each step, we need to compute the product ⊗s for at most

(m2(s+1) · 2t)2 � m
4s+4 · 4t

many combinations of generalized interface sequences.
Computing a contraction product (σ1 , T1) ⊗s (σ2 , T2) requires to consider

all ρ ∈ σ1Xσ2. Forming a shuffle of σ1 and σ2 can be understood as setting
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|σ2 | bits in a bitstring of length |σ1 | + |σ2 |. Hence, the number of shuffles is(
|σ1 | + |σ2 |
|σ2 |

)
≤ 2|σ1 |+|σ2 | ≤ 22s

� 4s.

Given ρ, we determine con(ρ) by iteratively forming summaries. In the
worst case, ρ has length 2s. We mark an even number of positions in ρ and
summarize the intervals between every pair of markers 2i and 2i + 1. Since
we can choose at most s pairs of these positions, we obtain that

con(ρ) ≤
s∑

i�0

(
2s

2i

)
≤ 4s.

Altogether, the algorithm takes time

O(t ·m4s+4 · 4t · 4s · 4s) � O∗((2m)4s · 4t).

To complete the proof of Theorem B.2, it is left to show the correctness of
the fixed-point iteration, as it was stated in Lemma B.5.

Proof of Lemma B.5. First, suppose that L(S) ∩ Sched(Σ, t, s) , ∅. Then there
exists a word w in the intersection with scheduling graph G(u) � (V, E) such
that sdim(G(w)) ≤ s. We may assume that V � [1..t]. This means that all
given threads participate in the computation. If this is not the case, we can
delete the non-participating threads in the instance. By assumption, there is
a contraction process π � G1 , . . . ,G|V | of G(w) such that deg(π) ≤ s.

We now associate to each vertex in Gi an generalized interface sequence
from (Q×Q)≤s×P([1..t]). To this end, let w � w1 . . .wk be the context decom-
position of w according to the computation of S on w. Furthermore, let q j be
the memory state of M, reached after reading w1 . . .w j with j ∈ [1..k]. Note
that qk � q f . We get the interface sequence α � (q0 , q1).(q1 , q2) . . . (qk−1 , qk)
by taking the pairs of states corresponding to each w j .

From α, we get an interface sequence σi for each thread i ∈ [1..t] by
deleting those pairs of the contexts in which thread i was not active. Note
that the length (the number of pairs) of σi is the number of times process i is
active in w. Further note that this is the degree of vertex i in G(w).

We define the map λ1 : [1..t] → (Q × Q)≤s × P([1..t]) associating to each
vertex of G1 the corresponding generalized interface sequence:

λ1(i) � (σi , {i})

for i ∈ [1..t]. Note that σi ∈ IF(Ai) and therefore, λ1(i) ∈ L1 for any i.
The idea is to inductively construct a similar map

λ j : V(G j) → (Q ×Q)≤s × P([1..t])
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for each j ∈ [1..t]. Since we already considered the induction basis, assume
that we are given λ j with j ≤ t. In order to construct the map λ j+1, let
G j+1 � G j[v1 , v2 7→ v]. Then, V(G j+1) � (V(G j) \ {v1 , v2}) ∪ {v}.

For u ∈ V(G j) \ {v1 , v2}, we set λ j+1(u) � λ j(u). For the image of v, let
λ j(v1) � (τ1 , T1) and λ j(v2) � (τ2 , T2). Set T � T1 ∪ T2. Further, let σv be
an interface sequence, obtained from α as follows. First mark all the pairs in
α that were induced by a thread i in T. We contract adjacent pairs that are
marked: if (qi−1 , qi)(qi , qi+1) are bothmarked, thenwe contract it to (qi−1 , qi+1)
andmark the resulting pair. We repeat the process until we can no longer find
an adjacently marked pair. Then we delete all the memory pairs remaining
unmarked. The resulting interface sequence is denoted by σv . We set the
image of v to be λ j+1(v) � (σv , T).

Note that contracting adjacently marked pairs corresponds to deleting
edges between T1 and T2 in the scheduling graph G(w). Hence, it is the same
as contracting the corresponding nodes v1 and v2 in the graph G j . We get that
the length of σv is the degree of v in G j , which is bounded by s. Moreover,
since λ j(v1), λ j(v2) ∈ L j by induction, we get that

λ j+1(v) ∈ (Q ×Q)≤s ∩ (λ j(v1) ⊗k λ j(v2)) ⊆ L j+1.

The map λt is a map from a single element V(Gt) � {z} to the generalized
interface sequences (Q × Q)≤s × P([1..t]). By the above induction, we obtain
that λt(z) � ((q0 , q f ), [1..t]) ∈ Lt � Lt+1, which is the least fixed point.

For the other direction, assume that ((q0 , q f ), T) ∈ Lk for a k ≤ t with
T ⊆ [1..t]. We may assume that T � [1..t]. Otherwise, we delete the non-
participating threads from the instance. We show that L(S)∩Sched(Σ, t, s) , ∅.
To this end, we construct an execution treeT togetherwith a labeling function
λ : V(T ) → (Q × Q)≤s × P([1..t]) based on the interface sequences that were
used to obtain the pair (q0 , q f ).

We start with a single root node r and set λ(r) � ((q0 , q f ), [1..t]). Now
given a partially constructed execution tree, we show how to extend it. We
stop the process as soon as for all leaves l of the tree we have λ(l) � (τ, T)
with |T | � 1. Otherwise, pick a leaf l with |T | > 1. By the fixed-point
iteration, there are generalized interface sequences (τ1 , T1) and (τ2 , T2) such
that (τ, T) ∈ (τ1 , T1) ⊗s (τ2 , T2). Note that (τ1 , T1) and (τ2 , T2) are not unique.
But we can arbitrarily pick any pair of them. To extend the tree, we add two
children l1 and l2 of l and set λ(li) � (τi , Ti) for i � 1, 2.

The procedure clearly terminates and yields an execution tree T where
the leaves l satisfy λ(l) ∈ L1. Hence, the leaves show the interface sequences
that were used to obtain ((q0 , q f ), [1..t]) by the fixed-point algorithm.

Now we make use of the tree to construct a word in L(S) the scheduling
graph of which has bounded dimension. To this end, we inductively define
the map Π : V(T ) → (Q × Q)∗. We start at the leaves. For a leaf l, we set
Π(l) � τ, where τ is the first component of λ(l) and λ(l) � (τ, {i}). Note that
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τ ∈ IF(Ai). This means for τ � (q j1 , q
′
j2
)(q j2 , q

′
j3
) . . . (q j` , q

′
j`+1
), there are words

u j
1 , . . . , u

j
` such that u j

1 . . . u
j
` ∈ L(Ai) and u j

d ∈ L(M(q jd , q
′
jd+1
)), for d ∈ [1..`].

Let l be a node in T with children l1 and l2. Further, let λ(l) � (τ, T),
Π(l1) � τ′1 andΠ(l2) � τ′2. By construction, we know that τ ∈ τ′1 ⊗s τ′2 Hence,
there is a τ′ ∈ τ′1Xτ′2 such that τ ∈ con(τ′). We set Π(l) � τ′. We stop the
procedure if we assigned the root a value under Π.

Now we have that for any node l in T with

Π(l) � (qi1 , q
′
i2
)(qi2 , q

′
i3
) . . . (qi` , q

′
i`+1
)

and λ(l) � (τ, T), there are words u1 , . . . , u` such that u1 . . . u` ∈Xi∈T L(Ai).
For the root r this means that there is a word w which lies in the intersection
L(M) ∩Xi∈[1..t]L(Ai). Hence, w ∈ L(S).

It is left to show that w has a scheduling graph of bounded dimension. To
this end, consider the interface sequence associated to r:

Π(r) � (q0 , q1)(q1 , q2) . . . (q`−1 , q`),

with q` � q f . For each tuple (q j , q j+1), j ∈ [1..` − 1], there is a unique leaf
l j in T such that (q j , q j+1) belongs to the interface sequence Π(l j) � τ j . Let
λ(l j) � (τ j , {c j}). Then we fix the order in which the thread take turns to:
c0 , . . . , c`−1. Note that c0 is the thread corresponding to (q0 , q1), c1 is the
thread corresponding to (q1 , q2) and so on. Clearly, the computation of S
reading the word w follows the described order. Hence, we can construct the
scheduling graph G � G(w).

To show that G � (V, E) has scheduling dimension bounded by s, we first
consider the undirected multigraph G′ � (V, E′). Recall that we obtain G′ by
taking all the vertices of G and setting

E′(u , v) � max{E(u , v), E(v , u)}

for u , v ∈ V . For any leaf l j of T , we set ϕ(l j) � c j , where λ(l j) � (τ j , {c j}).
Then (T , ϕ) is a carving decomposition of G′. We show that the decomposi-
tion has width at most s.

Let (n , k) be an edge of T , where n is a child node of k. Moreover, let
λ(n) � (τ, T). Removing the edge (n , k) from T partitions the vertices of G′

into T and V \ T. Note that the number of pairs in τ shows how often T,
seen as one thread, participates in the computation of S on w. Hence, we get
E′(T,V \ T) ≤ |τ |. As |τ | is bounded by s, we get that the width of (n , k) is
also bounded by s. Hence, width(T, ϕ) ≤ s. Finally, by Lemma 6.34, we get
that sdim(G) ≤ cw(G′) ≤ s. �

B.1.7 Proof of Lemma 6.39

Proof. First, assume that the intersection L(S) ∩ Sched(Σ, t,G) is non-empty.
Then there is a word w ∈ L(S) such that G(w) � G with its decomposition
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into contexts w � w1 . . .wk . Let q j ∈ Q be the state of M reached after reading
the prefix w1 . . .w j . Note that qk � q f is the final state. We get an interface
sequence α that is induced by the word w. It is of the following form:

α � (q0 , q1).(q1 , q2) . . . (qk−1 , qk).

Let v ∈ ⋃
`∈[1..t]V(G`) be a vertex appearing in the contraction process π.

The idea is to assign to each such v an interface sequence σv with σv ∈ Sv .
The sequence σv is obtained from α the following way. Let V(v) ⊆ V

be those vertices that are contracted to v by π. Note that V(u) � [1..t] � V .
Then, σv is obtained by projecting away those pairs of α that do not stem from
a thread in V(v) and then by contracting the remaining pairs. Contracting
means that whenever there are two neighboring pairs (qi , qi+1).(qi+1 , qi+2)
from different threads, we contract it to (qi , qi+2). This is applied until no
more contraction is possible. Note that the definition implies σu � (q0 , q f ).

By an induction along the contraction processwe show that for each vertex
v, the sequence σv is indeed in Sv . Consequently, we get σu ∈ Su .

In the base case, we consider all vertices v ∈ V(G1) � V . For those vertices,
the sequence σv obtained from α is exactly the interface sequence contributed
by the thread v during the computation of w. Therefore, we obtain that
σv ∈ IF(Av). Moreover, note that |σv | � deg(v) because deg(v) is the number
of times that thread v contributes during the computation. Since deg(v) ≤ s,
we obtain that σv ∈ Sv . Note that this holds as well for initial vertex v0 and
final vertex v f since α clearly starts in q0 and ends in q f .

For the induction step, assume that we consider the `-th contraction of π,
namely G`+1 � G`[v1 , v2 7→ v′], and that σv1 ∈ Sv1 , σv2 ∈ Sv2 . We show that
this implies σv′ ∈ Sv′. To this end, set

i � E`(v1 , v2)
j � E`(v2 , v1),

where E` denotes the edge weights of G` . We can also write the two weights
as i � E(V(v1),V(v2)) and j � E(V(v2),V(v1)) since V(vi) is the set of vertices
contracted to vi . This means that in the sequence α, there are i switches from
a thread in V(v1) to a thread in V(v2) and j switches into the other direction.

We now obtain an interface sequence from α preserving these switches.
First, we project away the pairs that do not belong to V(v′) � V(v1) ∪ V(v2).
Then, we contract those of the remaining pairs that stem from the threads of
V(v1). Similarly, we contract those that stem from the threads of V(v2). Note
that V(v1) and V(v2) are disjoint. Hence, the contractions happen within the
corresponding pairs. We obtain a new sequence ρ ∈ σ1Xσ2.

The sequence ρ has exactly i in-contractions and j out-contractions. In-
deed, the process for obtaining ρ preserves the corresponding switches be-
tween the pairs of α. But this implies that the interface sequence σv′ is a
member of the set con(i , j)(ρ). Recall that σv′ is formed by projecting away all
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pairs of α not inV(v′) and by contracting the remaining pairs. The same result
can be achieved by contracting the i in-contractions and j out-contractions of
ρ. Hence, we obtain that

σv′ ∈ σ1 �(i , j) σ2 ⊆ Sv1 �(i , j) Sv2 � Sv′ .

For the other direction, we show that (q0 , q f ) ∈ Su implies the existence
of a word w ∈ L(S) such that the scheduling graph of w is the given graph
G. To this end, we inductively construct interface sequences σv ∈ Sv for each
v appearing in π. We begin with the last vertex u of the process and define
σu � (q0 , q f ). By assumption we have that σu ∈ Su .

For the induction step, let G`+1 � G`[v1 , v2 7→ v′]. By induction we
assume that we have already constructed σv′ such that

σv′ ∈ Sv′ � Sv1 �(i , j) Sv2 ,

where i � E`(v1 , v2) and j � E`(v2 , v1). Hence, there are sequences σv1 ∈ Sv1

and σv2 ∈ Sv2 such that σv′ ∈ σv1 �(i , j) σv2 .
Note that the induction constructs interface sequences σv ∈ Sv � IF(Av)

for each thread v ∈ V . The idea is now to consider a suitable shuffle of these
sequences in order to obtain the desired word. More precise, we want to
construct an extended interface sequence α ∈ Xv∈Vσv such that contracting
the pairs in α yields the sequence σu . Extended means that αu has clearly
marked pairs that can be employed in a contraction operator that we define
later. The idea requires a second induction along π. Formally, we show that
for each vertex v′ in π, we can construct an extended interface sequence αv′

such that the following three conditions hold:

(1) αv′ ∈Xv∈V(v′)σv ,

(2) contract(αv′) � σv′ , and
(3) for each v , z ∈ V(v′)with v , z we have: a marked pair of z appears

immediately after a marked pair of v exactly E(v , z)many times in αv′ .

The operation contract(αv′) contracts adjacent pairs (qk , qk+1).(qk+1 , qk+2)
in αv′ that are marked. It yields a newmarked pair (qk , qk+2). The contraction
is repeated until no more contraction can be done.

The base case of the induction is simple. To each vertex v ∈ V we assign
the above constructed interface sequence σv . Set αv � σv without marking
any positions. It clearly satisfies the three conditions.

For the induction step, consider the `-th contraction of process π, given by
G`+1 � G`[v1 , v2 7→ v′]. By induction,wehave the two interface sequences αv1

and αv2 . Note that σv′ ∈ σv1 �(i , j) σv2 , where i � E`(v1 , v2) and j � E`(v2 , v1).
By definition, there is an interface sequence

ρ ∈ σv1Xσv2 � contract(αv1)X contract(αv2)
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such that σv′ ∈ con(i , j)(ρ). Phrased differently σv′ is an i- j-contraction of ρ
which is itself a shuffle of contractions.

We construct αv′ as a shuffle of αv1 and αv2 in such away that the following
holds: (a) marked pairs of αv1 and αv2 are taken over to αv′. Between two
marked pairs of αv1 , there cannot appear a pair of αv2 and vice versa. (b)when
contracting the pairs of αv′ belonging to V(v1) and then the pairs belonging
to V(v2) without crossing, we obtain ρ. Without crossing means that we do
not contract adjacent pairs where one belongs to V(v1) and the other one
to V(v2). (c) αv′ contains i out-contractions and j-in contractions that are
marked at exactly those positions, where ρ gets contracted to σv′. This is
done by respecting the schedule G. A marked pair of v ∈ V(v2) appears
immediately after a marked pair of z ∈ V(v2) exactly E(v1 , v2) many times.
Note that αv′ exists by the existence of σv′ and ρ.

With the constructed sequence αv′, the above conditions are satisfied. In
fact, we satisfy the first condition since we have:

αv′ ∈ αv1Xαv2 ⊆
(
Xv∈V(v1)σv

)
X

(
Xv∈V(v2)σv

)
� Xv∈V(v1)∪V(v2)σv

� Xv∈V(v′)σv .

The second condition is satisfied since αv′ contains i out-contractions and j
in-contractions at exactly those positionswhere ρ gets contracted to σv′. Since
ρ is a contraction of αv1 and αv2 by (b), we obtain that σv′ � contract(αv′).

The third condition is also satisfied. Let v , z ∈ V(v′) � V(v1) ∪ V(v2)
with v , z. If v , z are both in V(v1), then each marked pair of v immediately
followed by amarkedpair of z in αv′ also appears thatway in αv1 sincemarked
pairs cannot be reshuffled due to (a). By induction, such pairs appear exactly
E(v , z)many times. The case v , z ∈ V(v2) is similar. Moreover, if v and z are
not both in V(vi), it follows from the construction of αv′.

Finally, weobtain the sequence α � αu that contracts to σu � (q0 , q f ). Since
α is a shuffle of the σv ∈ IF(Av) and valid, it is an induced interface sequence
and thereforewitnesses the existence of aword w ∈ L(S) byLemma6.15. Each
context of w refers to a pair in the sequence α. Hence, when we construct the
scheduling graph G(w), we get G since (3) holds for α. �

B.1.8 Complexity of Round Robin

For the complexity estimation of the algorithm for Round Rob, it is left to
show that applying Algorithm 6.2 to the constructed instance (S,G(S, cs), π)
takes time at most O(m4cs · cs · t). We provide a corresponding lemma.

Lemma B.6. Let S � (Σ,M, (Ai)i∈[1..t]) be an SMCP and cs ∈ N. Applying

Algorithm 6.2 to (S,G(S, cs), π) takes time at most O(m4cs · cs · t).
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Proof. The most expensive part of Algorithm 6.2 is the computation of the
directed contractionproducts. Let ` ∈ [1..t−2] and G`+1 � G`[v1 , v2 7→ v′] the
corresponding contraction in π. We need to compute the set Sv′ � Sv1�(i , j)Sv2 ,
where i � E`(v1 , v2) and j � E`(v2 , v1).

Due to the definition of π, we have that v2 � `+1 and v1 is the contraction
of all vertices 1, . . . , ` since we contract one vertex after another. This implies
that E`(v1 , v2) � cs and E`(v2 , v1) � 0. For the latter, it is important that
v2 � ` + 1 < t. Hence, we need to compute the product

Sv′ � Sv1 �(cs,0) Sv2 .

Since deg(v1) � deg(v2) � cs, we have Sv1 , Sv2 ⊆ (Q×Q)cs. For computing
Sv′ we need to evaluate the directed contraction product �(cs,0) of

m
2cs ·m2cs

� m
4cs

many pairs of sequences. The product of two sequences σ, τ ∈ (Q × Q)cs can
be computed in linear time O(cs). Note that for any ρ′ ∈ σ �(cs,0) τ, there is a
sequence ρ ∈ σXτ such that ρ′ ∈ con(cs,0)(ρ). Phrased differently, this means
that ρ′ is obtained from ρ by contracting exactly cs many out-contractions.
Since σ and τ both have length cs, ρ has to be the unique sequence where
the pairs of σ and τ alternatively take turns. Hence, σ �(cs,0) τ either contains
one element, namely the contraction of ρ which can be computed in time
O(cs), or the product is empty, if ρ does not contain cs many out-contractions.
Summing up, we can compute Sv′ in time O∗(m4cs · cs).

For the last contraction in π, Gt � Gt−1[v1 , v2 7→ v′], we have

Sv′ � (Sv1 �(cs,cs−1) Sv2).

The reasoning is as before. Note that v2 � t and v1 is the contraction of
all vertices 1, . . . , t − 1. This implies Et−1(v1 , v2) � cs and Et−1(v2 , v1) � cs − 1.
The product σ �(cs,cs−1) τ for two sequences σ, τ ∈ (Q ×Q)cs can be computed
in time O(cs) similar to the above.

In total, Algorithm 6.2 requires O(t) computations of the product. Each of
these takes time O(m4cs · cs). Note that we also know the initial vertex 1 and
the final vertex t. This completes the complexity estimation. �

B.1.9 Proof of Theorem 6.44

Proof. Let the edges of G be denoted by E. We formally define the underlying
alphabet Σ to be the following union:

Σ � V ∪ {(i , #) | i ∈ [1..k]} ∪ {e((i′, j′), (i , j)) | {(i′, j′), (i , j)} ∈ E}.

We construct the threads Ai , i ∈ [1..k] for each row i of G. The automaton
has k + 1 states, p0 , . . . , pk , and the following transitions. To pick and store a
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vertex from the i-th row, we have

p0
(i , j)
−−−→ p j

for each j ∈ [1..k]. For performing a trivial context we have the transitions

p j
(i ,#)
−−−→ p j .

And for enumerating edges containing the stored vertex, we have

p j
e((i′, j′)(i , j))
−−−−−−−−→ p j ,

if there is an edge {(i′, j′), (i , j)} with i′ < i.
We construct the memory automaton M along the twomentioned phases.

In the first phase, M synchronizes with each thread Ai on a letter (i , j) with
j ∈ [1..k]. This amounts to picking the j-th vertex from row i. To this end, M
has exactly k + 1 states {q0 , . . . qk} and the transitions

qi−1
(i , j)
−−−→ qi ,

for all i , j ∈ [1..k]. Thus, in the first phase M reads a word of the form
(1, j1) . . . (k , jk) which constitutes a clique candidate. Note that the contribu-
tion of thread Ai to the word is (i , ji). The thread stores the vertex.

In the second phase, M performs exactly k − 1 verification rounds. Again,
we describe the i-th round. The memory has states

{(p i
1 ,⊥), . . . , (p i

i ,⊥)}

for performing trivial contexts and states

{(p i
i′ , j) | i′ ∈ [i + 1..k], j ∈ [1..k]}

for enumerating edges. The last state in round i is given by (p i
k+1 ,⊥). Further,

we set qk+1 � (p1
1 ,⊥) and (p i−1

k+1 ,⊥) � (p
i
1 ,⊥) for i ∈ [2..k − 1] to connect the

different rounds. The final state of M is the last state in round k − 1: (pk−1
k+1 ,⊥).

In round i, we get the following transitions. To perform the trivial contexts
along with the threads A` where ` < i, we obtain

(p i
` ,⊥)

(`,#)
−−−→ (p i

`+1 ,⊥).

To recall the vertex chosen in row i, we have the transitions

(p i
i ,⊥)

(i , j)
−−−→ (p i

i+1 , j)
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for all j ∈ [1..k]. And to enumerate edges involving the recalled vertex, we
have for each ` ∈ [i + 1..k − 1] and j, j′ ∈ [1..k] the transition

(p i
` , j)

e((i , j)(`, j′))
−−−−−−−−→ (p i

`+1 , j)

The last transitions in round i are given by the transitions that enumerate the
last edge involving (i , j). We have:

(p i
k , j)

e((i , j)(k , j′))
−−−−−−−−→ (p i

k+1 ,⊥)

for each j, j′ ∈ [1..k]. This completes the construction of M and the shared-
memory concurrent program S � (Σ,M, (Ai)i∈[1..k]). Note that a computation
of S always follows the cyclic schedule (1.2 . . . k)k . Hence, each word in L(S)
will automatically lie in the set Cyclic(Σ, k , k). Therefore, for the correctness
we need to show that G contains a clique of size k with a vertex from each
row if and only if L(S) , ∅.

Assume that (1, j1), . . . , (k , jk) is a clique in G. We construct a word in the
language L(S). In the first phase, M and the threads accept the word

wc � (1, j1) . . . (k , jk).

The memory chooses the correct vertices in each row and the threads store it
accordingly. Now the second phase begins and M computes in rounds. In
the i-th round, M and the threads synchronize on the word

wi � (1, #). . . . (i − 1, #).e((i , ji)(i + 1, ji+1)) . . . e((i , j)(k , jk)).

The threads A` store the vertices (`, j`). Hence, they can read the symbols
e((i , ji)(`, j`)) since there is an edge {(i , ji), (`, j`)} ∈ E.

After computing for k − 1 rounds, we have enumerated all the edges and
get that the word w � wc .w1 . . .wk−1 is in L(S).

If a word w ∈ L(S) is given, we can split the word into the according
phases and rounds: w � wc .w1 . . .wk−1. The word wc is of the form

wc � (1, j1) . . . (k , jk)

and chooses a clique candidate (1, j1), . . . , (k , jk). The words w1 , . . . ,wk−1
ensure that there are enough edges among the chosen vertices. As above,
they are of the particular form

wi � (1, #). . . . (i − 1, #).e((i , ji)(i + 1, ji+1)) . . . e((i , j)(k , jk)).

Hence, they can only be read if the corresponding edges exist. We get that
the chosen candidate is indeed a clique.

Note that the size of the memory is O(k3) and that each thread performs
exactly cs � k many context. This completes the proof. �

353



B. Detailed Proofs and Further Concepts

B.1.10 Proof of Theorem 6.54

Proof. We formally define the automaton P(S) � (C,OP(D),∆, (c0 , 0, 0), F).
The set of states is given by

C � Conf (S) × [0..t] × [0..k].

Hence, P(S) stores the current configuration, the currently writing thread
i ∈ [1..t], and the number of stages ` ∈ [0..k]. Final stats are given by

F � {(c , i , `) | c ∈ Fin(S), i ∈ [0..t], ` ∈ [0..k]}.

The initial state is (c0 , 0, 0), where c0 is the initial configuration. The transition
relation ∆ is defined as follows. If→S has a transition of the form c −−−→?a/ε

S c′

where thread Ai is reading or performing an interior ε-transition, ∆ contains

(c , i , `) ?a−→ (c′, i , `).

If→S has a transition c −→!a S c′ where thread Ai′ is writing, then ∆ contains

(c , i , `) ?a−→ (c′, i′, `′),

where the integer `′ is defined by

`′ �

{
`, if i′ � i ,
` + 1, otherwise.

We clearly have L(P(S)) � L(S) ∩ Stage(D , t, k). Hence, correctness is
guaranteed. Note that P(S) has at most(

Πi∈[1..t] |Pi |
)
· d · (t + 1) · (k + 1) ≤ p

t · d · (t + 1) · (k + 1)

many states and |∆| ≤ p
2t · d2 · (t + 1)2 · (k + 1)2 many transitions. Hence,

constructing the automaton P(S) takes time at most O(|∆|) and checking it
for non-emptiness can be done in the same time as well. Consequently, the
problem BSR can be solved in time

O(p2t · d2 · (t + 1)2 · (k + 1)2) � O(p2t · d2 · t2 · k2).

The estimation completes the proof. �

B.1.11 Proof of Theorem 6.55

Proof. For the formal construction of S, we define for each i ∈ [1..k], the thread
Pi � (Qi ,OP(D) × {i}, δi , q0

i ,Q
f
i ), where

Qi � {qi j | j ∈ [1..k]} ∪ {q`i j | j, ` ∈ [1..k]} ∪ {q0
i }.

354



B.1. Proofs for Chapter 6

The states qi j are used to store one of the k vertices of the i-th row, the states
q`i j are needed to check the edge relations to vertices from other rows. The

final states are Q f
i � {qk

i j | j ∈ [1..k]}. Note that we can easily reduce to the
case of a single final state via introducing ε-transitions.

The transition relation δi is given by the following rules. Note that we
omit the thread identifiers. For choosing and storing a vertex of the i-th row
we have the transitions

q0
i

?a0−−→ qi j

for any j ∈ [1..k]. For checking the adjacency to vertices from a different row,
we have for each `, j ∈ [1..k] the transition

q`−1
i j

?(`, j′)
−−−−→ q`i j

if ` , i and if there is an edge between (i , j) and (`, j′) in G. Note that we
identify qi j as q0

i j . Finally, to test the equivalence in the case of the same row:

q i−1
i j

?(i , j)
−−−→ q i

i j

for each column j ∈ [1..k].
The writing thread P is given by P � (Q ,OP(D) × {P}, δP , p0 , p f ), where

Q � {p0 , . . . , pk}, p f � pk , and δP is given by the transitions

qi−1
!(i , j)
−−−→ qi

for each i , j ∈ [1..k]. Altogether, we define the RW-SMCP S to be the tuple
S � (D , a0 , ((Pi)i∈[1..k] , P)). We clearly have t � k + 1 and p � O(k2).

It is left to prove the correctness. First note that any word in L(S) has one
stage since the only writing thread is P. We show that L(S) , ∅ if and only if
there is a clique of size k in G with one vertex from each row.

Let such a clique in G be given. It consists of the vertices (1, j1), . . . , (k , jk).
Then it is simple to construct a corresponding word in L(S). First, each Pi
guesses the vertex (i , ji) by reading a0. Since each two vertices in the clique
are adjacent, the thread P can write (i′, ji′) to the memory and the Pi will read
it without deadlocking. Hence, the following is a word in L(S):

(?a0)k . !(1, j1) . (?(1, j1))k . . . !(k , jk) . (?(k , jk))k .

For the other direction, let a word w ∈ L(S) be given. Since each Pi arrives
at a final state qk

i ji
upon reading w, we have that w is of the form:

w � (?a0)k . !(1, j1) . (?(1, j1))k . . . !(k , jk) . (?(k , jk))k .
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The above form yields the clique candidate (1, j1), . . . , (k , jk) ∈ V . More-
over, its implies that two vertices (i , ji) and (i′, ji′) are indeed adjacent. To see
this note that, once (i′, ji′) is written to the memory by P, the thread Pi reads
the vertex. This can only happen if there is an edge connecting both vertices
in the graph. Hence, G contains the desired clique. �

B.1.12 Proof of Theorem 6.56

Proof. We prove the correctness of the construction. Let

S � (D , a0 , (Pxi )i∈[1..n] , Pw , (Pb)b∈[1.. log(I)])

be the constructed RW-SMCP. Since L(S) contains only words with one stage,
we show that L(S) , ∅ if and only if there is an ` ∈ [1..I] such that ϕ` is
satisfiable. To this end, first assumewe are given a word w ∈ L(S). Since each
thread of S reaches its final state, the word sis of the following form:

w � (?a0)n .w1 . . .wm ,

where w j �!(` j , j, i j , v j).(?(` j , j, i j , v j))n+log(I).
In fact, the initial part (?a0)n forces the Pxi to store a valuation of the

variables by choosing a branch. Each tuple (` j , j, i j , v j) written by Pw to the
memory encodes a clause C

` j

j . By construction, the tuple can only be read by

Pxi j
if the clause C

` j

j is satisfied by xi j evaluating to v j and if v j is the valuation
stored by Pxi j

. Threads Pxi with i , i j can read it the tuple without further

requirements. But this means that the encoded clauses C
` j

j with j ∈ [1..m]
are all satisfied by the valuation stored in the Pxi .

Since also the bit checkers Pb read the tuples and each of them is accepting
in the end, we obtain that the b-th bits of `1 up to `m coincide. Hence, we
obtain that `1 � · · · � `m . Thus, the clauseswere chosen froma single instance
ϕ`1 which is prove to be satisfiable.

For the other direction, assume that ϕ` is satisfiable. It is simple to con-
struct a word in L(S). First, the Pxi choose the valuation that satisfies the
formula, by reading (?a0)n . Then, Pw writes the tuples (`, j, i j , v j) to the
memory, where xi j is the variable that satisfies clause C`

j with valuation v j .
By construction, each Pxi and the Pb can read the tuple. Hence, we get the
word w � (?a0)n .w1 . . .wm , where w j �!(`, j, i j , v j).(?(`, j, i j , v j))n+log(I). �

B.1.13 Proof of Lemma 6.58

Proof. We prove that ϕ is satisfiable if and only if L(S) , ∅. Note that this
shows the correctness of the construction as L(S) only consists of 1-stage
words. Assume there is a satisfying assignment v for ϕ. We construct a word
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in L(S) mimicking the assignment. First, we let the threads Pxi choose the
correct valuation according to v. To this end, they all read the initial memory
value a0. We set w0 � (?a0)n to be the first part of our word.

Then, Pv starts its computation. It picks a literal ` of the first clause C1 of
ϕwhich satisfies it under v. Then it writes enc(`) to thememory, taking turns
with the threads Pxi reading the symbols. Note that each Pxi can read the
whole string enc(`) since it either involves a different variable or matches the
stored valuation v. We get the word w1, obtained from interleaving sending
the symbols of enc(`), immediately followed by receiving the symbols.

The process is repeated for each clause of ϕ. We obtain the words
w2 , . . . ,wm . Note that each Pxi has read exactly m encodings of literals.
Hence, they accept. This means that w � w0.w1 . . .wm ∈ L(S).

For the other direction, assume that w ∈ L(S). By construction, w is of the
form w � w0.w1 . . .wm , where w0 � (?a0)n and wi is the word obtained from
sending and receiving the symbols of an encoding enc(`), where ` is a literal
of the j-th clause of ϕ. Since all Pxi accept, the literal matches the valuation
stored by these threads. Phrased differently, the stored valuation satisfies the
clause. Altogether we get that the valuation satisfies ϕ. �

B.2 Proofs for Chapter 7

B.2.1 Proof of Lemma 7.11

Proof. We fix some notation that we use throughout the proof. Let c ∈ Qk be
a configuration and s ∈ Set(c). By Posc(s) � {i ∈ [1..k] | c(i) � s} we denote
the components of c storing the state s. Given a second configuration d ∈ Qk

with k components, we use the set

Targetc(s , d) � {d(i) | i ∈ Posc(s)}

to capture those states that occur in d at the components of Posc(s). Intuitively,
if there is a sequence of transitions from c to d, these are the target states of
the components of c that store s.

Consider a computation σ � c →+

N c with Set(c) � {s1 , . . . , sk}. We show
that there is a cycle ({s1}, . . . , {sk}) →+

G ({s1}, . . . , {sk}) in the abstraction
graph. To this end, assume σ is of the form

σ � c → c1 → · · · → c` → c.

Since c → c1 is a transition in the broadcast network N , there is an edge

({s1}, . . . , {sk}) →G (Targetc(s1 , c1), . . . , Targetc(sk , c1))
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inGwhere each state si gets replaced by the set of target states in c1. Applying
this argument inductively yields a path in the abstraction graph:

({s1}, . . . , {sm}) →G (Targetc(s1 , c1), . . . , Targetc(sk , c1))
→G (Targetc(s1 , c2), . . . , Targetc(sk , c2))
→G . . .
→G (Targetc(s1 , c), . . . , Targetc(sk , c)).

Since Targetc(si , c) � {si}, we found the desired cycle.
For the other direction, let a cycle ρ � ({s1}, . . . , {sk}) →+

G ({s1}, . . . , {sk})
be given. From ρ, we construct a computation σ � c →+ c in the broadcast
network such that Set(c) � {s1 , . . . , sk}. The difficulty in constructing σ is to
ensure that at any point in time there are enough clients in the appropriate
states. For instance, if a transition s−→?a s′ occurs, we need to decide how
many clients have to move to s′. Having too few clients in s′ may stall the
computation at a later point: there might be a number of sends required that
can only be obtained by transitions from s′ and if there are too few clients in
s′, we cannot guarantee the sends. The solution is to start with a rather large
number of clients in any state. With invariants we guarantee that at any point
in time, the number of clients in the needed states suffices.

Let cycle ρ be V0 →G V1 →G · · · →G V` with V0 � V` � ({s1}, . . . , {sk}).
Furthermore, let Vj � (S1

j , . . . , S
k
j ). We will construct the computation σ over

configurations in Qn where n � k · p` . The idea is to have p
` many clients

for each of the k components of the vertices Vi occurring in ρ. To access the
clients belonging to a particular component, we split up configurations in Qn

into blocks, intervals of integers that are defined for each i ∈ [1..k] by
I(i) � [(i − 1) · |Q |` + 1 .. i · |Q |`].

Let d ∈ Qn be an arbitrary configuration. For i ∈ [1..k], let the set
Bd(i) � {d(t) | t ∈ I(i)} capture all states occurring in the i-th block of d.
Moreover, we collect all clients in a particular block that currently admit
some state s ∈ Q. Let the set Posd(i , s) � {t ∈ I(i) | d(t) � s} be those
components of d in the i-th block that store state s.

We fix the configuration c ∈ Qn . For each component i ∈ [1..k], it contains
p
` copies of the state si in the i-th block. Formally, Bc(i) � {si}. Our goal is to

construct the computation σ � c0 →+ c1 →+ · · · →+ c` with c0 � c` � c such
that the following two invariants are satisfied.

(1) For each j ∈ [0..`] and i ∈ [1..k], we have Bc j (i) ⊆ Si
j .

(2) For any state s in a set Si
j we have |Posc j (i , s)| ≥ |Q |`− j .

s Intuitively, (1) means that during the computation σ, we visit at most those
states that occur in the cycle ρ. Invariant (2) guarantees that at each configu-
ration c j , there are enough clients available in these states.
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We construct σ inductively. The base case is given by configuration c0 � c
which satisfies Invariants (1) and (2) by definition. For the induction step,
assume c j is already constructed and Invariants (1) and (2) hold for the con-
figuration. Our first goal is to construct a configuration d such that c j →+ d
and d satisfies (2). In a second step we construct a computation d →∗ c j+1.

In the cycle ρ there is an edge Vj →G Vj+1. From the definition of→G ,
we get a component t ∈ [1..k], states s ∈ St

j and s′ ∈ St
j+1, and a message

a ∈ D such that there is a send transition s−→!a s′. Moreover, there are sets
Gent ⊆ succ?a(St

j) and Killt ⊆ enabled?a(St
j) such that

St
j+1 � (Ut \ Killt) ∪ Gent ∪ {s′}.

Here, Ut is either St
j or St

j \ {s}. We focus on t and take care of other
components later. We apply a case distinction for the states in St

j+1.
Let q be a state in St

j+1 \ {s′}. If q ∈ Gent , there exists a p ∈ St
j such

that p−→?a q. We apply this transition to |Q |`−( j+1) many clients in the t-th
block of configuration c j . If q ∈ Ut \ Killt and q not in Gent , then certainly
q ∈ Ut ⊆ St

j . In this case, we let |Q |`−( j+1) many clients of block t stay idle in
q. For state s′, we apply a sequence of sends. More precisely, we apply the
transition s−→!a s′ to |Q |`−( j+1) many clients in block t of c j . The first of these
sends synchronizes with the previously described receive transitions. The
other sends do not have any receivers. For components different from t, we
apply the same procedure. Since there are only receive transitions, we also
let them synchronize with the first send of a. This leads to a computation τ

c j
a−→ d1 a−→ d2 a−→ . . .

a−→ d |Q |
`−( j+1)

� d.

We argue that τ is valid: there are enough clients in c j such that τ can
be performed. Focus on component t, the reasoning for other components is
similar. Let q ∈ Bc j (t) � St

j . Note that the equality is due to Invariants (1)
and (2). We count the number of clients of c j in state q (in block t) that are
needed to perform the computation τ. In fact, we need at most

|Q |`−( j+1) · |succ?a(q) ∪ {q , s′}| ≤ |Q |`−( j+1) · |Q | � |Q |`− j

many of these clients. The set succ?a(q) ∪ {q , s′} appears as a consequence
of the case distinction above: there may be transitions mapping q to a state
in succ?a(q), it may happen that clients stay idle in q, and in the case q � s,
we need to add s′ for the send transitions. Since |Posc j (t , q)| ≥ |Q |`− j by
Invariant (2), we get that τ is a valid computation. Moreover, note that
configuration d satisfies Invariant (2) for j + 1: for each state q ∈ St

j+1, the
computation τ was constructed such that |Posd(t , q)| ≥ |Q |`−( j+1).

To satisfy Invariant (1), we need to erase states that are present in d but not
in St

j+1. To this end, we reconsider the set Killt ⊆ enabled?a(St
j). For each state
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p ∈ Killt , we know by the definition of→G that succ?a(p) ∩ Gent , ∅. Hence,
there is a q ∈ St

j+1 such that p−→?a q. We apply this transition to all clients in
d currently in state p that were not active in the computation τ. In the case
Ut � St

j \ {s}, we apply the send s−→!a s′ to all clients that are still in s and were
not active in τ. Altogether, this leads to a computation η � d →∗ c j+1.

There is a subtlety in the definition of η. There may be no send transition
for the receivers to synchronize with since s may not need to be erased. In
this case, we synchronize the receive transitions of η with the last send of τ.

Computation η substitutes the states in Killt and state s, depending on Ut ,
by states in St

j+1. But this means that in the t-th block of c j+1, there are only
states of St

j+1 left. Hence, Bc j+1(t) ⊆ St
j+1, and Invariant (1) holds.

After the construction of σ � c →+ c` , it is left to argue that c` � c. But
this is due to the fact that (1) holds for c` and St

` � ({s1}, . . . , {sm}). �

B.2.2 Proof of Lemma 7.25

Beforewe turn to the proof of the lemma,we need some notation that captures
the contribution of an individual client to a transition or computation.

Definition B.7. Let N be a broadcast network and c −→a c′ a transition between
two configurations. Let i ∈ idx(c −→a c′). The contribution of client i ∈ N, denoted
by ctri(c −→a c′), is the transition that client i internally takes. Formally,

ctri(c
a−→ c′) � c(i)

!a/?a
−−−→ c′(i),

depending on whether i is the sender or a receiver. For i < idx(c a−→ c′), there
is no contribution. Consequently, we set ctri(c −→a c′) � ε.

Note that the definition can be extended to computations by appending
the individual contributions to the transitions of the computation.

Proof. First note that by construction, a prefix c0 →∗ c exists in N if and only if
c̃0 →∗ c̃ exists in NQF . Since one can always move from configuration c̃ to c in
NQF by appending !n-transitions for each client that no other client receives,
we obtain that c0 →∗ c in N implies a prefix c̃0 →∗ c of NQF . Vice versa, a
prefix c̃0 →∗ c in NQF can be shortened to a prefix c̃0 →∗ c̃ by removing the
!n-transitions. This corresponds to c0 →∗ c in N .

It is left to show that there is a good cycle c ⇒QF c if and only if there
is a cycle c →+ c in NQF . We first show that good cycles entail cycles in
the instrumentation NQF . To this end, we prove a slightly more general
result. If there is a computation σ � c −→w N d, we can derive a computation
c −→w

′

NQF
d(σ)where w′ is a word over D′ such that its projection to D is w: we

have πD(w′) � w. The configuration d(σ) is defined componentwise. Assume
d ∈ Qk and let i ∈ [1..k]. Moreover, let d(i) � q, then the i-th component of
configuration d(σ) is defined via a case distinction:
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(1) d(σ)(i) � q if ctri(σ) � ε. So if client i does not contribute to σ, it will not
change its state. Note that c(i) � q in this case.

(2) d(σ)(i) � q̃ if ctri(σ) � c(i) →+ e(i) →∗ d(i) � q with e(i) ∈ QF. Here, e is
some intermediary configuration visited along σ. Hence, client i visits a
final state during the computation, leading it into Q̃ in NQF .

(3) d(σ)(i) � q̂ otherwise. In this case, client i contributes to computation σ
but does not visit a final state along it.

We construct the computation c
w′−→NQF

d(σ) by induction. In the case
w � ε, we set w′ � ε and obtain d(σ) � d. Hence, we get the desired (empty)
computation in the instrumentation NQF .

Now let w � u.a for a word u ∈ D∗ and a ∈ D. Then the computation
σ � c −→w N d splits into two parts. There is an intermediary configuration f
with σ � σ1.σ2 where σ1 � c −→u N f and σ2 � f −→a N d. We apply the induction
to σ1 and obtain a computation σ′1 � c −→u

′

NQF
f (σ1). Let J � idx(σ2) be the

clients contributing to transition σ2. We extend the computation σ′1 for each
j ∈ J as follows. Let f ( j) � q ∈ Q and d( j) � p ∈ Q and let ctr j(σ2) � q −→op

p
with op ∈ OP(D). We distinguish three cases.

(1) If ctr j(σ1) � ε, then by definition f (σ1)( j) � q. Hence, by construction of
NQF , there is a transition q −→op

p̂ which we perform in the j-th component.

(2) If ctr j(σ1) visits an intermediary final state of QF, then f (σ1)( j) � q̃. In
this case, we extend σ′1 by the transition q̃ −→op

p̃ in the j-th component.

(3) If ctr j(σ1) , ε and does not visit a final state, we get that f (σ1)( j) � q̂.
Then we extend σ1 by the transition q̂ −→op

p̂ in the j-th component.

Clients j < idx(σ2) do not change their current state during the extension
of σ′1. Altogether, we obtain a computation of the form c −→u

′

NQF
f (σ1) −→a NQF

g,
where g is the resulting configuration of the above extension. We extend the
computation such that it reaches d(σ). To this end, let j ∈ [1..k]. If g( j) � p̂
and p ∈ QF, we add the transition p̂ −→!n p̃ without any receiving clients in
NQF . By this, we get that all clients visiting a final state along σ, finally move
to phase Q̃. Hence, we obtain the following desired computation:

c
u′−→NQF

f (σ1)
a−→NQF

g
n−→NQF

· · · n−→NQF
d(σ).

Now assume a good cycle ρ � c ⇒QF c in N is given. We apply the above
result and obtain a computation c →+ c(ρ) in NQF . Since ρ is good for QF,
each participating client visits a final state along ρ. Hence, the configuration
c(ρ) can be described as follows. Let j ∈ [1..k] and c( j) � q. We have

c(ρ)( j) �
{

q , if ctr j(σ) � ε,
q̃ , otherwise.
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Note that there is no state in phase Q̂.
We extend the computation c →+ c(ρ) in NQF for each j ∈ [1..k] with

ctr j(ρ) , ε. Since c(ρ)( j) � q̃ in this case, we add the transition q̃ −→!n q � c( j).
Hence, we obtain a proper cycle in the instrumentation:

c →+

NQF
c(ρ) !n−→NQF

· · · !n−→NQF
c.

For the other direction, assume that a cycle c →+ c in NQF is given. By
construction, such a cycle can be decomposed as follows:

c0 � c
w1−−→ d1

n−→
∗

c1
w2−−→ d2

n−→
∗

c2 → · · · → cn−1
wn−−→ dn

n−→
∗

c.

Here, each wi ∈ D∗ and the computation between di and ci is a repeated
sending of n without receivers, needed to transition between different phases.

Out of this computation, we construct a good cycle c ⇒QF c. To this end,
we define for each configuration d of NQF with k components, a configuration
N(d) that retrieves the original states out of d. For each j ∈ [1..k], we set

N(d)( j) � q if d( j) � q/q̃/q̂.

By construction of the instrumentation NQF , we can mimic the tran-
sitions occurring in ci−1 −→

wi
NQF

di by transitions on Q and hence infer a
corresponding computation on the original broadcast network of the form
N(ci−1) −→

wi
N N(di). A computation di −→n

∗

NQF
ci can be ignored on the orig-

inal network since N(di) � N(ci). The reason is that sending n only shifts
phases within NQF . Altogether, we obtain a cycle in N :

c � N(c0)
w1−−→ N(d1)

w2−−→ N(d2)
w3−−→ · · · wn−−→ N(dn) � c.

The obtained cycle in N is good. Let j ∈ [1..k] be a client participating in
the cycle. Then, j ∈ idx(c →+

NQF
c). This means that j starts in a state q ∈ Q

and reaches back to q. By construction of NQF , this is only possible if j visits
a state p̂ with p ∈ QF during the cycle. Hence, p is also visited during the
obtained cycle on the original network N . �

B.3 Proofs for Chapter 8

B.3.1 Proof of Lemma 8.20

Proof. First assume that we are given an initialized computation ρ � c0 →∗S c
with πL(c) � q. We prove the existence of a witness x � (w , q , σ) and a
first-write sequence β such that Validβ(x). To this end, let ρ � ρ1 . . . ρm be the
transitions. These can be leader and contributor transitions.
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Let ρL � ρl1 . . . ρln be the projection of ρ to transitions of the leader. Out
of it, we construct the word w. The projection ρL takes the following form:

q0
L � q0

x0−→L︸︷︷︸
ρl1

q1
x1−→L︸︷︷︸
ρl2

· · · xn−1−−−→L︸︷︷︸
ρln

qn � q ,

where xi � !ai/ε/?ai for some symbol ai ∈ D. We set the target state of x to
be q � qn and the word w � (q0 , y0).(q1 , y1) . . . (qn−1 , yn−1)with

yi �

{⊥, if xi � ε/?ai ,

ai , otherwise.

To determine σ and the first-write sequence β, we project ρ to its first-
write transitions. For each a ∈ D, this is the unique transition (if it exists) of a
contributor, where a is written for the first time. Let the resulting projection
be ρC � ρ f1 . . . ρ fk where ρ fi is the first write of a symbol βi .

Clearly, the desired first write sequence is then defined by β � β1 . . . βk . It
is left to define the map σ : [1..k] → [1..n]. Let i ∈ [1..k]. The first write of
βi occurs in ρ in the transition ρ fi . Let `i be the number of leader transitions
occurring before ρ fi in ρ. Formally, we set

`i � |{ρli | li < fi}|.

Then we can define σ(i) � `i .
Leader validity of x along β follows immediately from the construction of

w along the computation ρ. All required leader transitions exist. The same is
true for contributor validity. Since ρ is a proper computation, the first writes
ρ f1 , . . . , ρ fk can all be provided by the contributors. Moreover, they can only
read the available writes. We obtain that LValidβ(x) evaluates to true.

For the other direction, assume that there is a witness x � (w , q , σ) ∈ Wit

that is valid along a first-write sequence β ∈ FW. We show that there is an
initialized computation c0 →∗S c with πL(c) � q. Let w � (q1 , a1) . . . (qn , an)
and let β � β1 . . . βk . By assumption, we have that both predicates, LValidβ(x)
and CValidβ(x), evaluate to true.

Since LValidβ(x) is true, there exists a sequence of transitions of the leader

ρL � ρ1 . . . ρn

such that ρi � qi −→ai
L qi+1 if ai , ⊥. Otherwise, for ai � ⊥, we have qi � qi+1,

ρi � qi −→ε L qi+1, or ρi � qi −→?b
L qi+1 for some b ∈ Sβ(i). Note that we also

represent the case qi � qi+1 by a transition ρi � qi −→ε L qi+1.
The predicate CValidβ(x) also evaluates to true. Fix i ∈ [1..k]. We use the

notation β<i � β1 . . . βi−1. For each i ∈ [1..k]we have

LAW(x , β<i) ∩ πRD(TraceC(Qi)) , ∅.
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Recall that LAW(x , β<i) � Γ∗1{a1 , ε}Γ∗2{a2 , ε} . . . Γ∗σ(i) is the language of avail-
ablewrites and Γ j � Loop(q j , Sβ<i ( j))∪Sβ<i ( j). Fix a string ri in the intersection
LAW(x , β<i) ∩ πRD(TraceC(Qi)). These are the reads that a contributor per-
forms to reach Qi . Moreover, let wi ∈ TraceC(Qi) such that πRD(wi) � ri and
τi the sequence of transitions of the contributor belonging to wi :

τi � p0
C

wi−→ p ∈ Qi .

Note that the reads in τi are along LAW(x , β<i).
Now we define the map γi , which maps each letter of ri (each read of

wi/τi) to the exact position where it occurs along the language LAW(x , β<i).
We set γi : [1..|ri |] → [1..σ(i)], with γi( j) � ` if ri( j) ∈ Γ` ∪ {a`}. Moreover,
we assign one of three types to each symbol of ri . In fact, a symbol is either
a read of a leader write ai (ld), a read of a first write ( fw), or a read which is
due to a loop of the leader (lp). We define λi : [1..|ri |] → {ld, lp, fw}, where

λi( j) �


ld, if γi( j) � ` ∧ ri( j) � a` ,
lp, if γi( j) � ` ∧ ri( j) ∈ Loop(q` , Sβ<i(`)),
fw, otherwise.

For each j with γi( j) � ` and λi( j) � lp, let lp(i , j) be the sequence of
transitions of the leader PL that forms a loop over q` which writes the symbol
ri( j). Hence, lp(i , j) is a sequence of the form

q`
u.!ri( j).v−−−−−−→ q` ,

with πRD(u.!ri( j).v) ∈ Sβ<i (`).
Wewill nowaddall the required loop transitions to the transition sequence

ρL of the leader inductively. The resulting run of the leader will be denoted
by ρ′L. Fix i ∈ [1..k]. For each j ∈ [1..|ri |], we add lp(i , j) immediately before
the transition ρ` , where ` � γi( j). Then we go on with the next value for
i. Note that we fill the space between two transitions of the leader from the
right—with increasing i. Intuitively, we add the required loops in the correct
place so that they can provide the symbols that the contributors want to read.

Now we estimate the number of required contributors to make the com-
putation possible. To this end, we need the number of read transitions in ρ′L.
For any d ∈ D, let #d(ρ′L) be the number of transitions of ρ′L that read the
value d from the memory. Moreover, let #d(ri) be the number of times that d
occurs as a read of a first write in ri :

#d(ri) � |{ j | ri( j) � d ∧ λi( j) � fw}|.

We set #d � #d(ρ′L) +
∑k

i�1 #d(ri). This is the number of contributors that
we need to provide the symbol d during the desired computation. Note that
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#d is only non-zero if d occurs as a first write in the sequence β. If ddoes not
occur as a first write, it can neither be read by the leader nor is it counted
within the definition of the number #d(ri).

Now we formally construct the required computation ρ in the leader
contributor system. We start with a configuration c0, consisting of the leader
in its initial state q0

L, the initial memory value a0 and for each d ∈ {β1 , . . . , βk},
we have #d many contributors in their initial state p0

C. We will refer to the set
contributors that want to provide d collectively as [d]. The intention is that
one of them moves and the others just copy the taken transition. Hence, they
behave similarly. To construct ρ, we need a pointer into the run ρ′L of the
leader and into the words r1 , . . . , rk . To this end, we use the following tuple:

idx � (idx(ρ′L), idx(r1), . . . , idx(rk)) ∈ [1..|ρ′L |] × [1..|r1 |] × · · · × [1..|rk |],

which stores a position into each. We use idx to formulate and maintain in-
variants along the constructed computation. Initially, we have idx � (1, . . . , 1).

We construct ρ while maintaining three invariants.

(1) We always have a suffice amount of contributorswaiting to provide d ∈ D.
For each occurring tuple idx � (idx(ρ′L), idx(r1), . . . , idx(rk)), we have at
least #d(idx)many contributors on their way to provide d. Here,

#d(idx) � #d(ρ′L[idx(ρ′L)..]) + #d(r1[idx(r1)..]) + . . . + #d(rk[idx(rk)..]),

where α[idx...] indicates the subsequence or substring of α starting from
the index idx.

(2) Let idx � (idx(ρ′L), idx(r1), . . . , idx(rk)) be an occurring tuple and the num-
ber of taken leader transitions ρ j be `. The latter means that

|{ρ j | ρ j ∈ ρ′L[1..idx(ρ′L)]}| � `.

Then, we have that for each i with σ(i) ≤ ` that idx(ri) � |ri |. This means
that once a first-write position is arrived, the corresponding contributors
providing the symbol are indeed available.

(3) Finally, for each occurring idx � (idx(ρ′L), idx(r1), . . . , idx(rk)), the leader
in ρ is in the target state of the transition ρ′L(idx(ρ′L)).

We begin with the inductive construction. We have already seen the base
case. Hence, assume that the computation ρ has been constructed partially
and idx � (idx(ρ′L), idx(r1), . . . , idx(rk)) is the current tuple up to which we
have processed ρ′L and the strings r1 , . . . rk . For each i ∈ [1..k], we first
perform any possible transition of τi , starting from the last transition that was
executed in this sequence. We distinguish two cases.

If λi(idx(ri)) � fw and the read symbol is ri(idx(ri)) � β j for some j ≤ i
with σ( j) ≤ `. Here, ` � |{ρ j | ρ j ∈ ρ′L[1..idx(ρ′L)]}|. By Invariant (1) and
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Invariant (2), we obtain that there are #β j (idx) many contributors in a state
waiting to provide β j . We use one of these to provide the symbol and let it
write β j to the memory. All contributors in [βi] read the symbol and execute
the corresponding read transition of τi . We increment the index #β j (ri).
Hence, #β j (idx) decreases by one and all invariants are maintained.

Now let λi(idx(ri)) � lp with γi(idx(ri)) � ` − 1 and the read symbol be
ri(idx(ri)) � b ∈ D. The integer ` is defined as above. Then there is a loop
lp(i , idx(ri)) of the leader on q`−1 which provides the symbol b. The leader
is in state q`−1 by Invariant (3). Hence, it can execute the required loop
and write the symbol b to the memory. All contributors in [bi] execute the
corresponding read transition. Then, the leader finishes the loop. Note that
executing lp(i , idx(ri)) may require contributors that write needed symbols.
By our invariants, we can ensure that there are enough contributors to feed
the leader during the loop. We update idx by moving idx(ρ′L) to the end of
the loop and we increment idx(ri) by 1.

Finally we process the leader. If the current transition ρ′L(idx(ρ′L) is a read
of the contributor, then we move one contributor to write the corresponding
value to memory and make the leader move. We also increment idx(ρ′L)
by 1. If it is an interior ε transition, we make the leader move and again
increment idx(ρ′L) by 1. If the move of the leader is a write, we let the leader
write the symbol and again increase idx(ρ′L). But in this case, we need to
move contributors that read the written symbol. For each i ∈ [1..k] such
that λi(idx(ri)) � ld and γi(idx(ri)) � `, (` defined as above), we execute the
corresponding read transition from τi which reads the value written by the
leader. We update idx(ri) accordingly.

The constructed computation satisfies the three invariants and is therefore
a valid computation of the system. This completes the proof. �

B.3.2 Proof of Lemma 8.26

Beforewe turn to theproof of Lemma8.26,we showsomeauxiliary statements
that are needed to simplify the proof. The first lemma states that leader
validity of a witness is preserved under repeatedly applying Shrink.

Lemma B.8. Let β ∈ FW be a first-write sequence and x ∈ Wit a (long) witness

with LValidβ(x) � true. Then, we have that LValidβ(Shrink
∗(x)) � true.

Proof. We show that LValidβ(Shrink(x)) � true. Then, the above statement
follows by induction. To this end, assume x is given by (w , q , σ) with w �

(q1 , a1) . . . (qn , an). If Shrink(x) � x, there is nothing to show. Otherwise, there
are indices r < t such that Shrink(x) � (w′, q , σ′)where

w′ � (q1 , a1) . . . (qr−1 , ar−1).(qt , at) . . . (qn , an)

The map σ′ of the witness is defined by σ′(`) � σ(`) if σ(`) < r, σ′(`) � r if
r ≤ σ(`) ≤ t, and σ′(`) � σ(`) − t + r for σ(`) > t.
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For proving leader validity, let ai be a symbol in w′. Since ai also occurs
in w and LValidβ(x) � true, we get one of the following.

(1) There is a write transition qi
!ai−→L qi+1,

(2) qi � qi+1,

(3) there is an ε-transition qi
ε−→L qi+1, or

(4) there is a read transition qi
?b−→L qi+1 with b ∈ Sβ(i) � {β` | σ(`) ≤ i}.

For Cases (1) and (3), note that write and ε-transitions carry over from x
to Shrink(x). The only subtlety occurs when i � r−1. Validity of x guarantees
a transition qr−1 −−−−−→!ar−1/ε

L qr . But qr � qt . Hence, we also obtain the needed
transition for the witness Shrink(x).

In Case (2), we get that qi � qi+1. Since the operator Shrink cuts out the
first occurrence of a repeating state, Case (2) can only happen when i ≥ t.
Then, the equality of states is also true in Shrink(x).

In the last case, we have to show that the read transition carries over to
Shrink(x). Essentially, we need to prove that the index shift that occurs when
passing from w to w′ is consistent with the sets Sβ(i) and

S′β(i) � {β` | σ′(`) ≤ i}

This means that the read symbol b has to lie in the corresponding set S′β(i′).
To this end, we make precise the relations among the sets Sβ( j) and S′β( j) for
each index j ∈ [1..n].

If j ∈ [1..r − 1], we immediately obtain

S′β( j) � {β` | σ′(`) ≤ j} � {β` | σ(`) ≤ j} � Sβ( j)
from the definition of σ′. Hence, the sets are equal for j < r.

For j ∈ [r..t], first note that Sβ( j) ⊆ Sβ(t) since these sets grow monotoni-
cally. The latter set can be rewritten as

Sβ(t) � {β` | σ(`) ≤ t} �{β` | σ(`) < r or r ≤ σ(`) ≤ t}
�{β` | σ′(`) < r or σ′(`) � r}
�{β` | σ′(`) ≤ r}
�S′β(r).

Hence, Sβ( j) ⊆ S′β(r) for each j ∈ [r..t].
In the last case, j is an index in [t+1..n]. Consider the following following:

Sβ( j) � {β` | σ(`) ≤ j}
� {β` | σ(`) ≤ t or t < σ(`) ≤ j}
� Sβ(t) ∪ {β` | t < σ(`) ≤ j}
� S′β(r) ∪ {β` | t < σ(`) ≤ j}.
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Note that in the last step we used that Sβ(t) � S′β(r). Now we find an
equivalent description for the latter set in the union. For an index ` with
σ(`) > t, we get by definition that σ′(`) � σ(`) − t + r. Hence, we have that
t < σ(`) ≤ j if and only if r < σ′(`) ≤ j − t + r. We can derive:

S′β(r) ∪ {β` | t < σ(`) ≤ j} �S′β(r) ∪ {β` | r < σ′(`) ≤ j − t + r}
�S′β( j − t + r).

Hence, Sβ( j) � S′β( j − t + r).

Assume, from Case (4) we get a transition qi
?b−→L qi+1 with b ∈ Sβ(i). If

i ∈ [1..r − 1], we obtain by the above discussion that b ∈ Sβ(i) � S′β(i). If i � t,
we obtain that b ∈ Sβ(t) � S′β(r). In the last case, i ∈ [t + 1..n], we get that
b ∈ Sβ(i) � S′β(i − t + r). This proves leader validity of Shrink(x). �

The following lemma extends the results from Lemma B.8. It shows that
shrinking operator , leader validity, and witness concatenation behave well
with respect to each other. Moreover, it provides a way to replace a witness
in a concatenation as long as leader validity is guaranteed.

Lemma B.9. Let x � (w , q , σ) be a witness of order k and y a witness of order p
with init(y) � q. Moreover, let β � β1 . . . βk+p be a first-write sequence and the

predicate LValidβ(x × y) � true.

a) We have LValidβ(x × Shrink
∗(y)) � true.

b) Let x′ � (w′, q , σ′) be a witness of order k and let β′ � β1 . . . βk be the prefix of

β of length k. If LValidβ′(x′) � true, then LValidβ(x′ × y) � true.

Proof. We first prove Part a). To this end, we fix some notation that is used
throughout the proof. Let y be the tuple (v , p , τ). Assume the words w and
v of the witnesses x and y are given by:

w � (q1 , a1) . . . (qm , am)
v � (qm+1 , am+1) . . . (qn , an)

with qk+1 � q. Then, for the concatenation we get x × y � (w.v , p , σ.τ). Recall
that σ.τmaps the firstwrites as depicted in the definition of the concatenation:
σ.τ(`) � σ(`) for ` ∈ [1..k] and σ.τ(`) � τ(` − k) + m for ` ∈ [k + 1..k + p].

When applying the shrink operator to y, we get that Shrink(y) � (v′, p , τ′).
Assume that Shrink(y) , y, otherwise there is nothing to prove. Then, there
are indices r < t such that qr � qt and

v′ � (qm+1 , am+1) . . . (qr−1 , ar−1).(qt , at) . . . (qn , an).
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A concatenation with x therefore yields x × Shrink(y) � (w.v′, p , σ.τ′)with

w.v′ � (q1 , a1) . . . (qm , am) . . . (qr−1 , ar−1).(qt , at) . . . (qn , an).

and map σ.τ′, defined similarly to σ.τ.
Now the reasoning is similar to Lemma B.8. We prove leader validity of

x × Shrink(y). The above claim then follows. First, we obtain relations among
the available first writes

Sβ( j) � {β` | σ.τ(`) ≤ j} and S′β( j) � {β` | σ.τ′(`) ≤ j}.

For j ∈ [1..r−1], we have that Sβ( j) � S′β( j). For j ∈ [r..t], we get Sβ( j) ⊆ S′β(r),
and Sβ(t) � S′β(r). Finally, if j ∈ [t + 1..n], we obtain Sβ( j) � S′β( j − t + r).

Toprove leader validity of x×Shrink(y), fix a symbol ai in the concatenation
w.v′. Since LValidβ(x × y) � true, there are four cases:

(1) There is awrite transition qi
!ai−→L qi+1. This transition immediately carries

over to the witness x × Shrink(y).

(2) The states qi and qi+1 are equal. The equality is also true in x × Shrink(y).

(3) There is an ε-transition qi
ε−→L qi+1 which also carries over.

(4) There is a read transition qi
?b−→L qi+1 with b ∈ Sβ(i). By the above

considerations, b lies in the suitable set of first writes of x × Shrink(y).

For the proof of Part b), we adjust the above notation. Again, let the
witness x � (w , q , σ) contain the word

w � (q1 , a1) . . . (qm , am).

Let y � (v , p , τ), where v � (s1 , b1) . . . (sn , bn) and x′ � (w′, q , σ′)with

w′ � (p1 , c1) . . . (pt , ct).

We consider x × y � (w.v , p , σ.τ) and x′ × y � (w′.v , p , σ′.τ)with words

w.v � (q1 , a1) . . . (qm , am).(s1 , b1) . . . (sn , bn),
w′.v � (p1 , c1) . . . (pt , ct).(s1 , b1) . . . (sn , bn),

and maps

σ.τ(`) �
{
σ(`), if ` ∈ [1..k],
τ(`), if ` ∈ [k + 1..k + p], σ′.τ(`) �

{
σ′(`), if ` ∈ [1..k],
τ(`), if ` ∈ [k + 1..k + p].

Toprove leader validity of x′×y, pick a symbol in theword w′.v. Assume it
is ci for an i ∈ [1..t]. By the assumption LValidβ′(x′) � true, we get that either
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there is a transition pi −−−→!ci/ε
L pi+1 or pi � pi+1 or there is a read transition

pi −→?b
L pi+1 for a b ∈ Sx′

β′(i) � {β` ∈ β′ | σ′(`) ≤ i}. The first two cases
immediately carry over to x′ × y. In the latter case, we need to show that b
lies in the correct set Sx′×y

β (i) � {β` | σ′.τ(`) ≤ i}. Recall that i ≤ t and that
σ′.τ(`) ≤ t if and only if σ′.τ(`) � σ′(`) by definition. But this means that
Sx′
β′(i) � Sx′×y

β (i). Note that the discussion also covers pt+1 � q � s1.
Assume the picked symbol is a bi with index i ∈ [1..n]. Since the pred-

icate LValidβ(x × y) evaluates to true, we either get si � si+1 or a transition
si −−−−−−→!bi/?b/ε

L si+1 where b ∈ Sx×y
β (i + m) � {β` | σ.τ(`) ≤ i + m}. Note the index

i + m in the set of first writes. The simple cases carry over to x′ × y. In the
case of a read transition, consider

Sx×y
β (i + m) �{β` | σ.τ(`) ≤ i + m}

�{β1 , . . . , βk} ∪ {β` | m < σ.τ(`) ≤ i + m}.

The last equation holds by the definition of σ.τ. Moreover, we have that
σ.τ(`) � τ(` − k)+ m if and only if σ.τ(`) > m. Similarly σ′.τ(`) � τ(` − k)+ t
if and only if σ′.τ(`) > t. Hence, we obtain:

Sx×y
β (i + m) � {β1 , . . . , βk} ∪ {β` | m < τ(` − k) + m ≤ i + m}

� {β1 , . . . , βk} ∪ {β` | t < τ(` − k) + t ≤ i + t}
� {β1 , . . . , βk} ∪ {β` | t < σ′.τ(`) ≤ i + t}
� {β` | σ′.τ(`) ≤ i + t}
� Sx′×y

β (i + t).

This shows that b lies in the correct set Sx′×y
β (i+t) and completes the proof. �

Theprevious results can be used to show that short validity always implies
leader validity. This constitutes a key step to our main result.

Lemma B.10. Let z be a short witness of order k and β � β1 . . . βk a fist-write

sequence. If Validsh

β (z) � true, then we have LValidβ(z) � true.

Proof. We prove the lemma by a case distinction. If ord(z) � 0, we get by the
definition of short validity that β � ε and LValidε(z) � Validsh

ε (z) � true.
If ord(z) � k + 1 > 0 for a k < d then, by the recursive definition of short

validity, there are witnesses x ∈ Ord(k) and y ∈ Ord(1) such that z � x ⊗ y
and LValidβ(x × y) � true. Since z � Shrink

∗(x × y), we get LValidβ(z) � true

by an application of Lemma B.8. �

We use languages of available writes LAW(x , α) to make visible the writes
that contributors can rely on when providing a particular first write. If all
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first writes of a sequence were provided, the language slightly changes due
to the availability of all first writes. In this case, we speak of full expressions.
The definition is as follows.

Definition B.11. Let x � (w , q , σ) be a witness with w � (q1 , a1) . . . (qn , an)
and β a first-write sequence with |β | � ord(x). The full expression of x with
respect to β is the regular language

FullExpr(x , β) � Γ∗1{a1 , ε}Γ∗2{a2 , ε} . . . Γ∗n{an , ε},

where Γi � Loop(qi , Sβ(i)) ∪ Sβ(i).

The next lemma shows that full expressions are preserved under applying
the shrinking operator as long as leader validity is provided.

Lemma B.12. For an β ∈ FW and a x ∈ Wit with LValidβ(x) � true, we have

FullExpr(x , β) � FullExpr(Shrink
∗(x), β).

Proof. We show that the full expressions are invariant under the shrink oper-
ator. Formally, FullExpr(x , β) � FullExpr(Shrink(x), β). Since leader validity is
invariant under Shrink aswell by LemmaB.8, the lemma follows by induction.

Let x � (w , q , σ) be the given witness with w � (q1 , a1) . . . (qn , qn). If
Shrink(x) � x, there is nothing to show. Otherwise, there exist indices r < t
with qr � qt such that Shrink(x) � (w′, q , σ′)where

w′ � (q1 , a1) . . . (qr−1 , ar−1).(qt , at) . . . (qn , an).

The map σ′ is given by σ′(`) � σ(`) if σ(`) < r, σ′(`) � r if r ≤ σ(`) ≤ t, and
σ′(`) � σ(`) − t + r otherwise.

Considering the full expression defined by the witness x, we obtain

FullExpr(x , β) � Γ∗1.{a1 , ε} . . . Γ∗r .{ar , ε} . . . Γ∗t .{at , ε} . . . Γ∗n .{an , ε}

where Γi � Loop(qi , Sβ(i)) ∪ Sβ(i). The full expression defined by the shrunk
witness Shrink(x) is given by

FullExpr(Shrink(x), β) � Σ∗1.{a1 , ε} . . .Σ∗r−1.{ar−1 , ε}.Σ∗t .{at , ε} . . .Σ∗n .{an , ε}.

To describe Σi , we use the notation S′β(i) � {β` | σ′(`) ≤ i}. Then, the sets are
given byΣi � Loop(qi , S′β(i))∪S′β(i) for i ∈ [1..r−1],Σt � Loop(qt , S′β(r))∪S′β(r),
and for i ∈ [t + 1..n] we have Σi � Loop(qi , S′β(i − t + r)) ∪ S′β(i − t + r). Note
that we need the case distinction for the sets Σi due to the index shift that
occurs when going from witness x to Shrink(x).

Nowwe show equality of both full expressions. To this end, we split them
into three parts and show equality of each parts separately.
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Step 1: We prove the following equation to be correct:

Γ∗1.{a1 , ε} . . . Γ∗r−1.{ar−1 , ε} � Σ∗1.{a1 , ε} . . .Σ∗r−1.{ar−1 , ε}.

It is enough to show that Γi � Σi for i ∈ [1..r − 1]. In the proof of Lemma B.8,
we have seen that S′β(i) � Sβ(i) for indices i ∈ [1..r − 1]. Hence, by definition
of Γi and Σi , we get their equality and hence, the above equation holds.

Step 2: We show the middle parts of the expressions to be equal:

Γ∗r .{ar , ε} . . . Γ∗t .{at , ε} � Σ∗t .{at , ε}.

From the proof of Lemma B.8, we know that Sβ(t) � S′β(r). Hence, we obtain
the equation Σt � Loop(qt , S′β(r)) ∪ S′β(r) � Loop(qt , Sβ(t)) ∪ Sβ(t) � Γt . Taking
the equivalence into account and dropping at , it is left to show that

Γ∗r .{ar , ε} . . . Γ∗t � Γ∗t .

One inclusion is immediate. For the other one, we show that ar , . . . , at−1 are
contained in Γt and that Γr , . . . , Γt−1 are actually subsets of Γt .

Due to validity of x with respect to the leader, LValidβ(x) � true, we get a
run ρ on the leader PL of the form

qt � qr
!ar/⊥−−−−→L qr+1

!ar+1/⊥−−−−−→L . . .
!at−1/⊥−−−−−→L qt ,

where qi
⊥−→L qi+1 denotes either a readof a symbol b ∈ Sβ(i)or an ε-transition.

Since Sβ(i) ⊆ Sβ(t) for each i ∈ [r..t − 1], all reads along ρ are only from the
set Sβ(t). This means that each ai with i ∈ [r..t − 1] is either ⊥ or occurs as
a write in a loop of qt where reads are restricted to the set Sβ(t). Phrased
differently, ar , . . . , at−1 ∈ Loop(qt , Sβ(t)) ⊆ Γt .

Fix i ∈ [r..t−1]. We show that Γi ⊆ Γt . To this end, we reconsider the run ρ
from above and split it into two partswithmiddle qi . We denote by ρ1 the first
part qt � qr →L · · · →L qi . By ρ2, we denote the latter part qi →L · · · →L qt .
Let now b ∈ Γi � Loop(qi , Sβ(i)) ∪ Sβ(i). Then, either b ∈ Sβ(i) ⊆ Sβ(t) ⊆ Γt or
b appears as awrite on a loop in qi where reading is restricted to Sβ(i) ⊆ Sβ(t).
If b appears as such a write, we can append ρ1 as prefix and ρ2 as postfix
to the corresponding run. Then, b appears as a write in a loop in qt while
reading is restricted to Sβ(t). Hence, b ∈ Loop(qt , Sβ(t)) ⊆ Γt .

Step 3: We prove the equivalence of the latter parts of the expressions:

Γ∗t+1.{at+1 , ε} . . . Γ∗n .{an , ε} � Σ∗t+1.{at+1 , ε} . . .Σ∗n .{an , ε}.
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It suffices to show that Γi � Σi for i ∈ [t + 1..n]. To this end, let i ∈ [t + 1..n].
Like before, we refer to the proof of Lemma B.8 and obtain Sβ(i) � S′β(i− t+ r).
This yields the equation:

Σi � Loop(qi , S′β(i − t + r)) ∪ S′β(i − t + r) � Loop(qi , Sβ(i)) ∪ Sβ(i) � Γi .

Altogether, the full expression is preserved under shrinking. �

A further tool that we use in the proof of Lemma 8.26 is the so-called blow

up of a witness. It allows us to increase the order of a first-order witness.

Definition B.13. Let x � (w , q , σ) be a first-order witness (ord(x) � 1). More-
over, let k ∈ N be a natural number such that k < d. Then, we extend x to a
witness of order k + 1 by mapping k first writes to the first position and the
remaining first write to the position indicated by σ. The (k + 1)-blow up of x is
the witness x(k+1) � (w , q , σ(k+1))where σ(k+1) : [1..k + 1] → [1..n] is given by

σ(k+1)(i) �
{

1, if i ∈ [1..k],
σ(1), if i � k + 1.

The following lemma shows that languages of available writes and full
expressions of witness concatenations can be decomposed. Namely into
the full expression of the left factor and the available first writes/the full
expression of the blow up of the right factor.

LemmaB.14. Let x be awitness of order k < d and y a first-order witness. Moreover,

let β � β1 . . . βk+1 be a first-write sequence and β′ the prefix β1 . . . βk . We have:

a) FullExpr(x × y , β) � FullExpr(x , β′).FullExpr(y(k+1) , β),

b) LAW(x × y , β′) � FullExpr(x , β′).LAW(y(k+1) , β′).

Proof. We first prove Part a). To this end, let x � (w , q , σ) and y � (v , p , τ) be
the given witnesses and

w � (q1 , a1) . . . (qn , an),
v � (p1 , b1) . . . (pm , bm)

with p1 � q. Consider the witness concatenation x × y � (w.v , p , σ.τ). The
full expression of it is given by

FullExpr(x × y , β) � Γ∗1.{a1 , ε} . . . Γ∗n .{an , ε}.Σ∗1.{b1 , ε} . . .Σ∗m .{bm , ε}.

In this language, we have Γi � Loop(qi , S
x×y
β (i)) ∪ Sx×y

β (i) for each i ∈ [1..n]
and similarly Σi � Loop(pi , S

x×y
β (i + n)) ∪ Sx×y

β (i + n) for i ∈ [1..m].
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Let i ∈ [1..n]. Then, by definition of σ.τ, we obtain the following:

Sx×y
β (i) � {β` | σ.τ(`) ≤ i} � {β` ∈ β′ | σ(`) ≤ i} � Sx

β′(i).

This implies that Γi � Loop(qi , Sx
β′(i)) ∪ Sx

β′ and hence we get:

FullExpr(x , β′) � Γ∗1.{a1 , ε} . . . Γ∗n .{an , ε}.

It is left to show that FullExpr(y(k+1) , β) � Σ∗1.{b1 , ε} . . .Σ∗m .{bm , ε}. Let
the blow up of y be denoted by y(k+1) � (v , p , τ(k+1)). Then, its full expression
is given by the following:

FullExpr(y(k+1) , β) � L∗1.{b1 , ε} . . . L∗m .{bm , ε},

where L∗i � Loop(pi , S
(k+1)
β (i)) ∪ S(k+1)

β (i) with S(k+1)
β (i) � {β` | τ(k+1)(`) ≤ i}.

We show that Li � Σi for each i ∈ [1..m]. To this end, it is enough to prove
the equality S(k+1)

β (i) � Sx×y
β (i + n).

By definition, we get the following for i ∈ [1..m]:

S(k+1)
β (i) � {β` | τ(k+1)(`) ≤ i} � {β1 , . . . , βk} ∪

{{βk+1}, if τ(1) ≤ i ,
∅, otherwise.

By definition of the map σ.τ, the sets {β1 , . . . , βk} and {β` | σ.τ(`) ≤ n} are
equal. Hence, we can rewrite the above expression. Note that τ(1) > 0. We
obtain the following:

S(k+1)
β (i) � {β` | σ.τ(`) ≤ n} ∪

{{βk+1}, if n < τ((k + 1) − k) + n ≤ i + n ,
∅, otherwise.

Then, by definition it follows

S(k+1)
β (i) � {β` | σ.τ(`) ≤ n} ∪

{{βk+1}, if n < σ.τ(k + 1) ≤ i + n ,
∅, otherwise

� {β` | σ.τ(`) ≤ i + n}
� Sx×y

β (i + n).

For Part b), consider the available first writes of x × y

LAW(x × y , β′) � Γ∗1.{a1 , ε} . . . Γ∗n .{an , ε}.Σ∗1.{b1 , ε} . . .Σ∗j ,

where j + n � σ.τ(k + 1). Note that this implies j � τ(1). The sets Γi and
Σi are given by Γi � Loop(qi , S

x×y
β′ (i)) ∪ Sx×y

β′ (i) for i ∈ [1..n] and similarly
Σi � Loop(pi , S

x×y
β′ (i + n)) ∪ Sx×y

β′ (i + n) for i ∈ [1.. j]. Note that the first writes
refer to β′, we have Sx×y

β′ (i) � {β` ∈ β′ | σ.τ(`) ≤ i}.
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Let i ∈ [1..n]. Then we obtain from the definition of σ.τ:

Sx×y
β′ (i) � {β` ∈ β

′ | σ(`) ≤ i} � Sx
β′(i).

Similarly to Part a, we obtain FullExpr(x , β′) � Γ∗1.{a1 , ε} . . . Γ∗n .{an , ε}.
It is left to show that the equality LAW(y(k+1) , β′) � Σ∗1.{a1 , ε} . . .Σ∗j holds.

By definition, we obtain

LAW(y(k+1) , β′) � L∗1.{b1 , ε} . . . L∗j′ ,

where j′ � τ(k+1)(k + 1) � τ(1) � j and Li � Loop(pi , S
(k+1)
β′ (i)) ∪ S(k+1)

β′ (i). Now
let i ∈ [1.. j]. Since τ(k+1) maps the first writes β1 , . . . , βk to position 1, we get:

S(k+1)
β′ (i) � {β` ∈ β

′ | τ(k+1)(`) ≤ i} � {β1 , . . . , βk}.

The map σ.τ maps the first writes β1 , . . . , βk to positions smaller than n.
Hence, we get

Sx×y
β′ (i + n) � {β` ∈ β′ | σ.τ(`) ≤ i + n} � {β1 , . . . , βk} � S(k+1)

β′ (i).

This implies Li � Σi and completes the proof. �

Under certain assumptions, shrinking operator and blow up commute.
The next lemma formalizes this observation. The technical assumption that
we have to make is that σmaps the (only) first write to the first position in the
word of the witness.

Lemma B.15. Let x � (w , q , σ) be a first-order witness with σ(1) � 1. Moreover,

let y � Shrink
∗(x). For each k < d, we have the equality Shrink

∗(x(k+1)) � y(k+1)
.

Proof. The witness y is obtained by shrinking x. Hence, we get that y is of the
form y � (w′, q , σ). Note that σwill not change under shrinking since σ(1) � 1
is its only value. Now consider the blow up of x, x(k+1) � (w , q , σ(k+1)). Due
to the definition of the blow up, σ(k+1) is the constant 1-map.

Shrinking x(k+1)will result in a shortwitnessShrink
∗(x(k+1)) � (w′, q , σ(k+1)).

Note that the word w′ coincides with the word of y. Moreover, σ(k+1) is pre-
served under shrinking since it is the constant 1-map. If we blow up y, we
get y(k+1) � (w′, q , σ(k+1)). Hence, we obtain the desired equality. �

Finally, weneed a lemmawhich transforms awitness into a similarwitness
that separates the last first write. Technically, we need that the first-write map
σ is strictly increasing for the last element that it maps. The lemma is key to
the induction step in the proof of Lemma 8.26.
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Lemma B.16. Let x � (w , q , σ) ∈ Wit be a witness of order k + 1 with k < d and β
a first-write sequence with LValidβ(x)∧CValidβ(x) � true. Then, we can construct

a witness x̂ � (ŵ , q , σ̂) with init(x̂) � init(x) and LValidβ(x̂) ∧ CValidβ(x̂) � true

that additionally satisfies

σ̂(i) < σ̂(k + 1) for each i ∈ [1..k].

Proof. If x already satisfies σ(i) < σ(k + 1) for any i ∈ [1..k], we set x̂ � x.
Otherwise, let σ(k + 1) � p. We can write the word w as follows:

w � (q1 , a1) . . . (qp−1 , ap−1).(qp , ap) . . . (qn , an).

The idea in the construction of ŵ is to prolong the word w by a copy of qp
so that two different positions in ŵ refer to the state. To this end, set

ŵ � (q1 , a1) . . . (qp−1 , ap−1).(qp ,⊥).(qp , ap) . . . (qn , an).

The map σ̂ is defined by σ̂(i) � σ(i) for i ∈ [1..k] and σ̂(k + 1) � p + 1. Since
σ is monotonically increasing, we obtain the desired property σ̂(i) < σ̂(k + 1)
from the definition. Moreover, x̂ satisfies init(x̂) � init(x). It is left to show
that x̂ is valid for the leader and the contributors along. β.

For leader validity, we fist compare the sets Sβ( j), associated to x, with
Ŝβ( j), associated to x̂. Since we shift the index in the construction of ŵ, we
will also get an index shift when moving from Sβ( j) to Ŝβ( j). We reflect this
in a case distinction. For the first case, let j ∈ [1..p − 1]. Then we have that

Ŝβ( j) � {β` | σ̂(`) ≤ j} � {β` | σ(`) ≤ j} � Sβ( j).

The equation comes from the fact that σ̂(`) � σ(`) if σ(`) ≤ j and j ≤ p − 1.
For the case j � p, consider the following equivalence. It follows from

σ̂(`) ≤ p for each ` ∈ [1..k] and σ(`) ≤ p for any ` ∈ [1..k + 1].

Ŝβ(p) � {β1 , . . . , βk} � Sβ(p) \ {βk+1}.

In the last case, let j ∈ [p + 1..n + 1]. Then, σ̂ maps all the elements of β
to a position that is at most j. We have that Ŝβ( j) � {β1 , . . . , βk+1}. The map
σ maps to positions that are strictly smaller than j, Sβ( j − 1) � {β1 , . . . , βk+1}.
Hence, we obtain Ŝβ( j) � Sβ( j − 1).

Nowwe prove leader validity for all positions j ∈ [1..n+1] along the same
case distinction. Let j ∈ [1..p − 1]. We have to show that there is a transition
qi −−−−−−→!ai/ε/?b

L qi+1 with b ∈ Ŝβ( j) or that qi � qi+1. By the leader validity of x we
get that either the states are equal or that there is a transition qi −−−−−−→!ai/ε/?b

L qi+1
with b ∈ Sβ( j). Since Ŝβ( j) � Sβ( j), leader validity holds for position j.

Consider the case j � p. By the definition of ŵ we have that qp is the state
of position p and p + 1. Hence, the states of the positions coincide and leader
validity for position p holds.
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For the last case, let j ∈ [p+1..n+1]. ByLValidβ(x) � truewe either get that
q j−1 � q j or we obtain a transition q j−1 −−−−−−−→

!a j−1/ε/?b
L q j with b ∈ Sβ( j−1) � Ŝβ( j).

Hence, leader validity also holds in this case andwe get thatLValidβ(x̂) � true.
Now we prove that CValidβ(x̂) � true. To this end, we show that the

positions of the first writes within β′, a prefix of β1 . . . βk , under σ̂ and σ are
the same. Let j ∈ [1..p]. Then

Ŝβ′( j) � {β` ∈ β′ | σ̂(`) ≤ j} � {β` ∈ β′ | σ(`) ≤ j} � Sβ′( j).

Note that for the equality, it is important to consider prefixes β′which exclude
the first write βk+1. For j ∈ [p + 1..n + 1]we have that

Ŝβ′( j) � {β1 , . . . , βd} � Sβ′( j − 1)

where β1 . . . βd � β′ denotes the considered prefix.
Nowwe prove the equivalence of the available writes induced by x , x̂ and

β. Let i ∈ [1..k] and β′ � β1 . . . βi−1 some prefix of β. If we use the notation
Σ j � Loop(q j , Ŝβ′( j)) ∪ Ŝβ′( j) and Γ j � Loop(q j , Sβ′( j)) ∪ Sβ′( j)s, we get the
following two languages:

LAW(x̂ , β′) � Σ∗1.{a1 , ε} . . .Σ∗σ̂(i) ,
LAW(x , β′) � Γ∗1.{a1 , ε} . . . Γ∗σ(i).

Since i ≤ k, we get that σ̂(i) � σ(i) and σ̂(i) ≤ p. Thus, Ŝβ′( j) � Sβ′( j) for each
j ∈ [1..σ̂(i)]. This implies that Σ j � Γ j and that the languages are equal.

For i � k + 1, the first-write sequence of interest is β′ � β1 . . . βk . In this
case, the languages are of the form

LAW(x̂ , β′) � Σ∗1.{a1 , ε} . . .Σ∗p .{ε}.Σ∗p+1 ,

LAW(x , β′) � Γ∗1.{a1 , ε} . . . Γ∗p .

For j ≤ p, we get that Ŝβ′( j) � Sβ′( j) by our earlier consideration. If j � p + 1,
we obtain Ŝβ′(p + 1) � Sβ′(p). Hence, we get that Σ j � Γ j for all j ∈ [1..p] and
Σp+1 � Γp . Then the expressions again coincide.

Since CValidβ(x) �
∧

i∈[1..k+1]CValidi
β(x) � true, we get that for each index

i ∈ [1..k + 1], the intersection LAW(x , β′) ∩ h(TraceC(Qi)) is non-empty, where
β′ � β1 . . . βi−1. Now we can replace LAW(x , β′) by LAW(x̂ , β′) in each inter-
section and obtain that CValidi

β(x̂) � true for each i ∈ [1..k + 1]which implies
that the predicate CValidβ(x̂) evaluates to true. �

Finally, we turn to the proof of Lemma 8.26.

Proof. Fix a first-write sequence β. We show the two directions of the lemma.
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First Direction: Let a witness x � (w , q , σ) ∈ Wit be given with both
predicates, LValidβ(x) and CValidβ(x), evaluating to true. By induction on the
order of x, we prove a statement slightly stronger than depicted in the lemma.
We show that there is a short witness z � (w′, q , σ′) with init(z) � init(x),
ord(z) � ord(x), FullExpr(z , β) � FullExpr(x , β), and Validsh

β (z) � true.
For the induction basis, consider the case ord(x) � 0. Then, β � ε. We

set z � Shrink
∗(x). Note that shrinking preserves initial state, target state,

and order. Hence, the short witness z is of the form (w′, q , σ′) and satisfies:
init(z) � init(x) and ord(z) � 0. Recall that in this case, validity of z is defined
by Validsh

ε (z) � LValidε(z). Hence, we need to show leader validity of z along
β. Since LValidε(x) � true by assumption, we obtain from Lemma B.8 that
LValidε(z) � true. It is left to show that the full expressions of z and x coincide.
But this follows immediately from Lemma B.12.

Nowassume that ord(x) � k+1 for a k ∈ Nwith k < d. Then, β � β1 . . . βk+1.
We denote the prefix β1 . . . βk of the first-write sequence by β′. Let σ(k+1) � p.
Then, we can write the word w as

w � (q1 , a1) . . . (qp−1 , ap−1).(qp , ap) . . . (qn , an).

By Lemma B.16, we can assume that σ(i) < p for each i ∈ [1..k]. We define
the word wpre � (q1 , a1) . . . (qp−1 , ap−1) to be the prefix of w up to the (p − 1)-
st letter. The remaining postfix is the denoted by wpo � (qp , ap) . . . (qn , an).
Moreover, we define the map σpre to be the restriction of σ to [1..k]. Formally,
σpre : [1..k] → [1..p − 1] with σpre(i) � σ(i). We further define σpo to map a
single first write to the first position 1, σpo(1) � 1. Intuitively, σpo is the map
responsible for the last first write βk+1. With these definitions we can split the
witness x into the following two witnesses

xpre � (wpre , qp , σpre) and xpo � (wpo , q , σpo).

By definition, we get that x � xpre × xpo. Moreover, the orders are given by
ord(xpre) � k and ord(xpo) � 1. We want to apply the induction hypothesis to
xpre. To this end, we need to show that LValidβ′(xpre) ∧ CValidβ′(xpre) � true.

For the leader validity, we use the fact that LValidβ(x) � true. Fix an index
j ∈ [1..p − 1]. By the leader validity of x, either q j � q j+1 or there exists a
transition of the form

q j −−−−−−→
!a j/ε/?b

L q j+1

with b ∈ Sβ( j). For the set Sβ( j), we have the following equivalence:

Sβ( j) � {β` ∈ β | σ(`) ≤ j}
� {β` ∈ β′ | σ(`) ≤ j}
� {β` ∈ β′ | σpre(`) ≤ j}
� Spre

β′ ( j).

378



B.3. Proofs for Chapter 8

Thefirst equality is bydefinition, the secondby the fact that j ≤ p−1 < σ(k+1).
Hence, we obtain LValidβ′(xpre) � true.

In order to see that xpre is contributor valid along β′, consider the language
of available writes induced by x and xpre. Let i ∈ [1..k]. Since Spre

β′ ( j) � Sβ( j)
for j ∈ [1..p − 1], we get

LAW(xpre , β1 . . . βi−1) � LAW(x , β1 . . . βi−1).

Hence, contributor validity carries over to the witness xpre and we have:
CValidi

β′(xpre) � CValidi
β(x) � true. This means that also the conjunction of

these values is true, CValidβ′(xpre) � true.
We apply the induction to xpre and obtain a short witness c � (wc , qp , σc)

of order k with init(c) � q1, Validsh

β′(c) � true, and

FullExpr(c , β′) � FullExpr(xpre , β
′).

The witness c is the first of two short witnesses that we will use in the
recursion for short validity. The second witness is denoted by d � (wd , q , σd)
and is defined by d � Shrink

∗(xpo). Then by definition, d ∈ Ord(1), init(d) � qp ,
and σd(1) � 1. Note that the target state of c and the initial state of d match.
Hence, the witness concatenation c × d is well-defined.

The short witness of interest is then defined by z � c ⊗ d ∈ Ord(k + 1).
Hence, ord(z) � ord(x). Furthermore, we immediately get that z is of the form
z � (wz , q , σz) and that init(z) � init(c) � q1 � init(x). It is therefore left to
show that z is valid, Validsh

β (z) � true, and that the full expressions coincide,
FullExpr(z , β) � FullExpr(x , β).

We first focus on the validity of z. To this end, wemake use of the recursive
definition of Validsh

β (z). It is enough to show that LValidβ(c × d) � true and
that CValidk+1

β (c × d) � true. Note that [z � c ⊗ d] is true by definition and
Validsh

β′(c) � true holds by induction.
Leader validity of c × d along β is obtained from the implications

LValidβ(x) �⇒ LValidβ(xpre × xpo) �⇒ LValidβ(c × xpo) �⇒ LValidβ(c × d).

First note that LValidβ(x) � true by assumption. The first implication is due to
the fact that x � xpre × xpo. For the second, we use that Validsh

β′(c) � true. We
apply Lemma B.10 and obtain that LValidβ′(c) � true. Then, by Lemma B.9,
we get that LValidβ(c×xpo) � true. The last implication is again an application
of Lemma B.9 since d � Shrink

∗(xpo).
Next, we show that CValidk+1

β (c × d) � true. To this end, we prove

LAW(x , β′) � LAW(c × d , β′).
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Since CValidk+1
β (x) � true by assumption, the equality implies that also

CValidk+1
β (c × d) evaluates to true. Consider the expression of the concatena-

tion c × d � (wc .wd , q , σc×d) along β′. We have that

LAW(c × d , β′) � FullExpr(c , β′).Γ∗p ,

where Γp � Loop(qp , Sc×d
β′ (|wc | + 1)) ∪ Sc×d

β′ (|wc | + 1). The set of first writes
Sc×d
β′ (|wc | + 1) is given by {β` ∈ β′ | σc×d(`) ≤ |wc | + 1}. The equality holds

since σc×d(k + 1) � |wc | + 1, a fact that follows from σd(1) � 1. Since the full
expressions FullExpr(c , β′) � FullExpr(xpre , β′) are equal, we get that

LAW(c × d , β′) � FullExpr(xpre , β
′).Γ∗p .

Now note that Sc×d
β′ (|wc | + 1) � {β1 , . . . , βk}. This is due to the fact that

σc×d(`) � σc(`) ≤ |wc | for all ` ∈ [1..k]. Moreover, we have the following
equality of available first writes:

Sx
β′(p) � {β` ∈ β′ | σ(`) ≤ p} � {β1 , . . . , βk} � Sc×d

β′ (|wc | + 1).

Hence, we obtain that Γp � Loop(qp , Sx
β′(p)) ∪ Sx

β′(p). Considering the
available writes of x along β′, we then get

LAW(x , β′) � LAW(xpre × xpo , β
′) � FullExpr(xpre , β

′).Γ∗p
since σ(k + 1) � p. Thus, we have the desired equality.

Finally, we need to prove that the full expressions of z and x coincide.
To this end, we start with FullExpr(x , β) and transform it step by step into
FullExpr(z , β). We begin with the following equality which is a consequence
of x � xpre × xpo and Lemma B.14:

FullExpr(x , β) � FullExpr(xpre × xpo , β) � FullExpr(xpre , β
′).FullExpr(x(k+1)

po
, β).

Since d � Shrink
∗(xpo) and σpo(1) � 1, by Lemma B.15, we obtain that

d(k+1) � Shrink
∗(x(k+1)

po
). Hence, we can apply Lemma B.12 and get that

FullExpr(x(k+1)
po

, β′) � FullExpr(d(k+1) , β′)

Note that x(k+1) is leader valid wrt β since x is. Now we use that
FullExpr(xpre , β′) � FullExpr(c , β′) and get the equality:

FullExpr(xpre , β
′).FullExpr(x(k+1)

po
, β) � FullExpr(c , β′).FullExpr(d(k+1) , β).

Now we apply Lemma B.14 and Lemma B.12 again. Note that we have
z � Shrink

∗(c × d) by definition.

FullExpr(c , β′).FullExpr(d(k+1) , β) � FullExpr(c × d , β) � FullExpr(z , β).

This completes the first direction of the proof.
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Second Direction: Now let a short witness z � (w′, q , σ′) ∈ Wit
sh be

given such that Validsh

β (z) evaluates to true. Like above, we employ an in-
duction to prove a slightly stronger statement. We show that there is a
witness x � (w , q , σ) ∈ Wit with init(x) � init(z), order ord(x) � ord(z),
FullExpr(x , β) � FullExpr(z , β), and LValidβ(x) ∧ CValidβ(x) � true.

For the induction basis, let ord(z) � 0. In this case, β � ε. Set x � z.
Then we only need to argue that LValidε(x) � true and CValidε(x) � true. The
latter holds since validity for contributors with empty first-write sequence is
always true. Leader validity of x holds since

LValidε(x) � LValidε(z) � Validsh

ε (z) � true.

Let ord(z) � k + 1 for k < d. Then, the first-write sequence is given
by β � β′.βk+1 with β′ � β1 . . . βk . Since Validsh

β (z) � true, we get by the
recursive definition of short validity, two witnesses c ∈ Ord(k) and d ∈ Ord(1)
such that z � c ⊗ d, LValidβ(c × d) � true, CValidk+1

β (c × d) � true, and
Validsh

β′(c) � true. We denote c by (wc , qc , σc) and d similarly by (wd , qd , σd).
Note that init(c) � init(z) and qd � q.

Since c is a valid short witness of order k, we can apply induction. We
obtain a witness x′ � (wx′ , qc , σx′) ∈ Wit with init(x′) � init(c) � init(z), order
ord(x′) � k, full expression FullExpr(x′, β′) � FullExpr(c , β′), and validity
predicate LValidβ′(x′) ∧CValidβ′(x′) � true. The desired witness is x � x′ × d.
Note that the concatenation is well-defined and that it immediately satisfies
x � (w , q , σ), init(x) � init(z), and ord(x) � k + 1. Hence, it is left to show that
LValidβ(x) � true, CValidβ(x) � true, and that the full expressions of x and z
coincide, FullExpr(x , β) � FullExpr(z , β).

We begin with leader validity. Since LValidβ(c × d) � true and by induc-
tion also LValidβ′(x′) � true, we can apply Lemma B.9. It guarantees that
LValidβ(x′ × d) � true, which is what we wanted.

Now consider contributor validity. We know CValidβ′(x′) � true by induc-
tion. This means that each predicate CValidi

β′(x′) in the conjunction evaluates
to true. We look at the corresponding language of available writes. For x′ and
x � x′ × d, they are equivalent:

LAW(x′, β1 . . . βi−1) � LAW(x , β1 . . . βi−1)

for each i ∈ [1..k]. The equation is due to σ(i) � σx′(i) for i ≤ k. Since
CValidi

β′(x′) � true, also the predicate CValidi
β(x) evaluates to true for each

i ∈ [1..k]. It is left to argue that CValidk+1
β (x) � true. We make use of the fact

that CValidk+1
β (c × d) � true and we show that the corresponding available

writes of x and c × d coincide. To this end, consider

LAW(x , β′) � LAW(x′ × d , β′) � FullExpr(x′, β′).LAW(d(k+1) , β′).
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The second equation follows by Lemma B.14. Since the full expressions of
x′ and c coincide by induction, we get the following equation by invoking
Lemma B.14 once more:

FullExpr(x′, β′).LAW(d(k+1) , β′) � FullExpr(c , β′).LAW(d(k+1) , β′)
� LAW(c × d , β′).

This proves that the languages are the same and that contributor validity
carries over to x. We get CValidk+1

β (x) � true and hence CValidβ(x) � true.
We show that the full expressions of x and z coincide. To this end, consider

FullExpr(x , β) � FullExpr(x′, β′).FullExpr(d(k+1) , β)
� FullExpr(c , β′).FullExpr(d(k+1) , β)
� FullExpr(c × d , β)
� FullExpr(z , β).

The first and the third equation are due to Lemma B.14. The second equation
holds since the full expressions of x′ and c are equivalent. Finally, the last
equation is due to LemmaB.12whichwe can apply since z � Shrink

∗(c×d). �

B.3.3 Proof of Lemma 8.27

Proof. Algorithm8.1 computes for each β ∈ FW and z ∈ Wit
sh the entryT[β, z].

Hence, we first determine the number of entries that need to be computed.
Note that there are at most O(dd) first-write sequences. The number of short
witnesses is bounded by

O((d · l)l · ld · l) �O(dl · ll · ld · l)
�O((d + l)l · (d + l)l · (d + l)d · l)
�(d + l)O(d+l).

This means that T has (d + l)O(d+l) · dd � (d + l)O(d+l) many entries.
To compute a single entry T[β, z], we split the short witness z into x and

y by iterating over the short witnesses of order k−1 and those of order 1. The
iteration takes time proportional to the number of short witnesses (d+ l)O(d+l).
Checking whether z � x ⊗ y, computing w � x × y, and evaluating the
two predicates LValidβ(w) and CValidk+1

β (w) can be done in polynomial time.
Moreover, the value Validsh

β′(x) � T[β′, x] can be looked up in the table and
does not need to be recomputed. Hence, computing an entry of T takes time
(d + l)O(d+l). The complete table can thus be computed in time

(d + l)O(d+l) · (d + l)O(d+l)
� (d + l)O(d+l).

The estimation completes the proof. �
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B.3.4 Proof of Lemma 8.31

Before we give a proof of Lemma 8.31, we need some new notation. Let
c ∈ Conf (S) be a configuration of the leader contributor system S. Moreover,
let p ∈ QC be a state of the contributor. We use #C(c , p) to denote the number
of contributors of c that are currently in state p. For c � (q , a , pc), define

#C(c , p) � |{i | pc(i) � p}|.

With the new notation we can state the copycat lemma [152] in our setting.
The lemma shows that, once p ∈ QC is reached by a computation, there is a
similar computation where p is reached by an arbitrary number of contribu-
tors. Phrased differently, we can assume #C(c , p) to be as large as desired.

Lemma B.17. Let c0 →∗S c be an initialized computation. Moreover, let p ∈ QC be a

contributor state with #C(c , p) > 0. Then, for all integer k ∈ N there is an initialized

computation c0 →∗S d such that d satisfies the following:

πL(d) � πL(c), πD(d) � πD(c), and #C(d , p′) �
{
#C(c , p′) + k , if p′ � p ,

#C(c , p′), otherwise.

Now we can prove Lemma 8.31. In fact, it follows from the proof of a
slightly stronger statement. For any reachable configuration c in the leader
contributor system, there is a vertex v in G, reachable from v0, such that
leader state and memory value of c and v coincide, and v contains a larger
set of contributor states than c. We formalize:

Lemma B.18. There is an initialized computation c0 →∗S c if and only if there is a

path v0 →∗E (q , a , S) in G, where πL(c) � q, πD(c) � a, and πC(c) ⊆ S.

Proof. First assume that an initialized computation ρ � c0 →∗S c is given. We
prove the existence of the path in G by an induction on the length of ρ. In the
base case, we have |ρ | � 0. This means that c � c0 is the initial configuration.
But then πL(c) � q0

L, πD(c) � a0, and πC(c) � {q0
C}. This characterizes the

initial vertex v0 of G and there is clearly a path v0 →∗E v0 of length 0.
Suppose |ρ | � `+1. Then, the computation canbe split into c0 →∗S c′→S c,

where ρ′ � c0 →∗S c′ is a computation of length `. By induction, there is a
path v0 →∗E (q′, a′, S′) in G such that q′ � πL(c′), a′ � πD(c′), and πC(c′) ⊆ S′.
Now we need to distinguish two cases.

(1) If c′→S c is induced by a transition of the leader, the leaders’ state and
the memory value get updated, but the contributor states do not. We have
that πC(c) � πC(c′) ⊆ S′. Now we set q � πL(c), a � πD(c) and S′ � S. Then,
on G we have an edge (q′, a′, S′) →E (q , a , S).

(2) If c′ →S c is induced by a transition of a contributor, we immediately
get that πL(c) � πL(c′) � q′. Let the transition of the contributor be of the
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form p′
?a′/ε
−−−→C p. Then we have that πC(c) ⊆ πC(c′) ∪ {p} ⊆ S′ ∪ {p} and

πD(c′) � πD(c) � a′. Note that it can happen that p′ is not an element of
πC(c) since there might be just one contributor in state p′ which switches to
state p. We set q � q′, a � a′, and S � S′ ∪ {p}. Then we have an edge
(q′, a′, S′) →E (q , a , S) in the saturation graph, induced by the transition.
Writes of the contributors are treated similarly.

For the other direction, we prove a slightly stronger statement: For each
path v0 →∗E (q , a , S), there is an initialized computation c0 →∗S c such that
πL(c) � q, πD(c) � a, and πC(c) � S. Note that we ensure equality of S and
πC(c). We prove the statement by an induction on the length of the given
path. In the base case, the length is 0. Then, we have (q , a , S) � v0. This
means q � q0

L, a � a0, and S � {q0
C}. Considering the initial configuration c0

for an arbitrary number of contributors, we get the computation c0 →∗S c0 of
length 0, with πL(c0) � q, πD(c0) � a, and πC(c0) � S.

For the induction step, let v0 →∗E (q , a , S) be a path of length ` + 1.
We split the path into a prefix v0 →∗E (q′, a′, S′) of length ` and a single
edge (q′, a′, S′) →E (q , a , S). Invoking the induction hypothesis, we get a
computation c0 →∗S c′ such that πL(c′) � q′, πD(c′) � a′, and πC(c′) � S′.
Again, we need to distinguish two cases.

(1) Assume the edge (q′, a′, S′) →E (q , a , S)was induced by a transition of
the leader. Since πL(c′) � q′ and πD(c′) � a′, the same transition also induces
a step c′→S c with πL(c) � q, πD(c) � a, and πC(c) � S � S′.

(2) Assume the edge (q′, a′, S′) →E (q , a , S) was induced by a transition
of a contributor and let τ � p′ −−−→?a′/ε

C p be this transition. The case of a write
is similar. Then we get S � S′ ∪ {p} and p′ ∈ S′. Since πC(c′) � S′, we get
that #C(c′, p′) > 0. By an application of Lemma B.17 with k � 1, we obtain
a computation of the form c0 →∗S d such that #C(d , p′) > 1 and for all r , p′

we have #C(d , r) � #C(c′, r). Furthermore, we get that πL(d) � πL(c′) and
πD(d) � πD(c′). Hence, transition τ induces a move d →S c, where c is a
configuration with πL(c) � πL(d) � q′ � q, πD(c) � πD(d) � a′ � a and
πC(c) � πC(d) ∪ {p} � S′ ∪ {p} � S. �

B.3.5 Proof of Lemma 8.39

Proof. We first determine the time needed to construct the slice GW,S, where
W � S \{p}. The slice consists of the two subgraphs GW � G[QL ×D × {W}]
andGS � G[QL×D×{S}], and the edges leading fromGW toGS. We elaborate
on how to construct GW . The construction of GS is similar.

First, we write down the vertices of GW . This takes time O(d · l). Edges in
the graph are either induced by transitions of the leader or by the contributor.
All edges induced by the former can be added in time O(d · |δL |) � O(d2 · l2)
since a single transition of the leader PL may lead to d many edges.
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To add the edges induced by the contributor, we browse δC for transitions
of the form s −→!a C s′with s , s′ ∈ W . Each such transitionmay induce d · l many
edges. Adding them takes time O(|δC | · c · d · l) � O(c3 · d2 · l) since we have
to test membership of s , s′ in W . Note that we can omit transitions s −→?a

C s′

with s , s′ ∈ W as their induced edges are self-loops in GW .
To complete the construction, we add the edges leading from GW to GS.

These are induced by transitions r −−−→?a/!a
C p ∈ δC with r ∈ W . Since each of

these may again lead to d · l many different edges, adding all of them takes
time O(c3 · d2 · l). In total, the time for the construction is O(c3 · d2 · l2).

For the construction of R(W, S), we apply a fixed-point iteration on the
constructed slice. It finds all vertices (q , a , S) that are reachable from a vertex
(q′, a′,W)with (q′, a′) ∈ T[W]. Since the last component of the vertices in the
slice is limited to be either W or S, it contains O(d · l) many vertices. Hence,
the iteration takes time at most O(c2 · l2). �

B.3.6 Proof of Theorem 8.40

Proof. Wefirst elaborate on the formal construction. Wehave already seen that
the leader contributor system S � (D , a0 , PL , PC) relies on the data domain

D � {row(i), col(i), #i | i ∈ [1..k]} ∪ {a0}.

The contributor threads are defined by PC � (QC ,OP(D), δC , q0
C). The set

of states is given by

QC � {q(r,`)(i , j) , q
(c ,`′)
(i , j) | i , j, ` ∈ [1..k], `′ ∈ [0..k]} ∪ {q0

C , q
f
C}.

Intuitively, we use the states q(r,`)(i , j) , q(c ,`
′)

(i , j) to indicate that the contributor
has chosen to store the vertex (i , j) and to count the number of vertices that
the contributor has read so far. More precise, the state q(r,`)(i , j) reflects that

the last symbol read was row(`), the row of the `-th vertex. The state q(c ,`)(i , j)
indicates that the last read symbol was the column symbol belonging to the
`-th vertex. Note that this can be any column and thus different from col(`).
The transition relation δC of the contributor is defined below.

• Wehave a transition to choose a vertex: q0
C

?a0

−−→C q(c ,0)(i , j) for any i , j ∈ [1..k].

• To read the `-th row symbol, we have q(c ,`−1)
(i , j)

? row(`)
−−−−−→C q(r,`)(i , j) for any

` ∈ [1..k] and i , j ∈ [1..k].

• For reading the `-th column symbol, we get q(r,`)(i , j)
col( j′)
−−−−→C q(c ,`)(i , j) , but only

if one of the following is satisfied: (1) We have that i , ` and there is an
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edge between (`, j′) and (i , j) in G. Intuitively, the contributor stores a
vertex (i , j) from a row i different than `. But then it can only continue
its computation if (i , j) and (`, j′) share an edge. (2) We have that i � `
and j′ � j. This means that the contributor stores the vertex that it
has read. Note that with this, we rule out all contributors storing other
vertices from the i-th row.

• To end the computation in a contributor, we have q(c ,k)(i , j)
!#i−→C q f

C for any
i , j ∈ [1..k]. The rule writes #i to the memory. This reflects that (i , j) is
indeed connected to all other vertices chosen by the leader.

The leader PL is given by the tuple PL � (QL ,OP(D), δL , q0
L), with states

QL � {q(r,i)L , q(c ,i)L , q(#,i)L | i ∈ [1..k]} ∪ {q0
L}.

Unlike for the contributor, the state q(r,i)L indicates that the last written
symbol was row(i), the row of the i-th vertex guessed by PL. State q(c ,i)L
reflects that the last written symbol was the column symbol belonging to the
i-th vertex. The remaining states q(#,i)L are used to receive the confirmation
symbols and count up to k.

The transition relation δL is described by the below rules.

• For transmitting the row symbols, we have q(c ,i−1)
L

! row(i)
−−−−−→L q(r,i)L for

i ∈ [1..k]. Note that we identify q0
L as q(c ,0)L .

• For writing the column symbols, we have q(r,i)L

! col( j)
−−−−→L q(c ,i)L for each two

indices i , j ∈ [1..k].

• After sending k row and column symbols, the leader receives the sym-
bols #i via the following transitions. We have q(#,i−1)

L −−→?#i
L q(#,i)L for

i ∈ [1..k]. Here, we denote by q(#,0)L the state q(c ,k)L .

Further, we set the single final state of PL to be QF � {q(#,k)L }. This is the
state PL reaches after receiving all confirmation symbols. We obtain that d

and l are both inO(k). It is left to prove the correctness of the construction. We
need to show that there is an initialized computation c0 →∗S c with πL(c) ∈ QF
if and only if G contains a clique of size k with one vertex from each row.

First assume that G contains the clique and let (1, j1), . . . , (k , jk) be its
vertices. We construct a computation of S involving k contributors. It starts
in the initial configuration c0 and ends in a c with πL(c) ∈ QF. Since we have
k contributors, let them be denoted by P1 , . . . , Pk .
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The computation starts with Pi choosing the vertex (i , ji) to store. The
contributor performs the transition q0

C −−→
?a0

i q(c ,0)(i , ji). Combining the transitions
for each contributor, we get a computation of the form:

c0 →∗S (q
0
L , a

0 , q(c ,0)(1, j1) , . . . , q
(c ,0)
(k , jk )
) � c0.

Then PL writes the symbol row(1) and each contributor reads it. We get

c0 →∗S (q
(r,1)
L , row(1), q(r,1)(1, j1) , . . . , q

(r,1)
(k , jk )
) � c(r,1).

After transmitting the first row to all contributors, PL then communicates the
first column by writing col( j1) to the memory. Again, each contributor reads
it. Note that P1 can read col( j1) since it stores exactly the vertex (1, j1). A
contributor Pi with i , 1 can also read col( j1) since Pi stores (i , ji), a vertex
which shares an edge with (1, j1) due to the assumption. Hence, we get the
following computation of S:

c(r,1) →∗S (q
(c ,1)
L , col( j1), q(c ,1)(1, j1) , . . . , q

(c ,1)
(k , jk )
) � c1.

Similarly, we can construct a computation leading to a configuration c2.
By iterating this process, we get

c0 →∗S ck � (q(c ,k)L , col( jk), q(c ,k)(1, j1) , . . . , q
(c ,k)
(k , jk )
).

Then each contributorPi canwrite the symbol #i . This is done in ascending
order. First, P1 writes #1 and PL reads it. Then, it is P2’s turn and it writes #2
to the memory. Again, the leader reads the symbol. After k rounds, we reach
the configuration (q(#,k)L , q f

C1
, . . . , q f

Ck
, #k)which contains the final state of PL.

For the other direction, assume that S has a computation ρ � c0 →∗S c with
πL(c) ∈ QF. Let ρL be the subcomputation of ρ carried out by PL. Technically,
the projection of ρ to the transitions of PL. Then the subcomputation ρL is of
the form ρL � ρ1

L .ρ
2
L with

ρ1
L � q0

L
! row(1)
−−−−−→L q(r,1)L

! col( j1)−−−−−→L q(c ,1)L

! row(2)
−−−−−→L . . .

! col( jk )−−−−−→L q(c ,k)L ,

ρ2
L � q(c ,k)L

?#1−−→L q(#,1)L
?#2−−→L . . .

?#k−−→L q(#,k)L .

We show that the vertices (1, j1), . . . , (k , jk) form a clique in G.
Since in ρ2

L, the leader is able to read the symbols #1 up to #k , there must
be at least k contributors writing them. Due to the structure of PC, it is not
possible to write different confirmation symbols #i . Hence, we get at least one
contributor for each of the symbol #i .

Let Pi be a contributor writing #i . Then Pi stores the vertex (i , ji), it per-
forms the initial transition q0

C −−→
?a0

i q(c ,0)(i , ji). Assume Pi stores the vertex (i′, j′).
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Since the contributor writes #i in the end, we get i′ � i due to the structure of
PC. During the computation ρ, Pi performs the step q(r,i)(i , j′) −−−−−→

? col( ji)
i q(c ,i)(i , j′) since

PL writes the symbol col( ji) to the memory and the computation on Pi does
not deadlock. Note that we make use the following here. The leader writes
row(i) before col( ji). This ensures that col( ji) is indeed the column of the i-th
transmitted vertex and the above transition is correct. However, the contrib-
utor Pi can only do the transition if j′ � ji . Thus, we get that (i′, j′) � (i , ji).
Hence, the contributor Pi indeed stores (i , ji).

LetP(i , ji) denote a contributor thatwrites #i during ρ. Since the contributor
P(i , ji) stores the vertex (i , ji), the leader PL has written row(i) and col( ji) to
the memory. Now let P(i′, ji′) be another contributor with i′ , i. Then also
this thread needs to perform the transition q(r,i)(i′, ji′) −−−−−→

? col( ji)
i′ q(c ,i)(i′, ji′)

since the
computation does not end on P(i′, ji′) at this point. But by definition, the
transition can only be carried out if there is an edge between (i , ji) and (i′, ji′).
Hence, each two vertices of (1, j1), . . . , (k , jk) share an edge. �

B.3.7 Proof of Theorem 8.41

Proof. Weformally construct the leader contributor systemS � (D , a0 , PL , PC).
The data domain D is given by D � {u , u# | u ∈ U} ∪ {a0}. The leader is
defined by the tuple PL � (QL ,OP(D), δL , q1)with set of states

QL �

{q i | i ∈ [1..r + 1]}

∪ {q(i , j)T | T ∈ F , j ∈ [0..|T | − 1] and i ∈ [1..r]}
∪ {q i

# | i ∈ [1..n]}.

Recall that n � |U |. The states q i are needed to choose a set T ∈ F . The
q(i , j)T are used to iterate over the elements in T. For the final phase in PL, the
states q i

# are needed to read all elements u# for u ∈ U.
The transition relation δL contains the following transitions:

• For choosing a set, we have transitions of the form q i ε−→L q(i ,0)T for each
T ∈ F and i ∈ [1..r].

• Iterating through a set T � {v1 , . . . , v |T |} is done via the transitions
q(i , j)T −−−→

!v j+1
L q(i , j+1)

T for j ∈ [0, |T | − 2]. For the last element, we have a
transition q(i ,|T |−1)

T −−−→
!v |T |

L q i+1 that enters the new phase.

• Fix an order on U � {u1 , . . . , un}. The final check is realized by the

transitions qr+1
?u#

1−−→L q1
# and q i

#

?u#
i+1−−−→L q i+1

# for i ∈ [1..n − 1].

The leader only reaches a final state after the last check: QF � {qn
# }.
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A contributor is defined by the tuple PC � (QC ,OP(D), δC , p0) where the
set of states is given by QC � {pu | u ∈ U} ∪ {p0}. The transition relation
δC contains transitions to store elements of U in the state space: p0 −→?u

C pu ,
for each u ∈ U. Once an element is stored, the contributor can write it to the
memory via the transition pu −−→!u

#
C pu .

It is left to prove correctness of the construction. More precise, we need
to show that S has an initialized computation of the form c0 →∗S c with
πL(c) ∈ QF if and only if there are sets T1 , . . . , Tr ∈ F that cover U.

First assume we have the desired set cover T1 , . . . , Tr . We construct a
computation of S with n many contributors. The leader first guesses the set
T1. It writes all elements u ∈ T1 to the memory. There is one contributor for
each element, storing it in its states by reading the corresponding symbol u.
Then, the leader chooses T2 and writes the elements in the set to the memory.
Now, only the new elements got stored by a contributor. Elements that were
seen already are ignored. We proceed for r phases. Then, the contributors
store exactly those elements that got covered by T1 , . . . , Tr . Since these sets
cover U, the contributors canwrite all symbols u# to thememory in any order.
The leader PL can thus read the required string and reach its final state.

Now assume there is a computation ρ of S from c0 to a configuration c
with πL(c) ∈ QF. Consider ρL, the projection of ρ to the leader PL. Then, the
computation ρL is of the form ρL � ρ1

L . . . ρ
r
L .ρ

f
L with:

ρi
L � q i ε−→L q(i ,0)Ti

!uTi
1−−→L q(i ,1)Ti

!uTi
2−−→L . . .

!uTi
ni−1
−−−−→L q(i ,ni−1)

Ti

!uTi
ni−−→L q i+1 ,

where Ti � {uTi
1 , . . . , u

Ti
ni } is a set in F , and

ρ
f
L � qr+1 ?u#

1−−→L q1
#

?u#
2−−→L . . .

?u#
n−−→L qn

# .

The candidate for the set cover of U is T1 , . . . , Tr ∈ F . These are the sets
selected by PL during its r initial phases.

A contributor can only read hose symbols that the leader writes to the
memory during its ρi

L. This means that contributors can only store elements
that got covered by the chosen sets Ti . Moreover, they can only write what
they have stored. Since ρ f

L can be carried out by the leader, the contributors
can write all elements u ∈ U to the memory. Phrased differently, all elements
u ∈ U were stored by contributors and hence covered by T1 , . . . , Tr . �
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B.3.8 Proof of Theorem 8.42

Proof. We define the leader contributor system S � (D , a0 , PL , PC). First, we
fix the data domain. It is given by

D �

{(u , `) | u ∈ {0, 1}, ` ∈ [1.. log(t)]}
∪ {(xi , v) | i ∈ [1..n], v ∈ {0, 1}}
∪ {# j | j ∈ [1..m]}
∪ {a0}.

Thus, we have that d � O(log(t)+ n + m), which satisfies the requirements of
a cross-composition.

The leader is defined by the tuple PL � (QL ,OP(D), δL , q
(b ,0)
L )with states

QL � {q(b ,`)L , q(x ,i)L , q(#, j)L | ` ∈ [0.. log(t)], i ∈ [1..n], j ∈ [1..m]}.

Hence, we have l � O(log(t)+ n + m). The transition relation δL of the leader
is defined as follows.

• For transmitting the binary representation in the first phase, we have
for each index ` ∈ [1.. log(t)] the transition q(b ,`−1)

L −−−−→!(u ,`)
L q(b ,`)L with the

bit u ∈ {0, 1}.

• For choosing the assignment of variables in the second phase, we have
for i ∈ [1..n] the transition q(x ,i−1)

L −−−−→!(xi ,v)
L q(x ,i)L with v ∈ {0, 1}. We

denoted the state q(b ,log(t))
L by q(x ,0)L to connect the phases.

• In the third phase, PL wants to read the symbols # j . Thus, we get for
any j ∈ [1..m] the transition q(#, j−1)

L −−→
?# j

L q(#, j)L . Here we denote by q(#,0)L

the state q(x ,n)L .

The only final state is given by QF � {q(#,m)}.
The contributor PC is defined by PC � (QC ,OP(D), δC , qεC). The set of

states QC is the union of the following three sets:

{qw | w ∈ {0, 1}≤log(t)},
{q(ch ,`) | ` ∈ [1..t]},
{q`(xi ,v) | ` ∈ [1..t], i ∈ [1..n], v ∈ {0, 1}}.

Intuitively, the states qw withw ∈ {0, 1}≤log(t) form the nodes of the tree of the
first phase. The remaining states are needed to store the chosen instance, a
variable, and its guessed evaluation.
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The relation δC contains transitions for the three phases. In the first phase,
PC reads the bits chosen by the leader. According to the value of the bit, it
branches to the next state, we have

qw ?(u ,|w |+1)
−−−−−−−→C qw.u

for u ∈ {0, 1} and w ∈ {0, 1}≤log(t)−1. Then we get an ε-transition from
those leaves of the tree that encode a proper index, lying in [1..t]. We have
qw −→ε C q(ch ,`) if w � bin(`) and ` ∈ [1..t].

For the second phase, we need transitions to store a variable and its eval-
uation. For each ` ∈ [1..t], i ∈ [1..n], and v ∈ {0, 1}, we have

q(ch ,`) ?(xi ,v)−−−−→C q`(xi ,v).

In the third phase, the contributor loops. We have q`(xi ,v)
!# j
−−→C q`(xi ,v) if xi

evaluated to v satisfies clause C`
j .

The instance of LCR can thus be computed in polynomial time and the
significant parameters d and l are both bounded by O(log(t)+ n + m). Hence,
for a cross-composition it is only left to show correctness of the construction:
there is an initialized computation c0 →∗S c with πL(c) ∈ QF if and only if
there is an ` ∈ [1..t] such that ϕ` is satisfiable.

We first assume that there is an ` ∈ [1..t] such that ϕ` is satisfiable. Let
v1 , . . . , vn be the evaluation of the variables x1 , . . . , xn that satisfies ϕ` . Fur-
ther, let bin(`) � u1 . . . ulog(t) be the binary representation of `. We construct
a computation of S with n many contributors. Denote them by P1 , . . . , Pn .
Intuitively, Pi is responsible for variable xi .

The computation proceeds as in the aforementioned phases. In the first
phase, PL starts to guess the first bit of bin(`). It is read by all the contributors.
We get a computation

c0 !(u1 ,1)−−−−→L (q(b ,1)L , (u1 , 1), qε , . . . , qε)
?(u1 ,1)−−−−−→P1 (q

(b ,1)
L , (u1 , 1), qu1 , qε , . . . , qε)

. . .
?(u1 ,1)−−−−−→Pn (q

(b ,1)
L , (u1 , 1), qu1 , . . . , qu1) � c(b ,1).

The computation proceeds with PL guessing the remaining bits and the con-
tributors reading them. We get

c0 →∗S c(b ,log(t))
� (q(b ,log(t))

L , (ulog(t) , log(t)), qbin(`) , . . . , qbin(`)).
Before the second phase starts, the contributors perform an ε-transition to

the state q(ch ,`). This is possible since bin(`) encodes a proper index in [1..t].
We get the computation

c(b ,log(t)) →∗S (q
(b ,log(t))
L , (ulog(t) , log(t)), q(ch ,`) , . . . , q(ch ,`)) � c(x ,0).
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In the second phase PL chooses the correct evaluation for the variables, it
writes (xi , vi) for each variable xi . Contributor Pi reads (xi , vi) and stores it.
Hence, we get the computation

c(x ,0)
!(x1 ,v1)−−−−−→L (q(x ,1)L , (x1 , v1), q(ch ,`) , . . . , q(ch ,`))
?(x1 ,v1)−−−−−→P1 (q

(x ,1)
L , (x1 , v1), q`(x1 ,v1) , q

(ch ,`) , . . . , q(ch ,`))
!(x2 ,v2)−−−−−→L (q(x ,2)L , (x2 , v2), q`(x1 ,v1) , q

(ch ,`) , . . . , q(ch ,`))
?(x2 ,v2)−−−−−→P2 (q

(x ,2)
L , (x2 , v2), q`(x1 ,v1) , q

`
(x2 ,v2) , q

(ch ,`) , . . . , q(ch ,`))

. . .
?(xn ,vn)−−−−−−→Pn (q

(x ,n)
L , (xn , vn), q`(x1 ,v1) , . . . , q

`
(xn ,vn)) � c(x ,n).

In the last phase, the contributors write the symbols # j . Since ϕ` is
satisfied by the evaluation v1 , . . . , vn , there is a variable i1 ∈ [1..n] such that
xi1 evaluated to vi1 satisfies clause C`

1. Hence, due to the transition relation
δC, we can let Pi1 write the symbol #1. After that, the leader reads it and
moves to the next state. This amounts to the computation

c(x ,n)
!#1−−→Pi1

(q(x ,n)L , #1 , q`(x1 ,v1) , . . . , q
`
(xn ,vn))

?#1−−→L (q(#,1)L , #1 , q`(x1 ,v1) , . . . , q
`
(xn ,vn)) � c(#,1).

Similarly, we can extend the computation to reach the configuration

c(#,m) � (q(#,m)L , #m , q`(x1 ,v1) , . . . , q
`
(xn ,vn))

which contains the final state of PL. This proves the first direction.
Nowweassume the existenceof a computation ρ from c0 to a configuration

c withπL(c) ∈ QF. Let ρL be the subcomputationof ρ carriedout by the leader.
Then ρL can be split into ρL � ρ1

L .ρ
2
L .ρ

3
L such that

ρ1
L � q(b ,0)L

!(u1 ,1)−−−−→L q(b ,1)L

!(u2 ,2)−−−−→L . . .
!(ulog(t) ,log(t))
−−−−−−−−−−→L q(b ,log(t))

L ,

ρ2
L � q(b ,log(t))

L

!(x1 ,v1)−−−−−→L q(x ,1)L

!(x2 ,v2)−−−−−→L . . .
!(xn ,vn)−−−−−→L q(x ,n)L ,

ρ3
L � q(x ,n)L

?#1−−→L q(#,1)L
?#2−−→L . . .

?#m−−→L q(#,m)L .

Let ` be the natural number such that bin(`) � u1 . . . ulog(t). We show that
` ∈ [1..t] and ϕ` is satisfied by evaluating the variables xi to vi .

In ρ3
L, the leader can read the symbols #1 , . . . , #m . This means that there

is at least one contributor writing them. Let PC be a contributor writing such
a symbol. Then, after PL has finished ρ1

L, the contributor PC is still active and
performs the step qbin(`) ε−→C q(ch ,`). This is true since PC did not miss a bit
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transmitted by PL and PC has to reach a statewhere it canwrite the #-symbols.
Thus, we get that ` ∈ [1..t] and PC stores ` in its state space.

We denote the number of contributors writing a #-symbol in ρ by t′ ≥ 1.
Each of these contributors gets labeled by C( j) � {# j1 , . . . , # jk j

}, the set of #-
symbols it writes during the computation ρ. Hence, we have the contributors
PC(1) , . . . , PC(t′) and since each symbol in {#1 , . . . , #m} is written at least once,

{#1 , . . . , #m} �
t′⋃

j�1
C( j).

Now we show that each PC( j) with C( j) � {# j1 , . . . , # jk j
} stores a tuple

(xi , vi) such that xi evaluated to vi satisfies the clauses C`
j1
, . . . , C`

jk j
. We

already know that PC( j) is in state q(ch ,`) after PL has executed ρ1
L. During

PL executing ρ2
L, the contributor PC( j) has to read a tuple (xi , vi) since it has

to reach a state where it can write the #-symbols. More precise, PC( j) has to
perform a transition

q(ch ,`) ?(xi ,vi)−−−−−→PC( j) q`(xi ,vi)

for some i. Then the contributor writes the symbols # j1 , . . . , # jk j
while looping

in the current state. But by the definition of the transition relation for the con-
tributors, this means that xi evaluated to vi satisfies the clauses C`

j1
, . . . , C`

jk j
.

Since each #-symbol is written at least once, we can deduce that every
clause in ϕ` is satisfied by the chosen evaluation. Hence, ϕ` is satisfiable. �

B.3.9 Proof of Theorem 8.44

Proof. We first give construction and proof for the W[1]-hardness of LCR(l).
Set the data domain to be

D � {(v , i), (v# , i), #i | v ∈ V, i ∈ [1..k]} ∪ {a0}.

The leader PL is given by the tuple PL � (QL ,OP(D), δL , q0)with states

QL � {q i
V , q

i
V# , q

i
# | i ∈ [1..k]} ∪ {q0}.

The transition relation δL is defined by the following. For the first phase,
we have for each i ∈ [1..k] and v ∈ V : q i−1

V −−−→!(v ,i)
L q i

V . We identify the vertex
q0

V by q0. For the second phase, we have for each i ∈ [1..k] and v ∈ V , the
transition q i−1

V# −−−−→
!(v# ,i)

L q i
V# . Here, we denote by q0

V# the vertex qk
V . Finally, the

third phase is realized by q i−1
# −−→?#i

L q i
# for each i ∈ [1..k]. Here we assume

q0
# � qk

V# . Further, we set QF � {qk
#} to be the final state of interest.
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The contributor is defined by the tuple PC � (QC ,OP(D), δC , q0
C). The set

of states is given by

QC � {q j
(v ,i) | i ∈ [1..k], j ∈ [0..k]} ∪ {q0

C , q
f
C}.

We define the transition relation δC as follows. In the first phase, we have
for each i ∈ [1..k] and v ∈ V the transition q0

C −−−→
?(v ,i)

C q0
(v ,i). In the second

phase, we have for each i ∈ [1..k], j ∈ [0..k] and v , w ∈ V the transition

q j−1
(v ,i)

?(w , j)
−−−−→C q j

(v ,i)

if (1) j � i and v � w, or if (2) i , j, v , w, and v and w are adjacent in G.
In the third phase, the contributors confirm by the transition qk

(v ,i) −→
!#i

C q f
C for

each i ∈ [1..k] and v ∈ V .
Note that l � O(k). It is left to show the correctness of the construction:

there is an initialized computation c0 →∗S c with πL(c) ∈ QF if and only if G
has a clique of size k.

We first assume that G contains a clique of size k. Let it consist of the
vertices v1 , . . . , vk . We construct a computation of S with k contributors.
Denote them by P1 , . . . , Pk We proceed in the three phases described above.

In the first phase, the leader writes the values (v1 , 1), . . . , (vk , k) to the
memory. Contributor Pi reads value (vi , i) and stores it in its state space:

c0 !(v1 ,1)−−−−→L (q1
V , (v1 , 1), q0

C , . . . , q
0
C)

?(v1 ,1)−−−−→P1 (q1
V , (v1 , 1), q0

(v1 ,1) , q
0
C , . . . , q

0
C)

!(v2 ,2)−−−−→L (q2
V , (v2 , 2), q0

(v1 ,1) , q
0
C , . . . , q

0
C)

?(v2 ,2)−−−−→P2 (q2
V , (v2 , 2), q0

(v1 ,1) , q
0
(v2 ,2) , q

0
C , . . . , q

0
C)

. . .
?(vk ,k)−−−−→k (qk

V , (vk , k), q0
(v1 ,1) , . . . , q

0
(vk ,k)) � c0.

After reaching c0, the leader starts the second phase. It writes (v#
1 , 1) and

each contributor reads the symbol:

c0
!(v#

1 ,1)−−−−→L (q1
V# , (v#

1 , 1), q0
(v1 ,1) , . . . , q

0
(vk ,k))

?(v#
1 ,1)−−−−→P1 (q1

V# , (v#
1 , 1), q1

(v1 ,1) , q
0
(v2 ,2) , . . . , q

0
(vk ,k))

. . .
?(v#

1 ,1)−−−−→Pk (q1
V# , (v#

1 , 1), q1
(v1 ,1) , . . . , q

1
(vk ,k)) � c1.

Note that P1 can read (v#
1 , 1) and move onward since it stores exactly (v1 , 1).

Any Pi with i , 1 can read (v#
1 , 1) and continue its computation since vi , v1
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and the twovertices are adjacent. Similarly, one can continue the computation:
c1 →∗S ck � (qk

V# , (v#
k , k), q

k
(v1 ,1) , . . . , q

k
(vk ,k)
).

In the third phase, contributor Pi writes the symbol #i to thememory. The
leader waits to read the complete string #1 . . . #k . This yields the following
computation which brings the leader to its final state:

ck
!#1−−→P1 (qk

V# , #1 , q
f
C , q

k
(v2 ,2) , . . . , q

k
(vk ,k))

?#1−−→L (q1
# , #1 , q

f
C , q

k
(v2 ,2) , . . . , q

k
(vk ,k))

. . .
?#k−−→L (qk

# , #k , q
f
C , . . . , q

f
C).

For the other direction, ρ � c0 →∗S c be a computation with πL(c) ∈
QF. We denote by ρL the part of the computation that is carried out by the
leader PL. Then we can factor ρL into ρL � ρ1.ρ2.ρ3 with

ρ1
� q0 !(v1 ,1)−−−−→L q1

V
!(v2 ,2)−−−−→L . . .

!(vk ,k)−−−−→L qk
V ,

ρ2
� qk

V

!(w#
1 ,1)−−−−−→L q1

V#

!(w#
2 ,2)−−−−−→L . . .

!(w#
k ,k)−−−−−→L qk

V# ,

ρ3
� qk

V#
?#1−−→L q1

#
?#2−−→L . . .

?#k−−→L qk
# .

We show that wi � vi for any i ∈ [1..k] and that vi , v j for i , j. Furthermore,
we prove that each two vertices vi , v j are adjacent. Hence, v1 , . . . , vk forms a
clique of size k in the graph G.

Since PL is able to read the symbols #1 , . . . , #k in ρ3, there are at least k
contributors writing them. But a contributor can only write #i in its computa-
tion if it reads (and stores) the symbol (vi , i) from ρ1. Hence, there is at least
one contributor storing (vi , i). We denote it by Pvi .

The computation ρ2 starts by writing (w#
1 , 1) to the memory. The contrib-

utor Pvi has to read it to finally reach a state where it can write the symbol #i .
Hence, Pv1 reads the symbol (w#

1 , 1) without deadlocking. By the definition
of the transition relation of Pv1 this means that w1 � v1. Now consider Pvi

with i , 1. This contributor also reads (w#
1 , 1) � (v#

1 , 1). By definition this
implies that vi , v1 and the two vertices are adjacent. By induction, we get
that w#

i � vi for all i ∈ [1..k], that the vi are all distinct and that each two of
the vertices vi share an edge in G. Hence, G contains a clique of size k.

To prove the W[1]-hardness of LCR(d), we go back to our idea to transmit
vertices in binary. More precise, we construct a leader contributor system S
with d � O(k) andmoreover, there is a computation of S bringing the leader to
a final state if and only if G contains a clique of size k. Recall that t � log(|V |)
and that bin : V → {0, 1}t is some binary encoding of the vertices of G.

The system S acts like the leader contributor systemabove, in three phases.
In the first phase, the leader chooses the vertices of a clique candidate. This is
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done by repeatedly writing a string #.(b1 , i).# . . . #.(bt , i).# to the memory, for
each i ∈ [1..k]. Intuitively, this is the binary encoding of some vertex v ∈ V
with bin(v) � b1 . . . bt . Hence, instead of guessing a vertex immediately,
the leader guesses the binary representation of a vertex. Like above, the
contributors then non-deterministically decide to store a written vertex. To
this end, a contributor thatwants to store the i-th suggestedvertexhas abinary
tree branching on the symbols (0, i) and (1, i). Leaves of the tree correspond
to binary encodings of vertices. Hence, a particular vertex can be stored in the
contributor’s states. Note that we did not assume |V | to the a power of 2. This
means there might be leaves of the tree that do not correspond to encodings
of vertices. If a computation reaches such a leaf it will deadlock.

In the second phase, the leader again writes the binary encoding of k
vertices to the memory. But this time, it uses a different set of symbols:
Instead of 0 and 1, the leader uses 0# and 1# to separate Phase two from Phase
one. The contributors need to compare the suggested vertices as in the above
construction. To this end, a contributor storing the vertex (v , i) proceeds in k
stages. In stage j , i it can only read the encodings of those vertices which are
adjacent to v. Hence, if the leader suggests a wrong vertex, the computation
will deadlock. In stage i, the contributor can only read the encoding of the
stored vertex v. This allows for a verification of the clique as above.

The last phase is identical to the last phase of the above construction. The
contributors write the symbols #i , while the leader waits to read the string
#1 . . . #k . Once the leader has read the symbols it reaches its final state. This
ensures that the chosen vertices form a clique. We omit a formal construction
as it would be quite similar to the one given above. �

B.3.10 Proof of Lemma 8.53

Proof. If we are given a computation c0 →∗ c →+

sat
c with I(c), we split it into

the prefix c0 →∗ c and the cycle c →+

sat
c. The interface I is clearly matched.

For the other direction, let computations d0 →∗ d and f →+

sat
f with

I(d) ∧ I( f ) be given. We construct a computation c0 →∗ c →+

sat
c with I(c)

as desired. To this end, recall that for a configuration e and contributor state
p ∈ QC, the value #C(e , p) denotes the number of contributors of e that are
currently in the state p.

We construct the required computation. Let c be a configuration that
contains for each contributor state p the maximal number of contributors of
d and f that are currently in p. Memory and leader state of c are identical
to those of d and f . Formally we have, #C(c , p) � max(#C(d , p), #C( f , p)) for
each state p ∈ QC. Moreover, πL(c) � πL(d) and πD(c) � πD(d). This implies
that c matches the interface I: we have I(c).

In the following, we show that prefix and cycle can be composed. By the
copycat lemma [152], we can enrich the computation d0 →∗ d by contributors
such that we get c0 →∗ c. If we have max(#C(d , p), #C( f , p)) � #C(d , p), we do
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not have to add contributors for state p. If max(#C(d , p), #C( f , p)) > #C(d , p),
we add contributors for the difference t � max(#C(d , p), #C( f , p)) − #C(d , p).
Let P be any contributor in d currently in state p. Then, we add t copies
Pc

1 , . . . , P
c
t of P to d. Since the behavior of the leader and the memory do not

change, we get the prefix c0 →∗ c.
The cycle f →+

sat
f can be simulated on the larger configuration c. Intu-

itively, the contributors that do not participate in the cycle, can be ignored.
Hence, we obtain the desired cycle c →+

sat
c. Note that it is saturated. �

B.3.11 Proof of Lemma 8.60

Proof. Let Γ ⊆ Γ′ be two subsets of D. Since the writes Writes(SCCdcmpT(Γ))
splits into WritesC(SCCdcmpT(Γ)) and WritesL(SCCdcmpT(Γ)), we show the
following two inclusions which prove the lemma:

WritesC(SCCdcmpT(Γ)) ⊆ WritesC(SCCdcmpT(Γ′)) and
WritesL(SCCdcmpT(Γ)) ⊆ WritesL(SCCdcmpT(Γ′)).

To this end, let SCCdcmpT(Γ) � (S1 , . . . , S`) be the Γ-SCC decomposition
of T and SCCdcmpT(Γ′) � (T1 , . . . , Tk) the Γ′-SCC decomposition.

For the first inclusion, take an element b ∈ WritesC(S1 , . . . , S`). By defini-
tion, there are states p , p′ in a component Si and a transition p −→!b C p′. Since
p , p′ are in Si , they are strongly connected in the graph GT(Γ). Hence, the
states are also strongly connected in GT(Γ′). In fact, Γ ⊆ Γ′ implies that all the
edges of GT(Γ) are also present in GT(Γ′). Given that (T1 , . . . Tk) is the Γ′-SCC
decomposition of S, the states p and p′ have to lie in one setT j . Hence, b occurs
as a write within a set of (T1 , . . . , Tk)which means b ∈ WritesC(T1 , . . . , Tk).

It is left to show the second inclusion. Let b ∈ WritesL(S1 , . . . , S`).
Then, there are words u , v ∈ OP(D)∗ such that (q , a) −−−−→u.!b.v

L′(Γ) (q , a). Re-
call that →L′(Γ) is the transition relation of the automaton PL′(Γ). It re-
stricts the transitions of the leader to reads within the set WritesC(S1 , . . . , S`)
and keeps track of the current memory content. The latter may change
due to a contributor write in WritesC(S1 , . . . , S`). Since we already know
the inclusion WritesC(S1 , . . . , S`) ⊆ WritesC(T1 , . . . , Tk), the automaton PL′(Γ′)
contains all the transitions of PL′(Γ). Hence, the sequence of transitions
(q , a) −−−−→u.!b.v

L′(Γ) (q , a) in PL′(Γ) can also be performed in PL′(Γ′). By definition,
we obtain that b ∈ WritesL(T1 , . . . , Tk). �

B.3.12 Proof of Lemma 8.63

Proof. It remains to give a formal proof of the second direction of the lemma.
Let a non-empty set Γ be given such that SCCdcmpT(Γ) � (T1 , . . . , T`) is stable.
This means that Γ � Writes(T1 , . . . , T`). We split the set Γ � ΓC ∪ ΓL, where
ΓC � WritesC(T1 , . . . , T`) are the writes provided by the contributors and
ΓL � WritesL(T1 , . . . , T`) are the writes of the leader.
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We fix a run of the leader. It is of the form π � (q , a) −→w L′ (q , a) and it
writes every symbol in ΓL at least once. Formally, for each g ∈ ΓL there are
u , v ∈ OP(D)∗ such that w � u!gv. Note that such a run exists. Potentially,
we have to compose several cycles from (q , a) back to (q , a). We denote the
length of the run π by t.

For each element b ∈ ΓC, let p0(b) and p1(b) be two states belonging to a
set Ti(b) of the Γ-SCC decomposition such that there is a transition of the form

p0(b)−→!b p1(b).

Note that such a transition exists by definition. We call the set of states
Gen � {p0(b) | b ∈ ΓC} the symbol generators. Further, we fix a cycle for each
symbol b ∈ ΓC. Let

cycle(b) � p0(b) →C p1(b) →C p2(b) → · · · →C pk(b) � p0(b)

be a cyclic run in within Ti(b), reading only symbols from Γ. Such a run exists
since Ti(b) is strongly connected in the graph GT(Γ). We use States(cycle(b)) to
refer to the set {p0(b), . . . , pk−1(b)} of states that appear in cycle(b). Moreover,
given a configuration f � (p , b , pc) and a state s ∈ QC, we use f [s] to denote
the indices of the contributors that are currently in state s:

f [s] � { j | pc( j) � s}.

We construct a computation ρ. The idea is to support the run π of the
leader and to provide all the needed symbols along its way. Moreover, we
need to balance the computation: the number of contributors in a partic-
ular state is preserved after executing ρ. This is achieved by moving the
contributors along the fixed cycles.

For the construction, we start with t + 1 many contributors in each state of
cycle(b), for all symbols b ∈ ΓC. Formally, we choose our initial configuration
c in such a way that for each s ∈ T we have

|c[s]| �
{(t + 1) · |{b ∈ ΓC | s ∈ cycle(b)}|, if s lies in any cycle

1, otherwise.

Note that we add a single contributor in s if the state does not appear in any
cycle. This contributor does not move during the computation. The reason
is that we can then ensure πC(c) � T throughout the computation which
keeps ρ saturated. Moreover, we start with the appropriate leader state and
memory value, πL(c) � q , πD(c) � a.

During ρ, each contributor in a cyclemoves to its neighbor state bymaking
exactly one move. To this end, we split ρ into two phases: ρ � ρ1.ρ2. In
the first phase ρ1, only the contributors move and the leader stays idle. The
purpose of this phase is to ensure that all contributors can go to their neighbor
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in the cycle when reading of a symbol from ΓC is required or when writing.
Reading of other symbols is handled in ρ2.

Note that we have enough contributors in c to provide each symbol in ΓC
exactly t + 1 many times. During ρ1, we use up one of these contributors for
each symbol and provide each symbol in ΓC once. To realize ρ1, let b ∈ ΓC.
Pick one of the contributors currently in the state p0(b). It makes a move to
p1(b) and writes b to the memory. This is followed by a transition of every
contributor in each of the cycles that can read b and move to their neighbor.
After the move, these contributors stay idle for the remainder of ρ. Then we
proceed with the next symbol in ΓC.

Let c →∗ c′1 be the resulting computation. At the end of the computation,
each transition in each copy of a cycle that involves reading a symbol from
ΓC is already executed. Furthermore, one copy of the symbol generators is
exhausted, the corresponding contributors made a move to the next state in
the cycle. We still have t contributors in the symbol generators left. Indeed,
|c′1[p0(b)]| ≥ t for each b ∈ ΓC.

We complete the computation ρ1. For any contributor currently in a state
s ∈ cycle(b) that is not a symbol generator, s < Gen, we do the following. If
the contributor can write a symbol from ΓC and move to its neighbor state in
cycle(b), we execute the transition. The written symbol is ignored by the other
contributors and by the leader. After executing these write transitions, we are
at a configuration ĉ1. We get ρ1 � c →∗ ĉ1. Still, we have t contributors in the
symbol generators left, | ĉ1[p0(b)]| ≥ t for each b ∈ ΓC. Hence, the contributors
on the cycles that did not do a move so far are either the ones in the symbol
generators or ones that require a symbol of ΓL, written by the leader.

We construct the secondphase ρ2 which showshow the leader runs. Recall
that we already fixed the run π of the leader providing all symbols in ΓL. We
execute each transition of π interleaved with transitions of the contributors
whilemaintaining two invariants. To formalize them, let i ∈ [1..t]. By Γi

L ⊆ ΓL
we denote the set of symbols that the leader has written after i many steps of
π. The invariants are as follows. (1) all contributors that are currently in a state
s ∈ cycle(b) for a b ∈ ΓC but not in Gen and that can reach their neighbor while
reading a symbol from Γi

L, have already performed this transition before the
(i + 1)-st step of π is taken. (2) Before the (i + 1)-st step of π gets executed, for
each b ∈ ΓC, there are exactly t − i many contributors left that can provide b.
These are in the state p0(b).

We construct the computation inductively. Assume, we already executed
i − 1 many steps of π. We denote the interleaved computation with the
transitions of the contributors by ρi−1

2 . We need a case distinction.
If the i-th step of π, denoted by π(i), is a write transition, we do not need

to provide a symbol for the leader. The idea is to execute π(i) and to let
the contributors read the written symbol. Let b ∈ ΓL be that symbol. Then
Γi

L � Γi−1
L ∪{b}. We first execute π(i) andwrite b to the sharedmemory. Now,

each contributor on a cycle that needs to read a b to arrive at its neighbor takes
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the corresponding read transition. This maintains Invariant (1). To ensure
that (2) also holds, we add the following computation. For each symbol b ∈ ΓC
we pick exactly one contributor in p0(b) and let it write b to the memory. The
write is ignored by others. This way, we consume exactly one copy of these
contributors, maintaining (2).

If π(i) is a read of a symbol b ∈ ΓC, we pick one contributor that is currently
in p0(b). We let it execute its transition

p0(b)
!b−→C p1(b)

to provide b. The transition is followed by the leader taking π(i). Invariant (1)
is already ensured at this point since Γi

L � Γi+1
L . To guarantee (2), we consume

copies for symbols different from b. Let b′ ∈ ΓC, b′ , b. We let one copy of a
contributor, currently in p0(b′), perform its write transition on b′. The write
is ignored by others. After executing these transitions, (2) holds.

Depending on the case, we add the resulting computation to ρi−1
2 and

obtain a new computation ρi
2. Then we can define ρ2 � ρt

2. Putting things
together, we obtain

ρ � ρ1.ρ2 � c →∗ ĉ1 →∗ c1.

By themaintained invariants, we get that c1 is a permutation of c. All contrib-
utors took one transition along a cycle. Hence, the number of contributors in
a certain state in c and c1 are equal. For each s we have: |c[s]| � |c1[s]|. More-
over, since π is a cycle, we get πL(c1) � a � πL(c) and πD(c1) � a � πD(c).
Hence, ρ is a balanced computation and can be applied again to c1. Since there
are only finitely many permutations of c, applying ρ repeatedly will eventu-
ally yield a computation c →∗ e →+

sat
e and hence, a saturated cycle. �

B.3.13 Proof of Lemma 8.65

Proof. It is left to show that the expression WritesSCC(X) can be evaluated in
time O(d · (c2 + d

2 · l2)). By definition, WritesSCC(X) � Writes(SCCdcmpT(X)).
We first compute the SCC decomposition SCCdcmpT(X). To this end, we need
to construct the corresponding graph GT(X). To obtain it, we iterate over the
transitions in δC. If the current transition is a readwithin X or awrite, we keep
it as an edge. Hence, we need O(|δC |) � O(d · c2) time for the construction.
Note that a look-up in X can be performed in constant time if we assume that
X is a bit-vector with X(b) � 1 if and only if b ∈ X.

Now we can apply Tarjan’s algorithm to obtain the strongly connected
components (T1 , . . . , T`) of GT(X). Since the algorithm runs in time linear in
the number of edges and vertices, it takes time O(c + |δC |) � O(d · c2). We
obtain the X-SCC decomposition SCCdcmpT(X) � (T1 , . . . , T`).

It is left to compute the set of writes Writes(T1 , . . . , T`). First, we focus on
WritesC(T1 , . . . , T`). To compute the set, we iterate over all transitions in δC.
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If the current transition is a write between two states p , p′ belonging to the
same set Ti , we add the corresponding symbol to WritesC(T1 , . . . , T`). We
need O(|δC |) � O(d · c2) time for the iteration. Note that we can perform the
checkwhether p and p′ lie in the same set Ti again in constant time. Summing
up, we needed O(d · c2) time so far.

For computing WritesL(T1 , . . . , T`), we first need to construct the automa-
tonPL′. The statesQL×D canbe added in timeO(d·l). The transitions ofPL′ are
obtained by an iteration over δL. If the current transition is a write, s −→!b

′
L s′,

then we add d many transitions: (s , b) −→!b
′

L′ (s , b′), one for each b ∈ D. If the
transition is a read of a symbol b, we test whether b ∈ WritesC(T1 , . . . , T`)
and add the single transition (s , b) −→?b

L′ (s′, b). Adding these transitions takes
time O(d · |δL |) � O(d2 · l2) where the additional factor d appears since we
add d many transitions in the case of a write. The ε-transitions in PL′ can be
added in time O(d2 · l): we iterate over each symbol b′ ∈ WritesC(T1 , . . . , T`)
and add d · l many transitions (s , b) −→ε L′ (s , b′), one for each pair (s , b). Hence,
we constructed the automaton PL′ in time O(d2 · l2). Note that this limits the
size of δL′ to O(d2 · l2).

To identify the elements in the set WritesL(T1 , . . . , T`), we iterate over all
b ∈ D and test for each, whether it occurs as a write !b on a cycle from (q , a) to
(q , a) in PL′. The test can be reduced to a non-emptiness problem. To this end,
let PL′(q , a) be the automaton PL′ with (q , a) as initial and final state. Then,
b ∈ WritesL(T1 , . . . , T`) if and only if

OP(D)∗.!b.OP(D)∗ ∩ L(PL′(q , a)) , ∅.

Since the corresponding automaton forOP(D)∗.!b.OP(D)∗ has a constant num-
ber of states, building the product and deciding non-emptiness can be done
in time O(|δL′ |) � O(d2 · l2). Since the above non-emptiness test has to be
executed for each b ∈ D, we get a total time of O(d3 · l2) to construct the set of
writes provided by the leader, WritesL(T1 , . . . , T`).

Putting the sets WritesC(T1 , . . . , T`) and WritesL(T1 , . . . , T`) together, we
obtain the complete set of writes, Writes(T1 , . . . , T`) � WritesSCC(X). Adding
up the complexities, we need O(d · (c2 + d

2 · l2)) time for the evaluation. �

B.3.14 Restriction to Increasing Prefixes

We prove that for solving LCL, we can restrict to increasing prefix computa-
tions. To this end, we first need to generalize Lemma 8.51.

Lemma B.19. Let q ∈ QL and a ∈ D. There is an initialized finite computation

c0 →∗ c →+

sat
c with πL(c) � q and πD(c) � a if and only if there is an initialized

finite computation d0 →∗
inc

d →+

sat
d with πL(d) � q and πD(d) � a.

Proof. One direction is trivial. For the other direction, let a computation
c0 →∗ c →+

sat
c with πL(c) � q and πD(c) � a be given. Let ρ � c0 →∗ c be the
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prefix. If ρ is increasing, we are done. Otherwise, we construct a new prefix
ρinc that behaves like ρ but does not delete contributor states.

Let ρ � c0 →S c1 →S · · · →S c` . Then, there are configurations c i and
c i+1 in ρ such that πC(c i+1) does not contain πC(c i). This means, there is a
state p ∈ πC(c i) \ πC(c i+1). This state gets lost by performing the transition
c i → c i+1. Phrased differently, there is only one contributor P with current
state p which does a transition to another state.

We apply the copycat lemma to get an additional contributor Pc that
mimics P. It copies every move of P. Once Pc reaches state p, it keeps staying
in the state. With the new contributor, the state does not get deleted and is
preserved throughout the computation.

We introduce such an additional contributor for each state p that is deleted
along ρ. Hence, we obtain an increasing computation ρinc � d0 →∗

inc
d with

πC(d) ⊇ πC(c). Leader and memory act the same way as before. We obtain
πL(d) � πL(c) and πD(d) � πD(c).

Note that ρinc is obtained from ρ by only adding contributors. This means
that d contains at least as many contributors in a particular state p as c. We
have #C(d , p) ≥ #C(c , p) for each state p ∈ QC. We can therefore simulate the
saturated cycle c →+

sat
c on the larger configuration d. Leader and memory

act as before. Whenever there is a contributor in a certain state p acting in
c →+

sat
c, we can mimic the move. Hence, we get a cycle d →+

sat
d. Note that

the cycle is indeed saturated since πC(d) ⊇ πC(c). �

The above lemma allows for splitting LCL along reachable interfaces.
Technically, we obtain a generalization of Lemma 8.53.

Lemma B.20. Let q ∈ QL and a ∈ D. There is a computation c0 →∗ c →+

sat
c with

πL(c) � q and πD(c) � a if and only if there is a reachable interface I � (q , a , T)
and a saturated cycle f →+

sat
f with I( f ).

Proof. Let the computation c0 →∗ c →+

sat
c with πL(c) � q and πD(c) � a

be given. By Lemma B.19, we obtain a computation f 0 →∗
inc

f →+

sat
f with

πL( f ) � q and πD( f ) � a. Set T � πC( f ). Then, the interface I � (q , a , T) is
reachable and we clearly have I( f ).

For the other direction, assume I � (q , a , T) is a reachable interface and
there is a saturated cycle f →+

sat
f with I( f ). Since I is reachable, we obtain

an increasing prefix d0 →∗
inc

d with I(d). Now we can apply Lemma 8.53. It
yields a computation c0 →∗ c →+

sat
c with I(c). This completes the proof. �

B.3.15 Proof of Lemma 8.68

We give two algorithms for computing the set of reachable interfaces. They
are based on the algorithms for LCR and admit the same running times.
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Parameterization by Contributor Wefirst modify Algorithm 8.2. Themod-
ification relies on the following characterization which generalizes the cor-
rectness criterion of the algorithm, stated in Lemma B.18.

LemmaB.21. Let I � (q , a , S) ∈ IF. Then, I is reachable if and only if (q , a) ∈ T[S].

Proof. First assume that we have a reachable interface I � (q , a , S). Then we
obtain an increasing prefix c0 →∗

inc
c with I(c). By Lemma B.18, we obtain a

path v0 →∗E (q , a , S) in G. Note that S � πC(c) is preserved since the prefix is
increasing. This can be observed from the proof of the lemma. By definition
of the table T, we get that (q , a) ∈ T[S].

Now assume that (q , a) ∈ T[S]. By definition, we obtain a path of the form
v0 →∗E (q , a , S) in G. Again, by following the proof of Lemma B.18, we get a
prefix computation c0 →∗

inc
c with I(c)which means that I is reachable. �

The lemma shows that the set of reachable interfaces can be determined
once the table T is computed. In fact, it is given by

I � {(q , a , S) | (q , a) ∈ T[S]}.

Since Algorithm 8.2 is basically a table-filling algorithm, we can let it compute
each entry of T[S]. Then, we add a step which outputs the set I. The
complexity is as before, we only add an output step: O(2c · c4 · d2 · l2).

Parameterization by Domain and Leader We elaborate on the idea of how
tomodify Algorithm 8.1 so that it computes the set of reachable interfaces. To
this end, we first need to determine which interfaces a (short) witness yields.

Definition B.22. Let x � (w , q , σ) ∈ Wit be a (short) witness with word
w � (q1 , a1) . . . (qn , an) and let β be a first-write sequence with |β | � ord(x) � k
and Validβ(x) (or Validsh

β (x)). Recall the notion of a full expression from
Definition B.11. An interface I � (q , a , S) is associated to the witness x if the
following two conditions are satisfied.

(1) The symbol a is the last written symbol that occurs in a computation
along x. It is either an or a first write from β, we have a ∈ {an , β1 , . . . , βk}.

(2) The set S contains all states of the contributor that are reachable along a
computation of the witness. We have

S � {p ∈ QC | πRD(TraceC(p)) ∩ FullExpr(x , β).Γ∗n+1 , ∅},

where Γn+1 � Loop(q , {bi | i ∈ [1..k]}) ∪ {bi | i ∈ [1..k]}.

Given a witness and a first-write sequence, we can clearly compute the
associated interfaces in polynomial time. But they do not immediately cor-
respond to the reachable interfaces of the underlying system. In fact, they
correspond to the maximal interfaces.
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Definition B.23. A reachable interface I � (q , a , S) is called maximal if the set
S is inclusion maximal among all reachable interfaces (q , a , S′).

We can clearly restate Lemma B.20 in terms of maximal reachable inter-
faces. Moreover, Algorithm 8.4 alsoworkswith this kind of interfaces. Hence,
weneed to argue that associated interfaces correspond to associated interfaces
since the latter can be computed efficiently along the above definition.

Lemma B.24. Let I � (q , a , S) ∈ IF. Then, I is a maximal reachable interface if and

only if there is a (short) witness x � (w , q , σ) and a first-write sequence β such that

Validβ(x) (or Validsh

β (x)) and I is associated to x.

We omit the proof of the criterion. It can be obtained by following the
proofs of Lemma 8.20 and Lemma 8.26. It is left to change Algorithm 8.1
so that it outputs the associated interfaces. The algorithm is a table-filling
for T[β, x] where x is a short witness and β is a first-write sequence with
ord(x) � β. We let the algorithm compute each entry of the table. Then, for
each entry T[β, x]with Validsh

β (x)we compute the associated interfaces. After
computing these for each corresponding entry of the table, we output them.
The complexity does not change since the computation of the associated
interfaces takes only polynomial time.

B.3.16 Correctness of Algorithm 8.4

The correctness of Algorithm 8.4 follows from Lemma B.20 and from the
correctness of the modified algorithms for LCR. Indeed, if the algorithm
returns true, it has found a reachable interface I � (q , a , T)with q ∈ QF and a
saturated cycle f →sat f with I( f ). This witnesses a live computation in q.

If a live computation in the state q ∈ QF exists, we can witness it by
finding a reachable interface I � (q , a , T) and a saturated cycle f →sat f with
I( f ). Since the algorithm iterates over all reachable interfaces and tests the
existence of a cycle with each, we eventually find the corresponding interface
and cycle. The algorithm then returns true.

B.4 Proofs for Chapter 9

B.4.1 Proof of Lemma 9.16

Proof. Let V ⊆ WR be non-empty. We have to prove two directions. To this
end, first assume T[V] � 1. We show that there is an element v ∈ V such that
Gloc[V\{v}, v] and Gmm[V\{v}, v] are both acyclic and T[V\{v}, v] � 1.

Since T[V] � 1, there is a snapshot order tw[V] � t[V] ∪ r[V] with a total
order t[V] on V . Moreover, the snapshot order satisfies that the graphs

Gloc(tw[V]) � (O , po-loc ∪ rf ∪ tw[V] ∪ cf [V]),
Gmm(tw[V]) � (O , po-mm ∪ rf -mm ∪ tw[V] ∪ cf [V])
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are both acyclic. We extract the suitable write event v. Since t[V] is total on
V , there is a unique minimal element v ∈ V according to the order. We set
V′ � V\{v} and show the following three facts:

(1) Gloc[V′, v] is a subgraph of Gloc(tw[V]),

(2) Gmm[V′, v] is a subgraph of Gmm(tw[V]), and

(3) T[V′] � 1.

SinceGloc(tw[V]) andGmm(tw[V]) are acyclic by assumption, any subgraph
of these are as well. Hence, once the three facts are proven, we can conclude
that v is indeed the element we are looking for.

We begin by proving (1). To this end, we show that each edge of the
coherence graph of V′ and v

Gloc[V′, v] � (O , po-loc ∪ rf ∪ r[V′, v] ∪ cf [V′, v])

is already present in the graph Gloc(tw[V]). Since po-loc and rf are already
present in Gloc(tw[V]), we need to show that the edges of the two relations
r[V′, v] and cf [V′, v] are also in the graph.

By definition, r[V′, v] � r[V] ∪ {(v , w) | w ∈ V′}. Since v was selected to
be the minimal element of t[V] on V and t[V] is total, we get that each edge
(v , w)with w ∈ V′ is also contained in t[V]. Hence, we can deduce

r[V′, v] ⊆ r[V] ∪ t[V] � tw[V].

For the edges of cf [V′, v]we then obtain

cf [V′, v] � rf
−1 ◦

⋃
x∈Var

r[V′, v]x ⊆ rf
−1 ◦

⋃
x∈Var

tw[V]x � cf [V],

showing that Gloc[V′, v] is a subgraph of Gloc(tw[V]).
The proof of (2) follows from (1). We have to show that each edge of

Gmm[V′, v] � (O , po-mm ∪ rf -mm ∪ r[V′, v] ∪ cf [V′, v])

is contained inGmm(tw[V]). The edges of po-mm and rf -mm are alreadypresent
in the graph. Since r[V′, v] ⊆ tw[V] and cf [V′, v] ⊆ cf [V] hold by (1), we get
that Gmm[V′, v] is a proper subgraph of Gmm(tw[V]).

It is left to prove (3). To this end, we construct a snapshot order tw[V′]
on V′ such that Gloc(tw[V′]) is a subgraph of Gloc(tw[V]) and Gmm(tw[V′]) is
a subgraph of Gmm(tw[V]). This shows that T[V′] � 1 since the two latter
graphs are acyclic by assumption. We construct tw[V′] as follows. Set

tw[V′] � t[V′] ∪ r[V′],

405



B. Detailed Proofs and Further Concepts

where r[V′] � {(w , w) | w ∈ V′, w ∈ V′} and t[V′] � t[V] ∩ (V′× V′) is the
restriction of t[V] to the set V′. Note that t[V′] is total on V′. Hence, tw[V′] is
indeed a proper snapshot order.

By definition, we get that t[V′] ⊆ t[V]. Now consider an edge (w , w) from
r[V′] with w ∈ V′ and w ∈ V′. There are two cases: (1) For w � v, the edge
(v , w) is already contained in t[V] since v was chosen to be t[V]-minimal and
t[V] is total on V . (2) For w , v, we get that w ∈ V . Hence, the edge (w ,w) is
already contained in r[V]. Putting the cases together, we obtain:

tw[V′] � t[V′] ∪ r[V′] ⊆ t[V] ∪ r[V] � tw[V],
cf [V′] � rf

−1 ◦
⋃

x∈Var

tw[V′]x ⊆ rf
−1 ◦

⋃
x∈Var

tw[V]x � cf [V].

From these inclusions, we immediately obtain that Gloc(tw[V′]) is a sub-
graph of Gloc(tw[V]) and that Gmm(tw[V′]) is a subgraph of Gmm(tw[V]).

For the other direction of the proof, assume the existence a write event
v ∈ V such that the coherence graphs Gloc[V′, v] and Gmm[V′, v] are acyclic
and such that T[V′] � 1. Here, V′ � V \ {v}. In order to show that T[V] � 1,
we need to construct a snapshot order tw[V] on V such that the two graphs
Gloc(tw[V]) and Gmm(tw[V]) are both acyclic.

By the assumption T[V′] � 1, there is a snapshot order tw[V′] on V′. It is
given by tw[V′] � t[V′] ∪ r[V′] and it satisfies that the graphs

Gloc(tw[V′]) � (O , po-loc ∪ rf ∪ tw[V′] ∪ cf [V′]),
Gmm(tw[V′]) � (O , po-loc ∪ rf -mm ∪ tw[V′] ∪ cf [V′])

are acyclic. We extend the order t[V′] by adding v as new minimal element.
Define t[V] � t[V′]∪ {(v , w) | w ∈ V′}. Then, t[V] is a total order on V . Thus,
the order defined by

tw[V] � t[V] ∪ r[V]

with relation r[V] � {(w , w) | w ∈ V , w ∈ V} is a snapshot order on V .
We show the acyclicity of Gloc(tw[V]) and Gmm(tw[V]) in two steps. First,

we define the two intermediary graphs

Jloc[V, v] and Jmm[V, v]

and show that Gloc(tw[V]) and Gmm(tw[V]) are subgraphs of theses. In the
second stepweprove thatJloc[V, v] andJmm[V, v] are acyclic. In fact, we show
that a cycle in one of the two graphs would induce a cycle in one of the coher-
ence graphsGloc[V′, v] andGmm[V′, v] or in one of the graphsGloc(tw[V′]) and
Gmm(tw[V′]), which are all acyclic by assumption. The acyclicity ofGloc(tw[V])
and Gmm(tw[V]) then follows and we obtain T[V] � 1.
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We begin with the first step. Before we define the intermediary graphs,
we need two new relations depending on the fact that v is the new minimal
element of V . We define them as follows:

inc(v) � {(w , v) | w ∈ V} and cfinc(v) � rf
−1 ◦

⋃
x∈Var

inc(v)x .

Note that a pair (r, v) is in cfinc(v) if r is a read event with a write event w ∈ V
such that (w , r) ∈ rf , (w , v) ∈ inc(v), and w and v write to the same variable.

The graphs Jloc[V, v] and Jmm[V, v] are now defined as follows:

Jloc[V, v] � (O , po-loc ∪ rf ∪ tw[V′] ∪ inc(v) ∪ cf [V′] ∪ cfinc(v)),
Jmm[V, v] � (O , po-mm ∪ rf -mm ∪ tw[V′] ∪ inc(v) ∪ cf [V′] ∪ cfinc(v)).

We show that Gloc(tw[V]) is a subgraph of Jloc[V, v]. First note that the
edges of po-loc and rf are already present in Jloc[V, v]. It is left to argue that
tw[V] and cf [V] are included in the edges of Jloc[V, v] as well. To this end,
consider the following inclusion:

t[V] � t[V′] ∪ {(v , w) | w ∈ V′} ⊆ t[V′] ∪ r[V′] � tw[V′].

The first equality is the definition of t[V]. The inclusion holds since v ∈ V′
and thus {(v , w) | w ∈ V′} ⊆ r[V′]. Relation r[V] is embedded as follows:

r[V] � {(w , w) | w ∈ V , w ∈ V}
� {(w , w) | w ∈ V , w ∈ V′} ∪ {(w , v) | w ∈ V}
⊆ r[V′] ∪ inc(v).

The latter inclusion holds due to the fact that V ⊆ V′. Combining the above
inclusions then yields tw[V] ⊆ tw[V′] ∪ inc(v). For the conflict relation, we
consequently obtain that

cf [V] � rf
−1 ◦

⋃
x∈Var

tw[V]x

⊆ rf
−1 ◦

⋃
x∈Var

(tw[V′] ∪ inc(v))x

� rf
−1 ◦

⋃
x∈Var

(tw[V′]x ∪ inc(v)x)

�

(
rf
−1 ◦

⋃
x∈Var

tw[V′]x

)
∪

(
rf
−1 ◦

⋃
x∈Var

inc(v)x

)
� cf [V′] ∪ cfinc(v).

Hence, all edges of Gloc(tw[V]) are present in Jloc[V, v] which proves the
subgraph relation. The fact thatGmm(tw[V]) is a subgraphofJmm[V, v] follows
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easily from the above observations. Since po-mm and rf -mm are present in
Jmm[V, v] and tw[V] ⊆ tw[V′]∪ inc(v) as well as cf [V] ⊆ cf [V′]∪ cfinc(v) hold
independently from the considered graph, we obtain the subgraph relation.

In the second step, we show the acyclicity of Jloc[V, v] and Jmm[V, v]. We
focus on Jloc[V, v] since the proof for Jmm[V, v] is similar. Assume there is a
cycle C in Jloc[V, v]. If C does neither contain an edge from inc(v) nor from
cfinc(v), the cycle has only edges over po-loc ∪ rf ∪ tw[V′] ∪ cf [V′]. Hence, C
is a cycle in Gloc(tw[V′]) which is a contradiction since the graph is acyclic.
Therefore, C goes through at least one edge from inc(v) or cfinc(v). In both
cases, this means that C passes through the write event v. We may think of C
as a cycle that starts and ends in v: C is of the form

C � e0.e1 . . . e`

with ei edges and e0 � (v , w1), e` � (w` , v) for events w1 , w` ∈ O. Moreover,
we assume that C is short. The write event v is only visited once. Otherwise,
we would clearly get a shorter cycle.

FromC, we showhowto construct a cycle Ĉ inGloc[V′, v]which contradicts
the assumption that the coherence graphs are acyclic. To this end, we induct
over the edges of C and construct Ĉ while keeping the invariant that all
constructed edges of Ĉ are in the coherence graph Gloc[V′, v].

Initially, Ĉ does not have any edges. The induction step is as follows.
Assume we have already constructed a part of Ĉ while iterating to the i-th
edge e of C. We get the following case distinction, based upon the type of e:

• If e is an edge in po-loc ∪ rf . Then e is also present in Gloc[V′, v] and we
can add it to Ĉ by setting: Ĉ � Ĉ.e.

• If e is an edge in tw[V′] we get two subcases: (1) If e is in t[V′]. Then,
e � (w , w′), where w , w′ ∈ V′ are write events. There is an edge
(v , w′) ∈ r[V′, v] by definition. We delete the content of Ĉ and start a
new cycle with this edge: Ĉ � (v , w′). It lies in Gloc[V′, v].

(2) If e is an edge in r[V′], then e � (w , w) where w ∈ V′ and w ∈ V′.
The edge then also lies in r[V′, v] and thus in Gloc[V′, v]. We add it to Ĉ
by setting Ĉ � Ĉ.e.

• If e is an edge in inc(v),then e is of the form (w , v) with w ∈ V . Thus, e
lies in r[V′, v] and therefore in Gloc[V′, v]. We add the edge by Ĉ � Ĉ.e.

• If e is an edge in cf [V′]. Then e � (r, w), where r is a read event and
w ∈ V′ is a write event. There is an edge (v , w) ∈ r[V′, v] and thus in
Gloc[V′, v]. We delete Ĉ and start a new cycle via Ĉ � (v , w).
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• If e is an edge in cfinc(v). Then e lies in cf [V′, v] since inc(v) ⊆ r[V′, v]
and we have

cfinc(v) � rf
−1 ◦

⋃
x∈Var

inc(v)x ⊆ rf
−1 ◦

⋃
x∈Var

r[V′, v]x � cf [V′, v].

Hence, e can be added by Ĉ � Ĉ.e.

In the construction, the first edge of Ĉ always leaves the write event v, it
is of the form (v , w) for some event w ∈ O. Moreover, the edges in inc(v)
and cfinc(v) are the only edges in Jloc[V, v] that are incoming for v. Such
an edge is always the last edge of C and does never get deleted during the
construction of Ĉ. Note that we assumed the existence of such an edge.
Hence, by construction Ĉ is a non-empty cycle in Gloc[V′, v] that starts and
ends in v. This contradicts the acyclicity of the coherence graph. Altogether,
we obtain that the graph Jloc[V, v] is acyclic. �

B.4.2 Proof of Lemma 9.17

Proof. We show how Gloc[V, v] is constructed and tested for acyclicity. The
proof for Gmm[V, v] is similar. First, we focus on the construction of Gloc[V, v].
Recall the definition of the coherence graph:

Gloc[V, v] � (O , po-loc ∪ rf ∪ r[V, v] ∪ cf [V, v]).

Constructing the vertices can clearly be done in time O(n), as n � |O |. The
edges of po-loc ∪ rf are part of the given history. Hence, we can iterate over
these edges and add them to the graph. Since po-loc∪ rf is a relation in O×O,
this takes time at most O(n2). Next, we construct the edges of the relation

r[V, v] � {(w , w) | w ∈ V ∪ {v}, w ∈ V ∪ {v}} ∪ {(v , w) | w ∈ V}.

The latter part is simple to construct: we add an edge (v ,w) for each
w ∈ V . These are at most O(k) many edges since |V | ≤ k and consequently,
it takes at most O(k) time adding them. For constructing the former relation,
we iterate over w ∈ V ∪ {v} and w ∈ V ∪ {v} and add the edge (w , w). This
takes time at most O(k2) � O(k · n) time. Hence, the relation r[V, v] contains
at most O(k · n)many edges and can be constructed in time O(k · n).

It is left to construct the conflict relation cf [V, v] � rf
−1 ◦⋃

x∈Var
r[V, v]x .

To this end, we first construct the relation rf
−1 by turning around the edges

stored in rf . Note that rf consists of at most O(n) many of these since it
contains exactly one edge for each read event. Hence, rf

−1 can be constructed
in time O(n). The relations r[V, v]x can be constructed from r[V, v]. We
iterate over the edges in r[V, v] and put an edge (w , w′) to the corresponding
projection r[V, v]x if both write events w , w′ write to variable x. This takes
time at most O(k · n). The composition cf [V, v] � rf

−1 ◦⋃x∈Var
r[V, v]x is then
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obtained as follows. We iterate over all edges (r, w) in rf
−1 and (w′, ŵ) in one

of the r[V, v]x and add (r, ŵ) to cf [V, v] if w � w′. Since rf
−1 contains at most

O(n)many edges and the union of the r[V, v]x contains at most O(k · n)many
edges, constructing cf [V, v] takes time O(k · n2).

Hence, the graph Gloc[V, v] can be constructed in time O(k · n2). It is left to
show that cycles in Gloc[V, v] can be detected within the same amount of time.
To this end, we apply Kahn’s algorithm [226]. It finds a topological sorting
for a given graph. Such a sorting only exists if the graph is acyclic. If this is
not the case, the algorithm outputs an error. Kahn’s algorithm runs in time
linear in the vertices and edges. In our setting, it needs at most O(n2) time
since we can have at most n2 many edges. This lies within the bound O(k · n2)
and therefore finishes the proof. �

B.4.3 Proof of Lemma 9.21

Proof. First, we consider the structure of the acyclic graph Gww

loc
in more detail.

Recall that Gww

loc
� (O , po-loc ∪ rf ∪ ww ∪ fr). We show that Gww

loc
decomposes

into a disjoint union of its projections to the variables:

Gww

loc
�

⋃
x∈Var

Gww

loc
(x),

where Gww

loc
(x) � (O(x), po-locx ∪ rf x ∪ wwx ∪ frx) is the projection to variable

x and the union is taken over vertices and edges.
It is clear that each projection Gww

loc
(x) is contained in Gww

loc
as O(x) ⊆ O

and each projected relation is a subset of the original relation. For the other
inclusion, first note that the set of vertices O is contained in the union since
we can write O �

⋃
x∈Var

O(x). Phrased differently, each event in O refers
to exactly one location. It is left to show that all edges of Gww

loc
are contained

in the union. By definition, each of the relations po-loc, rf , ww, and fr only
relates events to the same location. Hence, an edge (w , w′) from one of the
relations is an edge among events on a variable x and therefore contained in
the graph Gww

loc
(x). The union is disjoint since there is no edge in Gww

loc
that

involves events on different variables.
The order tw contains the store order ww and for each x ∈ Var, order wwx

is total on WR(x). This implies that twx � wwx . Hence, tw differs from ww by
additional edges among write events on different variables. Formally, we can
therefore write tw as a disjoint union:

tw � ww ∪ ext,

where ext � {(w , w′) ∈ tw | var(w) , var(w′)}. This means that the graph
Gtw

loc
� (O , po-loc ∪ rf ∪ tw ∪ fr) of interest has a structure similar to Gww

loc
but

with edges connecting the projections:

Gtw

loc
� (O , ext) ∪

⋃
x∈Var

Gww

loc
(x).
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Now assume that there is a cycle C in the graph Gtw

loc
. We want to derive a

contradiction. The cycle C takes the following form:

C � o1
π1−→ o′1

ext−−→ o2
π2−→ o′2

ext−−→ . . .
ext−−→ o`

π`−→ o′` ,

where (1) oi , o′i arewrite events in a graphGww

loc
(xi) for a variable xi , (2) o′` � o1,

(3) each πi is a path within Gww

loc
(xi), and (4) each o′i−−→

ext oi+1 is an edge in ext.
Since oi and o′i are write events on the same variable xi and wwxi is a

total order on these events, there is a relation between the two writes: either
(oi , o′i) ∈ wwxi or (o′i , oi) ∈ wwxi . In the latter case, we would immediately get
a cycle in the graph Gww

loc
(xi). Namely,

o′i
wwxi−−−→ oi

πi−→ o′i .

But as a subgraph of Gww

loc
, the graph is acyclic and the cycle cannot appear.

Hence, we get that (oi , o′i) ∈ wwxi for each i. Since wwxi is contained in tw, we
have an edge (oi , o′i) ∈ tw for each i. Hence, we can shorten the cycle C to a
cycle Ctw of the form:

Ctw
� o1

tw−→ o′1
tw−→ o2

tw−→ o′2
tw−→ . . .

tw−→ o`
tw−→ o′` .

Note that we used the fact ext ⊆ tw. The cycle Ctw contradicts the fact that tw

is a strict order on WR. Hence, cycle C cannot exist and Gtw

loc
is acyclic. �

B.4.4 Proof of Lemma 9.38

Proof. Let ϕ be satisfiable. We show that hϕ is SC-consistent. Since the
formula is satisfiable, there is an evaluation

v : Var→ {0, 1}

that evaluates ϕ to 1. In order to prove that hϕ is SC-consistent, we need to
construct a total order tw on the write events of hϕ such that Gsc is acyclic.
Note that the acyclicity of Gloc is implied by this. Technically, we do not
immediately show the acyclicity of the graph but we construct a topological
sorting of the vertices which implies acyclicity of Gsc.

First, we need to construct a total order tw on the write events. To this
end, we extract an ordering on the literals of each clause. For any clause

Ci � `
i
1 ∨ ` i

2 ∨ ` i
3 ,

let L(Ci , 1) � {` i
j ∈ Ci | v(` i

j) � 1} be the set of literals in Ci that evaluate
to 1 under v. Since v is satisfying, we get that for each i ∈ {1, . . . ,m}, the set
L(Ci , 1) is non-empty. Similarly, we define L(Ci , 0) � {` i

j ∈ Ci | v(` i
j) � 0}.
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We begin by constructing a partial order among the literals of the clauses.
To this end, we define the following indices:

Nxt( j) � ( j mod 3) + 1 for j � 1, 2, 3.

We first let all literals of a clause that evaluate to 0 be smaller than the
literals that evaluate to 1 under v. Formally, we set ` < `′ for each ` ∈ L(Ci , 0),
`′ ∈ L(Ci , 1), and i ∈ {1, . . . ,m}. If we find that |L(Ci , 0)| > 1, there are two
literals evaluating to 0. Note that it cannot be three since the formula is
satisfied. In this case, let L(Ci , 0) � {` i

j , `
i
j′} where j′ � Nxt( j). Note that the

literals in L(Ci , 0) always have this form. Thenwe also set ` i
j < `

i
j′. The reason

why we construct the order like this is that in a topological sorting of Gsc, the
read events of the literals will respect this order.

The total order: We construct the total order tw on thewrite events of hϕ.
To this end, we consider the following two sets of threads:

First(Var) � {T0(x) | v(x) � 1} ∪ {T1(x) | v(x) � 0},
Sec(Var) � {T0(x) | v(x) � 0} ∪ {T1(x) | v(x) � 1}.

The set First(Var) contains those threads that will write the complement
evaluation of v into the variables. These threads have to run first in an
interleaving/topological sorting. The variables then get overwritten by the
threads of Sec(Var). These write the correct evaluation v to the variables. We
need further notation to construct tw. Let ` be a literal over x ∈ Var. We set

Tneg(`) �
{
T0(`), if ` � x ,
T1(`), otherwise.

This is the thread that stores 0 in `. Similarly, we define a notation for the
thread of hϕ that stores 1 in `. It is given by:

Tpos(`) �
{
T0(`), if ` � ¬x ,
T1(`), otherwise.

We go on with the definition of further sets. Let Ci be a clause. First(Ci) is
the set of threads that write the complement of v into the literals. These are
threads that write 0 to the literals which are evaluated to 1 under v and those
that write 1 to literals that are evaluated to 0. Formally, we have

First(Ci) � {Tneg(`) | ` ∈ Ci , v(`) � 1} ∪ {Tpos(`) | ` ∈ Ci , v(`) � 0}.

The idea is similar as above. In an interleaving of all events, the threads
of First(Ci) run first. The variables then get overwritten by the threads of
Sec(Ci). These forward the evaluation v of the variables to the literals:

Sec(Ci) � {Tpos(`) | ` ∈ Ci , v(`) � 1} ∪ {Tneg(`) | ` ∈ Ci , v(`) � 0}.
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The total order tw consists of several parts obtained from ordering the
above sets. Let LinWR(First(Var)) be some total order on the write events
of the threads occurring in First(Var), based on some assumed order on the
variables. Similarly, let LinWR(Sec(Var)) be a total order on the write events of
the threads in Sec(Var). Also the second order respects the assumed order on
the variables. Further, let LinWR(First(Ci)) be a total order on the write events
of threads in First(Ci) that respects the above order on literals. Similarly, let
LinWR(Sec(Ci)) be a total order on write events from the threads of Sec(Ci).

To finally define tw, we use a suitable product operator. Let t and r be two
total orders. Then t .r is the total order obtained from ordering the elements
of t to be smaller than the elements of r while preserving the orders t and r,
meaning t , r ⊆ t .r. The total order tw on all write events of hϕ is then given
by the product tw � twfirst.twsec, where

twfirst � LinWR(First(Var)).LinWR(First(C1)) . . . LinWR(First(Cm)),
twsec � LinWR(Sec(Var)).LinWR(Sec(C1)) . . . LinWR(Sec(Cm)).

Interleaving the events: We construct an interleaving / a topological
sorting of all events following the total order tw. First, we store the com-
plement evaluation v̄ of v. This is achieved by scheduling First(Var) in the
beginning. We run these threads in the order given by LinWR(First(Var)).
Then, we forward the evaluation v̄ to the literals by running the threads in
First(Ci) for each i. Since these threads are guarded by read events, there is a
read dependency. This means that the threads in First(Var) need to provide
the correct values for the read events in the threads in First(Ci). But since
the threads in First(Var) actually store v̄ in the variables and the threads in
First(Ci) demand it, they provide the correct values. Similarly, note that run-
ning the threads in Sec(Var) will store the evaluation v in the variables and
the threads in Sec(Ci)will push it to the literals.

The total order tw provides the write events in such a way that the read
events of the clause threads T1(C), T2(C), and T3(C) can be scheduled prop-
erly. Let C � `1 ∨ `2 ∨ `3 be a clause. We distinguish three cases:

(1) If C is satisfied by all three literals, we have v(`i) � 1 for i � 1, 2, 3.
Then, under v̄, we have v̄(`i) � 0 for i � 1, 2, 3. Since the write events
in First(C) evaluate the literals under v̄, we can schedule the read events
rd(`1 , 0), rd(`2 , 0), and rd(`3 , 0) since the values are provided. Technically,
we schedule these events after twfirst and before twsec. The remaining reads
rd(`1 , 1), rd(`2 , 1), and rd(`3 , 1) can then be scheduled after twsec.

(2) C is satisfied by two literals. Without loss of generality, we assume that
v(`1) � 1, v(`2) � 1, and v(`3) � 0. Then v̄(`1) � 0, v̄(`2) � 0 and
v̄(`3) � 1. To schedule all the reads of the clause threads properly, we do
the following. After twfirst, we schedule the reads in the following order
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rd(`1 , 0).rd(`2 , 0).rd(`3 , 1). Note that this conforms to program order and
that all the values are provided by the write events in twfirst. After twsec,
where the literals are evaluated according to v, we can then schedule the
reads rd(`3 , 0).rd(`1 , 1).rd(`2 , 1).

(3) C is satisfied by one literal. Let us assume v(`1) � 1, v(`2) � 0, and
v(`3) � 0. Then, we get v̄(`1) � 0, v̄(`2) � 1, and v̄(`3) � 1. In this case, we
schedule the reads rd(`1 , 0).rd(`2 , 1) immediately after twfirst. We cannot
schedule rd(`3 , 1) since it is blocked by the read rd(`2 , 0) the value ofwhich
we have not provided yet.
For providing the value, consider Tneg(`2). The thread occurs in Sec(C)
and is scheduled within twsec. Immediately after it performed its write
wr(`2 , 0), we schedule the read rd(`2 , 0)which was blocking. Since we did
not change the content of variable `3 yet, we can schedule rd(`3 , 1). Note
that this fact relies on the order among literals defined above. We know
that in LinWR(Sec(C)), the thread Tneg(`2) precedes Tneg(`3). After the
described schedule, T2(C) and T3(C) are completely executed. After twsec,
the `i store the evaluation under v. We can then schedule the remaining
reads rd(`3 , 0).rd(`1 , 1).

By constructing a schedule following these rules for each clause, we obtain
a proper interleaving of all events in hϕ that only reads values that were
written before accordingly. Such an interleaving is a topological sorting of
Gsc which means that the graph is indeed acyclic and hϕ is SC-consistent.

For the other direction, assume that hϕ is SC-consistent. We show that ϕ
is satisfiable. By definition, we obtain a total order tw on the write events of
hϕ such that Gsc is acyclic. We construct an evaluation v : X → {0, 1} along
this total order as follows:

v(x) � 1 if and only if wr(x , 0) tw−→ wr(x , 1).

Hence, variable x admits the value that is written latest in tw. We show
that the evaluation can be consistently extended to the literals. Indeed, for
each literal ` of the formula, we have:

v(`) � 1 if and only if wr(`, 0) tw−→ wr(`, 1).

To prove this, let ` be a literal evaluating to 1 under v. For ` evaluating
to 0, the proof is similar. Towards a contradiction, suppose that

wr(`, 1) tw−→ wr(`, 0).

Without loss of generality, we assume that ` � x. The proof for ` � ¬x is
similar as well. Since v(x) � 1 as well, we get the tw-edge

wr(x , 0) tw−→ wr(x , 1).
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This yields the following cycle in the graph Gsc:

wr(`, 1) tw−→ wr(`, 0)
po

−→ rd(x , 0)
cf

−→ wr(x , 1)
rf

−→ rd(x , 1)
po

−→ wr(`, 1).

Hence, we get the edge wr(`, 0) tw−→ wr(`, 1). This proves the above equiva-
lence. Nowwe show that for each clause, there is at least one literal that eval-
uates to 1 under v. Assume the contrary, then there is a clause C � `1∨ `2∨ `3
such that v(`i) � 0 for i � 1, 2, 3. By the equivalence above, we obtain:

wr(`i , 1)
tw−→ wr(`i , 0)

for each i � 1, 2, 3. From this, we can obtain the following cycle in Gsc:

rd(`1 , 0)
po

−→ rd(`2 , 1)
cf

−→ wr(`2 , 0)
rf

−→ rd(`2 , 0)
po

−→ rd(`3 , 1)
cf

−→ wr(`3 , 0)
rf

−→ rd(`3 , 0)
po

−→ rd(`1 , 1)
cf

−→ wr(`1 , 0)
rf

−→ rd(`1 , 0).

Hence, the clauses are satisfied under v. This completes the proof. �

B.4.5 Proof of Lemma 9.40

Proof. First note that each total order tw on the write events of hϕ is also a
total order on the write events of h′ϕ and vice versa. The reason is that the
write events of both histories are identical. In fact, h′ϕ is obtained from hϕ by
only adding read events. We fix a total order tw. Since we are treating two
distinct histories in the following, we use Gsc(hϕ) and Gsc(h′ϕ) to denote the
graphs from the definition of consistency over the corresponding history.

Now we show the following. The order tw induces a cycle in Gsc(hϕ) if
and only if it induces a cycle in Gsc(h′ϕ). Note that this implies the desired
equivalence: hϕ is SC-consistent if and only if h′ϕ is SC-consistent.

Assume there is a cycleC inGsc(hϕ). We showhow to inductively construct
a cycle C′ in Gsc(h′ϕ). Initially, C′ does not have any edges. For the induction
step, assume that the current edge of C that we mimic is called e. We make a
case distinction depending on the type of e:

• If e is an rf -edge, then it also exists in Gsc(h′ϕ). Assume e is of the form

wr(x , v)
rf

−→ o � rd(x , v),

for a variable x and a value v ∈ {0, 1} Then, o is either the first read
event of a thread Tv(`) for a literal ` or the second one. If it is the first
one, the edge e exists in Gsc(h′ϕ). Otherwise, e exists in the graph but o
is in the thread T′v(`). In both cases, we append e to C′.

415



B. Detailed Proofs and Further Concepts

If e is not of the above form, it takes the following shape:

wr(`, v)
rf

−→ o � rd(`, v),

where ` is some literal, v ∈ {0, 1} and o is a read event in a thread T i(C).
Due to the construction, the same edge exists in the graph Gsc(h′ϕ) and
we can append it to C′.

• If e is an tw-edge, it also exists in Gsc(h′ϕ) and we can immediately
append it to C′.

• Assume e is an po-edge. In Gsc(h′ϕ) all po-edges of Gsc(hϕ) exist except
for one kind. Let e be of the form

wr(`, v′)
po

−→ o � rd(x , v),

where x is a variable, ` a literal over x, v , v′ ∈ {0, 1} and o the second
guarding read event in the thread Tv(`). Then we mimic e by the path
in Gsc(h′ϕ)

wr(`, v′)
rf

−→ rd(`, v′)
po

−→ rd(x , v)

which leads to the thread T′v(`). We append the path to C′.

• If e is an cf -edge, then we can also mimic it on Gsc(h′ϕ). In the graph, all
cf -edges of Gsc(hϕ) exist and we only need to argue for one type. If e is
of the form

o � rd(x , v)
cf

−→ wr(x , v′),

where v , v′ and o is the second guarding read event in some thread
Tv(`). Since by induction, the path C′ arrives at the read event rd(x , v)
in thread T′v(`) in this case, we can mimic e by

rd(x , v)
cf

−→ wr(x , v′)

in Gsc(h′ϕ). Note that the edge exists since the tw-edges and the inverted
rf -edges carry over accordingly.

Altogether, we obtain a cycle C′ in Gsc(h′ϕ)which proves the first direction
of the statement. We go on with the remaining direction.

For the other direction, assume that there is a cycle C in the graph Gsc(h′ϕ).
Similar to the above, we inductively construct a cycle C′ in Gsc(hϕ) with a
case distinction on the type of the current edge e of C. The individual cases
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are almost the same and only one requires a different argument. Let e be an
rf -edge of the following form

wr(`, v′)
rf

−→ o � rd(`, v′),

where o is in the thread T′v(x). In this case, we also need to consider the next
edge f of C. There are two cases

• If f is an po-edge of the form

o � rd(`, v′)
po

−→ rd(x , v),

then we replace e . f by the single po-edge

wr(`, v′)
po

−→ rd(x , v)

which exists in Gsc(hϕ).

• If f is not an po-edge of the above form, then it is an cf -edge of the form

rd(`, v′)
cf

−→ wr(`, v)

where v′ , v. But this means that there is also an tw-edge in Gsc(h′ϕ) of
the following form

wr(`, v′) tw−→ wr(`, v).

Since the tw-edge also exists in the graph Gsc(hϕ), we can add it to the
path C′ to mimic the path e . f .

Like above, this yields a cycle in Gsc(hϕ) and completes the proof. �
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