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Some notation and some hints at basic literature 

For a field 𝑘 let �̅� denote a separable algebraic closure of 𝑘 and for every finite 

extension 𝐾/𝑘, 𝐾 ⊂ �̅�, put 𝐺𝑘=𝐺(�̅�/𝐾) = profinite Galois group of the 

extension �̅�/𝐾. For every positive integer 𝑚 let 𝜇𝑚 ≤ �̅�
∗ denote the group of

𝑚-th roots of unity in �̅�. 𝑊𝑚 denotes the group of m-th roots of unity in ℂ. If 

𝐴 is a profinite group denote by �̂� its dual group, i.e. the group of all 

continuous homomorphisms (characters) 𝜒: 𝐴 → ℂ∗, where 𝐴 is regarded as 

a topological group with resprect to the Krull topology, see e.g. [L 1], Chapter 

VII, and ℂ∗ is regarded as a topological group with respect to the discrete 

topology. The notation for cohomology groups is as in [L 1]. For algebraic 

number theory see [L 2], and for the theory of finite dimensional associative 

algebras, especially for the main results on central simple algebras over local 

or global number fields, we refer to [D], especially to [D], VII. Our main 

sources for class field theory are [AT] and [T].  
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Introduction 

A. Scholz invented relations between the obstruction of the local global 

principle for norms and central extensions, see e.g. [SZ]; for further 

investigations in this respect see e.g. [HD], [J], [LO 1], [LO 2], [SH], [ST]. 

Central extensions and central characters are closely related; in view of 

Galois representations we here prefer the language of characters.  A perhaps 

new aspect of the present paper is the construction of central characters in 

dependence of the so called coobstruction of the local global principle for 

norms. The result which describes this dependence in numerical terms is 

(4.3); part of its proof is a modification of a proof in [O 2]. It is also related to 

earlier results in [O 4], Kapitel II. For the special case of abelian extensions of 

number fields see also [O 3] and the literature which is cited or mentioned 

there.  §3 provides a bound for the exponent of the coobstruction. 

 

 

§1. Central characters 

In this section we review some well known facts about central characters in 

a way which serves the purpose of the present paper.  

Let 𝑘 be a field of characteristic 0. For every finite Galois extension 𝐾/𝑘, 𝐾 ⊂

�̅�, the finite Galois group 𝐺 = 𝐺(𝐾/𝑘) acts on 𝐺𝐾 „by conjugation“, and this 

action induces an action of 𝐺 on 𝐺�̂�. A central character  for 𝐾/𝑘 is an element 

of 𝐺�̂�
𝐺

, i.e. a 𝐺-invariant character of 𝐺𝐾. The restriction of a character of 𝐺𝑘 

to 𝐺𝐾 ⊴ 𝐺𝑘 is an example of a central character for 𝐾/𝑘; central characters 

for 𝐾/𝑘 arising in this way are called abelian. Two central characters 𝜒1, 𝜒2 

for 𝐾/𝑘 are said to belong to the same genus if there is an abelian central 

character 𝜆 for 𝐾/𝑘 such that 𝜒2 = 𝜆 ∙ 𝜒1 . This is a congruence relation with 

respect to multiplication of central characters for 𝐾/𝑘, and the group of 

congruence classes of these genera of central characters for 𝐾/𝑘 is 

isomorphic to the quotient group of 𝐺�̂�
𝐺

 modulo the image of the restriction 

homomorphism 𝑟𝑒𝑠: �̂�𝑘 → 𝐺�̂�
𝐺

. As is well known there is the Hochschild-

Serre exact sequence 

(1.1)             1 → �̂�
𝑖𝑛𝑓
→ 𝐺�̂�

𝑟𝑒𝑠
→ 𝐺�̂�

𝐺 𝜏
→𝑀(𝐺)

𝑖𝑛𝑓
→ 𝑀(𝐺𝑘) , 

where 𝑀(𝐺) = 𝐻2(𝐺, ℂ∗) resp. 𝑀(𝐺𝑘) = 𝐻
2(𝐺𝑘, ℂ

∗)   (ℂ∗ equipped with the 

trivial group action) is the Schur multiplier of 𝐺 resp. 𝐺𝑘, and 𝜏 is the 

transgression homomorphism arising from the group extension 
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(1.2)              1 → 𝐺𝐾/𝐺𝐾
′ → 𝐺𝑘/𝐺𝐾

′ → 𝐺 → 1 , 

𝐺𝐾
′  = closed commutator subgroup of 𝐺𝐾; see e.g. [SE 1], Chapter I, § 2.6 b. 

Hence 𝜏 induces an isomorphism from the group of genera of central 

characters for 𝐾/𝑘 to the image of 𝜏. Explicitely, if (𝑢) ∈ 𝐻2(𝐺, 𝐺𝐾/𝐺𝐾
′ ) is the 

class of the cocycle 

                         𝑢: 𝐺 × 𝐺 → 𝐺𝐾/𝐺𝐾
′  

which is given by the group extension (1.2), then for every 𝜒 ∈ 𝐺�̂�
𝐺

 the 

assignment 

                         (𝜎, 𝜏) ↦ 𝜒(𝑢(𝜎, 𝜏)),  𝜎, 𝜏 ∈ 𝐺  

defines a 2-cocycle 𝑓: 𝐺 × 𝐺 → ℂ∗ such that its cocycle class (𝑓) ∈

𝐻2(𝐺, ℂ∗) = 𝑀(𝐺) is 𝜏(𝜒); in this case 𝜒 is called a central character for (𝑓). 

The order of  every central character 𝜒 for 𝐾/𝑘 is divisible by the order of 

𝜏(𝜒) in 𝑀(𝐺). For a pregiven (𝑓) ∈ 𝑀(𝐺) in the image of 𝜏 we are interested 

in its  lifting index 𝑙((𝑓)): 

(1.3)               𝑙((𝑓)) ≔ 𝑀𝑖𝑛{𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 𝜒: 𝜒 ∈ 𝐺�̂�
𝐺
, 𝜏(𝜒) = (𝑓)} . 

For the following remark we use some elementary concepts and results 

about embedding problems as contained e.g. in [H], sections 1 and 2. 

 

(1.4) Remark  Assume that 

                           1 → 𝐴 → �̃�
𝑝
→ 𝐺 → 1 

is a group extension of 𝐺 = 𝐺(𝐾/𝑘) where 𝐴 is a finite cyclic group which is 

contained in the center of �̃�, and assume that the corresponding embedding 

problem for 𝐺𝑘 has a solution, i.e. there is a homomorphism                                   

𝜑:𝐺𝑘 → �̃�  such that 𝜑 followed by 𝑝: �̃� → 𝐺 is the homomorphism 𝐺𝑘 → 𝐺 

which is obtained by restricting the 𝑘-automorphisms of �̅� to 𝐾. Then the 

restriction of 𝜑 to 𝐺𝐾 is a homomorphism 𝐺𝐾 → 𝐴 which, when composed 

with an identification of 𝐴 with a group of roots of unity in ℂ, yields a central 

character 𝜒: 𝐺𝐾 → ℂ
∗ for 𝐾/𝑘 such that the order of 𝜒 divides the order of 𝐴. 

Conversely it is easily shown that every central character for 𝐾/𝑘 arises in 

this way from the restriction to 𝐺𝐾 of a solution of a suitable embedding 

problem for 𝐺𝑘 .  

The investigation of central characters by using embedding problems occurs 

in various earlier papers of the author; for a brief summary and some 
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comments on the connection between the Schur multiplier and central 

embedding problems see e.g. [O 1]. 

Finally we recall the result that for every number field 𝑘 the Schur multiplier 

𝑀(𝐺𝑘) is trivial; for a proof see e.g. [SE 2], § 6. In view of the preceding 

discussion this implies the following proposition. 

 

(1.5) Proposition If 𝑘 is a number field and K/k, K ⊂ �̅�, is a finite Galois 
extension with Galois group G = 𝐺(𝐾/𝑘) then the transgression 
homomorphism induces an isomorphism between the group of genera of 
central characters for 𝐾/𝑘 and the Schur multiplier of  𝐺. 

 

(1.6) Remark Central characters are used in Galois representation theory: 

Every 𝜒 ∈ 𝐺�̂�
𝐺

 defines the set of isomorphism classes of the irreducible 

constituents of the induced representation 𝐼𝑛𝑑𝐺𝐾
𝐺𝑘(𝜒) , or, equivalently, by 

Frobenius reciprocity, the set of isomorphism classes of irreducible 

representations 𝐷 of 𝐺𝑘 such that the restriction of 𝐷 to 𝐺𝐾 is a multiple of 𝜒. 

For more information on central characters and Galois representations see 

e.g. [O 4], Kapitel I and II.  

 

 

§ 2. Cyclotomic index and central simple algebras 

In this section we combine well known concepts and results about 

embedding problems with results from algebraic number theory and class 

field theory in order to prepare for the anounced relation between central 

characters and the local global principle for norms in Galois extensions of 

number fields. 

Let 𝑘 be a number field, let 𝑚 be a positive integer, let 𝑆 be a finite set of 

places of 𝑘, denote by 𝑆𝑚 the finite set of places of 𝑘(𝜇𝑚) which divide a place 

in 𝑆 and let 𝑑 be a positive integer which divides 𝑚. For these data we define 

the cyclotomic index   

(2.1)                                 𝑐(𝑘,𝑚, 𝑆, 𝑑) 

as the smallest positive multiple 𝑐 of 𝑚 which is divisible only by prime 

numbers which divide 𝑚 such that the local degree of the extension 

𝑘(𝜇𝑐)/𝑘(𝜇𝑚) is divisible by 𝑑 at all finite places in 𝑆𝑚 and is divisible by 2 at 
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all real places in 𝑆𝑚 . The existence of this integer follows from [T], p. 192, 

proof of the lemma. We note the following property, comp. also [D], VII, § 5, 

Satz 4, and its proof. 

 

(2.2) Lemma Let 𝐴 be a central simple 𝑘(𝜇𝑚)-algebra of exponent dividing  𝑑 
which splits at every place of  𝑘(𝜇𝑚) which does not belong to  𝑆𝑚. Then the 
field extension 𝑘(𝜇𝑐)/𝑘(𝜇𝑚), where 𝑐 = 𝑐(𝑘,𝑚, 𝑆, 𝑑), is a splitting field for 𝐴. 

Proof: By construction of 𝑐(𝑘,𝑚, 𝑆, 𝑑) this follows from the main results 

about central simple algebras over local and global number fields, see e.g. [D], 

VII, especially VII, § 2, Satz 4,  VII, § 3 and VII, § 5, Satz 1. 

 

The cyclotomic index will be useful in the following situation. Let 𝐾/𝑘, 𝐾 ⊂

�̅�, be a finite Galois extension with Galois group 𝐺 = 𝐺(𝐾/𝑘). Let S denote the 

finite set of all places of k which are ramified in K . Let (𝑓) ∈ 𝑀(𝐺) and denote 

by 𝑚 a multiple of the order of (𝑓). We assume that all values of 𝑓 are 𝑚-th 

roots of unity. Identifying the group of 𝑚-th roots of unity in ℂ with 𝜇𝑚 we 

obtain a central 2-cocycle 𝐺 × 𝐺 → 𝜇𝑚 , which is also denoted by 𝑓. Put 𝑘′ =

𝑘(𝜇𝑚), 𝐾
′ = 𝐾(𝜇𝑚),  𝐺′ = 𝐺(𝐾′/𝑘′). The restriction of  𝑓 to 𝐺′ × 𝐺′ 

composed with the emdedding 𝜇𝑚 ↪ 𝐾
′∗ is a 2-cocycle  

                                       𝑓: 𝐺′ × 𝐺′ → 𝐾′∗ 

in the sense of Galois cohomology, and the corresponding crossed product 

algebra 

(2.3)                             𝐴𝑘′(𝑓) = Γ(𝐾′/𝑘
′, 𝑓) 

is a central simple 𝑘′-algebra; for information on crossed product algebras 

see e.g. [D], V, § 1. Since all  values of 𝑓 are 𝑚-th roots of unity, the exponent 

𝑑 of 𝐴𝑘′(𝑓) divides 𝑚.  𝐴𝑘′(𝑓) splits at all places of 𝑘′ which do not divide a 

place of 𝑆, because 𝐾′/𝑘′ is unramified at such places and because all values 

of 𝑓 are roots of unity, comp. e.g. [D], VII, § 2, Satz 1. Hence by (2.2) the field 

𝑘(𝜇𝑐), 𝑐 = 𝑐(𝑘,𝑚, 𝑆, 𝑑), is a splitting field for 𝐴𝑘′(𝑓). 

The algebra 𝐴𝑘′(𝑓) will be used in § 4 to construct central characters  for (𝑓). 

A similar use of this algebra occurs in earlier papers of the author, see e.g. 

[O1], (2.5). 
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§ 3. Dual obstruction and coobstruction of the local global principle for norms 

Let 𝑘 be a number field and let 𝐾/𝑘, 𝐾 ⊂ �̅�, be a finite Galois extension with 

Galois group 𝐺 = 𝐺(𝐾/𝑘). Let 𝑆 denote the finite set of all places of 𝑘 which 

are ramified in 𝐾. Define ℋ = ℋ(𝐾/𝑘) as the kernel of the localization 

homomorphism (which, roughly speaking, is obtained by restricting a 2-

cocycle to the decomposition groups) 

(3.1)                           𝑀(𝐺) → ∐ 𝑀(𝐺�̅�)𝑣∈𝑆  ,  

where 𝐺�̅� is the decomposition group of the restriction to 𝐾 of some 

extension  �̅� of 𝑣 ∈ 𝑆 to �̅�; note that the decomposition groups of the 

unramified places are cyclic and therefore have trivial Schur multiplier. As is 

well known, see [T], p. 198,  ℋ is dual to the obstruction of the validity of the 

local global principle for norms in 𝐾/𝑘. We provide some information about 

the image of this localization homomorphism which are probably well 

known but for which I do not know of a reference. For this we use the 

deflation homomorphism for the Schur multiplier of a finite group, comp.      

[L 1], VIII, 3, especially [L 1], VIII, 3, Cor., p. 224, and obtain the following 

proposition. 

 

(3.2) Proposition Let 𝐺 be a finite group and let 𝑁 ⊴ 𝐺 be a normal subgroup. 
Then  

                       𝑒𝑥𝑝𝑀(𝐺) divides  |𝑁| ∙ 𝑒𝑥𝑝𝑀(𝐺/𝑁) 

(𝑀(𝑉) denotes the Schur multiplier of a finite group 𝑉) 

 

This proposition allows to estimate the exponent of the Schur multiplier of a 

local Galois group. More precisely, from (3.2) we deduce the following result. 

 

(3.3) Corollary Assume that 𝐿/𝑀 is a finite Galois extension of local number 
fields with Galois group 𝐽 and ramification index 𝑒. Then 𝑒𝑥𝑝𝑀(𝐽) 𝑑𝑖𝑣𝑖𝑑𝑒𝑠 𝑒.   

 

Proof: The inertia group 𝐼 of 𝐿/𝑀 is a normal subgroup of 𝐽 of order 𝑒, and 

the quotient group 𝐽/𝐼 is isomorphic  to the Galois group of the residue field 

extension of 𝐿/𝑀; hence 𝐽/𝐼 is cyclic and therefore has trivial Schur 

multiplier. The assertion follows by applying (3.2) for 𝐺 = 𝐽 and 𝑁 = 𝐼. 
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This corollary implies the following proposition.  

 

(3.4) Proposition  Assume that 𝑘 is a number field and 𝐾/𝑘, 𝐾 ⊂ �̅�, is a finite 
Galois extension with Galois group 𝐺 = 𝐺(𝐾/𝑘). Denote by 𝑆 the finite set of 
all places of 𝑘 which are ramified in 𝐾, and for every 𝑣 ∈ 𝑆 denote by 𝑒𝑣 the 
corresponding ramification index. Then the exponent of the image of the 
localization homomorphism (3.1) divides the 𝑙𝑐𝑚 of all 𝑒𝑣, 𝑣 ∈ 𝑆. 

For any finite Galois extension of number fields 𝐾/𝑘, 𝐾 ⊂ �̅�, with Galois 

group 𝐺 = 𝐺(𝐾/𝑘) define the coobstruction of the local global principle for 

norms as follows: 

(3.5)              ℋ̃(𝐾/𝑘) ≔ 𝑀(𝐺)/ℋ(𝐾/𝑘)  . 

And for every (𝑓) ∈ 𝑀(𝐺) call 

(3.6)              ℎ((𝑓)) ≔ 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 (𝑓) 𝑚𝑜𝑑𝑢𝑙𝑜 ℋ(𝐾/𝑘) 

the coobstruction order of (𝑓). By (3.4) the coobstruction order of every 

(𝑓) ∈ 𝑀(𝐺) and therefore the exponent of the coobstruction divides the 𝑙𝑐𝑚 

of all the ramification indices 𝑒𝑣 , 𝑣 ∈ 𝑆. 

 

(3.7) Remark Assume that 𝐿 is a finite central extension of 𝐾/𝑘 such that 

ℋ(𝐾/𝑘) is equal to the kernel of the inflation homomorphism 𝑖𝑛𝑓:𝑀(𝐺) →

𝑀(�̃�) where �̃� = 𝐺(𝐿/𝑘); then the inflation homomorphism induces an 

injection ℋ̃(𝐾/𝑘)↪ 𝑀(�̃�). According to [IM], Proposition 1.3, p. 133, its 

image is isomorphic to the kernel of the homomorphism 𝜔:𝑀(�̃�) →𝑃(�̃�, 𝐴), 

(𝑓) ↦ 𝜔(𝑓) , where 𝐴 = 𝐺(𝐿/𝐾),  𝑃(�̃�, 𝐴) = group of bimultiplicative pairings 

�̃� × 𝐴 → ℂ∗ and 

                        𝜔(𝑓)(𝑥, 𝑎) ≔ 𝑓(𝑥, 𝑎)/𝑓(𝑎, 𝑥) ,   𝑥 ∈ �̃�, 𝑎 ∈ 𝐴 . 
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§ 4. Central characters for finite Galois extensions of number fields and the 

coobstruction of the local global principle for norms 

In this section we need a group theoretical invariant which we define at first. 

Let 𝐺 be a finite group and let (𝑓) ∈ 𝑀(𝐺). Define 𝑚 = 𝑚((𝑓)) as the minimal 

exponent of all finite central group extensions 𝐺(𝑓) of 𝐺 where 𝑓 runs over 

all normalized central 2 −cocycles 𝑓: 𝐺 × 𝐺 → 𝑊𝑜𝑟𝑑((𝑓)) such that the 

cohomology class of the cocycle  

                               𝐺 × 𝐺
𝑓
→𝑊𝑜𝑟𝑑((𝑓))↪ ℂ

∗ 

is the given (𝑓). Recall that  

                              𝐺(𝑓) = {(𝑎, 𝑥): 𝑎 ∈ 𝑊𝑜𝑟𝑑((𝑓)), 𝑥 ∈ 𝐺} 

with multiplication 

                              (𝑎, 𝑥)(𝑏, 𝑦) = (𝑎𝑏𝑓(𝑥, 𝑦), 𝑥𝑦)  . 

Note that for 𝑙 = 𝑒𝑥𝑝𝐺(𝑓) we have  

(4.1)                     (1, 𝑥)𝑙 = (∏ 𝑓(𝑥𝑖 , 𝑥), 𝑥𝑙) = (1,1)𝑙−1
𝑖=1   for all 𝑥 ∈ 𝐺 , 

hence  

                                ∏ 𝑓(𝑥𝑖 , 𝑥) = 1𝑙−1
𝑖=1   for all 𝑥 ∈ 𝐺. 

 

(4.2) Remarks (a) By [AK] for all (𝑓) ∈ 𝑀(𝐺) the number 𝑚((𝑓)) divides the 

order of 𝐺. 

(b) If 𝐺 is abelian every (𝑓) ∈ 𝑀(𝐺) can be represented by a bimultiplicative 

pairing 𝑓: 𝐺 × 𝐺 → 𝑊𝑜𝑟𝑑((𝑓)), comp. [Y], 2.3, Cor. 2, p. 161, and therefore (4.1) 

shows that 𝑒𝑥𝑝𝐺(𝑓) = 𝑒𝑥𝑝𝐺 , if the order of 𝐺 is odd, and that 𝑒𝑥𝑝𝐺(𝑓) 

divides 2 ∙ 𝑒𝑥𝑝𝐺 , if the order of 𝐺 is even. 

(c) The definition of 𝑚((𝑓)) leads to the group theoretical problem of finding 

a lifting group for (𝑓) of minimal exponent. 

 

Let 𝑘 be a number field, let 𝐾/𝑘, 𝐾 ⊂ �̅�, be a finite Galois extension with 

Galois group 𝐺 = 𝐺(𝐾/𝑘) and denote by 𝑆 the finite set of all places of 𝑘 

which are ramified in 𝐾. Let (𝑓) ∈ 𝑀(𝐺). Put 𝑚 ≔ 𝑚((𝑓)) , ℎ ≔ ℎ((𝑓)) =

𝑐𝑜𝑜𝑏𝑠𝑡𝑟𝑢𝑐𝑡𝑖𝑜𝑛 𝑜𝑟𝑑𝑒𝑟 𝑜𝑓 (𝑓) (see (3.6)). The next result is related to (13.2) 

in Kapitel II of [O 4]. 
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(4.3) Theorem Put  𝑐 ≔ 𝑐(𝑘,𝑚, 𝑆, ℎ) and assume that the Galois cohomology 
group 𝐻3(𝐺(𝑘(𝜇𝑐)/k), k( 𝜇𝑐)

∗) is trivial. Then there is a central character  for 
(𝑓) such that its order divides 𝑐. 

 

Proof: Part of this proof is a modification of the proof on p. 596 of [O 2]. 

According to (1.4) it will be sufficient to prove that the embedding problem 

for 𝐺𝑘 which is given by the central 2-cocycle 

                          𝑓𝑐: 𝐺 × 𝐺
𝑓
→𝑊𝑜𝑟𝑑((𝑓)) ↪ 𝑊𝑚 ↪ 𝑊𝑐 , 

where 𝑓 is a 2-cocycle such that 𝑚 = 𝑒𝑥𝑝𝐺(𝑓), is solvable. By (2.2) and [H], 

3.2, 6.2, 6.3, this will follow if we can show that the central simple 

𝑘(𝜇𝑚) −algebra 𝐴𝑘(𝜇𝑚)(𝑓) splits outside 𝑆𝑚 and that its exponent divides ℎ. 

For the first of these claims see the remarks following (2.3). Using (4.1) we 

see that the ℎ-fold tensor product of 𝐴𝑘(𝜇𝑚)(𝑓), which is similar to 

𝐴𝑘(𝜇𝑚)(𝑓
ℎ), splits locally everywhere, because for every place 𝑣 of 𝑘 there is 

a function 𝛼�̅�: 𝐺�̅� → ℂ
∗ such that 

                                𝑓ℎ
|𝐺�̅�×𝐺�̅�

=𝛿𝛼�̅�  ,   

and therefore by (4.1) all values of 𝛼�̅� are roots of unity of order dividing 𝑚. 

The local global principle in the theory of central simple algebras over 

number fields, see e.g. [D], VII, § 5, then shows that it splits globally.  

 

For the case of coobstruction order 1 the statement in (4.3) gives a group 

theoretical bound in the following sense. 

 

(4.4) Corollary Let 𝐺 be a finite group. Then for every finite Galois extension 
of number fields 𝐾/𝑘 with Galois group 𝐺 and every (𝑓) ∈ ℋ(𝐾/𝑘) with the 
property that 𝐻3(𝐺(𝑘(𝜇𝑚((𝑓)))/k), k(𝜇𝑚((𝑓)))

∗) is trivial there is a central 

character  for (𝑓) of order dividing  𝑚((𝑓)). 

 

(4.5) Remarks (a) As is well known, 𝐻3(𝐺(𝑘(𝜇𝑛)/𝑘), 𝑘(𝜇𝑛)
∗) is trivial if 

𝑘(𝜇𝑛)/𝑘 is cyclic; this comes from the mod 2 periodicity of the cohomology 

of finite cyclic groups and Hilbert’s theorem 90. For more information on 𝐻3 

in algebraic number theory see [AT], Chapter 7, section 4, Theorem 12, p. 68. 
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(b) In the special case „𝐾/𝑘 abelian, (𝑓) ∈ ℋ“ the statement in (4.4) 

combined with remark (4.2), (b), can also be obtained from (3.4.10) and 

(3.4.11) in [ST]. [LO 2] and [ST] contain ideas, methods, investigations, 

results and remarks which are closely related to the problem of constructing 

central characters for (𝑓) 𝜖 ℋ(𝐾/𝑘), where 𝐾/𝑘 is abelian or nonabelian, 

and the problem of providing conditions which assure the existence of 

central characters for such (𝑓) which have minimal order 𝑜𝑟𝑑((𝑓)) ; see 

especially: [LO 2], p.166 ff, „Kriterium für die Existenz unmittelbarer 

Auflösungen“ and consequences; [ST], (3.2.11), (3.3.3) and § 3, section 5. The 

emphasis in the present paper is put on the general case, i.e. on arbitrary 

finite Galois extensions 𝐾/𝑘 of number fields with Galois group 𝐺 = 𝐺(𝐾/𝑘) 

and arbitrary (𝑓) 𝜖 𝑀(𝐺), and on its dependence on the coobstruction of the 

local global priniple for norms. In principle it seems to be possible to reduce 

the general case to the case of coobstruction order 1 by using a remark on p. 

121 of [L 2] which is attributed to E. Artin: For every finite Galois extension 

𝐾/𝑘 with Galois group 𝐺 there are infinitely many finite extensions 𝐸/𝑘 such 

that 𝐸 ∩ 𝐾 = 𝑘 and 𝐾𝐸/𝐸 is unramified. Therefore 𝑀(𝐺) ≅ ℋ(𝐾𝐸/𝐸). But in 

practice in seems to be difficult to use this approach because the construction 

of 𝐸 involves density theorems.   

(c) For the case of abelian extensions of number fields 𝐾/𝑘 in general, i.e. 

without the assumption (𝑓) ∈ ℋ(𝐾/𝑘), see e.g. [O 3] and the literature which 

is cited or mentioned there. 
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