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The process of discovering a new topic is much messier, full of the pursuit of directions
which were naïve, fruitless or uninteresting.

While it is tempting to just ignore all the “failed” lines of inquiry, actually they turn out to
be essential to one’s deeper understanding of a topic, and (via the process of elimination)
finally zeroing in on the correct way to proceed.

Freely adapted from Terence Tao
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Abstract

Civil engineering structures are designed and built to serve for a minimum usage- and
life-time. Yet, the state of materials and the resulting structural properties of buildings
are subject to change depending on outer conditions and eventually lead to degradation
of reliability and safety for the intended loads and usage. The evolution of the properties
of building materials and structures may be caused by physical or chemical processes
occurring on different spatial and temporal scales. In this thesis the focus is on model-
ing and simulation of a subset of these processes in cement based materials which are
related to the chemical dissolution due to the leaching of calcium. While often the re-
sults of such processes are visible on a macroscopic scale after very long times only, its
genesis typically has a long history which is only detectable on the pore scale. In order to
improve our understanding of such processes on multiple spatio-temporal scales, small
scale simulations of multi-species transport and reaction are of vital importance. Due
to the geometric complexity of the pore space and the need to consider a representative
elementary volume, such simulations require substantial numerical resolutions leading
to huge computation times. Thus, an efficient parallelization of such numerical methods
is vital to obtain results in acceptable wall-clock time. The goal of this thesis is to improve
available approaches based on Lattice Boltzmann methods to reliably and accurately pre-
dict the combined effects of mass transport and reaction in porous media. To this end,
we will rely on the recently developed cumulant LBM for the momentum equations and
the factorized central moment LBM of the second-order accurate approach for describ-
ing transport. To include morphology change due to dissolution of the hydrated cement
solid phases the volume of fluid method with piecewise linear interface construction al-
gorithm is employed. These developments will be integrated into the LBM research code
VirtualFluids. After verification and validation of our developments for simplified prob-
lems, results obtained for realistic 3D ct images of hydrated cement pastes are discussed
and an outlook to future applications and extensions of the developed methods is given.
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Zusammenfassung

Bauwerke werden so konzipiert und gebaut, dass sie nach Möglichkeit eine minimale
Gebrauchs- und Lebensdauer erreichen. Der Materialzustand und die daraus resul-
tierenden statischen Eigenschaften von Gebäuden unterliegen jedoch je nach äußeren
Bedingungen einer Veränderung und führen schließlich zu einer Verschlechterung der
Zuverlässigkeit und Sicherheit für die vorgesehenen Lasten und Nutzungen. Die Ent-
wicklung der Eigenschaften von Baustoffen und Bauwerken kann durch physikalische
oder chemische Prozesse verursacht werden, die auf unterschiedlichen räumlichen und
zeitlichen Skalen stattfinden. In dieser Arbeit konzentrieren wir uns auf die Model-
lierung und Simulation einer Teilmenge der mechanischen und chemischen Prozesse
im Zement, die mit der chemischen Auflösung und Fällung verbunden sind. Während
die Ergebnisse solcher Prozesse oft erst nach langer Zeit auf makroskopischer Ebene
sichtbar werden, hat ihre Entstehung typischerweise eine lange Vorgeschichte, die nur
auf der Porenskala nachweisbar ist. Um das Verständnis solcher Prozesse auf mehreren
räumlich-zeitlichen Skalen zu verbessern, sind kleinskalige Simulationen von Transport
und Reaktion mehrerer Komponenten von entscheidender Bedeutung. Aufgrund der
geometrischen Komplexität des Porenraums und der Notwendigkeit, ein repräsentatives
elementares Volumen zu berücksichtigen, erfordern solche Simulationen erhebliche nu-
merische Auflösungen, die zu enormen Rechenzeiten führen. Daher ist eine effiziente
Parallelisierung solcher numerischen Methoden unerlässlich, um Ergebnisse in akzept-
abler Zeit zu erhalten. Ziel dieser Arbeit ist es, die verfügbaren Ansätze auf der Grund-
lage von Lattice Boltzmann-Methoden zu verbessern, um die kombinierten Effekte von
Mehrkomponententransport und -reaktion in porösen Medien zuverlässig und genau
vorherzusagen. Zu diesem Zweck basieren die hier erarbeiteten Ansätze auf dem kürzlich
entwickelten Kumulanten LBM-Ansatz für die Impulsgleichungen und einen genauen
Ansatz zweiter Ordnung zur Beschreibung des Transports einschließlich der Auflösung
und Fällung der Festphase. Diese Entwicklungen werden in den LBM-Forschungscode
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x ZUSAMMENFASSUNG

VirtualFluids integriert. Nach der Verifizierung und Validierung unserer Entwicklun-
gen für vereinfachte Probleme werden wir die erzielten Ergebnisse für realistische 3D-
Beispiele diskutieren und einen Ausblick auf zukünftige Anwendungen und Erweiterun-
gen der entwickelten Methoden geben.
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Chapter 1

Introduction

1.1 Reactive transport systems

Historically, reactive transport is related to a fundamental group of processes that shape
the behavior underneath earth’s crust. Within such processes, chemical, mechanical and
biological interactions occur over a wide range of temporal and spatial scales [120, 136].
Such processes abide to conservation laws like mass, momentum and energy conser-
vation. The study of reactive flow is not exclusive for the porous media existing in the
nature, but also for human-made porous media. Therefore, it is a multidisciplinary sub-
ject that is critical for a wide range of applications. Famous examples of such applica-
tions include the storage of carbon dioxide in carbonate reservoirs [92, 71], contaminated
groundwater remediation, storage of radioactive waste [35], enhanced oil recovery, fuel-
cells and the degradation of building materials. The previous examples have something
in common. That is, that they are all steered by the same processes that typically oc-
cur in small structures —the pores— and are surrounded by an irregular matrix of solid
material.

As the name implies, the formulation of the reactive transport is divided into two main
components: transport and reaction [60]. In weakly conductive porous media, transport
processes are dominated by diffusion, while a margin for advection can occur if high flow
velocities in the pores exist. Therefore, the so-called residence times, for the chemical
species inside the pores will vary spatially accordingly [136]. The other component, the
reaction component, can be further divided into two types based on the phases to which
the reactants belong; homogeneous and heterogeneous. In the case of homogeneous

1
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reactions, the reactants belong to the same phase. This kind of reaction usually occurs
in the bulk of the fluid. In the case of heterogeneous reaction, the reactants belong to
different phases, for example gas and solid. Usually, heterogeneous reactions in porous
media exist at the interface separating the solid matrix and the solution containing the
chemical species inside the pores.

Reaction rates play an important role in determining the direction that a system of
reaction-transport will follow. For example, in dissolution, when the surface reaction
rate for a dissoluted chemical component is fast in comparison with the transport rate,
more supply of that component is expected and the rate of the whole reaction-transport
process is limited by the slower rate, i.e. the transport, and vice versa [93].

As already mentioned, the behavior of a reactive transport system follows conservation
laws. For a continuum, either solid or fluid, these laws are described mathematically
through partial differential equations. For instance, in a fluid continuum, mass and
momentum conservation are governed by the continuity and Navier-Stokes equation,
respectively. If we are talking about a dilute solution containing species, an additional
equation for the mass conservation for each species have to be considered. If those
species are allowed to react, we differentiate between the mathematical description of
homogeneous and heterogeneous reactions. The rate at which a specific species is pro-
duced by homogeneous reaction is treated as a source term in the mass conservation
equation of that species, however the rate of production of a species in a heterogeneous
reaction is treated as a boundary condition at the interface separating the reactants found
in different phases [21].

In case of dissolution —or more generally heterogeneous reactions— inter-phase trans-
fer occurs and conservation of mass, momentum and energy have to be taken into ac-
count in both phases. Inter-phase transport problems are classified as free boundary
problems. In such problems, the domain, over which the governing equations are sup-
posed to be solved, change as time passes. Here, determining the domain of the fluid
becomes part of the problem since it is unknown in advance [117].

1.2 Leaching of cement based materials

Concrete is a chemically synthesized rock, resulting from a very long hydration process
of a binder material (cement) that bonds natural rock fragments (aggregates) and a filler
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(sand). Although concrete appears as a dense material, it is in fact porous, with pores
varying in size from nano- to micrometers. On the onset of its use, concrete is in a plas-
tic state which allows it to be molded. This property facilitates the use of concrete and
enables it to be considered as a building material in almost any application in the con-
struction industry, regardless of the surrounding environmental conditions. In addition
to the need for concrete to withstand loads, concrete should also be durable. Durability
is defined as the ability of the structure or its parts to function safely for the expected
planned life [27].

Since concrete structures / structural elements - such as foundations, pipes, dams, bridges,
sewage systems and disposal facilities for nuclear waste - are normally found in extreme
hygrothermal environments, the durability of these structures can possibly be reduced.
Durability is an indicator of the lifespan of the concrete structure. The lack of durability
is responsible for most failures in concrete structures. [65]. Shorter service life of con-
crete structures leads to an additional demand for the main component i.e. cement. This
additional demand puts an extra burden on the environment by contributing to increas-
ing the already high carbon dioxide emissions from the cement industry. The cement
industry’s contribution to global carbon dioxide emissions reaches around 8% [8].

Moreover, systems for storing, transporting and disposing of radioactive waste from the
nuclear power industry are mainly built from, or shielded with, cementitious materials
[36, 13]. Cementitious materials have many desirable physical and chemical properties
that have allowed them to be used in this particular application. The phenomenologi-
cal understanding of the processes that lead to the degradation of the materials must
be addressed in the long term in particular. For example, figure 1.1 shows a proposed
layout of a disposal site for both the spent fuel (SF) produced from reactors and the long-
lived intermediate level waste (ILW) disposed from industry, medicine and/or research.
Here, cementitious materials act as the second barrier against any probable radioactive
contamination. Cementitious materials in such harsh environments are supposed to en-
dure hundreds of years (sometimes higher: up to 1000 years [104] or even more [36]), and
hence the service-life of such systems is supposed to go on as much.

In extreme environments, water will seep into concrete pores dissolving the hydration
products. Because concrete has a high pH value (12.5 - 13) any solution found in the pores
with a less pH value will trigger dissolution. That is why even water (or more precisely
deionized water) is considered an aggressive substance in this case. As the binding ma-
terial starts to dissolve, the dissolved material will diffuse out. This will cause concrete
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Figure 1.1: A possible layout for a disposal site proposed by project Opalinus [48]. The
spent fuel (SF) and the long-lived intermediate level waste (ILW) are stored in containers
made of concerete and surrounded mostly by cementitious materials, i.e. mortar and
shotcrete (left). A detailed view of the proposed method to store the long-lived interme-
diate level waste (ILW) (source: https://www.nagra.ch/en/types.htm) (right).

https://www.nagra.ch/en/types.htm
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to degrade. The process of dissolving material being transported out of the structure
is called leaching. As leaching is a very slow process, experimental testing is difficult.
Therefore, numerical modeling and simulation is a viable alternative to understand and
predict the dynamics of leaching.

1.3 A problem-independent pore-scale based framework
for studying transport and dissolution

Building on previous initiatives to model the physicochemical phenomena occurring in-
side the pores, a framework to model the transport phenomena in hydrated cement
pastes is proposed. The framework is capable of simulating reactive mass transport pro-
cesses at pore-scale in microstructure generated from computed tomography images of
hydrated cement pastes.

Previous researchers [142, 106, 104, 31, 143] have used the microstructure modeling plat-
forms (the so-called integrated kinetic models [126]), which simulate the hydration pro-
cess itself to obtain virtual hydrated cement paste microstructures. Microstructure mod-
eling platforms like CEMHYD3D and HYMOSTRUC3D were used to obtain the mor-
phology of the cement paste at different hydration times. Although the advantage of
such models may lie in their ability to provide accurate estimates of the evolution of hy-
dration degree and hydrated phases fractions, their morphological features not always
correctly represented [105].

Ideally, the methodology to asses the morphology of the internal pore structure would
have certain properties according to [25]. Any investigation within this ideal methodology
is supposed to be: three - dimensional, non-destructive, free of constrains applied during
preparation, spatially resolved, free of hypothesis or assumptions on its pore geometry
(directly measured) and has a high resolution to detect all pores inside cement paste
at all scales (micro and nano) [25]. Most of these requirements are provided by X-ray
computed tomography (CT), making it a suitable candidate to study transport processes
in cement paste.

To allow the proposed framework simulate solute transport and morphology change,
factorized central moment (FCM) method, which has a superior accuracy and stability
over standard lattice Boltzmann method (LBM) models is used. An appropriate boundary
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condition for the heterogeneous reaction is also implemented and used. Previous similar
frameworks or models used to model transport or dissolution [142, 104, 31, 143] did not
pay much attention to the precise position of the interface. Dissolution is a process
contains propagating sharp fronts through the sample [84]. To account for the change
in morphology due to the chemical reaction, we used a volume of fluid (VOF) approach,
through which it is possible to track the interface between the solid and void phases using
piecewise linear interface construction (PLIC) algorithm [116].

The proposed framework was implemented to fit on a multi-core architecture. This in-
cluded decomposing the computational domain into subdomains and using the Mes-
sage Passing Interface (MPI) for communication. This feature allows the flexibility in
choosing larger sizes of the representative volume element (RVEs) to better represent
macroscopic properties of the porous media.

Before digging into details, we give an overview of the contents of each chapter in this
thesis. In chapter 2, the physicochemical system covering governing equations of trans-
port of mass and momentum in fluids is summarized. In addition, basic models for
solute transport is shown. A focus on the derivation of the boundary conditions used to
model the behavior of dissolution is given.

In chapter 3, an introduction to the lattice Boltzmann method LBM is shown. LBM is
a numerical method used to solve partial differential equations PDEs, especially Navier-
Stokes equations (NSE). Unlike conventional computational fluid dynamics (CFD) meth-
ods, the strength of LBM beside being physical, i.e. based on Boltzmann equation, stems
from dispensing the need to tackle the highly nonlinear term u ·∇u in NSE directly. In-
stead, all information and interactions required to obtain the macroscopic quantities lie
locally within the nodes. In this chapter the derivation for the factorized central mo-
ment LBM (FCM) and the cumulant LBM (CUM) is shown. In addition, some tests to
determine the stability range of the FCM were conducted.

Chapter 4 is dedicated to discussing modeling of the interface between two phases. In-
terface modeling contains two main classes of methods; interface tracking methods and
interface capturing methods. The former usually referred to as "Lagrangian techniques",
which follow the interface position explicitly via for examples markers. The latter methods
referred to as "Eulerian techniques", which use a scalar field to implicitly determine the
position of the interface [23]. The method used in this work belongs to the latter group
of methods. Large portion of the chapter discusses the volume of fluid (VOF) method,
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its derivation and steps. A consequent discussion related to the interface reconstruction
step which the VOF method uses in order to determine the position of the interface. This
step uses the piecewise linear interface construction (PLIC) method, which is undertaken
in the presence of the volume fraction field and the orientation of its gradients. The gra-
dients is basically related to the normal direction to the linear interface. The methods
used to generate the normal is demonstrated. Finally, the accuracy of the whole scheme
VOF-PLIC to reconstruct planar and curved interfaces is tested.

In chapter 5, the components of the framework used to perform the simulations are de-
scribed. VirtualFluids is an in-house developed framework for solving equations that
describe the behavior of fluids. It was developed at the Institute for Computational Mod-
eling in Civil Engineering – Institut für rechnergestützte Modellierung im Bauingenieur-
swesen (iRMB)– at the Technische Universtät Braunschweig by several researchers over
the last fifteen years. The current version of VirtualFluids, which is described in this
work is an expanded version containing parts from previous versions. Another expan-
sion we developed to cover solute transport and morphology change due to dissolution
is added as a plug-in to the framework. Main types of data structures used in the frame-
work and their role are described. Furthermore, the algorithms related to updating the
fill volume field and the node states are described.

Chapter 6 is devoted to the validation of the proposed model. In this chapter, the results
obtained from the model are compared to the results obtained from analytical solutions
of some benchmarks. The benchmarks used for the validation are presented in this chap-
ter sequentially according to the increase in their complexity. For instance, the first half
of the chapter deals with problems with an invariant domain (stationary interface), while
the second half deals with problems with a domain changing with time.

In chapter 7, the results of applying the proposed model on portlandite samples is shown.
A discussion of the preprocessing step required before using the 3D µ-CT images in the
simulations is discussed. Afterwards, transport in 3D µ-CT images is studied. We start
by studying permeability, then diffusivity of the 3D images and finally calcium leaching.

Finally, in chapter 8 conclusions regarding the developed framework, its capabilities
and limitations are drawn. Furthermore, future developments and optimizations to the
framework are discussed.





Chapter 2

Theoretical background

2.1 Navier-Stokes equations

Navier-Stokes equations describe the dynamics of fluid continuum. They present a math-
ematical manifestation of the mass, momentum and energy laws solved on a three di-
mensional fluid domain Ω f ⊂ R3, see figure 2.1. Written in an incompressible form
[14], the mass balance or continuity equation:

∇ · u = 0. (2.1)

and the momentum equation:

∂t u + (u ·∇)u = −1
ρ
∇p + ν∇2u + F. (2.2)

The equations are written in terms of pressure p(x, t) and velocity u(x, t) fields at time
t > 0 and position x ∈ Ω f , ρ is the fluid density, F represents an external acceleration
and ν is the kinematic viscosity which has a dimension of [L2T−1]. Each term of 2.2
represents the Force per unit volume divided by the mass of unit volume and hence
has the acceleration dimension of [LT−2]. For the sake of having equations that are
free of dimensions, the independent variables i.e. the physical dimensions and the time
are scaled using a chosen characteristic length L and characteristic time T. The choice of
such quantities usually depends on the physical system in hand. The replacement rule for
any dimensional quantity $ follows: $ = $∗

characteristic quantity . After non-dimensionalizing,

9
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Figure 2.1: Solid-fluid multiphase domain

the non-dimensional form of the NSEs reads:

∂t∗ u∗ +(u∗ ·∇∗)u∗ = −∇∗p∗ +
1

Re
∇∗2 u∗ + F∗ . (2.3)

Where Re = LU
ν is Reynolds number and U = L

T is the characteristic speed of the flow.
Defined as the ratio between the viscous forces to the inertial forces, Re can determine
in which regime the flow resides. The higher the value of Re implies turbulent flow,
while the lower value implies laminar flow. Mathematically, when Re→ ∞ at fixed LU,
this implies that ν → 0. This limit is not supposed to allow the viscous stress term to
vanish, resulting in Euler equation. In other words, in Navier-Stokes equation there will
always be some positive value of ν at some small scale. Having such a small value of
viscosity creates at walls existing in the domain steep gradients, which insure that there
will be vorticities developed in the flow. On the other hand, for flows in porous media,
Re is usually small and the flow lies in the Stokes regime where laminae of the fluid slide
against each other.

2.2 The mass transport equations

2.2.1 The diffusion equation

Diffusion is the process of transporting matter between two points in a physical system
due to random molecular motion [34]. In 1855, Adolf Fick proposed a phenomenological
law describing the dynamics of macroscopic diffusion [44]. Known as Fick’s first law, the
ansatz for the net flux due to diffusion is

jD = −D∇ck (2.4)
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Where ck [NL−3] is the concentration of the solute species k, D is the diffusion coef-
ficient for some species k and has a dimension of [L2T−1]. Equation 2.4 indicates that
the net mass flux is proportional to the gradient of the concentration of species k, while
the negative sign is to demonstrate that the direction of motion of the species is always
from regions of high concentration towards regions of low concentration. From ther-
modynamics, the driving force for diffusion is the difference of the chemical potential
µk between two regions in the system. At constant temperature and pressure, the dif-
ference in chemical potential occurs due to the composition variation of regions of high
and low concentration. Since any thermodynamic system tries to decrease its free en-
ergy to reach equilibrium, the system tries to homogenize the chemical potential across
all regions. Therefore, species should migrate from higher chemical potential regions
(higher concentration) towards lower chemical potential regions (lower concentration)
[107].

For any conserved quantity ζ, the conservation law takes the form of a hyperbolic partial
differential equation PDE [82]:

∂t ζ +∇ · f (ζ) = 0 (2.5)

Where f (ζ) is a the flux function.

By applying ζ = ck and f (ζ) = jD on equation 2.5, we have the diffusion equation or
Fick’s second law defined over a three dimensional fluid domain Ω f ⊂ R3:

∂t ck +∇ · (−D∇ck) = R (2.6)

Where R is a mass source term that describes the behavior of chemical reactions oc-
curring inside Ω f . An appropriate boundary condition to solve the above PDE has the
general form of:

Ack + B∇ckn = C (2.7)

Where A, B and C are three constants and n is the boundary unit normal vector as
seen in figure 2.1. Applying different values to A, B and C leads to different kinds of
boundary conditions, mainly Dirichlet, Neumann and Robin. The two former boundary
conditions can be obtained by substituting the following values to the constants, while
we will discuss the latter one in section 2.2.3.
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Dirichlet: A = 1, B = 0, C = ck|x=Γ+Σ

Neumann: A = 0, B = 1, C = − 1
D j|x=Γ+Σ

Where Γ is the interface between the two phases and Σ is a general domain boundary.

2.2.2 The advection diffusion equation

Equation 2.6 describes the transport of matter by diffusion. It is possible that the solution
containing species k is not still, and hence fluid particles moves with a local velocity vector
u. The solute particles are moved passively by the rest of the fluid. Hence, the additional
flux resulting from advection reads:

jadv = uck (2.8)

Adding both the advective and the diffusive fluxes together and substituting their sum
f (ζ) = jD + jadv in equation 2.5, will result in the advection diffusion equation, that is
written as

∂t ck +∇ · (−D∇ck) + u ·∇ck = R (2.9)

By choosing a suitable characteristic length L and characteristic time T, nondimension-
alization is applied to equation 2.9 leading to the form:

∂t∗ ck
∗ − 1

Pe
∇∗2c∗k + u∗ ·∇∗c∗k = R∗ (2.10)

Again, starred quantities are dimensionless and the Péclet number Pe = LU
D is a nondi-

mensional number describing the relative magnitude of transport by advection com-
pared to transport by diffusion.

2.2.3 The flux boundary condition

In order to be able to simulate heterogeneous chemical reaction, which describes the
dissolution behavior, we need to use Robin’s type boundary condition. This is done by
setting the constants of equation 2.7 as follows

Robin: A = kc, B = −D, C = kceq
l , where kc is the reaction rate constant or the

dissolution constant. Applying the new constants to equation 2.7 (For brevity, we drop
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Figure 2.2: Diffusion controlled dissolution Figure 2.3: Reaction controlled dissolution

the subscript k noting the species in the following)

D∇cl · n = −k(ceq
l − ci) at Γ (2.11)

Where ci is the concentration at the interface Γ. The flux due to reaction is defined by

jR = −k(ceq
l − ci) n (2.12)

Considering one dimensional case, approximating the derivative in equation 2.11 with
the help of a boundary layer of width δx leads to:

D
cbulk − ci

δx
= −k(ceq

l − ci) at Γ (2.13)

Solving for ci:

ci =
ceq

l + cbulk
D

k δx

1 + D
k δx

=
Da ceq

l + cbulk

1 + Da
(2.14)

Where the ratio Da = k δx
D is known as Damköhler number. It gives the value of the

dissolution rate to the diffusion rate. When Da is large, diffusion is slower than dissolu-
tion, the species that dissoluted accumulate near the interface until they are transported
by diffusion and hence the concentration increases. As Da → ∞, the accumulation of
species near the interface leads to saturation condition at the interface ci = ceq

l , in this
case dissolution is said to be diffusion-controlled, see figure 2.2. The opposite case oc-
curs when Da is small, where diffusion is much quicker than dissolution. The species in
this case are moved to the bulk of the fluid as soon as they are dissoluted. The limiting
case occurs as Da → 0, which leads to ci = cbulk, where the dissolution is reaction-
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controlled, see figure 2.3.

2.3 Dissolution modelling: the moving boundary

Dissolution causes the migration of species k from the solid phase to the fluid phase.
As a result, the reduction of the solid mass causes the interface Γ to change its position.
Here, we derive the displacement rate of the interface due to dissolution. In figure 2.1,
the total amount of species k in the solid domain Ωs is Ns and in the fluid domain
Ω f is N f . The field of concentration c(x, t) of species k, defined over Ωs and Ω f , is
discontinuous at the singular interface Γ. The one-sided limits of c(x, t) that exist at Γ,
which can be approached from the interior of the solid domain and the fluid domain,
csolid and c f luid, respectively, can be given by:

csolid = lim
ε→0+

c(x|Γ − εn, t)

c f luid = lim
ε→0+

c(x|Γ + εn, t)

[[c]] := csolid − c f luid

(2.15)

Where [[·]] is called jump operator.

The total amount of species k in both phases is Nt. If no matter is allowed to move
through the domain boundary Σ, the change in the total amount of species k with respect
to time is zero:

dNt

dt
=

d
dt

∫
Ωs(t)

c dV +
d
dt

∫
Ω f (t)

c dV = 0 (2.16)

Applying Reynolds transport theorem on the previous equation:

∫
Ωs(t)

∂c
∂t

dV +
∫

Γ(t)
c (vi · n) dS +

∫
Ω f (t)

∂c
∂t

dV +
∫

Γ(t)
c (−vi · n) dS = 0 (2.17)

Where vi is the velocity of the interface.

∫
Ωs(t)

∂c
∂t

dV +
∫

Γ(t)
csolid (vi · n) dS +

∫
Ω f (t)

∂c
∂t

dV +
∫

Γ(t)
c f luid (−vi · n) dS = 0

(2.18)
In the interior of the solid phase no transport of species k takes place. Therefore, no
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change in the concentration occurs with respect to time:

∫
Γ(t)

(csolid − c f luid) (vi · n) dS +
∫

Ω f (t)

∂c
∂t

dΩ f = 0 (2.19)

Using equation 2.6 with zero source term:∫
Γ(t)

[[c]] (vi · n) dS +
∫

Ω f (t)
∇ · (D∇c) dV = 0 (2.20)

Applying Gauss theorem to convert the volume integral into surface integral:∫
Γ(t)

[[c]] (vi · n) dS +
∫

Γ(t)
D∇c · n dS = 0 (2.21)

∫
Γ(t)

[[c]] (vi · n) + D∇c · n dS = 0 (2.22)

The integrand can be set to zero, since the integral holds for any arbitrary surface. In
addition, we use the definition of the flux from equation 2.4 to replace the second term
in the above equation:

[[c]]vi · n = jD · n (2.23)

(csolid − c f luid)vi · n = jD · n (2.24)

In one dimensional space, the displacement rate of the interface due to dissolution calcu-
lated from equation 2.25 in the case of diffusion-controlled dissolution and from equa-
tion 2.26 in case of reaction-controlled dissolution. As figures 2.2 and 2.3 show, at the
interface from the interior of the solid, the value of the concentration is ceq

s . While from
the interior of the fluid its either ceq

l in case of diffusion-controlled or cbulk in case of
reaction-controlled. The same equations are found in [129, 3] and realized by:

(ceq
s − ceq

l )
dr
dx

= jD (2.25)

(ceq
s − cbulk)

dr
dx

= jR (2.26)

Finally, we can calculate the change in volume of the solid phase due to dissolution. We
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consider the mass conservation in the solid phase.

dNs

dt
=

d
dt

∫
Ωs(t)

c dV (2.27)

By Reynolds transport theorem the above integral transforms into:

dNs

dt
=

d
dt

∫
Ωs(t)

c dV =
∫

Ωs(t)

∂c
∂t

dV +
∫

Γ(t)
csolid (vi · n) dS (2.28)

Again, no transport takes place in the interior of the solid phase. Hence the concentration
is :

dNs

dt
=
∫

Γ(t)
csolid (vi · n) dS (2.29)

The concentration at the interface Γ is ceq
s , which yields:

dNs

dt
= ceq

s (vi · n)A (2.30)

Where, A is the interface area. The volume of the solid Vs = Ns
ceq

s
:

dVs

dt
= (vi · n)A (2.31)

Using equation 2.24, we replace the velocity of the interface

dVs

dt
=

jD · n
csolid − c f luid

A (2.32)

The previous equation can be written in terms of mass flow rate dms
dt

dVs

dt
=

1
csolid − c f luid

dms

dt
(2.33)

The last equation is useful in calculating the updated interface position using conserva-
tive schemes like volume of fluid (VOF).



Chapter 3

Lattice Boltzmann Method

3.1 The kinetic theory of gases

The macroscopic state of fluids is determined from their microscopic state. The level of
detail at which the microscopic description is deemed important depends on the purpose
at hand [118]. At the lowest level, lies the Hamiltonian representation where within it, a
gas system consists of a number of particles. These particles can be seen as hard spheres.
A sphere moves in a straight line unless it is faced with another sphere (or more) that after
they collide their motion direction will change. The collision is not to be thought of as
a mechanical collision, where colliding bodies come in contact. Instead in our case it
is enough for the colliding spheres to get very close to each other for the interaction to
occur [22]. Another description can be on a higher level of detail than the Hamiltonian
representation, where statistical ensembles of large number of particles describe the state
of the system by a probability distribution function.

The Boltzmann transport equation is a partial integro-differential equation (PDE) pro-
posed by Ludwig Boltzmann in 1872 [22]. It describes the behavior of a single-particle
distribution function f (x, ξ, t) and its evolution with time, where x is the position vector,
ξ is the particle momentum vector divided by the mass of the particle, and t is the time.
One can visualize the function f (x, ξ, t) to be the density with an additional parameter
which is the particle velocity vector. Being a function in seven dimensions, f holds more
information than the density and hence it is considered an asset that will be used for

17
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generating a set of other useful quantities. The Boltzmann equation reads:

∂t f (x, ξ, t) + (ξ ·∇)f (x, ξ, t) = Ω( f ) (3.1)

The constituents of Boltzmann equation are an advection rule on the left hand side and a
source term on the right hand side. The scalar quantity f is advected by the microscopic
velocity ξ, while the source term Ω, which is called the collision operator, is responsible
for any gain / loss of f at a specific point in the phase space. As collisions conserve mass,
momentum and energy, the collision operator must obey the same rule. The original
collision operator is a complicated and cumbersome term which is usually dispensed in
favor of a multitude of simpler operators.

The proposed operators can be classified according to different criteria, however they all
use the common idea of relaxation parameters. The assumption of replacing the original
complicated collision operator by a simpler rule was first proposed by Bhatnagar, Gross,
and Krook [20]. They have proposed the simplest collision rule suggesting that a collision
relaxes the distribution to an equilibrium value f eq. The equilibrium distribution function
f eq is what the distribution f supposed to evolve to, after a sufficient long time. Since
the particle velocity after collision does not prefer a special direction, the equilibrium
distribution is isotropic in particle velocity space [75]. Maxewll and Boltzmann separately
found a proper equilibrium distribution fulfilling the isotropy condition. Named after
both of them, the Maxwell-Boltzmann distribution reads:

f eq(u, ξ, t) = ρ

(
1

2πRT

)3/2

e−
(ξ−u)·(ξ−u)

2RT (3.2)

And the BGK collision rule reads:

Ω( f ) = − f − f eq

τ
(3.3)

Where τ is a called relaxation time and is related to the transport coefficients. In what
follows, more insight about other popular collision operators will be discussed.

The moments of the distribution f are connected to the macroscopic quantities like den-
sity and velocity.

ρ =
∫

f dξ (3.4)
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u =
1
ρ

∫
ξ f dξ (3.5)

3.2 Lattice Boltzmann models

Solving the Boltzmann equation numerically requires a proper discretization. Since f has
a domain that is defined by physical space, velocity and time, it must be discritized in
each of the three spaces. First, discritizing in velocity space aims to reduce the continuous
representation of the velocity ξ to a discrete set of velocities cijk. Two approaches can be
used to perform this reduction namely Hermite series expansion [118] or Mach number
expansion [64]. Using either of the two methods for choosing the set of discrete velocities
contains imposing conditions that fulfill conservation laws on the macroscopic level. The
expansion is applied first on the equilibrium distribution f eq in equation 3.2 to obtain
the discrete equilibrium distribution:

f eq
ijk = wijk ρ

(
1 +

cijk · u
cs2 +

(cijk · u)2

2cs4 − u2

2cs2

)
(3.6)

Where cs is called the speed of sound, wijk is the weighting coefficient. The same pro-
cedure is applied on the particle distribution f (x, ξ, t) to obtain the discrete particle
distribution fijk(x, t). Simplifying the equilibrium distribution function is possible to
approximate incompressibility as given by [63]:

f eq
ijk = wijk

[
ρ + ρ0

(
cijk · u

cs2 +
(cijk · u)2

2cs4 − u2

2cs2

)]
(3.7)

Where ρ is split into mean and fluctuating parts ρ = ρ0 + δρ and ρ0 is the mean den-
sity and is set to unity. The conserved moments in equations 3.4 and 3.5 after velocity
discretization:

ρ = ∑
ijk

fijk (3.8)

ρu = ∑
ijk

cijk fijk (3.9)

The end product of the discretization in velocity space is the discritized-velocity Boltz-
mann equation:

∂t fijk(x, t) + (cijk ·∇) fijk(x, t) = Ω[ fijk(x, t)] (3.10)
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Figure 3.1: The set with 27 velocities known as D3Q27 lattice. At the center of the lattice
resides one resting distribution, the other 26 distributions point to the faces, edges and
vertices of the cuboid surrounding the lattice.

Generally, there is a handful of conventional velocity sets that one can choose from, de-
pending on the required efficiency and accuracy. Conventional velocity sets are named
by the dimensionality D of the problem in hand and the number of discrete velocities
Q [114]. The choice of a conventional velocity set determines the number of discrete ve-
locities cijk in the set, the weighting coefficients wijk and the speed of sound cs. Beside
their required ability to conserve quantities like mass and momentum in case of solving
for flow or mass in case of mass transport, velocity sets have to achieve maximum rota-
tional isotropy [32, 80, 131], which is a property defined according to the problem to be
solved. In general, this property is a set of conditions that the velocity set is supposed
to satisfy in order to be sufficiently isotropic. Such conditions comprise summations of
weighted multiplications of the velocity components for each element of the set. For
solving Navier-Stokes equation, the set with 27 velocities (D3Q27 lattice, see figure 3.1)
has proven to perform better than models with fewer velocities (D3Q15, D3Q19), where
the latter sets suffer from lack of rotational invariance at moderate and high Reynolds
numbers [134, 72, 55, 54]. The D3Q27 lattice consists of one resting distribution and 26
distributions pointing to the nearest and next nearest neighbors of a site in three di-
mensional space. If a lattice center coincides with a cuboid center as shown in figure 3.1,
six of the distributions point to the faces of the cuboid, twelve distributions point to the
edges and eight to the vertices. The velocity components of the D3Q27 lattice take one
of three values i, j and k ∈ {−1, 0, 1}.
The population fijk moves with a velocity cijk. The discrete velocity cijk = n∆x

∆t is an
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integer multiple. Consequently, after one time step ∆t, the population will reach exactly
a neighboring lattice center. This cannot happen unless the grid is uniform and regular.
Hence, we use rectangular discretization for equation 3.10. Using a ∆x = 1 and ∆t = 1,
the LBE reads:

fijk(x + cijk∆t, tn + ∆t) = fijk(x, tn) + Ωijk[ fijk(x, tn)] (3.11)

Equation 3.11 can be also written in terms of post collision distributions f ∗ijk:

fijk(x + cijk∆t, tn + ∆t) = f ∗ijk(x, tn) (3.12)

Although equation 3.11 shows that first order discretization was used, LBE is second
order in both space and time [121].

The notation for the discrete distribution fijk is usually used when solving for flow. Since
we have to solve also for mass transport, we use hijk to denote the discrete distributions
used in ADE LBM. The distributions hijk are called solute packets [132]. The equilibrium
distribution heq when using BGK is:

heq
ijk = wijk ρ

(
1 +

cijk · u
cs2 +

(cijk · u)2

2cs4 − u2

2cs2

)
(3.13)

Here, the velocity vector u is the advecting fluid background velocity and ρ is the solute
concentration. LBM equation used for solving the ADE is:

hijk(x + cijk∆t, tn + ∆t) = h∗ijk(x, tn) (3.14)

For the collision factor Ωijk[ fijk(x, tn)] several assumptions can be made as detailed be-
low.

3.3 Moment based collision operators

Moments are indicators of the characteristics of a probability distribution. In the context
of LBM, the moments were used first by d’Humières in 1992 [39]. To obtain the mo-
ments of the discrete probability distribution fijk, first we transform it into a continuous
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probability density function using dirac delta distribution δ:

f (ξ) = f (ξ1, ξ2, ξ3) = ∑
i,j,k

fijkδ(ic− ξ1) δ(jc− ξ2) δ(kc− ξ3) (3.15)

Second, we apply a two sided Laplace transform in order to obtain the moment generat-
ing function. We differentiate between the raw moment generating function, equation
3.16 and the central moment generating function, equation 3.17. As the names imply,
we can obtain two different kinds of moments raw and central, respectively. The raw
moment generating function summarized by:

F(Ξ) := L{ f (ξ)}(Ξ) =
∫ ∞

−∞
f (ξ) eΞ·ξ dξ

= ∑
i,j,k

fijk

∫ ∞

−∞
δ(ic− ξ1) δ(jc− ξ2) δ(kc− ξ3)eΞ·ξ dξ

= ∑
i,j,k

fijk eicΞ+jcΥ+kcZ

(3.16)

The central moment generating function:

F̃(Ξ) := L{ f (ξ − u)}(Ξ) = e−Ξ·u
∫ ∞

−∞
f (ξ) eΞ·ξ dξ

= e−Ξ·u F(Ξ)

= ∑
i,j,k

fijk eΞ(ic−u)+Υ(jc−v)+Z(kc−w)

(3.17)

The Laplace transformed generating functions F(Ξ) and F̃(Ξ) are smooth functions in
the momentum frequency space Ξ = {Ξ, Υ, Z}, the countable raw moments are defined
as:

µnrs : = c−(n+r+s) ∂n∂r∂s

∂Ξn∂Υr∂Zs F(Ξ)
∣∣∣
Ξ=0

= ∑
i,j,k

in jrks fijk
(3.18)

The non-orthogonal central moments are defined as:

knrs : = c−(n+r+s) ∂n∂r∂s

∂Ξn∂Υr∂Zs F̃(Ξ)
∣∣∣
Ξ=0

= ∑
i,j,k

(i− u)n(j− v)r(k− w)s fijk
(3.19)
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A lattice Boltzmann model with Q discrete velocities gives rise to Q independent mo-
ments – either raw or central – formally defined as

mnrs = ∑
i,j,k

φnrsijk fijk (3.20)

with φnrsijk being a moment – either raw or central – defining tensor. Moments can be
grouped according to their physical meaning or according to the order in which they
appear in the hierarchy of the equivalent partial differential equations. Typically we dis-
tinguish between conserved moments which are collision invariant and non-conserved
moments which relax under collision. For the change of moments, a relaxation time
approach is adopted:

m∗nrs = (1−ωnrs)mnrs + ωnrsm
eq
nrs (3.21)

with relaxation rate ωnrs and equilibrium meq
nrs. Multiple relaxation time models assign

different rates to different moments [40, 78]. For consistency, a target equation should
fulfill two requirements: The moments should be independent of each other, and the
moment transform should be Galilean invariant. The first requirement was originally
taken into consideration by defining vectors φnrsijk to be orthogonal. However, the con-
sistency of this approach can be challenged by the simple observation that not even the
equilibria of the different moments in the standard MRT method [40] are independent
of the conserved quantities. Dellar proposed a weighted orthogonality by taking lattice
weights into consideration [38]. This leads to equilibria independent of velocity. The issue
of Galilean invariance was first taken into account in the context of the cascaded lattice
Boltzmann model using central moments, i.e. moments defined in the co-moving frame
of reference, equation 3.19. However, no particular care was taken for orthogonality of
the moments.

3.4 The factorized central moments lattice Boltz-
mann method

A better understanding of the need for orthogonality and its required form was found in
[51] where independence and Galilean invariance of the moments was obtained through
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factorizing central moments. Starting from the definition, the central moments are ob-
tained by the following factorization [137]:

M000 = k000 (3.22)

M(100) = k(100) (3.23)

M(110) = k(110) (3.24)

M111 = k111 (3.25)

M(200) = k(200) −
1
3

k000 (3.26)

M(210) = k(210) −
1
3

k(010) (3.27)

M(220) = k(220) −
1
3

k000 (3.28)

M(221) = k(221) −
1
9

k(001) (3.29)

M(211) = k(211) −
1
3

k(011) (3.30)

M222 = k222 −
1
27

k000 (3.31)

where the brackets indicates permuting the number inside to obtain the other moments,
i.e. k(200) stands for (k200, k020, k002). The factorized central moment method was intro-
duced to solve the Navier-Stokes equation [51]. However, it can also be used to solve the
advection diffusion equation where the only conserved moment is the zeroth moment
which is equal to the mass density M000 = ρ. The diffusion coefficient is then [137]:

D =
1
3

(
1

ω100
− 1

2

)
∆x2

∆t
(3.32)

In order to perform the collision step in the central moment space, the central moments
in equations [3.22-3.31] can be calculated directly from equation 3.19 with the replace-
ment of fijk by hijk. For the D3Q27 lattice, transforming the solute packets hijk into
central moments is presented in Appendix A. The collision is realized by the following
equation, where all equilibria of the factorized central moments Mnrs are zero [137]

M∗nrs = (1−ωnrs)Mnrs (3.33)

From equation 3.32 we can see that the diffusivity is determined using only one relax-
ation rate ω100. The rest of the relaxation rates are set to unity [137]. In order to obtain
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the post collision solute packets h∗ijk we use the backward transformation described in
Appendix A. This collision step is followed by the usual streaming step. In Appendix C the
derivation of the advection diffusion equation from the LB equation with the factorized
central moment collision operator is shown.

3.5 The cumulant lattice Boltzmann method

The cumulant lattice Boltzmann method is the logical generalization of the factorized
central moment method (FCM). Cumulants are defined as mutually independent ob-
servable quantities of a distribution. Hence, their joint probability can be written as a
product. This applies also to their Laplace transform:

F = ∏ F(Cαβγ) (3.34)

This is mathematically expressed by defining them as the series expansion of of the log-
arithm of the moment generating function [54].

ln(F) = ∑ ln(F(Cαβγ)) (3.35)

The countable cumulants are defined:

Cnrs : = c−(n+r+s) ∂n∂r∂s

∂Ξn∂Υr∂Zs ln(F(Ξ))
∣∣∣
Ξ=0

(3.36)

Cumulants measure the deviation from a Gaussian equilibrium. The cumulant method
has been succesfully applied to various large scale external and internal fluid dynam-
ics problems, often at high Reynolds number [76, 74, 42, 119, 81]. Through a recursive
linearized asymptotic expansion a parametrization in terms of relaxation rates could be
obtained that recovers fourth order convergence for the diffusion discretization [52]. An
analysis by Löhner came to the conclusion that the cumulant method belongs to the
methods most likely to be among the first to offer LES quality results for industrial ap-
plications [83]. The cumulants are obtained through the central moments (knrs). The
relaxation step in the culmulant space is summarized by:

C∗nrs = (1−ωnrs)Cnrs + ωnrsC
eq
nrs (3.37)
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Where C∗nrs is the post collision state of the cumulant and Cnrs is the pre collision state.
The post collision distribution f ∗ijk for a D3Q27 lattice is obtained through back transfor-
mation described in [54, 102, 43].

3.6 Lattice Boltzmann boundary conditions

When solving the Navier-Stokes or the advection diffusion equation with the lattice Boltz-
mann method, the problem arises that a boundary condition specified in terms of macro-
scopic quantities (moments) has to be specified in terms of distribution functions. An
early attempt to compute the unknown distribution functions directly from the prede-
fined moments and the known incoming distribution functions is due to Zou and He
[146]. The concept of moment based boundary conditions was further advanced by Ben-
net [16, 17] and Reis and co-workers [6, 91, 90]. The disadvantage of the moment approach
for boundary conditions is that the boundary has to coincide with a grid point and that
the boundary condition has to be designed for edges and corners separately. especially
the first requirement is a considerable disadvantage for a Cartesian grid solver like lattice
Boltzmann as it supports only stair case discretization of boundaries.

Beside these node based boundary conditions, link base boundary conditions are popular
in lattice Boltzmann. The two most commonly applied link based boundary conditions
are the bounce back [41] for Neumann boundaries and the anti-bounce back rule [124]
for Dirichlet boundaries. These boundaries methods place the boundary halfway be-
tween nodes. In this sense, they are as inflexible as the node based boundaies. However,
many researchers have proposed various interpolation schemes with which it is possi-
ble to place link based boundaries at an arbitrary distance between two lattice nodes
[46, 45, 89, 26, 57]. These boundary conditions require the distribution of several nodes
to interpolate towards the wall where they in general apply the bounce back rule. More
recently, some single-node boundary conditions have been proposed [138, 145].

In the following we have a closer look at the one-node boundary condition due to Geier
[54, 137]. It is common to denote the scaled sub-gird distance between the node next to
the boundary and the wall as q. A sub-grid distance of q = 0 means that the boundary
coincides with the lattice node while q = 1 means that boundary is on the neighboring
lattice node. Any value between zero and one places the boundary off-grid between two
nodes. We consider the unknown distribution f ī j̄k̄(t+1) entering the domain from the
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Figure 3.2: Interpolated bounce back boundary condition.

boundary at the next time step. This can be obtained from linear interpolation between
the boundary distribution and the post collision distribution moving into the opposite
direction:

f ī j̄k̄(t+1) =
1

q + 1
f BC
īj̄k̄t +

q
q + 1

f ī j̄k̄t (3.38)

The distribution f BC
īj̄k̄t is the boundary condition placed at the off-lattice boundary. For

the purpose of illustration we assume here a flux boundary condition imposing the flux j
on the boundary. In this case the boundary condition can be imposed using the bounce
back rule:

f BC
īj̄k̄t = f BC

ijkt − 6wijk(eijk · j) (3.39)

The incoming distribution at the boundary can be computed by interpolation. This in-
terpolation is done between the pre and post collision ignoring time:

f BC
ijkt = (1− q) fijkt + q f ∗ijkt (3.40)

Ignoring time is assumed to be admissible in diffusive scaling since ∆t ∝ ∆x2. Some
lattice Boltzmann codes that use in place streaming techniques like Esoteric Twist [53]
or AA pattern [11] hold only either the pre or the post collision distribution in memory.
In this case, the other distribution has to be recovered. This can be done approximately
by the BGK equation, either by the usual forward collision:
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f ∗ijkt ≈ fijkt(1−ω1) + ω1 f eq
ijkt (3.41)

or by the backward BGK equation:

fijkt ≈
f ∗ijkt − f ∗ī j̄k̄t

2
+

f ∗ijkt + f ī j̄k̄t −ω1( f eq
ijkt + f eq

ī j̄k̄t)

2− 2ω1
(3.42)

A graphical representation of the single-node interpolation boundary condition is shown
in figure 3.2.

3.7 Benchmarks

In this section various validation tests were conducted to study the effect of using dif-
ferent diffusivity values on the stability of the FCM. This is achieved by setting different
values for the relaxation rate of the first order factorized central moments in equation
3.32. A direct way to obtain stability bounds is the von Neumann stability analysis [78],
however for a 3 dimensional lattice spanned by 27 populations with evolution equations
in central moment space this task would be tedious.

One example for problems containing slow processes is the degradation of cement based
systems simulated at pore scale. Any numerical scheme used to simulate such systems
should aim at obtaining the required results using the minimum number of time steps.
This is achieved via using large time steps. The time step in LBM is linked to the grid
spacing in diffusive scaling and a finer grid requires smaller time steps. Here, diffusivity
plays a major role since the larger the diffusivity D̃ to be used in a simulation, the larger
the time step ∆t in real time that can be achieved.

However, using an explicit method like LBM is critical since the used time step have to
be small enough to allow the propagation of solution in the domain. In flow problems,
a clear criterion like the Courant-Friedrichs-Lewy (CFL) condition is used to constrain
the maximum time step. For FCM the upper bound for the time step to be used in a
simulation can be determined by knowing the upper bound of diffusivity D̃, which is
not known beforehand, so we have conducted several simulations with high values of
diffusivity while observing the accuracy and stability of the solution.

In addition, in these tests, the error in diffusivity is calculated in order to know the actual
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Figure 3.3: Measured diffusivity D̃m for the case of Gaussian hill diffusion calculated at
each point x along the line y = 0. Equation 3.44 is used to obtain D̃m. The simulations
used a diffusivity D̃ = 0.001666. As can be seen, with refinement D̃m gets closer to D̃
(left). Error L1 in diffusivity vs the number of nodes for each resolution (right).

values of Pé number that can be simulated using FCM. In each simulation we first set D̃
for each test case then afterwards we measure D̃m usually from the obtained concentra-
tion field. The error in diffusivity ERD̃:

ERD̃ =
|Dm − D|

D
(3.43)

The test cases used are: the Gaussian hill, diffusion in semi-infinite domain and advec-
tion diffusion in semi-infinite domain. It is intended from these tests to study the error
in diffusivity in the bulk and in the presence of boundary conditions, respectively.

3.7.1 The Gaussian hill

The first test case is the diffusion of a Gaussian hill. This test is the same test used in
section 6.1.1 for studying the convergence of the error in concentration. The obtained
concentration field is used to measure diffusivity Dm. After solving equation 6.2 for D,
D’s analytical value is obtained from equation 3.44. The same domain dimensions as
of section 6.1.1 were used with dimensions of ∆x × a∆x × a∆x with three grid sizes
a = {100, 200, 400}, and all the boundaries are set as periodic boundaries.
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D(x, t) = − x · x

4tWk

(
− c x · x

2σ2
0

) − σ2
0

2t
, k =


−1 ∂x

(
− cx2

2σ2
0

)
< 0

0 ∂x

(
− cx2

2σ2
0

)
≥ 0

(3.44)

Where Wk is Lambert W function with k ∈ {0,−1} [33] represent its two real branches
and σ0 is the initial width of the concentration profile. Diffusive scaling was used, while
changing grid resolution, in order to keep the diffusivity constant. In the left of figure
3.3 the diffusivity Dm at each node along the line y = 0 is plotted against x for each of
the resolutions. With refinement the value of diffusivity approaches the input diffusivity
D represented by the dashed line. The right of the figure shows the L1 error (equation
3.45) convergence rate is second order accurate.

L1 =
1
N ∑

x
|D̃m(x)− D̃(x)| (3.45)

3.7.2 Diffusion in a semi-infinite domain

In the previous benchmark, the accuracy of the transport coefficient (diffusivity) was as-
sessed in the bulk. In this benchmark the accuracy and stability of the diffusivity and
concentration obtained from FCM are assessed in the presence of boundary conditions.

Here, the diffusion of a solute in a semi-infinite domain is considered. The diffusivity of
the solute is D = 10−9 m2

s . The domain is of L∆x × 3∆x × 3∆x. At the left boundary
x = 0 a constant concentration ceq = 0.5 mol

m3 is assumed, while at the right boundary
x = L the outflow boundary (from [54]) is considered. The other boundaries are set as
periodic boundaries. The concentration field at some later time t is given by:

c(x, t) = ceq erfc
(

x√
4Dt

)
(3.46)

Solving for D:

D(x, t) =
1
4t

(
x

erfc−1 ( c
ceq

))2

(3.47)
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Figure 3.4: Measured diffusivity D̃m for a semi-infinite domain calculated at each point
x in the domain. Equation 3.47 is used to obtain D̃m with ceq = 0.5mol/m3 and concen-
tration profile c(x, t = 5000s)–the time corresponds to {5× 105, 2× 106, 8× 106}∆t
for each simulation. The simulations used a diffusivity D̃ = 0.001∆x2

∆t . As can be seen,
with refinement D̃m gets closer to D̃. At the boundaries x = 0m and x = 0.03m large
deviation between D̃m and D̃ can be seen (top left). Error in diffusivity at each point x in
the field (top right). The L1 error in diffusivity versus the grid spacing is plotted showing
second order accuracy (bottom).
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Figure 3.5: Measured diffusivity D̃m for a semi-infinite domain calculated at each point
x in the domain. Equation 3.47 is used to obtain D̃m with ceq = 0.5mol/m3. The results
are obtained at time 2× 106 for D̃ = 10−4 and at time 20× 106 for D̃ = 10−5 (left). The
error in diffusivity at each point x in the field for both cases is identical (right).

Effect of spatial resolution on measured diffusivity

To quantitatively evaluate the accuracy, as in the previous example, the diffusivity is mea-
sured at each grid node along the line y = 2∆x, z = 2∆x and compared to the diffusivity
value that was used as an input in the simulation. In this example we have chosen a length
L = 0.03m. The number of grid nodes in the x directions is {300, 600, 1200}∆x for each
resolution, respectively. The results were obtained at time steps {0.5, 2, 8} × 106∆t for
each resolution, respectively. The measured diffusivity D̃m and hence the error in diffu-
sivity ERD̃ vary with the position, as can be seen from the top of figure 3.4. The measured
diffusivity seems to decrease as the distance between the node and the left boundary in-
creases in an oscillating manner. It is observed also that the amplitude and frequency
of these oscillations decrease with refinement. Figure 3.4 shows also the convergence
rate of the L1 error in diffusivity to be second order. On the whole, the deviation of the
measured diffusivity is insignificant as the maximum error in diffusivity at the coarsest
level is approximately 0.4%.
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Effectiveness of the model for simulating highly advective transport problems

As it is also possible that the model is required to simulate highly advective transport
problems, i.e. problems with high Péclet number Pe = LU

D = N∆xŨ
D̃ , then it is possible

to either increase the velocity magnitude Ũ or increase the number of grid nodes N, or
decrease the diffusivity D̃. Due to CFL condition the velocity magnitude is bounded and
cannot be increased indefinitely. The number of grid nodes is also bounded for practical
limitations since it is limited by the amount of available memory and the time needed
for the run [75]. Hence, what is left is decreasing diffusivity.

Two tests with the same domain of the previous example are conducted but with using
two low diffusivity values namely 10−4 and 10−5. The diffusivity is measured at each node
of the domain as shown in figure 3.5 side by side with the error in diffusivity obtained
using equation 3.43. The measured diffusivity seems to be affected in the vicinity of the
boundary conditions but it is obviously decreasing in the far field. In these two simula-
tions the coarsest grid of the previous example is used with a ∆x = 0.1× 10−3m. The
results are obtained at time 2× 106 for D̃ = 10−4 and at time 20× 106 for D̃ = 10−5.
The two left plots in figure 3.5 show the two temporal snapshots of the measured diffu-
sivity for both cases D̃ = 10−4 and D̃ = 10−5, which have the same behavior that has
been observed earlier in the previous example. The error appears to be identical for both
cases as it is seen on the right of the figure. Since these tests are run in the absence of
velocity field (diffusion only), other tests are run in the presence of nonzero velocity field
as will be seen in section 3.7.3.

Stability and accuracy of the model for different time scales

The final two tests were conducted to determine what values of diffusivity are suitable
for different time scales. These tests are important since we aim at using the maximum
allowed time step, especially for simulating slow processes like diffusion-controlled dis-
solution while at the same time using fine grids. Here, two sets of simulations are
considered. The first set’s simulations are run for 20000s, while the second set’s sim-
ulations are run for 200d. The used grid spacing ∆x = 0.1 × 10−3m for both sets.
The time steps for the simulations in the first set are ∆t = {0.1, 1, 10, 100, 1000}s
for each value of D̃ in ascending order. The diffusivity values used in the first set are
D̃ = {0.01, 0.1, 1, 10, 100}∆x2

∆t . For the second set’s simulations, the time step for each
were ∆t = {100, 1000, 2500, 5000, 10000}s for each D̃ = {10, 100, 250, 500, 1000}∆x2

∆t ,
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Figure 3.6: L2 error for diffusion case using different diffusivities D̃. D̃0 is the diffusivity
when 1

ω = 1 (left). Concentration profiles for a domain of length L = 0.1m obtained at
time t = 20000s using different diffusivities. Each diffusivity corresponds to real diffusiv-
ity of 10−9m2/s The used grid spacing ∆x = 0.1× 10−3m while the time steps depends
on D̃ and respectively ∆t = {0.1, 1, 10, 100, 1000}s in ascending order of D̃.

Figure 3.7: L2 error for advection-diffusion case using different diffusivities D̃. D̃0
is the diffusivity when 1

ω = 1 (left). Concentration profiles for a domain of length
L = 0.8m obtained at time t = 200d using different diffusivities. The used grid
spacing ∆x = 0.1 × 10−3m while the time steps depends on D̃ and respectively
∆t = {100, 1000, 2500, 5000, 10000}s in ascending order of D̃.
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respectively. In these two sets of simulations we calculated the L2 error in concentration
norm defined by:

L2 =
1

Nxmax

√√√√∑Nxmax
n=1

(
canalytical(n)− cnumerical(n)

canalytical(n)

)2

(3.48)

Figure 3.6 shows on its left part the L2 error for each used diffusivity D̃. It is observed
that the minimum error occurs when using a relaxation parameter of one, which corre-
sponds to a diffusivity D̃ = 1

6 . Also, for small values of D̃ < 1
6 the error is very small. This

confirms the previous example results. The increase in the error with increasing diffu-
sivity is related to the fact that LBM is an explicit scheme, such schemes usually have an
inverse proportionality between the time step size and the error value.

It is also noticed that the evolution of the solution provided by the FCM is rather com-
plicated. When the time steps required for reaching 20000s is small, for example it is
only 20∆t in the case of D̃ = 100 in figure 3.6, then the concentration profile does not
match the analytical solution. While if the time to obtain the solution for the same setup
and parameters is longer, for example the 200d case in figure 3.7 requires 17280∆t, the
L2 error decreases dramatically to less than 0.5%. Both figures show that the earlier
the results are obtained the further the deviation of the concentration profiles from the
analytical solutions are.

These premature profiles behave as a series of waves initiated at the left boundary, which
travel along the channel until they reach the other end of it, then they adjust themselves
to conform with the analytical solutions at later time. The reason behind such behavior
can be related to the inconsistency of the initial condition with the asymptotic behavior,
so a proper time lag is required to let such inconsistencies die out.

3.7.3 Advection diffusion in a semi-infinite domain

As it is observed in subsection 3.7.2 that FCM is stable when simulating diffusion prob-
lems using small values of diffusivity. We test here if this applies in case of having nonzero
background velocity field that advects the solute.

In case of using the BGK collision operator, while it is theoretically possible to use all val-
ues of 1

ω > 1
2 for all velocity magnitudes less than the maximum velocity |u|< |umax|,
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where |umax|=
√

1
3

∆x
∆t

† for the D3Q27 lattice, it was found that as 1
ω → 1

2 , the maxi-
mum allowable velocity magnitude in the simulations degenerates, i.e. |umax|→ 0, in
a monotonic way due to the presence of several factors like boundary conditions and
round-off errors[75]. In their study, Niu et al. [98] have shown that |umax| depends on 1

ω

in a linear fashion for 1
ω < 0.55 values using a D2Q9.

To test FCM for the case of advection diffusion, we used the same setup of the diffusion
case found in section 3.7.2, however a constant background flow of velocity magnitude
ũ = 0.3 in the x positive direction is considered. The analyitical concentration profile
can be obtained from equation 3.49 [128]:

c(x, t, u) =
ceq

2

(
erfc

(
x− ut
2
√

Dt

)
+ exp

(ux
D

)
erfc

(
x + ut
2
√

Dt

))
(3.49)

Several runs with diffusivities of D̃ = {100, 50, 10, 1, 10−1, 10−2, 10−3, 3× 10−4, 10−4, 3×
10−5, 3× 10−6, 3× 10−7} were performed and the L2 error in concentration is mea-
sured from equation 3.48. All simulations are run for 10000∆t. The nominal grid Péclet
number is defined as Pe = 0.3

D̃ . The top row of figure 3.8 shows first the error in con-
centration for each simulation. For large values of D̃ ∈ {100, 50, 10}, where diffusion
dominates, the error in concentration was less than 0.4%. A good agreement with the
analytical solution is shown on the top right part of the figure. With decreasing diffu-
sivity, advection tends to dominate the transport. Although a good agreement with the
analytical solution can be seen on most of the grid nodes along the channel, FCM fails
to capture the correct behavior at the crest of the profile due to the occurrence of steep
gradients. The profile rather oscillates with an overshoot that depends on the diffusivity
value D̃. The error in the amplitude is the ratio of the height of the overshoot to the
original height of the profile ceq and it can be calculated from ERo = cmax−ceq

ceq
.

For the sake of testing the model further, extreme values of D̃ were used as mentioned
earlier. When using a D̃ = 10−3 corresponding to a Pe = 300 we observe a small
amplitude error value of 0.2%. Decreasing the diffusivity ten folds D̃ = 10−4 where
Pe = 3000 the error increases ten times to be 2%. However, with continuing the trend
of decreasing the diffusivity, the error in the amplitude seems to reach a finite limit.
Using a D̃ = 3× 10−5, where Pe = 10000, the error in amplitude reaches 15.127% as

†umax is referred to as the speed of sound cs in equation 3.6. Its magnitude depends on the chosen
velocity set.
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can be seen from 3.8.The further decrease of the diffusivity, like in cases of D̃ = 3× 10−6

and D̃ = 3× 10−7 , where Pe = 100000 and Pe = 1000000, respectively, leads to slight
increase in the L2 error as the top left plot of 3.8 implies. As the error in amplitude for the
case with D̃ = 3× 10−7 reaches 15.796% (profile not shown), it can be concluded that
the error in amplitude is approaching a finite value. Since the nature of the transport is
advective, it is expected that this slight decrease caused by having the overshoot reaching
a finite limit (Gibbs phenomenon).

It can be concluded that for an explicit scheme with finite velocity lattice like FCM, the
occurrence of nonphysical oscillations was inevitable, although the scheme has shown
stability in the previous simulations. The oscillations are expected to decrease if smooth
initialization was considered, or if results obtained at the very long time regime.
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Figure 3.8: L2 error for advection-diffusion in a semi-infinite domain with a constant
concentration at the left boundary c0 = 0.5mol

m3 . Different Pećlet numbers Pe where
used to obtain the results at time t = 10000∆t. A constant velocity ũ = 0.3 ∆x

∆t where
used in these simulations (top left). Concentration profiles for different Pećlet numbers
are shown in the rest figures. In the above figures, PeLB is the profile of concentra-
tion obtained numerically using a specific Pećlet number and Pea is the profile obtained
analytically from equation 3.49 [128]. The used spacing ∆x = 0.1× 10−3m .



Chapter 4

Phase interface modelling

4.1 Volume of fluid method

The standard VOF method depends on solving an additional transport equation of the
so-called fill level ε, defined as the ratio of the volume fraction of a phase to the volume
of a specific control volume [97]. The control volume, known as cell, takes either a uni-
form or nonuniform polygonal shape in 2D or polyhedral in 3D. Usually, the method is
composed of two steps. In the first step, the interface reconstruction step, the location
of an interface is obtained from the fill volume information. The dimensionality of the
interface is reduced by 1 in comparison with the dimensionality of the problem in hand.
The second step is an advection rule of the fill volume information.

The fill volume values lie in the interval [0, 1]. In our case, the phase under consideration
is the reactive solid phase. Therefore, a cell of fill volume ε = 1 is considered a solid cell,
while a cell of fill volume ε = 0 is considered a fluid cell and a cell of fill level in between
is considered an interface cell. In LBM, the lattice spacing is ∆x = 1 making Vcv = 1 and
therefore ε = V = 1.

In the case of multiphase problems, where both phases are fluids, the advection term
of VOF plays a major role in describing the dynamics of interface movements, since
the interface is transported by a velocity field u. In contradiction to that, our case is a
multiphase problem of a solid and a fluid phases, where the interface is not transported
by any velocity fields but by the kinetics of dissolution. Thereby, the second step of the
VOF viz. the advection step does not depend on solving the NSE as in the standard VOF.

39
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Figure 4.1: The seven configurations of polyhedra resulting from cutting a cubic cell with
a single plane.
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4.2 Piecewise linear interface construction (PLIC)

Several methods for obtaining the position of the interface using the fill volume infor-
mation were introduced earlier. The first method is called the simple line interface calcu-
lation (SLIC) uses a reconstruction scheme that results in interfaces aligned with the cell
face [99]. A more accurate representation of the interface is required. As a result Youngs
[141] tried to use additional information in the reconstruction step which is the normal
to the interface. This method results in representing the surface as a set of discontin-
uous plane segments known as piecewise linear interface construction (PLIC). Puckett
[112] then Pilliod [109] introduced second order schemes for evaluating a surface inter-
face normal from the discrete fill level field. Further higher order interface representation
methods were proposed by for example Ginzburg and Wittium [58] were a cubic spline
is used.

In the PLIC method, the interface is represented as a line segment in 2D or a plane in
3D. In 3D, for a plane to be uniquely define both its normal n and the shortest distance
α from the origin of a frame of reference to the plane are required. Hence, a plane has
an equation of:

x · n = α (4.1)

Where x is the loci of all points in space forming the plane. In LBM, we use a uniform,
rectangular discretization of the space resulting in a grid of nodes. We define our cells
to extend between 8 nodes in 3D i.e. cell-centered control volume. Therefore, our cells
have the form of a cube. In addition, we use the edge length of ∆x = 1. When a plane
cuts the unit cell, a volume V is reserved underneath the plane.

The value of V depends on n = n1, n2, n3 and α and its geometry takes the form of a
polyhedral shape shown in figure 4.1. The equation calculating the value of V:

V(α, n) =

(
α3 +

3
∑
j=1

H
(
α− αmax + nj

) (
α− αmax + nj

) 3 −
3
∑
j=1

H
(
α− nj

) (
α− nj

) 3 + α3

)
6n1n2n3

(4.2)

Where H is the Heaviside function and αmax = n1 + n2 + n3. Since our aim is to de-
termine the exact position of the plane, from equation 4.1 we need to know in advance
both the normal information n and the parameter α. In PLIC, normal estimation usually
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Figure 4.2: Normailzed volume of different polyhedra formed when a plane of normal n
cuts a unit cell n = (0.247, 0.494, 0.833) (left), n = (0.470, 0.564, 0.677) (right).

achieved using the gradient of the fill level field, which will be discussed in section 4.3.
Subsequently, α is the only left parameter to be determined for now. We usually do the
interface reconstruction step after evaluating the fill level field in all cells, and hence V
information is available. By taking the inverse of equation 4.2, we can determine α(V, n)
after performing the normal estimation step. The problem is that equation 4.2 can not
be easily inverted.

By sorting the normal n components as follows 0 < n1 ≤ n2 ≤ n3 ≤ n1 + n2 ≤
n1 + n3 ≤ n2 + n3 or 0 < n1 ≤ n2 ≤ n1 + n2 ≤ n3 ≤ n1 + n3 ≤ n2 + n3, we obtain
7 distinct cases of V as depicted in figure 4.1. Therefore, we can write V as a piecewise
function as seen in figure 4.2. Now as we see from the both graphs that with some effort,
equation 4.2 can be inverted as described Appendix B.

4.3 Normal generation

The normal to the interface can be determined using an approximation of the gradient
by applying central divided differences on the fill level values at each interface cell in the
fill level field.

n = − ∇V
||∇V || (4.3)
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The approximation reads:

∇V =
1

2∆x

 ε̄x(x + ∆x î)− ε̄x(x− ∆x î)
ε̄y(x + ∆x ĵ)− ε̄y(x− ∆x ĵ)
ε̄z(x + ∆x k̂)− ε̄z(x− ∆x k̂)

 (4.4)

where ε̄i(x) is the average value of nine cells fill level at x:

ε̄x(x, y, z) =
1

∑
i=−1

1

∑
j=−1

V(x, y + i, z + j).w(i, j) (4.5)

ε̄y(x, y, z) =
1

∑
i=−1

1

∑
j=−1

V(x + i, y, z + j).w(i, j) (4.6)

ε̄z(x, y, z) =
1

∑
i=−1

1

∑
j=−1

V(x + i, y + j, z).w(i, j) (4.7)

Accuracy of the estimation depends on the weighting factor w. Parker and Youngs [101]
suggested the use of the following weighting factors to obtain an accuracy between first
and second order.

w(0, 0) = 4, w(−1, 0) = w(1, 0) = w(0,−1) = w(0, 1) = 2, w(±1,±1) = 1 (4.8)

If higher accuracy is required, optimization methods like the least-squares VOF interface
reconstruction algorithm (LVIRA) [112] or its efficient counter part (ELVIRA) [109] can be
employed. The problem is that, the first method solves an optimization problem, which
is computationally expensive and the other requires a larger cells support i.e. not only
next neighbor cells but also th next next neighbor, which is problematic to our imple-
mentation, since it only provides information for only the next neighbor at the block
edge, see section 5.1.



44 CHAPTER 4. PHASE INTERFACE MODELLING

4.4 Initialization of the fill level field

At the beginning of any simulation, the information about the fill level field, the cells
state field and the normal field are essential. To update the fill volume in the first calcu-
lation step, the initial fill volume is required at any interface cell. We proceed with the
calculation of the initial fill volume after classifying the grid nodes into different states.
This is done in the interactor class of our code. There, the geometry of the reactive solid
and the grid nodes of each block are put together, where each grid node had its spatial
relationship to the geometry determined. This, leads to having three different classifica-
tions of the grid nodes. Grid nodes located inside or at the boundary of the geometry
have the state of solid, while ones located outside the geometry have either fluid state or
boundary fluid state. Each classified node is named after these classifications, in other
words, a node can be a fluid, solid or a boundary node. The difference between a fluid
and a boundary node is that among a fluid node nearest neighbors, no solid node is
found. However, a boundary node has a solid node among its neighbors. The link, along
the direction of a lattice velocity, between the boundary and the solid node is cut by the
boundary of the geometry i.e. the interface. Each boundary node stores the distances
to the interface, known as the subscale distances q, therefore the position of the reactive
solid geometry is known.

We define our cells with regards to the LBM grid to be the cube that has its minimum
corner located at a grid node of index (i, j, k) and its maximum corner located at a grid
node of index (i + 1, j + 1, k + 1). By testing the state of each vertex of the cell, we can
conclude, that a cell having all its vertices as solid nodes is a solid cell, a cell having all its
vertices as fluid or boundary nodes is a fluid cell, and a cell with vertices of mixed state
of solid and fluid/boundary is an interface cell.

After the state of each cell identified, each cell is visited and set a volume V. For solid
cells V = 1, for fluid cells V = 0. For interface cells, we use the early mentioned points
of intersection between the geometry and the links to define a plane cutting the cell.
Having both the normal n and α of the plane and using equation 4.2, we can calculate
the volume reserved by the plane. As a result, an initial field of the fill level is obtained.
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4.5 Benchmarks

4.5.1 The reconstruction of an inclined plane

To test the accuracy of the VOF-PLIC in calculating surface normals. First, we have con-
sidered a simple case of a grid composed of 10× 10× 10 cells. A plane passes through
the grid. The smallest distance from the origin of the grid to the plane is kept constant
α = 5.5, in order to keep the plane approximately in the middle of the grid. Assuming
the z axis points upward, the plane then is allowed to rotate freely around the x and y
axes, with angles θ and φ, respectively. Each combination of the angles corresponds to
a unit normal vector n.
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Figure 4.3: Error at different plane inclinations θ at φ = 0 (left). Error at different plane
inclinations θ and φ (right).

The fill volume in each of the cells in each plane configuration is then calculated. By ap-
plying equations 4.3 together with Parker and Youngs weighting factor realized in equa-
tion 4.8 on the obtained fill volume field, we can measure the normal nm at each interface
cell. The error in normal can be calculated using the following:

L2 =
1

Nint

√
||nm − n||2
||n||2 (4.9)

Where Nint is the number of interface cells. The results in figure 4.3 show the depen-
dence of the error on the plane inclination angle. On the left plot, rotation of the plane
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about one axis results in having very small errors at angles 0, π
4 , π

2 , while larger errors
in between. The results also show, as expected, the symmetry of the errors around the
angle π

4 . This observation is also found by [68]. We extended this to see the effect of
rotating the plane around two different axes as shown in the contour plot of figure 4.3.
In general, the scheme tends to prefer the different permutations of the angles 0, π

4 , π
2 .

4.5.2 The reconstruction of spheres

The next example to be considered is the case of having a curved interface. The VOF-
PLIC is required here to reconstruct a sphere. The scheme convergence properties are
also obtained.

Let g be regular grid g = {x = (x, y, z) ∈ Z3 : 0 ≤ x ≤ Nx, 0 ≤ y ≤ Ny, 0 ≤ z ≤ Nz}.
Where Nx, Ny and Nz are the maximum bounds of g. Any point in g can be addressed
using the index (i, j, k). A cell is a cube defined by Uijk = [i, i + ∆x]× [j, j + ∆x]× [k, k +
∆x]. Where × denotes Cartesian product and ∆x is the spacing in g. Now, consider the
ball B = {x = (x, y, z) ∈ R3 : x2 + y2 + z2 ≤ r2} where r is the radius of the ball. The
volume of intersection of B and Uijk is defined by:

Vijk(α, n) =
∫
Uijk ∩ B

dx (4.10)

Three cubic grids Nx = Ny = Nz = N are used, The grid sizes were respectively N3 ∈
{523, 1043, 2083}. With the help of the commercial computer algebra system (CAS),
Mathematica, the integral in equation 4.10 is calculated at each cell of the grid for r ∈
{25.6, 51.2, 102.4}∆x.

The integrals gave rise to the fill volume field for each resolution as can be seen on the
left column of figure 4.4. On the right column of the figure is the reconstructed interface.
At the points where the reconstructed interface intersects the edges of an interface cell,
the error in radius of the reconstructed sphere is calculated from:

Et = r− rm (4.11)

Where r is the true radius and rm is the distance from the center of the sphere to the
point of intersection of the plane with the cell edge. Figure 4.6 shows how the error is
distributed on the interface. The minimum error appears first when the interface normal
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Figure 4.4: Fill volume of interface cells reserved between each cell boundaries and the
spheres of radii r = {25.6, 51.2, 102.4} ∆x and centered at the origin, from top to
bottom, respectively (left). The interface shape after reconstruction step by the (PLIC)
algorithm (right).
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Figure 4.5: Convergence rate of the L2 error in the reconstructed interfaces of the sphere,
see table 4.1.

is in the same direction of the cardinal directions x, y and z. Second, when the normal
has an angular displacement of ±π

4 about one or more of the cardinals, the error is also
minimum. The error in radius tend to stay constant with refinement. The results seem
to comply with the findings of the previous case, the rotated plane example. An integral
indicator of the error is the L2 error norm defined by:

L2 =
1

Np

√
(r− rm)2

r2 (4.12)

Where, Np is the number of the intersection points between the reconstructed interface
and the cell edges. The L2 is calculated to test the symmetry of the scheme and its
convergence accuracy. The L2 was calculated for circles resulted from intersecting the
planes x = 0, y = 0 and z = 0 with each of the reconstructed spheres as can be seen
from figure 4.7. Table 4.1 shows identical error values for the perpendicular circles. This
is confirmed by looking at the true error values in figure 4.8. In this figure, the error
is calculated from equation 4.11. The rows show the error in the circle in each of the
planes. The error is identical. With refinement, the maximum value of the error is slightly
reduced, however, the integral error L2 is declined with a second order convergence rate
as 4.5 depicts.
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Figure 4.6: True error Et at each point of the reconstructed interfaces found in the right
side of figure 4.4.

Table 4.1: L2 error in interface position of reconstructed spheres of radii r =
{25.6, 51.2, 102.4} ∆x. The reconstruction step conducted using a (PLIC) algorithm.

r [∆x] L2 [%] error at the circle in plane:
x = 0 y = 0 z = 0

25.6 0.0000171038 0.0000171038 0.0000171038
51.2 3.18807× 10−6 3.18807× 10−6 3.18807× 10−6

102.4 7.8505× 10−7 7.8505× 10−7 7.8505× 10−7
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Figure 4.7: The planes x = 0, y = 0 and z = 0 intersecting the reconstructed sphere
centered at the origin and has a radius r = 51.2∆x resulting in three circles (left). A
schematic sketch of the circle located at plane z = 0 showing the angle θ at which the
true error Et is calculated in figure 4.8 (right).

Figure 4.8: True error Et between the exact radii and the ones obtained after interface
reconstruction using (PLIC), sampled along the circumference of the circles at slices x = 0
(left), y = 0 (middle) and z = 0 (right). The spheres centered at the origin with radii
r = {25.6, 51.2, 102.4} ∆x from top to bottom, respectively. The sampling angle θ is
between the negative first axis and the sample point, see figure 4.7.



Chapter 5

A framework for modeling dissolution

5.1 VirtualFluids: the fluid solver

VirtualFluids [1] is a modular, three-dimensional, parallel, block-structured lattice Boltz-
mann fluid solver. It was developed by a group of researchers at the iRMB since the early
2000s [47]. To clarify, we define the following features of VirtualFluids:

Modular: it consists of expandable modules, where each module is responsible for per-
forming a special task. An object-oriented paradigm was decided to be used for the
purpose of expandability.

Block-structured: the computational domain i.e. the grid is decomposed into smaller
objects, called blocks, where these blocks are distributed among different processes.
Blocks are objects that encapsulate part of the computational domain. It is the corner-
stone for enabling parallel computation. The form of a block takes the shape of a cuboid.
At the same level of refinement, each block shares either a face or an edge or a vertex
with all neighboring blocks. The blocks are used to generate the grid nodes according to
a specific grid spacing ∆x. Regardless of the number of nodes that a block contains, the
first and the last node must lay outside the block boundaries. This results in redundant
layers of nodes at the position of the first and last nodes of each block. We call these
redundant nodes ghost nodes.

Parallel: in each of the LBM calculation steps, the information travel not farther than the
next neighbor at some grid node, a property that makes LBM suitable for data paralleliza-
tion. Distributing the blocks in different processes, leads to having the boundaries of
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Figure 5.1: Block in 1D Figure 5.2: Block in 2D

Figure 5.3: Block in 3D

some blocks occupying the same place of the process boundaries. This leaves the inside-
of-block next to boundary nodes lacking information exchange from a suitable neighbor.
Here comes the importance of the ghost layer nodes, where they act as a source of infor-
mation. They obtain their information after being filled from the neighboring process
via a suitable communication scheme.

5.1.1 Parallel computation data structures

As mentioned earlier, VirtualFluids is a parallel framework for conducting fluid simu-
lations. The corner stone for enabling parallel computations is the block, which we have
discussed its definition in the section 5.1. The block in VirtualFluids acts as a superset
containing classes related to type of collision operator namely kernels and others related
to storing the distributions. Since not all parts of the domain are used during the compu-
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Figure 5.4: The Connector concept. The grid nodes are divided into two blocks B1 and
B2. Connectors in the east direction "E connector" update the information in the west
ghost nodes of the block B1. The same applies for other connectors in any direction.

tations, blocks can be activated where it is needed and deactivated where it is not needed,
for example, in non reactive solid zones.

The connector is a class that is responsible for communication between blocks, it is di-
vided into two different types; local and remote. The local connector connects blocks in
the same process while remote connector connects blocks in different processes. The
main job of the connectors is to fill the ghost layer nodes of a block with information
from the nodes existing in the neighboring block. These nodes occupy the same place of
the ghost layer nodes, as can be seen in figure 5.4. Since connector connects two neigh-
boring blocks, the direction of the block takes 1 out of 26 directions. They can simply be
denoted by geographic directions. In the case of a local connector, the memory is shared
between the blocks, and hence filling the information in the ghost node is done by copy-
ing the value of the quantity at hand. On the other hand, as the blocks in two processes
are unaware of each others memory, help from another object is needed, hence the idea
of the transmitter is introduced.

The transmitter is a tool used when a remote connector is needed i.e. when two neigh-
boring blocks lie in different processes. It encapsulates the information needed for filling
the ghost layer nodes in a vector. The vector is sent/received using a proper communi-
cation technique i.e. Massage Passing Interface (MPI).
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Figure 5.5: Schematic of the solid fluid interface and the reconstruction of the interface
contour.

5.2 Coupling LBM and VOF-PLIC

The coupling between VOF-PLIC and LBM occurs after calculating the change in volume
of an interface cell due to the solute packets h that entered the domain. At a boundary
node and after applying boundary conditions found in equation 3.38, the change in mass
at that node can be calculated from:

∆m = ∑
ijk

hī j̄k̄(t+∆t) − hijk (5.1)

This step occurs after applying the boundary condition, the change in mass is trans-
formed into a change in solid volume using equation 2.33, then converted to change of
volume on cells ∆V, as shown in figure 5.5.

∆V =
∆m

ceq
s − ceq

l
(5.2)

5.3 Cells update algorithm

Updating the cells involves either updating the volume of a reactive solid or updating
both the state of the cell and its reactive solid volume. The amount of each reactive solid
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volume to be subtracted or added to each cell is obtained from the boundary condition.

An interface cell contains an amount of reactive volume V, the amount to be subtracted
from it is ∆V, and the volume after the update is Vnew = V + ∆V. In case of dissolution,
if Vnew > 0, only the new volume is set to the cell and the state of the cell stays as it is
i.e. interface. On the other hand, if Vnew < 0, the cell state is set to fluid and its volume
is set to zero, afterwords a search for a donor solid cell is conducted with the help of the
interface normal. Since the interface normal is pointing towards the fluid domain, its
inverse direction is used to find all solid cells in the domain composed of the direct next
neighbors. If a solid cell is found, the new volume after the update is Vnew = 1 + ∆V
and the new state of the cell is interface. The updated volume and the position of the
new interface cell are registered in a container called fresh interface cells set. This step
is conducted in order not to invalidate the state of the solid cell which may have been
sought after by another cell.

Having visited all interface cells, we apply the changes to the new interface cells stored
in the fresh interface cells set.

A special case occurs when a fresh interface cell lies in a ghost layer. The change in
the cell state and the fill volume of the cells in the ghost layer is not detected by their
neighboring blocks. Therefore, the updated volume and the position of the new interface
cell found inside the ghost layer are registered and sent to those neighboring blocks. The
cells update procedure is shown in algorithm 1.

foreach interface cell do
calculate Vnew

if Vnew ∈ [0, 1[ then
V ← Vnew

else if Vnew ≥ 1 then
V ← 1
state← solid

else if Vnew < 0 then
V ← 0
state← f luid
find solid neighbor S in −n direction
store the position of S and V in a container

end
end

Algorithm 1: Cells update algorithm.
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5.4 Nodes update algorithm

Changing the state of the cells will be reflected on the state of the nodes. The node
update algorithm is more complex than the cells update algorithm, as the node holds
more information than the cell. We can split the information residing on a node into two
groups, the first group is related to geometric information and the other is related to the
distributions. The geometric information update includes calculating the new subscale
distances q due to the change in the position of the interface. The distributions will only
be affected in the case of having fresh nodes i.e. solid nodes converted into boundary
fluid nodes, where new distributions must be initialized. This topic is discussed in section
5.5.

After the cells in the whole domain are updated i.e. received the final state and fill volume
within a calculation step, the node state must be adjusted accordingly.

As we know, a solid cell has solid nodes residing on its vertices. Meanwhile, a fluid
cell has either fluid or boundary fluid residing on its vertices. Yet, the interface cell has
both boundary fluid and solid residing on its vertices. This can be read from another
perspective as, a reactive solid node must be surrounded by either solid cells only or a
mix of interface and solid cells but no fluid cells. Meanwhile, a fluid node is surrounded
only by fluid cells. Yet, interface nodes must be surrounded by a mix of fluid and interface
cells but no solid cells.

Every node in a block is visited and the state of the surrounding cells is registered in the
so-called surrounding cells state vector. According to the rules mentioned earlier, the
update takes place. If surrounding cells state vector contains only solid or both solid and
interface but no fluid, the node is set to solid. If the state vector contains only fluid, the
node is set to fluid. The third case is when the state vector contains values for interface
and fluid states only, which means the node must be an interface node but here an addi-
tional check must be applied. This check is done to differentiate between two cases, the
first case occurs when the node being inspected has a state of boundary fluid, hence only
geometric information needs update. The second case occurs when the state of the node
being expected has the state of reactive solid, and hence both geometric information and
new distributions must be initialized. Additionally, the distributions related to boundary
conditions must be reconstructed by applying the boundary condition rule again.

In each of the interface cells, the fill volume is transformed into a plane cutting the cell.
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For calculating the new subscale distances in the third case at a node, rays are constructed
along lattice directions and are intersected with the previously mentioned planes. The
node update procedure is shown in algorithm 2.

foreach node in a block do
get surrounding cells
S← the number of surrounding solid cells
I ← the number of surrounding interface cells
F← the number of surrounding fluid cells
if (S > 0 and I == 0 and F == 0) or (S > 0 and I > 0 and F == 0) then

set node to be solid
else if S == 0 and I == 0 and F > 0 then

set node to be solid
else if S == 0 and I > 0 and F > 0 then

if node is boundary fluid then
apply changes to the subscale distances

else if node is solid then
apply changes to the subscale distances
initialize new distributions
apply boundary conditions

end
end

end
Algorithm 2: Nodes update algorithm.

5.5 Re-initializing new fluid nodes

As we have seen earlier, changing the cell volume results in changing the position of
the interface separating the fluid and the solid in a cell. Sometimes the position of the
interface moves beyond a solid grid node converting it to a fluid node, and hence a dis-
tributions must be initialized. There are different ways to initialize distributions, Mei et
al. [88] proposed a proper way to initialize the distributions. Another way is to use Lalle-
mand et .al [79] extrapolation method using two neighbors to initialize the distributions
both, for the flow and the species transport. We opted for the second method as it is
computationally cheaper.
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5.6 Performance study

In order to calculate the performance gain due to parallization, one can compare the time
required to complete a task using a reference number of tasks Tr with the time required
to complete the same task using n multiples of the reference number of tasks. This time
is called Tn. The ratio of Tn to Tr is known as the speedup s

s =
Tr

Tn
(5.3)

Amdahl [7] suggested that the speedup is bounded, since in any program there is a se-
quential part that will restrict any further acceleration of the computation regardless of
the used number of tasks. Amdahl’s law reads:

s =
1

Q + 1−Q
N

(5.4)

Where Q is the part of program that is executed sequentially.

Yet another indicator to the performance is the parallel efficiency defined by:

E =
sm

sI
(5.5)

Where sm is the measured speedup and sI is the ideal speed up calculated from equation
5.3.

To test the scalability of VirtualFluids, two tests are run. Namely, strong and weak scal-
ing. The tests are conducted on PhoeniX at the Technische Universität Braunschweig,
which is a cluster composed of 320 nodes. The standard nodes that were used to run the
simulations have 2x CPU INTEL Xeon E5-2640v4 CPUs. Each CPU consists of 20 cores.

In strong scaling, the problem size is kept constant, while the number of processes is
increased successively. On the other hand, in weak scaling, the number of tasks is in-
creased together with increasing the problem size such that the load per process is always
kept constant.

In LBM, it is rather preferable to test the speedup in terms of the so-called NUPS: Nodal
Updates Per Second. As the name indicates, NUPS measures the number of calculations
cycles on the whole number of grid nodes in one second.



5.6. PERFORMANCE STUDY 59

Figure 5.6: FCM under strong scaling: speedup and performance (top). FCM under weak
scaling: speedup and performance (bottom).
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Figure 5.7: Parallel performance and efficiency of the FCM together with VOF-PLIC in
simulating the dissolution of calcium from a ct scan of a HCP.

We have tested here the performance of the FCM. The strong scaling test contained a
grid of size 512∆x× 512∆x× 512∆x. The grid is decomposed into blocks of dimensions
32∆x× 32∆x× 32∆x. Periodic boundary conditions in the three directions are imposed
on the faces of the grid. The top row of figure 5.6 show the speedup and parallel efficiency
in the case of strong scaling. The simulations were run for 100∆t. Performance results
showed converging values after 10∆t. Due to pre-processing constraints, the simulations
were started with 8 MPI processes. Then, the number of processes were doubled until
reaching 512 MPI processes. The performance reached about 40%.

The setup for the weak scaling test used the same block size of the strong scaling case.
Here, we kept the ratio of load per process constant. More precisely, we assigned each
process only one block. For example, as the simulations started with 4 blocks, each of
these blocks were assigned to an MPI process. The domain for the previous setup took an
elongated shape. That is, when the number of processes is increased, the domain grows
in one direction. All boundary conditions are set to periodic boundaries. The bottom
of figure 5.6 presents two plots for speedup and efficiency. It is seen that the efficiency
oscillates around 60%.

For the sake of testing the FCM together with VOF-PLIC in a real application, we con-
ducted a performance study directly on the problem found in section 7.2.3. The domain
size is 304∆x × 304∆x × 304∆x. The geometry is a cement paste ct scan. The grid
nodes are divided into fluid, solid and reactive solid nodes. At the boundary solid nodes
no-flux boundary condition is applied, while at the boundary reactive nodes diffusion-
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controlled boundary condition is applied. All the walls surrounding the geometry are set
a no-flux boundary condition except at the inlet, where zero concentration is imposed.
The block size chosen for the simulation is 19∆x× 19∆x× 19∆x. The simulation is run
for 1000∆t.

It is noticed that this is a dynamic problem, where load differs with time. Actually, the
worst case occurs at the begging of the simulation where the number of cells is maxi-
mum. As time passes, the number of cell is reduced since reactive solid is dissoluted and
the nodes are converted into fluid. Therefore, the over head of the VOF-PLIC along with
the cell updating and node updating algorithms will be reduced. After dissouting the
last amount of reactive solid, only FCM will continue to work and a gain in performance
is expected.

Figure 5.7 shows the performance on the left and the parallel on the right. The simula-
tions started with 16 MPI processes due to the fact that pre-processing requires a long
time. The number of processes is doubled until reaching 2048 MPI processes. It is ob-
served that the parallel performance decreases until reaching a constant value of 55%.
Here, it is also noticed that due to taking into consideration the solving of the ADE with
the morphology change in a complex geometry the performance has drastically dropped
to about 95× 106 NUPS when using 2048 MPI processes.





Chapter 6

Results

In this chapter the quality of the proposed scheme is tested. The tests are divided into two
sets. The first test is to solve the diffusion equation or the advection-diffusion equation
in an invariant domain, i.e. in the absence of dissolution, while the second set takes into
consideration the change of the problem domain due to dissolution through utilizing
VOF-PLIC scheme.

6.1 LBM for solute transport

The first set starts with the case of solving the diffusion then the advection-diffusion us-
ing FCM in the bulk of the fluid for a two-dimensional Gaussian distribution. Following
to that, the model ability to predict what is known as dispersion coefficient through con-
sidering a case known as Taylor-Aris dispersion is tested. In this case, we also calculate
the convergence rate of the cumulant lattice Boltzmann equation CUM through solving
Poiseuille flow between parallel plates.

Afterwords, we solve a combination of diffusion with first order kinetics boundary con-
dition. In the last case, we present the results of a showcase of an object giving off mass
while being in a turbulent flow, where we solve for the flow using the CUM and solve
the advection-diffusion using the FCM together with using first order kinetics boundary
condition.
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6.1.1 Advection and isotropic diffusion of a Gaussian hill

In this case, we test our model for two different cases. First, we consider pure diffusion
i.e. u = 0. Second, diffusion in the presence of a velocity field is considered u > 0.
The time evolution of an initial Gaussian concentration profile in a fluid is considered.
Taking the origin of the coordinate system at the center of the initial Gaussian and the
total concentration c0 = 1mol

m3 , the initial condition is:

c(x, 0) = c0 exp

(
− (x−x0)2

2σ2
0

)
(6.1)

where, σ0 is the initial width of the profile and x0 = 0. The time evolution of the profile
in the presence of a velocity field u:

c(x, u, t) = c0
σ2

0

σ2
0 + σ2

exp

(
− (x−x0 − ut)2

2(σ2
0 + σ2)

)
(6.2)

σ =
√

2Dt (6.3)

where D is the diffusivity. In our setup for the simulation, we used a periodic domain. The
dimensions of the domain are: x, y ∈ [−0.5, 0.5]m, and z ∈ [− 1

∆x , 1
∆x ]m where ∆x is

the lattice spacing. Here, three different lattice spacing were used ∆x ∈ { 1
100 , 1

200 , 1
400}.

The diffusivity used in the simulation D̃ = 0.0016667∆x2

∆t . We use diffusive scaling i.e.
we keep the value of D̃ constant while refining the grid, which means that, when the grid
spacing is halved the time step is quartered. In other words, in order to obtain the results
at the same point of time on a finer grid that was created by halving the grid spacing of
the actual grid, we need to multiply the time at which the results obtained on the current
grid by four. The results obtained at times ∆t ∈ {6000, 24000, 96000} from the coarsest
to the finest simulation respectively. Assuming a real Diffusivity of D = 0.0001m2

s , in the
case of ∆x = 0.01m the time step corresponds to ∆t = 1.666× 10−3s in real time. The
real time at which the results where obtained is t = 10s.

In the simulations, the width of the initial Gaussian profile is set to σ0 = 0.05m and to
σ0 = 0.1m. The error is calculated using the L1 norm defined in equation 6.4. Figure
6.1 shows the Gaussian profile at t = 10s on the line y = 0 for the three resolutions
and confirms a very good agreement with the analytical solution. In addition, figure 6.1
shows the contours of the concentration field obtained from the finest grid simulation
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Figure 6.1: Gaussian hill profile at line y = 0 at t = 10s with an initial profile width
σ0 = 0.05m. Three different resolutions were used depicted in the plot. For the an-
alytical solution see equation 6.2 (left). concentration contours of the Gaussian hill at
t = 96000∆t obtained from the simulation of the finest grid N = 400 with an initial
profile width σ0 = 0.05m (right).

Figure 6.2: Gaussian hill profile at line y = 0.113137m at t = 10s with an initial profile
width σ0 = 0.05m. Three different resolutions were used depicted in the plot. For the
analytical solution see equation 6.2 (left). concentration contours of the Gaussian hill at
t = 96000∆t obtained from the simulation of the finest grid N = 400 with an initial
profile width σ0 = 0.05m (right).
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Figure 6.3: L1 error for two simulations with different initialization widths σ0 of the
Gaussian hill problem at t = 10s versus N. The error describing the first case σ0 = 0.1m
(N) and the second case σ0 = 0.05m (�) are depicted (left). L1 error for a a Gaussian
hill simulation with an initialization width σ0 = 0.05, and a uniform velocity of u =
(0.011314, 0.011314) m

s corresponding to a Pe = 160 (right). The dashed line in both
images indicates a slope of 2.

successfully capture the analytical solution. For studying the error behavior, figure 6.3
shows a plot of the error calculated from equation 6.4 versus the number of nodes in
each of the three resolutions which indicates a second-order accuracy of the factorized
central moment lattice Boltzmann model.

L1 =
1
N ∑

x
|canalytical(x)− cnumerical(x)| (6.4)

6.1.2 Taylor-Aris dispersion

In this case, both advection and diffusion are considered in the presence of a bound-
ary condition. Taylor [122] demonstrated that when a concentration pulse is injected
into a slowly flowing fluid, beside being diffused, the pulse is advected by the velocity.
This combined action produces a distribution of concentration of the material that is
symmetrical around the mean velocity of the flow, although the flow being asymmetric.
Here, a domain with an infinite length and width embedded between two parallel plates
and background flow of a parabolic profile of an average velocity ūx is considered. This
domain is modeled using a channel with finite length l and width ∆x with periodicity
conditions applied, see figure 6.4. The parallel plates, located at z = 0 and z = h, assume
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Figure 6.4: Taylor-Aris Dispersion setup.

no-flux boundary conditions. If the concentration in each plane x along the channel
length l is averaged and plotted versus the length, a near Gaussian profile c̄(x, t) is ex-
hibited regardless of the initial condition, see figure 6.5. An indicator of the state of the
transported mass is the longitudinal dispersion coefficient DL

analytical, see equation 6.5,
proposed by Taylor. Later, Aris [9] indicated that the longitudinal dispersion coefficient
describes the distribution of the profile in terms of its moments. More precisely, the
longitudinal dispersion coefficient is proportional to the evolution of the variance of the
Gaussian profile c̄(x, t) with time d(σ2)

2dt [140]. The variance of the distribution c̄(x, t) is
the central second order moment σ2 = E[x2]− µ2 of the distribution. To calculate it
numerically, first we need the normalized mean of the distribution µ = ∑x c̄ x

∑x c̄ , then, the

normalized second order raw moment E[x2] = ∑x c̄ x2

∑x c̄ . Two discrete points in time t1 and
t2 are chosen to calculate the numerical dispersion coefficient DL

numerical, see equation
6.6.

DL
analytical = D(1 + Pe2/210) (6.5)

DL
numerical =

σ2(t2)− σ2(t1)
2(t2 − t1)

(6.6)

Several simulations were conducted using the setup depicted in figure 6.4. The height
of the channel is set to h = 1 and the length to l = 100h. Periodic boundary conditions
applied to the channel walls normal to the x and y directions. AT the top and bottom
planes normal to the z direction no-flux boundary conditions, i.e. interpolated bounce-
back are applied.

The first set of simulations used Péclet numbers Pe = 50 and Pe = 10 with a given
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diffusivity D = 0.02 and D = 0.1, respectively. The mean velocity for both cases was
ūx = 1. The velocity at each node was calculated analytically from the ūx(z) = 6ūx(h−z)z

h2 ,
i.e., only the factorized central moment LB model for advection-diffusion was used here.

For Pe = 50, three simulations where conducted with lattice spacings ∆x ∈ { 1
16 , 1

32 , 1
64}.

Hence, the height of the channel h in lattice units is Nzmax ∈ {16, 32, 64}. In what
follows, all the parameters related to each resolution are stated according to the order
defined by the previous list, unless otherwise stated, i.e., the first parameter is related
to the coarsest resolution simulation while the last is related to the finest. The width
of the channel is always equal to 1∆x .The time steps {t1, t2} at which the results are
gathered are {{3, 4}, {12, 16}, {48, 64}} × 103 for each resolution ∆x respectively.
As the diffusivity used in the simulation is D̃ = 0.085333∆x2

∆t , the profile average ve-
locities ūx that corresponds to a Péclet number of 50 for each of the resolutions are
{0.2666, 0.1333, 0.0666}∆x

∆t , respectively.

For Pe = 10, three simulations were conducted with lattice spacings ∆x ∈ { 1
32 , 1

64 , 1
128}.

The time steps {t1, t2} at which the results are gathered are {{5, 6.25}, {20, 25}, {80, 100}}×
104 for each resolution ∆x respectively. The diffusivity used in the simulation D̃ =
0.025 ∆x2

∆t . The profile average velocities ūx for each of the resolutions are {7.8125 ×
10−3, 3.90625× 10−3, 1.95312× 10−3}∆x

∆t , respectively.

The averaged distributions for the case of Pe = 50 is depicted in figure 6.5. Then, the
longitudinal dispersion coefficient is calculated using equation 6.6. The relative error
in longitudinal dispersion coefficient is calculated using equation 6.8. The error values
stated in table 6.1 concludes that a first-order error behavior for the longitudinal disper-
sion coefficient is observed.

Moreover, a second set of simulations were earlier conducted to test Taylor-Aris against
different models and different Pé numbers. We have tested Taylor-Aris using another
reported LB model for advection-diffusion viz. Yoshida et. al., which showed second
order behavior [140] when calculating the longitudinal dispersion coefficient of Taylor-
Aris. Yoshida et. al. have proposed a LB MRT collision operator for solving advection-
diffusion equation with proper Dirichlet and Neumann-type boundary conditions. The
model uses a velocity set with a smaller number of discrete velocities i.e. the D3Q7
lattice. The same setup of the first set of simulations was used. However, rather than
providing the analytical velocity profile to the model directly as we did in the first set of
simulations, we used for the second set of tests the cumulant LB model (CUM) to solve
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for the velocity field. The used boundary conditions on the lower and upper plates were as
follows: for the advection-diffusion part the no-flux Neumann-type bondary condition
described in Yoshida’s work [140], and for the flow part the interpolated bounce back.
The interpolated bounce back was used to enforce a no-slip boundary condition. First,
three simulations with lattice spacings ∆x ∈ { 1

32 , 1
64 , 1

128} were used. Respectively, the
number of nodes along h were Nzmax ∈ {32, 64, 128}. The diffusivity and the kinematic
viscosity used for those simulations were D̃ = 0.025 and ν̃ = 0.09, respectively. The
profile average velocities ūx that corresponds to a Péclet number of 50 for each of the
resolutions are {0.03906, 0.01953, 0.0097656}∆x

∆t . Constant accelerations of {4.1196×
10−5, 5.1498× 10−6, 5.1498× 10−6, 6.4373× 10−7} ∆x

∆t2 are used to drive the flows
until they acquire the velocity profiles listed earlier. It is worth mentioning that, in order
to start the simulations with the flows in their steady state, we initialized the velocity of
the flows using their analytic parabolic profiles.

The second set of simulations allowed studying the convergence behavior of the cumu-
lant LB model. The model used for solving for the flow, i.e., cumulant LB model, does not
depend on that of the advection diffusion, but FCM depends on the flow. This means, in
the second set of simulations, we have solved basically for the Poiseuille flow benchmark
and used the in situ velocity results in the advection-diffusion model. Figure 6.6 shows a
very good agreement between the analytical solutions and their numerical counterparts
and also shows the distribution of the error along the channel height for the three res-
olutions. Pasquali [102] studied the effect of different third order moments relaxation
parameters ω3, ω4, ω5 on the cumulant LB model convergence behavior. When all of
these parameters are set to unity, the rate of convergence when solving Poiseuille flow
shows a second-order. In our simulation we also set theses parameters to one obtaining
a second order rate of convergence as expected, see figure 6.7. The error is calculated
using the least squared method (L2) norm :

L2 =
1

Nzmax

√
∑Nzmax

n=1

(uanalytical − unumerical

umax

)2

(6.7)

Although Yoshida et al. showed a second order behavior in calculating the longitudinal
dispersion coefficient in their work, Table 6.1 shows that when we used their model we got
a first order convergence rate. A possible interpretation for this difference in behavior is
that, we calculated the variance early. Aris showed that the longitudinal dispersion coef-
ficient is proportional to the time derivative of the variance of the averaged concentration
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Figure 6.5: Section-averaged concentration distribution for the setup for: (left) ∆x = 1
16

for the time steps {t1, t2} = {3000, 4000} and the average velocity of the velocity profile
ūx = 0.1333, (middle) ∆x = 1

32 for the time steps {t1, t2} = {12000, 16000} and the
average velocity of the velocity profile ūx = 0.0666 . (right) ∆x = 1

64 for the time steps
{t1, t2} = {48000, 64000} and the average velocity of the velocity profile ūx = 0.0333.

distribution when t→ ∞. Another observation is that the FCM seems to underestimate
the value of the longitudinal dispersion coefficient while the MRT overestimates it.

Error =
|DL

analytical − DL
numerical|

DL
analytical

(6.8)

6.1.3 Channel with invariant domain

The accuracy of the first order reaction kinetics boundary condition is tested here by
comparing it to the analytical solution. The concentration profile:

c(x, t) = ceq

(
erfc

(
x− x0

2
√

Dt

)
− e

k2t
D + k(x−x0)

D erfc

(
k
√

Dt
D

+
x− x0

2
√

Dt

))
(6.9)

Where, k is the reaction rate constant. The case considered is the stationary case, where
no movement of the interface is considered. The problem domain is a half-space and
modeled as a channel. The domain is of size 800∆x × 3∆x × 3∆x and ∆x = 0.1 ×
10−3m. At the left boundary x = 0 the first order kinetics boundary condition realized by
equation 3.38, with flux j substituted from equation 2.12 is assumed, while at the right
boundary x = 800 an outflow boundary is considered. Different combination of k and D
values were used in the simulations corresponding to different grid Da number. The set
of values used for lattice diffusivity D̃ = {10−4, 10−3, 10−2, 10−1, 1

6 , 1, 100, 1000} and
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Figure 6.6: Numerical and analytical Poiseuille flow profiles, ν̃ = 0.09 ∆x2

∆t . Each res-
olution used a constant acceleration of {4.1196 × 10−5, 5.1498 × 10−6, 5.1498 ×
10−6, 6.4373× 10−7} ∆x

∆t2 , respectively, (left). Error in velocity in each point along the
channel height for the different grid resolutions (right).

Figure 6.7: Forced driven Poiseuille flow between two plates - convergence study. Error
L2 was measured for each resolution.

Figure 6.8: Concentration profile at lattice time step ∆t = 5000 (above) and ∆t = 10000
(below).
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Table 6.1: The relative error in calculating the longitudinal dispersion coefficient DL for
a Taylor-Aris problem with Pé= {10, 25, 50}. The results obtained using either the fac-
torized central moment model or using both the cumulant and Yoshida MRT.

Pé Nzmax
DL

simulation
D

DL
analytical

D Error(%) Model

50
16 11.9103

12.9048
7.7063

FCM32 12.3855 4.02349
64 12.6401 2.05059

10
32 1.43405

1.47619
2.85468

64 1.45432 1.48135
128 1.46505 0.75442

50
32 13.3529

12.9048
3.47244

CUM + MRT

64 13.1542 1.93322
128 13.0352 1.01077

25 64 4.0353 3.97619 1.4651

10 32 1.55206 1.47619 5.13968
64 1.51286 2.48381

reaction rate constant k̃ = {10−4, 10−2, 1, 100, 10000}, respectively. Hence a total of 40
simulations were conducted. All tests were run for a time of 10000∆t.

Figure 6.9 on the left compares some of the profiles obtained by the FCM with the profiles
obtained analytically from equation 6.9, where a very good agreement can be seen. On
the right of the same figure contour plots of the L2 error calculated using equation 3.48.

The first expected observation is that no solution is obtained when D̃ = 1
6 since ω = 1

and that would lead to a division by zero as equation 3.42 shows. Equation 3.42 is used
to calculate the pre-collision state of the distribution from its post-state by backward
BGK transformation. Therefore, 1− ω appears in the denominator, and hence using
ω = 1 must be avoided when using the boundary condition in equation 3.38. Another
observation is that at fixed k̃, the model accuracy increases as the values of D̃ approaches
the singularity at D̃ = 1

6 . In general, the model loses accuracy at very low or high k̃, or
even becomes unstable when using very high k̃ in combination with very low or very high
values of D̃.

For extreme cases of Damköhler numbers Da, the use of the boundary condition de-
scribed in equations 3.38 and 2.12 is not necessary. For cases where the reaction is as-
sumed to be instantaneous k → ∞ and hence Da → ∞, like in the case of dissolution
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Figure 6.9: Concentration profiles for a semi-infinite domain with different values of k̃
and D̃ together with the exact profile obtained from equation 6.9 (left). L2 error for a a
semi-infinite domain. The dashed contours indicate different grid Damköhler numbers
Da = k̃×1

D̃ (right).

of cementitious materials, the discussion in 2.2.3 shows that the interface concentration
assumes a constant value ceq. Therefore, a constant concentration boundary condition
in this particular case can be applied instead. On the other hand, when Da → 0 the
boundary condition can be replaced by a constant flux boundary condition.

6.1.4 Constant mass flux from a cube in flow

In this showcase, the flow around a cubic object that gives of a passive scalar without
morphological change is shown. Zero flux of the dissolved species and zero velocity
is imposed on the top and bottom plates. The flow is driven by a constant pressure
difference between inlet and outlet. The Schmidt number is Sc = 2× 10−4. Progressive
states of the flow are depicted in figure 6.10. This simulation proves that our framework
can be helpful in studying mixing in turbulent flow.

6.2 LBM-VOF for dissolution

The second set of simulations in this chapter is dedicated to solving the advection-
diffusion equation where the problem domain is not fixed. Two extreme cases are consid-
ered. The first is the diffusion-controlled case, where a Stefan-like problem is solved. The
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Figure 6.10: Object giving of passive scalar without dissolution.

other case is reaction-controlled dissolution is considered. The dissolution-controlled
case is important in particular, since dissolution in cementitious materials is assumed to
be diffusion-controlled.

6.2.1 Channel with moving interface: diffusion controlled

We test here a moving boundary problem of a semi-infinite space. In this case, the dis-
solution is diffusion-control, meaning that the reaction is assumed to be instantaneous.
The interface concentration ci = ceq. The analytical solution for the interface velocity is
given by [3].

r− r0 = 2λ
√

Dt (6.10)

with λ obtained after solving the following transcendental equation:

√
π λ eλ2

erfc(−λ) =
ceq − c0

cs − ceq (6.11)

Several cases were studied using different ratios of saturation concentrations in fluid and
solid phases respectively ceq

cs
= {0.1, 0.3, 0.4}. The initial concentration c0 = c(x, 0) = 0.

The diffusion coefficient D = 10−9 m2

s . Different resolutions were used in the simula-
tions ∆x = {0.025, 0.05, 0.1}mm. The geometry used in this test is a channel of length
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l = 10cm, width and height of w = h = 2cm is split into two phases; the solid phase ex-
tends in the interval [0, 2.5]cm and the rest of the channel is occupied by the fluid phase.
Periodic boundary conditions were applied on the faces perpendicular to the y and z
directions. The solution boundary condition is applied at the interface of the channel.
The simulation time interval is [0, 5.5]hr. The lattice Boltzmann diffusivity is D̃ = 0.01,
which results in a range of time steps extending from about 2× 105 up to 3× 106 for
the different grid resolutions.

In figure 6.11, a very good agreement is shown between the analytical and the simulation
results. The grid convergence study in figure 6.12 show second order convergence.

The error in interface-position is calculated from

L2 = ∑
(

rsimulation − ranalytical

ranalytical

)2

(6.12)

As it is expected, increasing the ceq

cs
ratio will increase the velocity of the interface, i.e.

the dissolution rate as shown in figure 6.11. Increasing ceq

cs
is traditionally performed

in studying dissolution experimentally [29, 49]. In order to accelerate the dissolution, a
solution with higher ceq is used. A famous example is replacing deionized water with
ammonium nitrate solution [133].

In real applications, the resolution required in the simulations sometimes reaches small
orders of magnitude of micro meters in order to capture small features like capillary
pores. As a result, the time step decreases dramatically. To feasibly simulate these sys-
tems, the number of time steps is kept at a minimum. This is done, through increasing
the Diffusivity D̃. As seen in section 3.7, increasing diffusivity results in increasing errors.
Here, based on the results of section 3.7 two examples illustrate what diffusivity D̃ can
be used without sacrificing the accuracy. The same domain of the previous example was
used. The resolution used in both simulations is ∆x = 0.1× 10−3. The chosen ratio of
saturation concentrations in the fluid and solid phases is ceq

cs
= 0.001 in the two exam-

ples. The reason of choosing this ratio is due to its resemblance of the calcium saturation
concentration ratio in cement pastes. For the case of a channel with diffusion controlled
dissolution, the profile of concentration is given by [3]:

c(x, t) = ceq
erfc

(
x−x0
2
√

Dt

)
erfc (−λ)

(6.13)
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Figure 6.11: Comparison of analytical solution for the position of the interface and the
simulated result in case of diffusion-controlled dissolution of different solid/fluid satu-
ration ratios and of different grid resolutions.
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Figure 6.12: Convergence study of the L2 norm of the error in the interface position in
the case of diffusion- controlled dissolution.

Using a very high value of D̃ = 10000 leads to the same problem observed in section
3.7.2 of having premature concentration profiles as shown in the right of the top row
in figure 6.13. The error in concentration has bad consequences on the development
of the interface position, where the position of the interface lagged behind its analytical
counterpart as shown in the left plot on the first row. On the other hand, decreasing the
diffusivity by two orders of magnitude D̃ = 100 in the second case leads to an excellent
match with the analytical solution for both the concentration profile and the interface
position.

6.2.2 Channel with moving interface: reaction controlled

Next we consider the reaction controlled case specified by Damköhler number Da = 0.
The setup is the same as in the previous section. The simulation results together with a
comparison to the analytical solution in Equation (6.14) (obtained from [129]) is shown in
figure 6.14.

r− r0 =
ceq − ci

cs − ci
kt (6.14)
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Figure 6.13: The position predicted numerically for the channel with diffusion-controlled
dissolution using D̃ = 10000 together with the its analytical counterpart (top left). The
concentration profile for the same case at 5.5× 105s (top right). The position predicted
numerically for the channel with diffusion-controlled dissolution using D̃ = 100 together
with the its analytical counterpart (bottom left). The concentration profile for the same
case at 5500s (bottom right).
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In figure 6.14 very good agreement with the analytical solution is shown for several grid
resolutions and fluid-solid saturation ratios.

6.2.3 Cube diffusion-dissolution in a flow

In the next example we study the dissolution of a cubic object between two parallel plates.
The dimensions of the channel were as follows: 1280× 160× 320 ∆x. Zero flux of the
dissolved species and zero velocity is imposed on the top and bottom plates (z = 0∆x and
z = 320∆x). The flow is driven by a constant pressure difference of 0.01 between the inlet
(x = 0∆x) and the outlet x = 1280∆x, while for the concentration at the inlet and the
outlet an open boundary condition was used. The simulations were initialized with zero
velocity and zero concentration fields. The used viscosity is ν̃ = 0.16× 10−6 ∆x2

∆t , while
the value of diffusivity used in the simulation is D̃ = 0.16, which give a Schmidt number
of Sc = ν

D = 10−6. The edge of the cube has a length at t = 0 of a = 104.32∆x. The cube
center is nearer to the inlet of the channel and exactly at 40% of the whole length. The
chosen ratio of saturation concentrations in the fluid and the solid phases is ceq

cs
= 0.1.

The total degrees of freedom used in this simulation tops 3.5× 109 including 27× 2
distribution per node and the interface cells volume. The total run time is T = 100000∆t.

The progressive state of the dissolution are depicted in figure 6.15. A similar study was
conducted by Arnout et al. [10] suggests that the lower the Schmidt number, the smaller
the aspect ratio of the resulting geometry and the faster the dissolution is.

It can be seen from the developing geometry of the cube in fig 6.15, how the lower
concentration at one side of the cube (the one near the inlet) leads to a faster dissolution
of that side. At the beginning of the simulation, the velocity in the channel is not high,
therefore, symmetric loss of solid mass from the cube is observed. As time passes, higher
concentrations at the face of the cube near the inlet tend to be swept by the velocity
towards the end of the channel. The decrease in concentration creates a higher rate of
dissolution. However, at the center of that face, a stagnation point exists, which prevent
the concentration from decreasing. As a result, slower rate of dissolution occurs. For
the previous reasons, the half of the cube nearer to the inlet develop a peak pointing to
the inlet as time passes. On the other hand, the face of the cube further from the inlet
dissolutes in a uniform manner, since the velocity magnitude is lower behind the cube.
The shrinking of the solid continues until the whole body dissolutes then the channel is
emptied from the solute.
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Figure 6.14: Comparison of analytical solution for the position of the interface and the
simulated result in case of reaction controlled dissolution of different solid/fluid satura-
tion ratios and of different grid resolutions
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Figure 6.15: Evolution of the geometry of a solid cube in a channel with flow together
with the developed concentration field.





Chapter 7

Flow, diffusivity and dissolution
simulations of hydrated cement pastes

7.1 Portlandite samples

Patel et al. proposed a test case to investigate the effect of the surface area [106] on the
dissolution of calcium in portlandite. The setup is depicted in figure 7.1. Patel considered
a 2D setup only while we study the problem in 3D. Our domain is a cube of dimensions
50µm× 50µm× 50µm. The gird spacing is ∆x = 2µm. The domain is bounded with
zero flux boundary condition from all sides. A diffusion-controlled dissolution boundary
condition is applied at the boundary nodes of the L shapes with ceq = 19.49mol/m3. The
initial concentration field is zero everywhere. The simulation is run until the concen-
tration value reaches the equilibrium everywhere. By then, no further dissolution takes
place and the system reaches a steady state. Figure 7.2 shows the progression of diffu-
sion in the system as time proceeds, while figure 7.3 shows the evolution of the fill level
of the portlandite. This spatial arrangement idealize the situation in a complex porous
medium. On the inset of the simulation and due to the initial zero condition, large dif-
ference between the saturation concentration ceq and the interface concentration ci = 0
occurs. This driving force causes a heap of mass being dissoluted from every point of
the interface. Afterwards, transfer of the dissoluted material takes place. Mass fluxes
are proportional to the gap in concentration between neighboring points in the domain.
Consequently, as can be seen from the middle of figure 7.2 inside the narrow channels
between the L shapes, mass transport stalls due to having a saturation condition. As a

83
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Figure 7.1: Setup of the portlandite geometry in Patel’s test [106] (left) and initial state of
the fill volume field and the interface of the simulation (right).

Figure 7.2: Evolution of dissolving portlandite: initial state (left), intermediate state (mid-
dle) and steady state (right).

consequent no dissolution takes place at the inner interface of the L channel. On the
other hand, at the outer surface the dissolution is obvious. The dissolution continues
until reaching the steady state, where concentration is at equilibrium everywhere, so no
gradients occurs and therefore no dissolution occurs. Our findings comply with Patel et
al. [106] qualitatively. A better view of where exactly did the dissolution occur is provided
in figure 7.3. The fill volume stays the same at the cells where the L shapes are not apart.
A decrease of the cells fill volume can be seen at the outer regions.



7.2. SIMULATIONS OF FLOW, TRANSPORT AND DISSOLUTIONS 85

Figure 7.3: Fill level in solid and interface cells together with the concentration field

7.2 Simulations of flow, transport and dissolution in HCP
microstructures

7.2.1 Preprocessing of the CT scans

In order to use the framework abilities to study transport in real hydrated cement paste
HCP microstructures, we use a data set provides by NIST Visible Cement Dataset [18].
The cement used in preparing the specimens is the Cement and Concrete Reference Lab-
oratory (CCRL) cement 133. The physical and chemical properties of cement 133 are listed
in the NIST Cement Images database. The NIST dataset contains 3D images of cement
pastes of water/cement w/c ratios between 0.3 and 0.45 taken at different hydration
times. The cement pastes used in NIST dataset prepared by mixing masses of cement
(typically 50 g) with water added to a plastic beaker. The used methods of mixing is hand
mixing for a minute followed by the so-called "drill mixing" [18]. Shortly afterwards, the
pastes were "extruded" into hollow cylindrical molds of a length of 10mm and a diameter
of 1mm. Allowing the cement pastes to set (4h after preparation) was necessary to obtain
meaningful images. This is due to the fact that cement particles are in a state of motion
before setting. At the end, the samples were imaged on a 3D microtomography unit
at the European Synchrotron Radiation Facility (ESRF). The end product of the imaging
process is a 3D image composed of many voxels. The images have a voxel resolution of
0.95µm. The whole sample contains 10243 voxels. Bentz et al. extracted a smaller cubic
sub-sample (see figure 7.4). The cube contains 3003 voxels [18].

Each voxel in the 3D image is assigned a value between 0 and 255 known as the greyscale
value. These values are proportional to the linear attenuation coefficient of the material
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Figure 7.4: The CCRL133 cement hydrated cement sample (pt045_sld_7dv1c300). A core
cube of dimensions 300× 300× 300 µm was taken as a representative element volume.

Figure 7.5: Segmentation of CT hydrated cement sample into solids and pores.
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contained in the voxel. Materials that have higher densities appear brighter, for example
unhydrated cement, while materials with lesser densities appear darker [18].

In order to obtain the pore space of the cubic sub-sample we apply histogram based
segmentation using Powers model [110]:

θpores =
w/c− 0.36α

w/c + 0.32

θunhydrated =
0.32(1− α)
w/c + 0.32

θhydrated = 1− θpores − θunhydrated

(7.1)

The histogram of the sample is shown in figure 7.5. Here, we follow the thresholding
conducted by [73], where the threshold between the hydrated and unhydrated products
is T1 = 114. This allowed calculating the unhyrated cement volume fraction θunhydrated =
0.154. Then from equation 7.1 we can calculate the degree of hydration α = 0.63. From
the previous, we can calculate the volume fractions of the hydration products and the
pores to be θhydrated = 0.558 and θpores = 0.288, respectively. The final pore space,
hyration products and unhyderated cement after thresholding is depicted in figure 7.6.

In this chapter, all our simulations depended on a particular dataset viz. (pt045_sld_7dv1c300)
that has a water/cement ratio of w/c = 0.45 and a hydration time of 137h. The reason
for using this particular dataset is that it is the dataset with the longest hydration time.

7.2.2 Numerically obtained permeability and effective diffusivity from
the HCPs 3D images

Simulations of flow through microstructure

In order to determine the intrinsic permeability of the cement paste we simulate the flow
through the obtained mircostructure. The lattice Boltzmann method has been proven
to be a reliable and fast method for such simulations [85, 94, 24, 62, 76, 142, 77]. Due to
their high hydrodynamic resistance, flows through porous media can show compress-
ibility effects even at low Mach numbers. To prevent this from happening, a lattice Boltz-
mann model with constant density can be used [63]. Here we apply the cumulant lattice
Boltzmann method CUM with constant density which was previously applied to flow
through porous media [137, 76]. Two simulations were conducted with pressure differ-
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Figure 7.6: The thresholded dataset: (pt045_sld_7dv1c300). Three phases (pores, hydra-
tion products and unnhydrated cement) are obtained using Powers model [110] (equation
7.1).

Figure 7.7: Velocity field inside the pores of a CT sample of cement paste at ∆t = 1920000
(left). The density field depicted at the same time (right).



7.2. SIMULATIONSOF FLOW, TRANSPORTANDDISSOLUTION INHCPMICROSTRUCTURES89

ence between the inlet and outlet of 3.33 × 10−3. The native resolution of the scan
(∆x = 0.95µm) were used. Two viscosity values were used ν̃ ∈ {10, 20}∆x2

∆t . The simula-
tions were run until reaching steady state, where the difference in the total sum of the x
velocity component at the outlet was less than 10−4 over 40000∆t. The results obtained
exactly at 1920000∆t. The flow and density fields are depicted in figure 7.7.

The intrinsic permeability κ [L2] is a property of porous media. It is independent of the
penetrating fluid or applied pressure [142]. κ is computed from Darcy’s law:

κ =
LQµ

A∆P
(7.2)

where Q is the flux of water, L is the depth of the porous medium, µ is the dynamic
viscosity, A is the area perpendicular to the flow and ∆P is the pressure difference.
The measured intrinsic permeability values were κ = 3.0477 × 10−13m2 for the case
with ν̃ = 10, while κ = 8.711× 10−13m2 for the case with ν̃ = 20. The range of in-
trinsic permeability in some published experimental results with water/cement ratio of
w/c ∈ {0.35, 0.47} is between {10−22 − 10−16}m2 for sample ages starts from 3 up
to 600 days [100, 130, 139, 59, 135, 12]. The discrepancy between the experimental re-
sults itself is against expectations. Intrinsic permeability is found to depend on the fluid
used for the measurement according to [142]. The measured permeability is found to
have 2 to 3 orders of magnitude deviation, even for the same fluid used in the mea-
surements [5, 12]. The deviation also occur even if the same hydrated paste composition,
water/cement ratio w/c and hydration age were used [142]. Several factors may have lead
to these discrepancies. However, according to [142], the degree of saturation of the sam-
ple plays the major role in having such discrepancies and the previously mentioned range
of measurement were actually conducted on a non-saturated samples. The method of
curing of the samples caused some of the sample to be without any liquid water [142].

On the other hand, numerical models give different ranges depending on the model
used to calculate κ. For example, [142] obtained higher permeabilities than the ones
obtained from experiment. Our calculated κ are approximately the same with theirs. The
main reason for having higher permeability in our case and generally in LBM simulations
is that even in cases of very low porosity, the distributions can be transferred to at least
one of the nearest neighbors. And hence allowing the fluid to be transmitted through
the sample. Even if a single line of points is found in the sample, they still have the ability
to transfer fluids through the domain via the so-called diagonal leaks according to [85].
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Besides that, errors due to uncertainty in the thresholding process affects porosity and
hence permeability.

Diffusion through capillary pores in HCPs microstructures

Diffusion of solute inside the pores of the HCP microstructures is conducted to obtain
the effective diffusivity. Diffusivity of the concrete is an important factor in determining
the service life of the structure [127]. Effective diffusivity is a macroscale property of
porous media. It depends on several factors: the porosity of the media, morpghology of
the media and the diffusivity of the species itself in pure water [67].

Various experimental methods have been proposed to measure effective diffusivity in
HCP. In addition, several attempts to tackle the problem through modeling have been
developed. A state of the art of different experimental and numerical techniques used to
determine the effective diffusivity is found in Patel’s work [104].

The computational procedure that is followed to calculate the effective diffusivity in-
cluded solving the diffusion equation in the fluid domain of the microstructures, which
is composed of the pores phase shown in figure 7.6. The other two phases, i.e. the hydra-
tion products and the unhydrated cement are considered non-diffusive. Three simula-
tions are conducted, to study the behavior of the effective diffusivity of a solute diffused
along different main axis of the sample. In the first simulation no transformation is
applied on the microstructure shown in figure 7.6 and the inlet and outlet are located
on the planes x = 0∆x and x = 300∆x. In the second simulation, a clockwise rota-
tion of 90◦ about the z axis is applied and the inlet and outlet are located on the planes
y = 0∆x and y = 300∆x. In the last case, the microstructure is rotated about the y
in counter-clockwise direction also a 90◦ where, the inlet and outlet are located on the
planes z = 0∆x and z = 300∆x. The transformations are shown in figure 7.8. The inlet is
in the three cases is assigned a constant concentration of 1, while the outlet is assigned
a constant concentration of 0. Apart from the inlet and the outlet, the walls surrounding
the sample in other directions each were assigned a no-flux boundary condition. More-
over, both of the non-diffusive phases were assigned a no-flux boundary condition each.
The diffusivity used in the simulations was D̃ = 1, and the simulations were run for
1000000∆t. The simulations were run until reaching steady state, where the difference
in the total sum of the normal to the wall component of the mass flux at the outlet was
less than 10−3 over 100000∆t.
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Figure 7.8: The concentration field of the solute after reaching steady state for each con-
figuration. The mass conservation equation solved over the pores space shown in figure
7.6. Three configuration to test the value of De were used. The transformation for the
pore space for each configuration is shown.

From [144] the effective diffusivity De can be calculated from:

De =

∫
outlet jD · n

A∆c
(7.3)

Where n is the normal to the outlet (in the opposite direction of the domain), ∆c is the
difference between inlet and outlet concentration and A is the area of the outlet. After
reaching steady state equation 7.3 is used to calculate De. The total sum of the normal
to the wall component of the mass flux at the outlet and the calculated De for each
simulation is shown in table 7.1. Figure 7.8 shows the concentration field of the solute
after reaching steady state.

Garboczi and Bentz [50] have proposed a model (equation 7.4) that is calibrated against
experiments to obtain the De.

De

D0
= 0.001 + 0.07θpores

2 + 1.8 H
[
θpores − 0.18

] (
θpores − 0.18

)2 (7.4)
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Table 7.1: The total sum of the normal to the wall component of the mass flux at the outlet
along with the calculated De for each simulation.

along x direction along y direction along z direction

∑ ji|i=300∆x 10.871 11.036 8.258
De/D̃ 0.0362 0.0367 0.02763

De/D0 (eq. 7.4) 0.0278

Where H is the Heaviside function and θpores = 0.288 as obtained earlier (see figure 7.5).
By direct comparison of our results to the above formula as shown in table 7.1, we find a
good agreement in the third case, where the gradient of solute is along the z axis. In the
other two cases, we observe that our model overestimates the value of De.

The discrepancy between the simulation results and the values obtained from equation
7.4 can be related to the discussion in the previous section about the so-called diago-
nal leaks. Another plausible explanation to this discrepancy was offered by Karim and
Krabbenhoft [73]. They suggested that a grayscale threshold value of 42 is too high and
hence an overestimated of De values are obtained.

7.2.3 Simulating calcium dissolution in HCPs microstructures

Dissolution in cementitious materials is the process of giving off ions from the solid hy-
drated products, mainly calcium. The solid phases that are mainly responsible for giving
off calcium are the portlandite (CH) and the calcium siclicate hydrate (CSH) [96, 56, 37,
61]. The calcium ions are then transported mainly by diffusion in the saturated pores
[28, 4, 30]. The combination of the two processes is referred to as calcium leaching, or
simply leaching. Since cement-based materials have a high pH value around 13, even
deionized water can be considered an aggressive solution triggering leaching in addi-
tion to acids. According to their significance in the hydrated cement paste, the hydrated
phases containing calcium are the calcium silicate hydrate (CSH), portlandite (calcium
hydroxide) (CH) and other phases collectively known as (AFm) resulting from the hy-
dration of aluminates and ferrites. The following chemical equations are the assumed
reactions taking place to produce the hydrates [69, 123, 125]

2 C3S + 10.6 H → C3.4S2H8 + 2.6 CH (7.5)



7.2. SIMULATIONSOF FLOW, TRANSPORTANDDISSOLUTION INHCPMICROSTRUCTURES93

Table 7.2: Volume fractions of standard cement CCRL 133 main minerals [2].

φC3S φC2S φC3 A φC4 AF

CCRL 133 standard cement 0.7018 0.1315 0.0827 0.084

2 C2S + 8.6H → C3.4S2H8 + 0.6 CH (7.6)

C3A + 12 H → CSH2 + C4ASH14 (7.7)

3 C4AF + 110 H + 12 CSH2 → 4 C6(A, F)S3H32 + 2 (A, F)H3 (7.8)

Equations 7.5 and 7.6 show how the CSH and the CH are produced, while equations 7.7
and 7.8 show the production of the AFm phases. The first two equations have a significant
importance since they describe the production of the CH and the CSH. The chemical
properties of the CH and the CSH control the behavior of cementiteous materials in the
presence of aggressive environments [37, 61].

After segmenting the images using Power’s model equations 7.1, three different volume
fractions are obtained, capillary pores θpores, unhydrated cement θunhydrated and hydra-
tion products θhydrated, as seen in figure 7.5. Each voxel of the image belongs to one of
the three groups i.e. capillary pores, unhydrated cement and hydration products. Vox-
els with unhydrated materials are inert. Dissolution can only occur in voxels containing
hydrated materials. Plenty of voxels in the CT images are voxels containing hydrated ma-
terials. As mentioned earlier in section 7.2.1 the ct images have a resolution of 0.95µm,
hence all features smaller than this value cannot be distinguished.

In order to proceed with the simulation, the saturation concentration in the hydrated
solid materials ceq

s must be known. Since ct images give only information in form of
grayscale values and nothing about the chemical composition of the materials, an esti-
mation procedure of ceq

s was adopted. This procedure is based on stoichiometric calcula-
tions. But first, the amount of the CH and the CSH phases forming the hydrated solid
materials must be known. To calculate the volume fractions of the CH and the CSH,
we adopted a homogenization procedure applied to the hydrated materials. A similar
homogenization procedure proposed by Huang et al. [66] was used to extract effective
elastic properties of the HCP from CT scans. The procedure for calculating the amount
of calcium in the CH and the CSH is described in what follows.

The number of moles in one unit volume of cement N [N L−3] for C3S and C2S, re-
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spectively, can be calculated from:

NC3S =
φC3S ρC3S

MC3S

NC2S =
φC2S ρC2S

MC2S

(7.9)

WhereMC3S andMC2S are the molar masses [M N−1] of C3S and C2S, ρC3S and ρC2S

are the mass densities [M L−3] of C3S and C2S, and φC3S and φC2S are the volume
fractions of C3S and C2S, respectively.

For the products, since two chemical reactions can produce CSH, we distinguish be-
tween CSH produced from C3S, equation 7.5, and the one produced from C2S, equation
7.6. The number of moles in one unit volume of CSH produced from C3S N C3S

CSH and
the CSH produced from C2S N C2S

CSH :

N C3S
CSH =

φC3S
CSH ρCSH

MCSH

N C2S
CSH =

φC2S
CSH ρCSH

MCSH

(7.10)

WhereMCSH is the molar mass of CSH, ρCSH is the mass density of CSH, φC3S
CSH is the

volume fraction of CSH produced from C3S and φC2S
CSH is the volume fraction of CSH

produced from C2S.

The same can be applied to the CH phase:

N C3S
CH =

φC3S
CH ρCH

MCH

N C2S
CH =

φC2S
CH ρCH

MCH

(7.11)

WhereMCH is the molar mass of CH, ρCH is the mass density of CH, φC3S
CH is the volume

fraction of CH produced from C3S and φC2S
CH is the volume fraction of CH produced from

C2S.

The stoichiometric ratios between the the products (CSH, CH) to the reactants (C3S,
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C2S) can be obtained from equation 7.5:

nCSH

nC3S
=
N C3S

CSH
NC3S

=
1
2

nCH

nC3S
=
NCH

NC3S
= 1.3

(7.12)

And equation 7.6:
nCSH

nC3S
=
N C2S

CSH
NC2S

=
1
2

nCH

nC2S
=
NCH

NC2S
= 0.3

(7.13)

Where nCSH, nCH, nC3S and nC2S are the coefficients of the equations 7.5 and 7.6.

From equation 7.12 the total number of CSH moles per unit volume is:

NCSH = α(N C3S
CSH +N C2S

CSH)

NCSH = α

(
1
2
NC3S +

1
2
NC2S

) (7.14)

From equation 7.13 the total number of CH moles per unit volume is:

NCH = α(N C3S
CH +N C2S

CH )

NCH = α(1.3NC3S + 0.3NC2S)
(7.15)

From equations 7.9 and 7.10, we solve for the volume fraction of CSH, φCSH = φC3S
CSH +

φC2S
CSH:

φCSH = α
MCSH

ρCSH

(
1
2
NC3S +

1
2
NC2S

)
(7.16)

φCSH = α
MCSH

ρCSH

(
1
2

φC3S ρC3S

MC3S
+

1
2

φC2S ρC2S

MC2S

)
(7.17)

The same procedure is done to obtain the volume fraction CH, φCH = φC3S
CH + φC2S

CH :

φCH = α
MCH

ρCH

(
1.3NC3S + 0.3NC2S

)
(7.18)
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Table 7.3: Physical properties of the reactants and products in the chemical reactions in
equations 7.5 and 7.6 [66].

Phase M× 10−3 [kg/mol] ρ [kg/m3]

C3S 228.32 3150
C2S 172.24 3280

CH 74 2240
CSH 227.2 1824.59

φCH = α
MCH

ρCH

(
1.3

φC3S ρC3S

MC3S
+ 0.3

φC2S ρC2S

MC2S

)
(7.19)

On the level of cement paste the volume fractions for both CSH and CH

θCSH = φhydrated
φCSH

φCH + φCSH
(7.20)

θCH = φhydrated
φCH

φCH + φCSH
(7.21)

From Table 7.3 the physical properties of the reactants and products are used together
with volume fractions of the reactants from table 7.2, provided by NIST [2], to calculate
θCH and θCSH. They were estimated to be 0.204 and 0.35173, respectively. Their sum
is equal to the value of θhydrated. Hence, one cubic meter containing only hydration
products is split into 36.708% CH and 63.29% CSH. From this, we can calculate the
initial concentration of calcium in the hydration products with the help of table 7.3:

ceq
Ca, s = 0.36708 × 2240

74× 10−3

[
mol CH

m3

]
× 1

[
mol Ca
mol CH

]
+

0.6329 × 1824.59
227.2× 10−3

[
mol CSH

m3

]
× 3

[
mol Ca

mol CSH

]
= 26350.2

[
mol
m3

]

The estimated ratio of calcium saturation concentrations in the pore solution (ionized
water) and in the hydrated solid phases is then ceq

Ca
ceq

Ca,s
= 19.49mol/m3

26350.2mol/m3 = 0.0007396. This
estimated value is very small. Hence, the simulation is expected to have a long time.
In section 6.2.1 we have pointed out that when ceq

cs
increases then the dissolution rate

also increases. Besides that, in experiments a solution with higher ceq, like for example
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ammonium nitrate solution [29, 49, 133], is used instead of deionized water to accelerate
dissolution.

Recently, Perko and Jackques [108] have proposed an approach to reduce the total time
required to do calculations in systems that have transport governed by diffusion and
contains diffusion-controlled dissolution. This is particularly the case in the problem
of calcium leaching from cementitious materials. Their idea is based on the nature of
diffusion-controlled dissolution, where the solid phase instantaneously dissolved to allow
the solute to reach saturation in the fluid phase.

In cementitious materials, the calcium concentration is sufficiently higher in solid hy-
drated phases rather than in the pore solution ceq

s > ceq. Consequently, the concentra-
tion field stays the same over a period of time, while the solid phases are being dissolved.
This stagnation behavior of the concentration field may be used to reduce calculation
time.

Perko and Jackques [108] introduced what is known as the buffer number Bu = ceq

cs
1

θhydrated
.

The Bu number is a non-dimensional number, which allows increasing ceq or decreasing
cs such that "similar dissolution patterns" are obtained, but after scaling time appropri-
ately according to the relation:

t2 = t1
Bu1

Bu2
(7.22)

In case that θhydrated and cs are kept constant and by using the definition of Bu number,
the time is scaled as:

t2 = t1
ceq

1 /cs × θhydrated

ceq
2 /cs × θhydrated

= t1
ceq

1

ceq
2

(7.23)

Where, t1 is the time corresponding to a reference solution saturation concentration ceq
1

and t2 is the scaled time due to using a scaled solution saturation concentration ceq
2 .

Therefore, a system with a specific saturation concentration ceq
re f erence may be acceler-

ated by scaling up its solution saturation concentration to be ceq
accelerated, which results in

having the same morphology obtained at earlier calculation time, provided that θhydrated

and cs are kept constant. This acceleration comes with the caveat that θhydrated should
be more than 10% and Bu should be lower than 0.2 to obtain accurate results [108]. Fi-
nally, Perko and Jackques have shown that simulations of cementitious systems can be
accelerated 50 times with an error of the remaining portlandite mass of 3.5% [108].

To study the behavior of dissolution in the microstructures of HCP obtained from ct scan-
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ning, a simulation on the same dataset used in the previous sections was conducted. To
be more precise, the leaching of calcium from hydrated phases CH and CSH is consid-
ered. As leaching is a process composed of diffusion and reaction, only FCM together
with VOF-PLIC were employed to conduct the simulation. The sample is surrounded by
walls with no-flux boundary conditions, except for the wall at x = 0, where a constant
zero concentration is assigned to it. The anhydrous phase was also set a no-flux bound-
ary condition. However, the hydrated phase was set a diffusion-controlled dissolution
boundary condition. The simulation is initialized with zero concentration. The resolu-
tion is kept the same at ∆x = 0.95× 10−6m. The diffusivity of calcium is taken to be
10−9m2/s. The diffusivity in LB units is D̃ = 100. The time step is then ∆t = 0.1s.
The number of time steps considered is 256000∆t that corresponds to 25600s (about
0.296d).

In section 6.2.1, excellent results are obtained when using D̃ = 100 together with ceq

cs
=

0.001. Earlier, we have calculated ceq
Ca

ceq
Ca,s

= 0.0007396. Arbitrarily, the approach of Perko

and Jackques [108] is used to increase the ratio ceq
Ca

ceq
Ca,s

by about 60%, to let it be equal to
0.00122. This increase introduces negligible error while at the same time decreases the
computational time significantly. This decrease makes a big difference in a computation-
ally demanding problems like the one in hand. From equation 7.23, increasing the ceq by
about 60% will scale up the simulation time with the same value. Since, the accelerated
time is t2 = 25600s, the actual time of the simulation is 25600× 0.00122

0.0007396 = 42228.23s,
which is approximately 0.488d.

Figure 7.11 shows the evolution of the system with time. It is observed that at the be-
ginning of the simulation, the concentration in the pores is very far from saturation
ceq

Ca = 19.49mol/m3. Hence, a surge of calcium mass moves out from the hydrated
phases towards the small pores increasing the concentration to saturation. As a result,
the situation in the pores calms since no further dissolution takes place. At the pores
nearer to the wall with zero concentration (x = 0), a concentration gradient appears
helping to decrease the concentration at the interface of the pores and allowing calcium
to dissolve. As time passes, the process continues and the leaching front move deeper
into the sample. The rate with which the front moves is expected to be proportional to
the square root of time since it is diffusion-controlled. Figure 7.12 shows different slices
taken at different space and time. It can be seen that dissolution is symmetric along y
and z directions.
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Figure 7.9: Leaching kinetics parameter obtained from the simulation and compared to
different experimental values.

To see how the approach of Perko and Jackques [108] affected the efficiency, figure 7.10
shows a comparison of the system evolution for the case of using the original value
of the ceq

Ca
ceq

Ca,s
= 0.0007396 and for the case of the accelerated value ceq

Ca
ceq

Ca,s
= 0.00122. In

both simulations a total number of 256000 time steps were used. While the original
non-accelerated case required all 256000 time steps to get the results, the accelerated
case required a total number of only 160000 time steps, to obtain the same results. It
is obvious that there is an almost complete similarity in morphology in the two cases,
where the leaching depth is nearly identical †. In general, this comparison shows how
the approach by [108] led to a significant increase in the efficiency when only a small
acceleration factor was used.

To measure the progression of leaching fronts in hydrated cement pastes in the case of
†The small differences are due to the fact that the results of the original case (ceq

Ca/ceq
Ca,s = 0.0007396)

were obtained slightly later in time. It is expected that if the results were obtained exactly at T =
263926.446∆t a better match would have been acquired.
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Figure 7.10: Slices at z = 150µm in the calcium concentration field for: the simulation
where the original value of the ratio between the saturation concentration in the pore
solution and the hydrated solid ceq

Ca/ceq
Ca,s = 0.0007396 is employed (left), and the the

other simulation of ceq
Ca/ceq

Ca,s = 0.00122 where acceleration approach by [108] is used
(right). In the first case 256000 time steps are used, while in the second case only 160000
time steps are used to reach the same state.

diffusion-controlled dissolution, the depth of leaching is calculated by:

Lx = a
√

t (7.24)

Where Lx is the depth of the leaching front, a is known as the leaching kinetics parameter
and t is the time. The average position of the interface is calculated and plotted against
the square root of time in figure 7.9. Using linear fitting the leaching kinetics parameter
was calculated to be 0.2804. A comparison with some experimental results is set up. A
good agreement with Bellego et al. [104, 15] can be seen. Bellego et al. have investigated
the effect of leaching due to deionized water on the mechanical properties of rectangular
mortar beams. They measured the depth of leaching using phenolphthalein, which turns
pink from colorless when the pH values increases. A similar study, but more general,
conducted by Kamali et al. [70] takes into account different factors affecting the leaching
depth, like the cement composition, admixtures added to the paste and different tem-
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peratures up to 85◦C. The specimens used are prisms with 30mm × 20mm × 30mm
dimensions. The leaching depth was measured using a scanning electron microscope
(SEM). In figure 7.9 the leaching kinetics parameter for two of the cases of water/cement
w/c ∈ {0.4, 0.5} at 26◦C, were 0.14 and 0.169, respectively.

The deviation from the results of Kamali et al. [70] can be referred to a sum of rea-
sons. Leaching is a complex phenomenon. A plethora of interactions plays a role that
leads to leaching in reality. To enumerate some, we start by the observation [28, 19, 133]
that leaching occurs in stages. That is, portlandite dissolution occurs first, then followed
by CSH dissolution in an incongruent way. The CSH incongruent dissolutiuon is a
function of the calcium-to-silica ratio (Ca/Si) in the solid. It is observed that as (Ca/Si)
deceases, the saturation concentration of calcium in the fluid phase ceq

Ca also deceases
[28, 19, 133]. Therefore, in our case, applying homogenization on CH and CSH have
introduced modeling errors that may have lead to this deviation. Another factor that
may have affected the results is the ignorance of the electrical effects on transport. That
is, in reality ion transport takes place rather than molecule transport [86]. Other factors
include: the effects of the degree of saturation in the pores on transport and the con-
sequences of mechanical stress on transport, which might lead to introducing fractures
and microcracks in reality.
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Figure 7.11: The progression of calcium leaching front in HCP. Calcium concentration
in the pore water reached its saturation degree. At the plane x = 0 zero concentration
is imposed to simulate the existence of an aggressive solution (deionized water). The
irregular shapes in white are the unhydrated cement particles.
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Figure 7.12: The columns present slices of the sample under dissolution (figure 7.11) at
planes z ∈ {75, 150, 225}µm. The rows of the above figure show the evolution with
time of the calcium leaching front. At any time instance, the leaching depth values seem
to be close. The white regions in the dissoluted zone are the locations of the unhydrated
cement.





Chapter 8

Conclusion and future work

8.1 Summary

Beside an accurate knowledge of the various degradation mechanisms that alter the
service-life of concrete structures, an accurate and efficient means to model these mech-
anisms are necessary for reliable predictions of the long-term behavior of cementitious
systems.

In this thesis, a framework for the simulation of dissolution of solids was introduced. The
framework consists of a lattice Boltzmann fluid solver based on the cumulant method
CUM, a lattice Boltzmann advection diffusion solver for scalar transport based on the
method of factorized central moments FCM and a volume of fluid method VOF-PLIC ac-
counting for morphological changes of the solid body due to dissolution. The CUM and
FCM methods together with appropriate boundary conditions have exceptionally large
ranges of admissible transport parameters (i.e. viscosity and diffusivity) which translates
into a very large range in terms of non-dimensional numbers such as Schmidt Sc, Pećlet
Pe, Damkohler Da and Reynolds Re numbers.

This new model is implemented into the massively parallel fluid solver VirtualFluids-
which allows tackling real world simulation problems using large-sized representative
volume element. In addition, an attempt to use microstructures of hydrated cement
pastes HCP obtained from µ-CT scanning in studying water flow and solute diffusion
on pore scale was made. Finally, the leaching of calcium from the hydrated phases was
simulated to predict how deep a small HCP sample was penetrated.

105
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8.2 Outlook and future work

Several possible ways exist to improve this work. Among the major improvements is
the experimental validation. Only very recently, Marone et al. [87] managed to capture
the fast dynamic processes as they happen in the pores and for the first time instead
of obtaining static 3D images. It is possible currently to visualize what occurs inside the
pores, therefore, a possible one-to-one comparison of the flow, transport or morphology
change between numerical and experimental results lies on the horizon.

Micorostructural processes are interesting since they provide fundamental understand-
ing of the behavior of physical systems. Therefore, in this work, the simulations con-
ducted on a small size sample 300 × 300 × 300 µm. However, the ultimate goal of
this work is to be applied at the macroscale on real concrete structures, where structural
elements dimensions are in order of meters. This requires that the results should be
obtained within the reasonable limits of the current computational abilities. Fortunately,
the LBM models, utilized in this work, showed a great stability characteristics allowing
the use of larger time steps. Besides that, the parallel implementation for each model
played a major role in reduction calculation time. A short-cut towards the aimed results
was offered by Perko and Jackques’s [108] acceleration approach. Based on the previous,
further optimization of the efficiency of the scheme is required to achieve the desired
upscaling. On several levels, this includes: careful design of the data structure; sophisti-
cated implementation of the algorithm; considering the implementation of the scheme
on accelerating platforms like general purpose graphics processing units (GPGPU).

Dissolution belongs to the wider family of multi-phase simulations. The existence of two
or more phases, necessarily, creates an interface between them. The time evolution and
the transport of different quantities across the interface must be followed. Hence, sev-
eral methods were suggested to achieve this goal. One of the most common methods
is the VOF-PLIC. Several recent studies [115, 113, 103, 95] suggest using a data-driven
approach to estimate the curvature of the interface, where the cost of this operation is
usually very expensive, since it contains calculating the second derivative of the cells fill
volume field. Curvature determination is necessary for calculating the stresses. By train-
ing an artificial neural network (ANN), the expense of this operation can be substantially
reduced. Investing in such an approach will boost the abilities of the scheme to allow it
couple mechanical effects, without losing performance significantly.

Due to low contrast in the histogram of CT scanned cement past, the segmentation into
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the various solid phases remains to be difficult. From the experience gained within this
work we proposed to study the segmentation process of the CT scans in an own PhD
project within the research training group GRK 2075. Several approaches may be taken
to achieve this. Among them is the use of non-trivial segmentation proposed by [111, 25].
Another alternative to be considered is use machine learning to classify the regions of
the scan according to their shape as the shape of hydrated and unhydrated domains
is characteristic due to the way they form. The corresponding project description was
integrated into the proposal for the second phase of research training group GRK 2075.

Finally, improvements with regards to physics can be applied. For more accurate be-
havior of transport, under-saturation conditions are supposed to be taken into account,
since concrete structures are in under-saturation state in reality. In addition, rather than
taking the CSH phase as an impermeable solid, we can consider modeling it as a weakly
permeable medium. Another extension is to take the electrostatic effect (ion transport)
on transport and that can be done through solving Nernst–Planck equation, which is
an extension to the diffusion equation with an additional term representing the flux of
charged ions as they influenced by the electric field.



Appendix A

Central moments transformations

A.1 Split transformations

Forward transformations

kij|γ = ∑
k

fijk(k− w)γ (A.1)

ki|βγ = ∑
j

kij|γ(j− v)β (A.2)

kαβγ = ∑
i

ki|βγ(i− u)α (A.3)

back transformations

k∗0|βγ = k∗0βγ(1− u2)− 2uk∗1βγ − k∗2βγ (A.4)

k∗̄1|βγ = (k∗0βγ(u2 − u) + k∗1βγ(2u− 1) + k∗2βγ)/2 (A.5)

k∗1|βγ = (k∗0βγ(u2 + u) + k∗1βγ(2u + 1) + k∗2βγ)/2 (A.6)

k∗i0|γ = k∗i|0γ(1− v2)− 2vk∗i|1γ − k∗i|2γ (A.7)

k∗i1̄|γ = (k∗i|0γ(v2 − v) + k∗i|1γ(2v− 1) + k∗i|2γ)/2 (A.8)

k∗i1|γ = (k∗i|0γ(v2 + v) + k∗i|1γ(2v + 1) + k∗i|2γ)/2 (A.9)

h∗ij0 = k∗ij|0(1− w2)− 2wk∗ij|1 − k∗i|2γ (A.10)
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h∗ij1̄ = (k∗ij|0(w2 − w) + k∗ij|1(2w− 1) + k∗ij|2)/2 (A.11)

h∗ij1 = (k∗ij|0(w2 + w) + k∗ij|1(2w + 1) + k∗ij|2)/2 (A.12)

A.2 Direct transformations

Central moments forward transformation

k000 =h001̄ + h011̄ + h01̄0 + h01̄1 + h01̄1̄ + h101̄ + h111̄ + h11̄0 + h11̄1

+h11̄1̄ + h1̄00 + h1̄01 + h1̄01̄ + h1̄10 + h1̄11 + h1̄11̄ + h1̄1̄0 + h1̄1̄1

+h1̄1̄1̄ + h000 + h001 + h010 + h011 + h100 + h101 + h110 + h111

(A.13)

k100 =− u (h001̄ + h011̄ + h01̄0 + h01̄1 + h01̄1̄ + h000 + h001 + h010 + h011)

−(u− 1) (h101̄ + h111̄ + h11̄0 + h11̄1 + h11̄1̄ + h100 + h101 + h110 + h111)

−(u + 1) (h1̄00 + h1̄01 + h1̄01̄ + h1̄10 + h1̄11 + h1̄11̄ + h1̄1̄0 + h1̄1̄1 + h1̄1̄1̄)

(A.14)

k010 =− v (h001̄ + h101̄ + h1̄00 + h1̄01 + h1̄01̄ + h000 + h001 + h100 + h101)

−(v− 1) (h011̄ + h111̄ + h1̄10 + h1̄11 + h1̄11̄ + h010 + h011 + h110 + h111)

−(v + 1) (h01̄0 + h01̄1 + h01̄1̄ + h11̄0 + h11̄1 + h11̄1̄ + h1̄1̄0 + h1̄1̄1 + h1̄1̄1̄)

(A.15)

k001 =− w (h01̄0 + h11̄0 + h1̄00 + h1̄10 + h1̄1̄0 + h000 + h010 + h100 + h110)

−(w− 1) (h01̄1 + h11̄1 + h1̄01 + h1̄11 + h1̄1̄1 + h001 + h011 + h101 + h111)

−(w + 1) (h001̄ + h011̄ + h01̄1̄ + h101̄ + h111̄ + h11̄1̄ + h1̄01̄ + h1̄11̄ + h1̄1̄1̄)

(A.16)

k110 =u(v (h001̄ + h000 + h001) + (v− 1) (h011̄ + h010 + h011)

+(v + 1) (h01̄0 + h01̄1 + h01̄1̄)) + (u− 1)(v (h101̄ + h100 + h101)

+(v− 1) (h111̄ + h110 + h111) + (v + 1) (h11̄0 + h11̄1 + h11̄1̄))

+(u + 1)(v (h1̄00 + h1̄01 + h1̄01̄) + (v− 1) (h1̄10 + h1̄11 + h1̄11̄)

+(v + 1) (h1̄1̄0 + h1̄1̄1 + h1̄1̄1̄))

(A.17)
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k011 =v(w (h1̄00 + h000 + h100) + (w− 1) (h1̄01 + h001 + h101)

+(w + 1) (h001̄ + h101̄ + h1̄01̄)) + (v− 1)(w (h1̄10 + h010 + h110)

+(w− 1) (h1̄11 + h011 + h111) + (w + 1) (h011̄ + h111̄ + h1̄11̄))

+(v + 1)(w (h01̄0 + h11̄0 + h1̄1̄0) + (w− 1) (h01̄1 + h11̄1 + h1̄1̄1)

+(w + 1) (h01̄1̄ + h11̄1̄ + h1̄1̄1̄))

(A.18)

k101 =w(u (h01̄0 + h000 + h010) + (u− 1) (h11̄0 + h100 + h110)

+(u + 1) (h1̄00 + h1̄10 + h1̄1̄0)) + (w− 1)(u (h01̄1 + h001 + h011)

+(u− 1) (h11̄1 + h101 + h111) + (u + 1) (h1̄01 + h1̄11 + h1̄1̄1))

+(w + 1)(u (h001̄ + h011̄ + h01̄1̄) + (u− 1) (h101̄ + h111̄ + h11̄1̄)

+(u + 1) (h1̄01̄ + h1̄11̄ + h1̄1̄1̄))

(A.19)

k111 =− u(v ((w + 1)h001̄ + wh000 + (w− 1)h001)

−(v− 1) ((w + 1)h011̄ + wh010 + (w− 1)h011)

−(v + 1) (wh01̄0 + (w− 1)h01̄1 + (w + 1)h01̄1̄))

−(u− 1)(v ((w + 1)h101̄ + wh100 + (w− 1)h101)

−(v− 1) ((w + 1)h111̄ + wh110 + (w− 1)h111)

−(v + 1) (wh11̄0 + (w− 1)h11̄1 + (w + 1)h11̄1̄))

−(u + 1)(v (wh1̄00 + (w− 1)h1̄01 + (w + 1)h1̄01̄)

−(v− 1) (wh1̄10 + (w− 1)h1̄11 + (w + 1)h1̄11̄)

−(v + 1) (wh1̄1̄0 + (w− 1)h1̄1̄1 + (w + 1)h1̄1̄1̄))

(A.20)

k200 =u2 (h001̄ + h011̄ + h01̄0 + h01̄1 + h01̄1̄ + h000 + h001 + h010 + h011)

−(u− 1)2 (h101̄ + h111̄ + h11̄0 + h11̄1 + h11̄1̄ + h100 + h101 + h110 + h111)

−(u + 1)2 (h1̄00 + h1̄01 + h1̄01̄ + h1̄10 + h1̄11 + h1̄11̄ + h1̄1̄0 + h1̄1̄1 + h1̄1̄1̄)

(A.21)

k020 =v2 (h001̄ + h101̄ + h1̄00 + h1̄01 + h1̄01̄ + h000 + h001 + h100 + h101)

−(v− 1)2 (h011̄ + h111̄ + h1̄10 + h1̄11 + h1̄11̄ + h010 + h011 + h110 + h111)

−(v + 1)2 (h01̄0 + h01̄1 + h01̄1̄ + h11̄0 + h11̄1 + h11̄1̄ + h1̄1̄0 + h1̄1̄1 + h1̄1̄1̄)

(A.22)
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k002 =w2 (h01̄0 + h11̄0 + h1̄00 + h1̄10 + h1̄1̄0 + h000 + h010 + h100 + h110)

−(w− 1)2 (h01̄1 + h11̄1 + h1̄01 + h1̄11 + h1̄1̄1 + h001 + h011 + h101 + h111)

−(w + 1)2 (h001̄ + h011̄ + h01̄1̄ + h101̄ + h111̄ + h11̄1̄ + h1̄01̄ + h1̄11̄ + h1̄1̄1̄)

(A.23)

k012 =v(−w2 (h1̄00 + h000 + h100)− (w− 1)2 (h1̄01 + h001 + h101)

−(w + 1)2 (h001̄ + h101̄ + h1̄01̄)) + (v− 1)(−w2 (h1̄10 + h010 + h110)

−(w− 1)2 (h1̄11 + h011 + h111)− (w + 1)2 (h011̄ + h111̄ + h1̄11̄))

+(v + 1)(−w2 (h01̄0 + h11̄0 + h1̄1̄0)− (w− 1)2 (h01̄1 + h11̄1 + h1̄1̄1)

−(w + 1)2 (h01̄1̄ + h11̄1̄ + h1̄1̄1̄))

(A.24)

k021 =w(−v2 (h1̄00 + h000 + h100)− (v− 1)2 (h1̄10 + h010 + h110)

−(v + 1)2 (h01̄0 + h11̄0 + h1̄1̄0)) + (w− 1)(−v2 (h1̄01 + h001 + h101)

−(v− 1)2 (h1̄11 + h011 + h111)− (v + 1)2 (h01̄1 + h11̄1 + h1̄1̄1))

+(w + 1)(−v2 (h001̄ + h101̄ + h1̄01̄)− (v− 1)2 (h011̄ + h111̄ + h1̄11̄)

−(v + 1)2 (h01̄1̄ + h11̄1̄ + h1̄1̄1̄))

(A.25)

k102 =u(−w2 (h01̄0 + h000 + h010)− (w− 1)2 (h01̄1 + h001 + h011)

−(w + 1)2 (h001̄ + h011̄ + h01̄1̄)) + (u− 1)(−w2 (h11̄0 + h100 + h110)

−(w− 1)2 (h11̄1 + h101 + h111)− (w + 1)2 (h101̄ + h111̄ + h11̄1̄))

+(u + 1)(−w2 (h1̄00 + h1̄10 + h1̄1̄0)− (w− 1)2 (h1̄01 + h1̄11 + h1̄1̄1)

−(w + 1)2 (h1̄01̄ + h1̄11̄ + h1̄1̄1̄))

(A.26)

k120 =u(−v2 (h001̄ + h000 + h001)− (v− 1)2 (h011̄ + h010 + h011)

−(v + 1)2 (h01̄0 + h01̄1 + h01̄1̄)) + (u− 1)(−v2 (h101̄ + h100 + h101)

−(v− 1)2 (h111̄ + h110 + h111)− (v + 1)2 (h11̄0 + h11̄1 + h11̄1̄))

+(u + 1)(−v2 (h1̄00 + h1̄01 + h1̄01̄)− (v− 1)2 (h1̄10 + h1̄11 + h1̄11̄)

−(v + 1)2 (h1̄1̄0 + h1̄1̄1 + h1̄1̄1̄))

(A.27)
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k201 =w(−u2 (h01̄0 + h000 + h010)− (u− 1)2 (h11̄0 + h100 + h110)

−(u + 1)2 (h1̄00 + h1̄10 + h1̄1̄0)) + (w− 1)(−u2 (h01̄1 + h001 + h011)

−(u− 1)2 (h11̄1 + h101 + h111)− (u + 1)2 (h1̄01 + h1̄11 + h1̄1̄1))

+(w + 1)(−u2 (h001̄ + h011̄ + h01̄1̄)− (u− 1)2 (h101̄ + h111̄ + h11̄1̄)

−(u + 1)2 (h1̄01̄ + h1̄11̄ + h1̄1̄1̄))

(A.28)

k210 =v(−u2 (h001̄ + h000 + h001)− (u− 1)2 (h101̄ + h100 + h101)

−(u + 1)2 (h1̄00 + h1̄01 + h1̄01̄)) + (v− 1)(−u2 (h011̄ + h010 + h011)

−(u− 1)2 (h111̄ + h110 + h111)− (u + 1)2 (h1̄10 + h1̄11 + h1̄11̄))

+(v + 1)(−u2 (h01̄0 + h01̄1 + h01̄1̄)− (u− 1)2 (h11̄0 + h11̄1 + h11̄1̄)

−(u + 1)2 (h1̄1̄0 + h1̄1̄1 + h1̄1̄1̄))

(A.29)

k022 =w2(v2 (h1̄00 + h000 + h100) + (v− 1)2 (h1̄10 + h010 + h110)

+(v + 1)2 (h01̄0 + h11̄0 + h1̄1̄0)) + (w− 1)2(v2 (h1̄01 + h001 + h101)

+(v− 1)2 (h1̄11 + h011 + h111) + (v + 1)2 (h01̄1 + h11̄1 + h1̄1̄1))

+(w + 1)2(v2 (h001̄ + h101̄ + h1̄01̄) + (v− 1)2 (h011̄ + h111̄ + h1̄11̄)

+(v + 1)2 (h01̄1̄ + h11̄1̄ + h1̄1̄1̄))

(A.30)

k202 =u2(w2 (h01̄0 + h000 + h010) + (w− 1)2 (h01̄1 + h001 + h011)

+(w + 1)2 (h001̄ + h011̄ + h01̄1̄)) + (u− 1)2(w2 (h11̄0 + h100 + h110)

+(w− 1)2 (h11̄1 + h101 + h111) + (w + 1)2 (h101̄ + h111̄ + h11̄1̄))

+(u + 1)2(w2 (h1̄00 + h1̄10 + h1̄1̄0) + (w− 1)2 (h1̄01 + h1̄11 + h1̄1̄1)

+(w + 1)2 (h1̄01̄ + h1̄11̄ + h1̄1̄1̄))

(A.31)

k220 =u2(v2 (h001̄ + h000 + h001) + (v− 1)2 (h011̄ + h010 + h011)

+(v + 1)2 (h01̄0 + h01̄1 + h01̄1̄)) + (u− 1)2(v2 (h101̄ + h100 + h101)

+(v− 1)2 (h111̄ + h110 + h111) + (v + 1)2 (h11̄0 + h11̄1 + h11̄1̄))

+(u + 1)2(v2 (h1̄00 + h1̄01 + h1̄01̄) + (v− 1)2 (h1̄10 + h1̄11 + h1̄11̄)

+(v + 1)2 (h1̄1̄0 + h1̄1̄1 + h1̄1̄1̄))

(A.32)
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k122 =− v2w2 ((u + 1)h1̄00 + uh000 + (u− 1)h100)

−(w + 1)2(v2 (uh001̄ + (u− 1)h101̄ + (u + 1)h1̄01̄)

−(v− 1)2 (uh011̄ + (u− 1)h111̄ + (u + 1)h1̄11̄)

−(v + 1)2 (uh01̄1̄ + (u− 1)h11̄1̄ + (u + 1)h1̄1̄1̄))

−(v + 1)2w2 (uh01̄0 + (u− 1)h11̄0 + (u + 1)h1̄1̄0)

−(v− 1)2(w− 1)2 ((u + 1)h1̄11 + uh011 + (u− 1)h111)

−(v + 1)2(w− 1)2 (uh01̄1 + (u− 1)h11̄1 + (u + 1)h1̄1̄1)

−(v− vw)2 ((u + 1)h1̄01 + uh001 + (u− 1)h101)

−(w− vw)2 ((u + 1)h1̄10 + uh010 + (u− 1)h110)

(A.33)

k212 =− u2w2 ((v + 1)h01̄0 + vh000 + (v− 1)h010)

−(w + 1)2(u2 (vh001̄ + (v− 1)h011̄ + (v + 1)h01̄1̄)

−(u− 1)2 (vh101̄ + (v− 1)h111̄ + (v + 1)h11̄1̄)

−(u + 1)2 (vh1̄01̄ + (v− 1)h1̄11̄ + (v + 1)h1̄1̄1̄))

−(u + 1)2w2 (vh1̄00 + (v− 1)h1̄10 + (v + 1)h1̄1̄0)

−(u− 1)2(w− 1)2 ((v + 1)h11̄1 + vh101 + (v− 1)h111)

−(u + 1)2(w− 1)2 (vh1̄01 + (v− 1)h1̄11 + (v + 1)h1̄1̄1)

−(u− uw)2 ((v + 1)h01̄1 + vh001 + (v− 1)h011)

−(w− uw)2 ((v + 1)h11̄0 + vh100 + (v− 1)h110)

(A.34)

k221 =u2v2 (−(w + 1)h001̄ − wh000 − (w− 1)h001)

+u2(v + 1)2 (−wh01̄0 − (w− 1)h01̄1 − (w + 1)h01̄1̄)

+(u + 1)2(v2 (−wh1̄00 − (w− 1)h1̄01 − (w + 1)h1̄01̄)

+(v− 1)2 (− (wh1̄10 + (w− 1)h1̄11 + (w + 1)h1̄11̄))

−(v + 1)2 (wh1̄1̄0 + (w− 1)h1̄1̄1 + (w + 1)h1̄1̄1̄))

+(u− uv)2 (−(w + 1)h011̄ − wh010 − (w− 1)h011)

+(v− uv)2 (−(w + 1)h101̄ − wh100 − (w− 1)h101)

−(u− 1)2(v− 1)2 ((w + 1)h111̄ + wh110 + (w− 1)h111)

−(u− 1)2(v + 1)2 (wh11̄0 + (w− 1)h11̄1 + (w + 1)h11̄1̄)

(A.35)
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k112 =w2(v ((u + 1)h1̄00 + uh000 + (u− 1)h100)

+(v− 1) ((u + 1)h1̄10 + uh010 + (u− 1)h110)

+(v + 1) (uh01̄0 + (u− 1)h11̄0 + (u + 1)h1̄1̄0))

+(w− 1)2(v ((u + 1)h1̄01 + uh001 + (u− 1)h101)

+(v− 1) ((u + 1)h1̄11 + uh011 + (u− 1)h111)

+(v + 1) (uh01̄1 + (u− 1)h11̄1 + (u + 1)h1̄1̄1))

+(w + 1)2(v (uh001̄ + (u− 1)h101̄ + (u + 1)h1̄01̄)

+(v− 1) (uh011̄ + (u− 1)h111̄ + (u + 1)h1̄11̄)

+(v + 1) (uh01̄1̄ + (u− 1)h11̄1̄ + (u + 1)h1̄1̄1̄))

(A.36)

k121 =v2(u ((w + 1)h001̄ + wh000 + (w− 1)h001)

+(u− 1) ((w + 1)h101̄ + wh100 + (w− 1)h101)

+(u + 1) (wh1̄00 + (w− 1)h1̄01 + (w + 1)h1̄01̄))

+(v− 1)2(u ((w + 1)h011̄ + wh010 + (w− 1)h011)

+(u− 1) ((w + 1)h111̄ + wh110 + (w− 1)h111)

+(u + 1) (wh1̄10 + (w− 1)h1̄11 + (w + 1)h1̄11̄))

+(v + 1)2(u (wh01̄0 + (w− 1)h01̄1 + (w + 1)h01̄1̄)

+(u− 1) (wh11̄0 + (w− 1)h11̄1 + (w + 1)h11̄1̄)

+(u + 1) (wh1̄1̄0 + (w− 1)h1̄1̄1 + (w + 1)h1̄1̄1̄))

(A.37)

k211 =u2(v ((w + 1)h001̄ + wh000 + (w− 1)h001)

+(v− 1) ((w + 1)h011̄ + wh010 + (w− 1)h011)

+(v + 1) (wh01̄0 + (w− 1)h01̄1 + (w + 1)h01̄1̄))

+(u− 1)2(v ((w + 1)h101̄ + wh100 + (w− 1)h101)

+(v− 1) ((w + 1)h111̄ + wh110 + (w− 1)h111)

+(v + 1) (wh11̄0 + (w− 1)h11̄1 + (w + 1)h11̄1̄))

+(u + 1)2(v (wh1̄00 + (w− 1)h1̄01 + (w + 1)h1̄01̄)

+(v− 1) (wh1̄10 + (w− 1)h1̄11 + (w + 1)h1̄11̄)

+(v + 1) (wh1̄1̄0 + (w− 1)h1̄1̄1 + (w + 1)h1̄1̄1̄))

(A.38)
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k222 =u2v2
(

(w + 1)2h001̄ + w2h000 + (w− 1)2h001

)
+u2(v + 1)2

(
w2h01̄0 + (w− 1)2h01̄1 + (w + 1)2h01̄1̄

)
+(u + 1)2

(
v2
(

w2h1̄00 + (w− 1)2h1̄01 + (w + 1)2h1̄01̄

)
+(v− 1)2

(
w2h1̄10 + (w− 1)2h1̄11 + (w + 1)2h1̄11̄

)
+(v + 1)2

(
w2h1̄1̄0 + (w− 1)2h1̄1̄1 + (w + 1)2h1̄1̄1̄

))
+(u− uv)2

(
(w + 1)2h011̄ + w2h010 + (w− 1)2h011

)
+(v− uv)2

(
(w + 1)2h101̄ + w2h100 + (w− 1)2h101

)
+(u− 1)2(v− 1)2

(
(w + 1)2h111̄ + w2h110 + (w− 1)2h111

)
+(u− 1)2(v + 1)2

(
w2h11̄0 + (w− 1)2h11̄1 + (w + 1)2h11̄1̄

)

(A.39)

The back transform step:

h∗000 =
(

1− w2
) [(

1− v2
) ((

1− u2
)

k∗000 − 2uk∗100 − k∗200

)
− 2v

((
1− u2

)
k∗010

−2uk∗110 − k∗210

)
−
(

1− u2
)

k∗020 + 2uk∗120 + k∗220

]
− 2w

[(
1− v2

) ((
1− u2

)
k∗001

−2uk∗101 − k∗201

)
− 2v

((
1− u2

)
k∗011 − 2uk∗111 − k∗211

)
−
(

1− u2
)

k∗021 + 2uk∗121

+k∗221

]
−
(

1− v2
) ((

1− u2
)

k∗002 − 2uk∗102 − k∗202

)
+ 2v

((
1− u2

)
k∗012 − 2uk∗112

−k∗212

)
+
(

1− u2
)

k∗022 − 2uk∗122 − k∗222

(A.40)

h∗100 =
1
2

((
1− w2

) [(
1− v2

)
(u(u + 1)k∗000 + (2u + 1)k∗100 + k∗200)− 2v(u(u + 1)

k∗010 + (2u + 1)k∗110 + k∗210)− u(u + 1)k∗020 − (2u + 1)k∗120 − k∗220

]
+ 2w

[
−
(

1− v2
)

(u(u + 1)k∗001 + (2u + 1)k∗101 + k∗201) + 2v (u(u + 1)k∗011 + (2u + 1)k∗111 + k∗211)

+u(u + 1)k∗021 + (2u + 1)k∗121 + k∗221

]
−
(

1− v2
)
(u(u + 1)k∗002 + (2u + 1)k∗102 + k∗202)

+2v(u(u + 1)k∗012 + (2u + 1)k∗112 + k∗212) + u(u + 1)k∗022 + (2u + 1)k∗122 + k∗222

)
(A.41)



116 APPENDIX A. CENTRAL MOMENTS TRANSFORMATIONS

h∗010 =
1
2

((
1− w2

) [
−v(v + 1)

((
u2 − 1

)
k∗000 + 2uk∗100 + k∗200

)
− (2v + 1)

((
u2 − 1

)
k∗010

+2uk∗110 + k∗210

)
−
(

u2 − 1
)

k∗020 − 2uk∗120 − k∗220

]
−2w

[
−v(v + 1)

((
u2 − 1

)
k∗001

+2uk∗101 + k∗201

)
− (2v + 1)

((
u2 − 1

)
k∗011 + 2uk∗111 + k∗211

)
−
(

u2 − 1
)

k∗021 − 2uk∗121

−k∗221

]
+ v(v + 1)

((
u2 − 1

)
k∗002 + 2uk∗102 + k∗202

)
+ (2v + 1)

((
u2 − 1

)
k∗012 + 2uk∗112

+k∗212

)
+
(

u2 − 1
)

k∗022 + 2uk∗122 + k∗222

)
(A.42)

h∗001 =
1
2

(
w(w + 1)

[(
v2 − 1

) ((
u2 − 1

)
k∗000 + 2uk∗100 + k∗200

)
+ 2v

((
u2 − 1

)
k∗010

+2uk∗110 + k∗210

)
+
(

u2 − 1
)

k∗020 + 2uk∗120 + k∗220

]
+(2w + 1)

[(
v2 − 1

) ((
u2 − 1

)
k∗001

+2uk∗101 + k∗201

)
+ 2v

((
u2 − 1

)
k∗011 + 2uk∗111 + k∗211

)
+
(

u2 − 1
)

k∗021 + 2uk∗121 + k∗221

]
+
(

v2 − 1
) ((

u2 − 1
)

k∗002 + 2uk∗102 + k∗202

)
+ 2v

((
u2 − 1

)
k∗012 + 2uk∗112 + k∗212

)
+
(

u2 − 1
)

k∗022 + 2uk∗122 + k∗222

)
(A.43)

h∗110 =
1
4

((
1− w2

) [
v(v + 1) (u(u + 1)k∗000 + (2u + 1)k∗100 + k∗200) + (2v + 1)

(
u(u + 1)k∗010

+(2u + 1)k∗110 + k∗210

)
+ u(u + 1)k∗020 + (2u + 1)k∗120 + k∗220

]
− 2v(v + 1)w

(
u(u + 1)k∗001

+(2u + 1)k∗101 + k∗201

)
− 2(2v + 1)w (u(u + 1)k∗011 + (2u + 1)k∗111 + k∗211)− v(v + 1)(

u(u + 1)k∗002 + (2u + 1)k∗102 + k∗202

)
− (2v + 1) (u(u + 1)k∗012 + (2u + 1)k∗112 + k∗212)

−2w
(

u(u + 1)k∗021 + (2u + 1)k∗121 + k∗221

)
− u(u + 1)k∗022 − (2u + 1)k∗122 − k∗222

)
(A.44)
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h∗101 =
1
4

(
w(w + 1)

[(
1− v2

)
(u(u + 1)k∗000 + (2u + 1)k∗100 + k∗200)− 2v

(
u(u + 1)k∗010

+(2u + 1)k∗110 + k∗210

)
− u(u + 1)k∗020 − (2u + 1)k∗120 − k∗220

]
+ (2w + 1)

[(
1− v2

)
(

u(u + 1)k∗001 + (2u + 1)k∗101 + k∗201

)
− 2v (u(u + 1)k∗011 + (2u + 1)k∗111 + k∗211)

−u(u + 1)k∗021 − (2u + 1)k∗121 − k∗221

]
+
(

1− v2
)
(u(u + 1)k∗002 + (2u + 1)k∗102 + k∗202)

−2v (u(u + 1)k∗012 + (2u + 1)k∗112 + k∗212)

−u(u + 1)k∗022 − (2u + 1)k∗122 − k∗222

)
(A.45)

h∗011 =
1
4

(
w(w + 1)

[
v(v + 1)

(
−
(

u2 − 1
)

k∗000 − 2uk∗100 − k∗200

)
− (2v + 1)((

u2 − 1
)

k∗010 + 2uk∗110 + k∗210

)
−
(

u2 − 1
)

k∗020 − 2uk∗120 − k∗220

]
+ (2w + 1)[

−v(v + 1)
((

u2 − 1
)

k∗001 + 2uk∗101 + k∗201

)
+ (2v + 1)

(
−
(

u2 − 1
)

k∗011 − 2uk∗111

−k∗211

)
−
(

u2 − 1
)

k∗021 − 2uk∗121 − k∗221

]
+ v(v + 1)

(
−
(

u2 − 1
)

k∗002 − 2uk∗102

−k∗202

)
+ (2v + 1)

(
−(u2 − 1)k∗012 − 2uk∗112 − k∗212

)
−
(

u2 − 1
)

k∗022 − 2uk∗122 − k∗222

)
(A.46)

h∗111 =
1
8

(
w(w + 1)

[
v(v + 1) (u(u + 1)k∗000 + (2u + 1)k∗100 + k∗200) + (2v + 1)(u(u + 1)k∗010

+(2u + 1)k∗110 + k∗210) + u(u + 1)k∗020 + (2u + 1)k∗120 + k∗220

]
+ (2w + 1)

[
v(v + 1)

(u(u + 1)k∗001 + (2u + 1)k∗101 + k∗201) + (2v + 1)
(

u(u + 1)k∗011 + (2u + 1)k∗111 + k∗211

)
+u(u + 1)k∗021 + (2u + 1)k∗121 + k∗221

]
+ v(v + 1) (u(u + 1)k∗002 + (2u + 1)k∗102 + k∗202)

+(2v + 1)(u(u + 1)k∗012 + (2u + 1)k∗112 + k∗212) + u(u + 1)k∗022 + (2u + 1)k∗122 + k∗222

)
(A.47)



118 APPENDIX A. CENTRAL MOMENTS TRANSFORMATIONS

h∗011̄ =
1
4

(
(w− 1)w

[
−v(v + 1)((u2 − 1)k∗000 + 2uk∗100 + k∗200)− (2v + 1)((u2 − 1)k∗010

+2uk∗110 + k∗210)− (u2 − 1)k∗020 − 2uk∗120 − k∗220

]
+(2w− 1)

[
−v(v + 1)((u2 − 1)k∗001

+2uk∗101 + k∗201)− (2v + 1)((u2 − 1)k∗011 + 2uk∗111 + k∗211)− (u2 − 1)k∗021 − 2uk∗121

−k∗221

]
− v(v + 1)((u2 − 1)k∗002 + 2uk∗102 + k∗202)− (2v + 1)((u2 − 1)k∗012 + 2uk∗112

+k∗212)− (u2 − 1)k∗022 − 2uk∗122 − k∗222

)
(A.48)

h∗11̄0 =
1
4

((
1− w2

) [
(v− 1)v (u(u + 1)k∗000 + (2u + 1)k∗100 + k∗200) + (2v− 1)

(
u(u + 1)k∗010

+(2u + 1)k∗110 + k∗210

)
+ u(u + 1)k∗020 + (2u + 1)k∗120 + k∗220

]
−2(v− 1)vw

(
u(u + 1)k∗001

+(2u + 1)k∗101 + k∗201

)
− 2(2v− 1)w (u(u + 1)k∗011 + (2u + 1)k∗111 + k∗211)− (v− 1)v

(u(u + 1)k∗002 + (2u + 1)k∗102 + k∗202)− (2v− 1)
(

u(u + 1)k∗012 + (2u + 1)k∗112 + k∗212

)
−2w (u(u + 1)k∗021 + (2u + 1)k∗121 + k∗221)− u(u + 1)k∗022 − (2u + 1)k∗122 − k∗222

)
(A.49)

h∗11̄1̄ =
1
8

(
(w− 1)w

[
(v− 1)v (u(u + 1)k∗000 + (2u + 1)k∗100 + k∗200) + (2v− 1)

(
u(u + 1)k∗010

+(2u + 1)k∗110 + k∗210

)
+ u(u + 1)k∗020 + (2u + 1)k∗120 + k∗220

]
+ (2w− 1)

[
(v− 1)v(

u(u + 1)k∗001 + (2u + 1)k∗101 + k∗201

)
+ (2v− 1) (u(u + 1)k∗011 + (2u + 1)k∗111 + k∗211)

+u(u + 1)k∗021 + (2u + 1)k∗121 + k∗221

]
+ (v− 1)v (u(u + 1)k∗002 + (2u + 1)k∗102 + k∗202)

+(2v− 1)
(

u(u + 1)k∗012 + (2u + 1)k∗112 + k∗212

)
+ u(u + 1)k∗022 + (2u + 1)k∗122 + k∗222

)
(A.50)

h∗11̄1 =
1
8

(
w(w + 1)

[
(v− 1)v

(
u(u + 1)k∗000 + (2u + 1)k∗100 + k∗200

)
+ (2v− 1)

(
u(u + 1)k∗010

+(2u + 1)k∗110 + k∗210

)
+ u(u + 1)k∗020 + (2u + 1)k∗120 + k∗220

]
+ (2w + 1)

[
(v− 1)v(

u(u + 1)k∗001 + (2u + 1)k∗101 + k∗201

)
+ (2v− 1)

(
u(u + 1)k∗011 + (2u + 1)k∗111 + k∗211

)
+u(u + 1)k∗021 + (2u + 1)k∗121 + k∗221

]
+ (v− 1)v

(
u(u + 1)k∗002 + (2u + 1)k∗102 + k∗202

)
+(2v− 1)

(
u(u + 1)k∗012 + (2u + 1)k∗112 + k∗212

)
+ u(u + 1)k∗022 + (2u + 1)k∗122 + k∗222

)
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(A.51)

h∗101̄ =
1
4

(
(w− 1)w

[(
1− v2

) (
u(u + 1)k∗000 + (2u + 1)k∗100 + k∗200

)
− 2v

(
u(u + 1)k∗010

+(2u + 1)k∗110 + k∗210

)
− u(u + 1)k∗020 − (2u + 1)k∗120 − k∗220

]
+ (2w− 1)

[(
1− v2

)
(

u(u + 1)k∗001 + (2u + 1)k∗101 + k∗201

)
− 2v

(
u(u + 1)k∗011 + (2u + 1)k∗111 + k∗211

)
−u(u + 1)k∗021 − (2u + 1)k∗121 − k∗221

]
+
(

1− v2
) (

u(u + 1)k∗002 + (2u + 1)k∗102 + k∗202

)
−2uv

(
u(u + 1)k∗012 + (2u + 1)k∗112 + k∗212

)
− (u + 1)k∗022 − (2u + 1)k∗122 − k∗222

)
(A.52)

h∗111̄ =
1
8

(
(w− 1)w

[
v(v + 1)

(
u(u + 1)k∗000 + (2u + 1)k∗100 + k∗200

)
+ (2v + 1)

(
u(u + 1)k∗010

+(2u + 1)k∗110 + k∗210

)
+ u(u + 1)k∗020 + (2u + 1)k∗120 + k∗220

]
+ (2w− 1)

[
v(v + 1)(

u(u + 1)k∗001 + (2u + 1)k∗101 + k∗201

)
+ (2v + 1)

(
u(u + 1)k∗011 + (2u + 1)k∗111 + k∗211

)
+u(u + 1)k∗021 + (2u + 1)k∗121 + k∗221

]
+ v(v + 1)

(
u(u + 1)k∗002 + (2u + 1)k∗102 + k∗202

)
+(2v + 1)

(
u(u + 1)k∗012 + (2u + 1)k∗112 + k∗212

)
+ u(u + 1)k∗022 + (2u + 1)k∗122 + k∗222

)
(A.53)

h∗001̄ =
1
2

(
(w− 1)w

[(
v2 − 1

) ((
u2 − 1

)
k∗000 + 2uk∗100 + k∗200

)
+ 2v

((
u2 − 1

)
k∗010

+2uk∗110 + k∗210

)
+
(

u2 − 1
)

k∗020 + 2uk∗120 + k∗220

]
+ (2w− 1)

[(
v2 − 1

)
((

u2 − 1
)

k∗001 + 2uk∗101 + k∗201

)
+ 2v

((
u2 − 1

)
k∗011 + 2uk∗111 + k∗211

)
+
(

u2 − 1
)

k∗021 + 2uk∗121 + k∗221

]
+
(

v2 − 1
) ((

u2 − 1
)

k∗002 + 2uk∗102 + k∗202

)
+2v

((
u2 − 1

)
k∗012 + 2uk∗112 + k∗212

)
+
(

u2 − 1
)

k∗022 + 2uk∗122 + k∗222

)
(A.54)
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h∗01̄0 =
1
2

((
1− w2

) [
(v− 1)v

(
−
(

u2 − 1
)

k∗000 − 2uk∗100 − k∗200

)
− (2v− 1)((

u2 − 1
)

k∗010 + 2uk∗110 + k∗210

)
−
(

u2 − 1
)

k∗020 − 2uk∗120 − k∗220

]
− 2w[

(v− 1)v
(
−
(

u2 − 1
)

k∗001 − 2uk∗101 − k∗201

)
+ (2v− 1)

(
−
(

u2 − 1
)

k∗011

−2uk∗111 − k∗211

)
−
(

u2 − 1
)

k∗021 − 2uk∗121 − k∗221

]
+ (v− 1)v

((
u2 − 1

)
k∗002

+2uk∗102 + k∗202

)
+ (2v− 1)

((
u2 − 1

)
k∗012 + 2uk∗112 + k∗212

)
+
(

u2 − 1
)

k∗022

+2uk∗122 + k∗222

)
(A.55)

h∗̄100 =
1
2

((
1− w2

) [(
1− v2

) (
(u− 1)uk∗000 + (2u− 1)k∗100 + k∗200

)
− 2v

(
(u− 1)uk∗010

+(2u− 1)k∗110 + k∗210

)
− (u− 1)uk∗020 + (1− 2u)k∗120 − k∗220

]
+ 2w

[
−
(

1− v2
)

(
(u− 1)uk∗001 + (2u− 1)k∗101 + k∗201

)
+ 2v

(
(u− 1)uk∗011 + (2u− 1)k∗111 + k∗211

)
+(u− 1)uk∗021 + (2u− 1)k∗121 + k∗221

]
−
(

1− v2
) (

(u− 1)uk∗002 + (2u− 1)k∗102 + k∗202

)
+2v

(
(u− 1)uk∗012 + (2u− 1)k∗112 + k∗212

)
+ (u− 1)uk∗022 + (2u− 1)k∗122 + k∗222

)
(A.56)

h∗01̄1 =
1
4

(
w(w + 1)

[
v(v− 1)

(
−
(

u2 − 1
)

k∗000 − 2uk∗100 − k∗200

)
+ (2v− 1)(

−
(

u2 − 1
)

k∗010 − 2uk∗110 − k∗210

)
−
(

u2 − 1
)

k∗020 − 2uk∗120 − k∗220

]
+ (2w + 1)[

(v− 1)v
(
−
(

u2 − 1
)

k∗001 − 2uk∗101 − k∗201

)
+ (2v− 1)

(
−
(

u2 − 1
)

k∗011 − 2uk∗111

−k∗211

)
−
(

u2 − 1
)

k∗021 − 2uk∗121 − k∗221

]
− (v− 1)v

((
u2 − 1

)
k∗002 + 2uk∗102 + k∗202

)
+(2v− 1)

(
−
(

u2 − 1
)

k∗012 − 2uk∗112 − k∗212

)
−
(

u2 − 1
)

k∗022 − 2uk∗122 − k∗222

)
(A.57)
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h∗01̄1̄ =
1
4

(
w(w− 1)

[
v(v− 1)

(
−
(

u2 − 1
)

k∗000 − 2uk∗100 − k∗200

)
− (2v− 1)((

u2 − 1
)

k∗010 + 2uk∗110 + k∗210

)
−
(

u2 − 1
)

k∗020 − 2uk∗120 − k∗220

]
+ (2w− 1)[

(v− 1)v
(
−
(

u2 − 1
)

k∗001 − 2uk∗101 − k∗201

)
+ (2v− 1)

(
−
(

u2 − 1
)

k∗011 − 2uk∗111

−k∗211

)
−
(

u2 − 1
)

k∗021 − 2uk∗121 − k∗221

]
− (v− 1)v

((
u2 − 1

)
k∗002 + 2uk∗102 − k∗202

)
+(2v− 1)

(
−
(

u2 − 1
)

k∗012 − 2uk∗112 − k∗212

)
−
(

u2 − 1
)

k∗022 − 2uk∗122 − k∗222

)
(A.58)

h∗̄110 =
1
4

((
1− w2

) [
v(v + 1)

(
(u− 1)uk∗000 + (2u− 1)k∗100 + k∗200

)
+ (2v + 1)

(
(u− 1)uk∗010

+(2u− 1)k∗110 + k∗210

)
+ (u− 1)uk∗020 + (2u− 1)k∗120 + k∗220

]
− 2v(v + 1)w

(
(u− 1)uk∗001

+(2u− 1)k∗101 + k∗201

)
− 2(2v + 1)w

(
(u− 1)uk∗011 + (2u− 1)k∗111 + k∗211

)
− v(v + 1)(

(u− 1)uk∗002 + (2u− 1)k∗102 + k∗202

)
− (2v + 1)

(
(u− 1)uk∗012 + (2u− 1)k∗112 + k∗212

)
−2w

(
(u− 1)uk∗021 + (2u− 1)k∗121 + k∗221

)
− (u− 1)uk∗022 + (1− 2u)k∗122 − k∗222

)
(A.59)

h∗̄101 =
1
4

(
w(w + 1)

[(
1− v2

) (
(u− 1)uk∗000 + (2u− 1)k∗100 + k∗200

)
− 2v

(
(u− 1)uk∗010

+(2u− 1)k∗110 + k∗210

)
− (u− 1)uk∗020 + (1− 2u)k∗120 − k∗220

]
+ (2w + 1)

[(
1− v2

)
(

(u− 1)uk∗001 + (2u− 1)k∗101 + k∗201

)
− 2v

(
(u− 1)uk∗011 + (2u− 1)k∗111 + k∗211

)
−(u− 1)uk∗021 + (1− 2u)k∗121 − k∗221

]
+
(

1− v2
) (

(u− 1)uk∗002 + (2u− 1)k∗102 + k∗202

)
−2v

(
(u− 1)uk∗012 + (2u− 1)k∗112 + k∗212

)
− (u− 1)uk∗022 + (1− 2u)k∗122 − k∗222

)
(A.60)

h∗̄101̄ =
1
4

(
(w− 1)w

[(
1− v2

) (
(u− 1)uk∗000 + (2u− 1)k∗100 + k∗200

)
− 2v

(
(u− 1)uk∗010

+(2u− 1)k∗110 + k∗210

)
− (u− 1)uk∗020 + (1− 2u)k∗120 − k∗220

]
+ (2w− 1)

[(
1− v2

)
+
(

(u− 1)uk∗001 + (2u− 1)k∗101 + k∗201

)
− 2v

(
(u− 1)uk∗011 + (2u− 1)k∗111 + k∗211

)
−(u− 1)uk∗021 + (1− 2u)k∗121 − k∗221

]
+
(

1− v2
) (

(u− 1)uk∗002 + (2u− 1)k∗102 + k∗202

)
−2v

(
(u− 1)uk∗012 + (2u− 1)k∗112 + k∗212

)
− (u− 1)uk∗022 + (1− 2u)k∗122 − k∗222

)
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(A.61)

h∗̄11̄0 =
1
4

((
1− w2

) [
(v− 1)v

(
(u− 1)uk∗000 + (2u− 1)k∗100 + k∗200

)
+ (2v− 1)

(
(u− 1)uk∗010

+(2u− 1)k∗110 + k∗210

)
+ (u− 1)uk∗020 + (2u− 1)k∗120 + k∗220

]
− 2(v− 1)vw

(
(u− 1)uk∗001

+(2u− 1)k∗101 + k∗201

)
− 2(2v− 1)w

(
(u− 1)uk∗011 + (2u− 1)k∗111 + k∗211

)
− (v− 1)v(

(u− 1)uk∗002 + (2u− 1)k∗102 + k∗202

)
− (2v− 1)

(
(u− 1)uk∗012 + (2u− 1)k∗112 + k∗212

)
−2w

(
(u− 1)uk∗021 + (2u− 1)k∗121 + k∗221

)
− (u− 1)uk∗022 + (1− 2u)k∗122 − k∗222

)
(A.62)

h∗̄111 =
1
8

(
w(w + 1)

[
v(v + 1)

(
(u− 1)uk∗000 + (2u− 1)k∗100 + k∗200

)
+ (2v + 1)

(
(u− 1)uk∗010

+(2u− 1)k∗110 + k∗210

)
+ (u− 1)uk∗020 + (2u− 1)k∗120 + k∗220

]
+ (2w + 1)

[
v(v + 1)(

(u− 1)uk∗001 + (2u− 1)k∗101 + k∗201

)
+ (2v + 1)

(
(u− 1)uk∗011 + (2u− 1)k∗111 + k∗211

)
+(u− 1)uk∗021 + (2u− 1)k∗121 + k∗221

]
+ v(v + 1)

(
(u− 1)uk∗002 + (2u− 1)k∗102 + k∗202

)
+(2v + 1)

(
(u− 1)uk∗012 + (2u− 1)k∗112 + k∗212

)
+ (u− 1)uk∗022 + (2u− 1)k∗122 + k∗222

)
(A.63)

h∗̄111̄ =
1
8

(
(w− 1)w

[
v(v + 1)

(
(u− 1)uk∗000 + (2u− 1)k∗100 + k∗200

)
+ (2v + 1)

(
(u− 1)uk∗010

+(2u− 1)k∗110 + k∗210

)
+ (u− 1)uk∗020 + (2u− 1)k∗120 + k∗220

]
+ (2w− 1)

[
v(v + 1)(

(u− 1)uk∗001 + (2u− 1)k∗101 + k∗201

)
+ (2v + 1)

(
(u− 1)uk∗011 + (2u− 1)k∗111 + k∗211

)
+(u− 1)uk∗021 + (2u− 1)k∗121 + k∗221

]
+ v(v + 1)

(
(u− 1)uk∗002 + (2u− 1)k∗102 + k∗202

)
+(2v + 1)

(
(u− 1)uk∗012 + (2u− 1)k∗112 + k∗212

)
+ (u− 1)uk∗022 + (2u− 1)k∗122 + k∗222

)
(A.64)
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h∗̄11̄1 =
1
8

(
w(w + 1)

[
(v− 1)v

(
(u− 1)uk∗000 + (2u− 1)k∗100 + k∗200

)
+ (2v− 1)

(
(u− 1)uk∗010

+(2u− 1)k∗110 + k∗210

)
+ (u− 1)uk∗020 + (2u− 1)k∗120 + k∗220

]
+ (2w + 1)

[
(v− 1)v(

(u− 1)uk∗001 + (2u− 1)k∗101 + k∗201

)
+ (2v− 1)

(
(u− 1)uk∗011 + (2u− 1)k∗111 + k∗211

)
+(u− 1)uk∗021 + (2u− 1)k∗121 + k∗221

]
+ (v− 1)v

(
(u− 1)uk∗002 + (2u− 1)k∗102 + k∗202

)
+(2v− 1)

(
(u− 1)uk∗012 + (2u− 1)k∗112 + k∗212

)
+ (u− 1)uk∗022 + (2u− 1)k∗122 + k∗222

)
(A.65)

h∗̄11̄1̄ =
1
8

(
(w− 1)w

[
(v− 1)v

(
(u− 1)uk∗000 + (2u− 1)k∗100 + k∗200

)
+ (2v− 1)

(
(u− 1)uk∗010

+(2u− 1)k∗110 + k∗210

)
+ (u− 1)uk∗020 + (2u− 1)k∗120 + k∗220

]
+ (2w− 1)

[
(v− 1)v(

(u− 1)uk∗001 + (2u− 1)k∗101 + k∗201

)
+ (2v− 1)

(
(u− 1)uk∗011 + (2u− 1)k∗111 + k∗211

)
+(u− 1)uk∗021 + (2u− 1)k∗121 + k∗221

]
+ (v− 1)v

(
(u− 1)uk∗002 + (2u− 1)k∗102 + k∗202

)
+(2v− 1)

(
(u− 1)uk∗012 + (2u− 1)k∗112 + k∗212

)
+ (u− 1)uk∗022 + (2u− 1)k∗122 + k∗222

)
(A.66)



Appendix B

Volume of cell cut from normal and
plane parameter and vice versa

The first of the following tables lists the equations for the normalized fill volume of a
cubic cell cut by a plane of a normal n = {n1, n2, n3} and a plane parameter α for the
seven different configurations depicted in figure 4.1 for the case 0 < n1 ≤ n2 ≤ n3 ≤
n1 + n2 ≤ n1 + n3 ≤ n2 + n3.

For the case 0 < n1 ≤ n2 ≤ n1 + n2 ≤ n3 ≤ n1 + n3 ≤ n2 + n3, the volumes are
computed according to the equations in the second table.

The inverse of the equations in the first two tables can be seen in the third table, where
in each we obtain α as a function of the normalized volume.
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zone normalized volume V α ∈

1 1
6n1n2n3

α3 [0, n1]

2 1
6n2n3

(3α2 − 3αn1 + n2
1) ]n1, n2]

3
1

6n1n2n3

(
−α3 + α2 (3n1 + 3n2)

+α(−3n2
1 − 3n2

2) + n3
1 + n3

2

) ]n2, n3]

4 1
6n1n2n3

(
α3 + (n1 − α)3 + (n2 − α)3 + (n3 − α)3) ]n3, n1 + n2]

5
1

6n1n2n3

(
−α3 + 3α2n3 + α(6n1n2 − 3n2

3)

+n3
3 − 3n1n2

2 − 3n2
1n2

) ]n1 + n2, n1 + n3]

6
−1

6n2n3
(− 3α2 + α (3n1 + 6n2 + 6n3)

− n2
1 − 3n2

2 − 3n2
3 − 3n1n2 − 3n1n3)

]n1 + n3, n2 + n3]

7

1
6n1n2n3

(
−α3 + α2 (3n1 + 3n2 + 3n3)

+α(−3n2
1 − 6n2n1 − 6n3n1

−3n2
2 − 3n2

3 − 6n2n3) + n3
1 + n3

2 + n3
3 + 3n1n2

2

+3n1n2
3 + 3n2n2

3 + 3n2
1n2 + 3n2

1n3 + 3n2
2n3

) ]n2 + n3, n1 + n2 + n3]

zone normalized volume V α ∈
3 Same as case 1 ]n2, n1 + n2]
4 α

n3
− n1+n2

2n3
]n1 + n2, n3]

5 Same as case 1 ]n3, n1 + n3]
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zone plane coefficient α V ∈
1 3

√
6n1n2n3V [0, V1]

2 1
6

(√
72n2n3V − 3n2

1 + 3n1

)
]V1, V2]

3 α obtained numerically ]V2, V3]

4
{

α obtained numerically if n1 + n2 > n3
1
2 (2n3V + n1 + n2) if n1 + n2 < n3

]V3, V4]

5 α obtained numerically ]V4, V5]

6 −
√
−24n2n3(V−1)−n2

1
2
√

3
+ n1

2 + n2 + n3 ]V5, V6]

7 n1 + n2 + n3 − 3
√

n1n2n3(1−V) ]V6, 1]



Appendix C

Asymptotic expansion of the factorized
central moment lattice Boltzmann

We show here how the advection diffusion equation is obtained from the LB equation
with the factorized central moment collision operator. The same procedure is applied
earlier by several researchers [54, 43, 102] to obtain Navier Stokes equations and hence
is not repeated here.

The procedure we are following starts by expanding the lhs of the LB equation C.1 in
space and the rhs in time. An alternative way to do the expansion in space and time
together is done by shifting time and space coordinates in equation C.1 of the pre- and
post collision distributions by a negative half time and space step [52], respectively. This
has the advantage of reducing the analysis steps.

hijkxyz(t+∆t) = h∗ijk(x−ic∆t)(y−jc∆t)(z−kc∆t)t (C.1)

∞

∑
o=0

∆to

o!
∂to hijkxyzt =

∞

∑
m=0

∞

∑
n=0

∞

∑
l=0

(−c∆t)m+n+l(im jnkl)
m! n! l!

∂xmynzl h∗ijkxyzt (C.2)

Knowing that µαβγ = ∑i,j,k iα jβkγhijk, we can write a similar expansion like the one in
equation C.2 in the raw moment space. Later in the analysis can the raw moments be
transformed into central moments.

∞

∑
o=0

∆to

o!
∂to µαβγ =

∞

∑
m=0

∞

∑
n=0

∞

∑
l=0

(−c∆t)m+n+l(im jnkl)
m! n! l!

∂xmynzl µ∗(α+m)(β+n)(γ+l) (C.3)
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We need now to re-scale the time and space coordinates. Two famous scalings can be
used i.e. acoustic and diffusive scalings. Our aim is to have at the end the advection
diffusion equation, so in this regard we use diffusive scaling, where compressibilty error
is kept at the same scale as the discretization error. Consequently, ∆t ∝ ∆x2: ∆t ∝ ε2

and ∆x ∝ ε. Where ε is the scaling parameter.

∞

∑
o=0

ε2o

o!
∂to µαβγ =

∞

∑
m=0

∞

∑
n=0

∞

∑
l=0

(−ε)m+n+l(im jnkl)
m! n! l!

∂xmynzl µ∗(α+m)(β+n)(γ+l) (C.4)

We apply now asymptotic expansion of the moments. This step is done to represent the
moments as functions of time and space resolutions, i.e ε.

µ∗αβγ =
∞

∑
q=0

εq
(q)

µ∗αβγ , µαβγ =
∞

∑
q=0

εq (q)
µαβγ (C.5)

Substituting equation C.5 in equation C.4 produces:

∞

∑
o=0

ε2o

o!
∂to

∞

∑
q=0

εq (q)
µαβγ =

∞

∑
m,n,l=0

(−ε)m+n+l(im jnkl)
m! n! l!

∂xmynzl

∞

∑
q=0

εq
(q)

µ∗(α+m)(β+n)(γ+l) (C.6)

Now, equation C.6 is responsible for generating PDEs for each order q. We name each
order by the value that q holds, i.e. zeroth order when q = 0 and first order when q = 1,
etc.

While any values can be assigned to α, β and γ, we can at most obtain 27 independent
moments, since the used velocity set has 27 elements. Higher order moments follow
aliasing condition, for example, µ300 = µ100, µ400 = µ200, µ500 = µ100, µ310 = µ110, etc.

Macroscopic quantities like mass density ρ, and velocity u = (u, v, w) are also expanded
in the same manner followed in equation C.5:

ρ =
∞

∑
q=0

εq(q)
ρ

u =
∞

∑
q=0

εq(q)
u

(C.7)

One note about equation C.7 is that the expansion must be achiral since LB equation is
achiral. In other words, equation C.7 stays invariant under the spatial inversion of the



129

coordinate system. This is true in general when all even orders of velocity vanish and all
odd orders of density vanish while using a non-zero expansion coefficient [54].

(1)
ρ =

(3)
ρ =

(5)
ρ =

(7)
ρ = ... = 0

(0)
u =

(2)
u =

(4)
u =

(6)
u = ... = 0

(C.8)

We then expand equation C.6 up to third order (ε3) and equate coefficients of ε.

For ε0:

(0)
µ∗αβγ =

(0)
µαβγ (C.9)

This leads to having all zeroth order moments being equal to their zeroth order equilibria
eq(0)
µαβγ.

For ε1:

(1)
µ∗αβγ −

(1)
µαβγ = ∂x

(0)
µ∗(α+1)βγ + ∂y

(0)
µ∗α(β+1)γ + ∂z

(0)
µ∗αβ(γ+1) (C.10)

Replacing zeroth order moments with their zeroth order equilibria, equation C.10 reads:

(1)
µ∗αβγ −

(1)
µαβγ = ∂x

eq(0)
µ(α+1)βγ + ∂y

eq(0)
µα(β+1)γ + ∂z

eq(0)
µαβ(γ+1) (C.11)

Taking α = 1, β = γ = 0

(1)
µ∗100 −

(1)
µ100 = ∂x

eq(0)
µ200 + ∂y

eq(0)
µ110 + ∂z

eq(0)
µ101 (C.12)

(1)
µ∗100 −

(1)
µ100 = ∂x

eq(0)
µ200 (C.13)

The collision reads:
µ∗ = µeqω + (1−ω)µ (C.14)

µ∗ − µ = µeqω + ω(−µ)

µ∗ − µ = ω(µeq − µ)
(C.15)
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Using equation C.15, equation C.13 becomes:

ω1(
(1)eq
µ100 −

(1)
µ100) = ∂x

(0)
µ200 (C.16)

From the equilibrium equation
eq(0)
µ200 = c2

s
(0)
ρ and

(1)eq
µ100 =

(0)
ρ

(1)
u , the pre collision first order

moment
(1)

µ100 can be written as:

(1)
µ100 =

(0)
ρ

(1)
u − ∂xcs

2(0)
ρ

ω1
(C.17)

Taking α = 0, β = 1, γ = 0 and α = β = 0, γ = 1 then repeating the steps in equations

C.12, C.13, C.15, C.16, C.17, we obtain the pre collision first order moments
(1)
µ 010 and

(1)
µ001:

(1)
µ010 =

(0)
ρ

(1)
v − ∂ycs

2(0)
ρ

ω1
(C.18)

(1)
µ001 =

(0)
ρ

(1)
w − ∂zcs

2(0)
ρ

ω1
(C.19)

For ε2:

(2)
µ∗αβγ −

(2)
µαβγ = ∂t

(0)
µαβγ

+

(
∂x

(1)
µ∗(α+1)βγ + ∂y

(1)
µ∗α(β+1)γ + ∂z

(1)
µ∗αβ(γ+1)

)

−
(

∂xy

(0)
µ∗(α+1)(β+1)γ + ∂yz

(0)
µ∗α(β+1)(γ+1) + ∂xz

(0)
µ∗(α+1)β(γ+1)

)

−1
2

(
∂x2

(0)
µ∗(α+2)βγ + ∂y2

(0)
µ∗α(β+2)γ + ∂z2

(0)
µ∗αβ(γ+2)

)
(C.20)

Again, all zero order moments are replaced with their zeroth order equilibria.

Consider α = β = γ = 0
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(2)
µ∗000 −

(2)
µ000 = ∂t

eq(0)
µ000

+

(
∂x

(1)
µ∗100 + ∂y

(1)
µ∗010 + ∂z

(1)
µ∗001

)

−
(

∂xy
eq(0)
µ110 + ∂yz

eq(0)
µ011 + ∂xz

eq(0)
µ101

)
−1

2

(
∂x2

eq(0)
µ200 + ∂y2

eq(0)
µ020 + ∂z2

eq(0)
µ002

)
(C.21)

By replacing the equilibria with their definitions, all mixed derivatives in equation C.21
go to zero, therefore:

(2)
µ∗000 −

(2)
µ000 = ∂t

(0)
ρ

+

(
∂x

(1)
µ∗100 + ∂y

(1)
µ∗010 + ∂z

(1)
µ∗001

)

−1
2

(
∂x2cs

2(0)
ρ + ∂y2cs

2(0)
ρ + ∂z2cs

2(0)
ρ

) (C.22)

The post collision moments are written in their pre collision moments using equation
C.14

(2)
µ∗000 −

(2)
µ000 = ∂t

(0)
ρ

+∂x

(
ω1

eq(1)
µ100 + (1−ω1)

(1)
µ100

)
+∂y

(
ω1

eq(1)
µ010 + (1−ω1)

(1)
µ010

)
+∂z

(
ω1

eq(1)
µ001 + (1−ω1)

(1)
µ001

)
−1

2

(
∂x2cs

2(0)
ρ + ∂y2cs

2(0)
ρ + ∂z2cs

2(0)
ρ

)
(C.23)
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Again we replace equilbrium moments with their definition

(2)
µ∗000 −

(2)
µ000 = ∂t

(0)
ρ

+∂x

(
ω1(

(0)
ρ

(1)
u ) + (1−ω1)

(1)
µ100

)
+∂y

(
ω1(

(0)
ρ

(1)
v ) + (1−ω1)

(1)
µ010

)
+∂z

(
ω1(

(0)
ρ

(1)
w) + (1−ω1)

(1)
µ001

)
−1

2

(
∂x2cs

2(0)
ρ + ∂y2cs

2(0)
ρ + ∂z2cs

2(0)
ρ

)
(C.24)

Replacing the pre collisions moments with the values obtained from equations C.17, C.18
and C.19:

(2)
µ∗000 −

(2)
µ000 = ∂t

(0)
ρ

+∂x

ω1(
(0)
ρ

(1)
u ) + (1−ω1)

(0)
ρ

(1)
u − ∂xcs

2(0)
ρ

ω1


+∂y

ω1(
(0)
ρ

(1)
v ) + (1−ω1)

(0)
ρ

(1)
v − ∂ycs

2(0)
ρ

ω1


+∂z

ω1(
(0)
ρ

(1)
w) + (1−ω1)

(0)
ρ

(1)
w − ∂zcs

2(0)
ρ

ω1


−1

2

(
∂x2cs

2(0)
ρ + ∂y2cs

2(0)
ρ + ∂z2cs

2(0)
ρ

)

(C.25)



133

Simplifying:

(2)
µ∗000 −

(2)
µ000 =∂t

(0)
ρ

+∂x

(
(0)
ρ

(1)
u −

(
1−ω1

ω1

)
∂xcs

2(0)
ρ

)
+∂y

(
(0)
ρ

(1)
v −

(
1−ω1

ω1

)
∂ycs

2(0)
ρ

)
+∂z

(
(0)
ρ

(1)
w −

(
1−ω1

ω1

)
∂zcs

2(0)
ρ

)
−1

2

(
∂x2cs

2(0)
ρ + ∂y2cs

2(0)
ρ + ∂z2cs

2(0)
ρ

)
(C.26)

(2)
µ∗000 −

(2)
µ000 =∂t

(0)
ρ

+∂x
(0)
ρ

(1)
u −

(
1−ω1

ω1

)
∂x2cs

2(0)
ρ

+∂y
(0)
ρ

(1)
v −

(
1−ω1

ω1

)
∂y2cs

2(0)
ρ

+∂z
(0)
ρ

(1)
w −

(
1−ω1

ω1

)
∂z2cs

2(0)
ρ

−1
2

(
∂x2cs

2(0)
ρ + ∂y2cs

2(0)
ρ + ∂z2cs

2(0)
ρ

)
(C.27)

Further simplifying:

(2)
µ∗000 −

(2)
µ000 =∂t

(0)
ρ

+∂x
(0)
ρ

(1)
u + ∂y

(0)
ρ

(1)
v + ∂z

(0)
ρ

(1)
w − cs

2
(

1
ω1
− 1

2

)(
∂x2

(0)
ρ + ∂y2

(0)
ρ + ∂z2

(0)
ρ

)
(C.28)

The velocity field is incompressible, and for D3Q27 lattice cs
2 = 1

3 hence:

(2)
µ∗000 −

(2)
µ000 =∂t

(0)
ρ

+
(1)
u ∂x

(0)
ρ +

(1)
v ∂y

(0)
ρ +

(1)
w∂z

(0)
ρ − 1

3

(
1

ω1
− 1

2

)(
∂x2

(0)
ρ + ∂y2

(0)
ρ + ∂z2

(0)
ρ

)
(C.29)
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Finally, we obtain the advection diffusion equation:

∂t
(0)
ρ +

(1)
u ·∇(0)

ρ +∇ ·
(
−1

3

(
1

ω1
− 1

2

)
∇

(0)
ρ

)
=

(2)
µ∗000 −

(2)
µ000 (C.30)
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