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1. Cohomology and lifting fields  

For basic definitions, constructions and results in group cohomology and in 

the theory of projective representations which occur in this paper we refer 

to [Y ]. Many concepts which will be used have their origin in the work of I. 

Schur [S]. Parts of this paper are also related to a result in [ASD].  

For any finite group 𝐺 and any – multiplicatively written – abelian group 𝐴 

denote by 𝐻2(𝐺, 𝐴) the second cohomology group of 𝐺 with respect to 𝐴, 

where 𝐴 is regarded as a 𝐺-module with respect to the trival 𝐺-action ; so 

𝑔(𝑎) = 𝑎 for all 𝑎 ∈ 𝐴, 𝑔 ∈ 𝐺. Hence 𝐻2(𝐺, 𝐴) consists of all cohomology 

classes (𝑓) of central 2-cocycles 𝑓: 𝐺 × 𝐺 → 𝐴 ; so 𝑓 satisfies 

                 𝑓(𝑥, 𝑦)𝑓(𝑥𝑦, 𝑧) = 𝑓(𝑥, 𝑦𝑧)𝑓(𝑦, 𝑧) for all 𝑥, 𝑦, 𝑧 ∈ 𝐺 . 

Let 𝑘 be a field of characteristic 0 and let �̅� be an algebraic closure of 𝑘.  For 

any field 𝐿 denote by 𝐿∗ its multiplicative group and by 𝑊𝐿 ≤ 𝐿∗ its subgroup  
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of roots of unity. In [ASD], p. 237, line 13 ff, it is shown that for every central 

2-cocycle 𝑓: 𝐺 × 𝐺 → 𝑘∗ there is a function 𝛼: 𝐺 → �̅�∗ such that (𝛿𝛼)𝑓 is a 

central 2-cocycle with values in 𝑊𝑘 . Clearly, 𝛼 defines a homomorphism on 

the factor commutator group 𝐺/𝐺′ with values in �̅�∗/𝑘∗, and therefore all 

values of 𝛼e, where 𝑒 is the exponent of 𝐺/𝐺′, belong to 𝑘∗. So the field 

extension  𝐾 = 𝑘(𝛼) which is obtained from 𝑘 by adjoining to 𝑘 all values of 

𝛼 is a lifting field for (𝑓) in the following sense: A subextension 𝐾/𝑘 of �̅�/𝑘 of 

finite degree (𝐾: 𝑘) is called a lifting field for (𝑓) ∈ 𝐻2(𝐺, 𝑘∗) if the image 

(𝑓)𝐾 of (𝑓) under the homomorphism 

                                            𝐻2(𝐺, 𝑘∗) → 𝐻2(𝐺, 𝐾∗) 

which is induced by the embedding 𝑘∗ ⊂ 𝐾∗ is contained in the image of the 

homomorphism  

                                      𝑤𝐾: 𝐻2(𝐺, 𝑊𝑘) → 𝐻2(𝐺, 𝐾∗)  

which is induced by the embedding 𝑊𝑘 ⊂ 𝐾∗. Note that (𝑓)𝐾 = (𝑓𝐾) where 

𝑓𝐾: 𝐺 × 𝐺 → 𝐾∗ is obtained by composing 𝑓: 𝐺 × 𝐺 → 𝑘∗ with 𝑘∗ ⊂ 𝐾∗. If 

𝐾/𝑘 is a lifting field for (𝑓) we also say that (𝑓) is liftable or linearizable over 
𝐾. Note that 𝑘(𝛼)/𝑘 need not be a Galois extension, but that 𝑘(𝛼, 𝜉𝑒)/𝑘, 

where 𝜉𝑒  𝜖 �̅� denotes a root of unity of order 𝑒, is a Galois extension.  

In order to explain the terminology „lifting field“  we use well known classical 

constructions and arguments; compare e.g. [M], 2, pp. 269 ff ; [Y ], section 1.4, 

Proposition 1.4 and [ASD], §3:  Denote by (𝑔) ∈ 𝐻2(𝐺, 𝑊𝑘) an element such 

that 𝑤𝐾((𝑔)) = (𝑓𝐾), let 𝑔 ∈ (𝑔) be normalized, so 𝑔 satisfies 𝑔(1, 𝑥) = 1 =

𝑔(𝑦, 1) for all 𝑥, 𝑦 ∈ 𝐺,  and let 𝑊𝑔 denote the subgroup of 𝑊𝑘  which is 

generated by all values of 𝑔.  𝑊𝑔 is finite. Let 

(1.1)                              1 → 𝑊𝑔 → 𝐺(𝑔) → 𝐺 → 1 

be the central group extension which is defined by the 2-cocycle 𝑔: 𝐺 × 𝐺 →

𝑊𝑔 , i.e. 𝐺(𝑔) = {(𝛼, 𝑥): 𝛼 ∈ 𝑊𝑔, 𝑥 ∈ 𝐺} with multiplication defined by 

                                   (𝛼, 𝑥)(𝛽, 𝑦) ≔ (𝛼𝛽𝑔(𝑥, 𝑦), 𝑥𝑦) . 

It follows that (𝑔) belongs to the kernel of the inflation homomorphism 

                                  𝑖𝑛𝑓: 𝐻2(𝐺, 𝑊𝑔) → 𝐻2(𝐺(𝑔), 𝑊𝑔). 
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Therefore (𝑓𝐾) belongs to the kernel of the inflation homomorphism 

                                  𝑖𝑛𝑓: 𝐻2(𝐺, 𝐾∗) → 𝐻2(𝐺(𝑔), 𝐾∗) . 

This implies that for every projective representation 𝑃 of 𝐺 over 𝑘 with 

cocycle class (𝑓) the inflation inf (𝑃) of 𝑃 to 𝐺(𝑔) is projectively equivalent 

over 𝐾 to a linear representation of 𝐺(𝑔) over 𝐾, i.e. 𝐾⨂inf (𝑃) is projectively 

equivalent to a linear representation of 𝐺(𝑔) over 𝐾.  

We can also express the effect of the existence of a lifting field 𝐾/𝑘 for (𝑓) ∈

𝐻2(𝐺, 𝑘∗) in terms of twisted group algebras: Recall that the twisted group 

algebra (𝑘, 𝐺, 𝑓) as a 𝑘-vector space has the basis 𝑒𝑥, 𝑥 ∈ 𝐺, and that its ring 

multiplication is obtained by extending the definition 

                                   𝑒𝑥𝑒𝑦 ≔ 𝑓(𝑥, 𝑦)𝑒𝑥𝑦 , 𝑥, 𝑦 ∈ 𝐺 ,   

𝑘-linearly to (𝑘, 𝐺, 𝑓). Note that when 𝑓 is equivalent to the central 2-cocycle 

𝑓′: 𝐺 × 𝐺 → 𝑘∗, i.e. 𝑓′ = (𝛿𝛼)𝑓 for some function 𝛼: 𝐺 → 𝑘∗, then the 

assignment 𝑒𝑥 ↦ 𝛼(𝑥)𝑒𝑥, 𝑥 ∈ 𝐺, yields an isomorphism of 𝑘-algebras 

(𝑘, 𝐺, 𝑓) ≅ (𝑘, 𝐺, 𝑓′). Since we assume that the characteristic of 𝑘 is 0, the 

algebra (𝑘, 𝐺, 𝑓) is semisimple. For details see e.g. [Y], section 4, in connection 

with [D], III, §5.  Now if 𝐾 is a lifting field for (𝑓) ∈ 𝐻2(𝐺, 𝑘∗) then for the 

central group extension 𝐺(𝑔) which is defined in (1.1) the assignment 
(𝛼, 𝑥) ↦ 𝛼𝑒𝑥, (𝛼, 𝑥) ∈ 𝐺(𝑔), leads to an epimorphism of 𝐾-algebras 

𝐾⨂𝑘(𝑘, 𝐺(𝑔)) ≅ (𝐾, 𝐺(𝑔)) → (𝐾, 𝐺, 𝑔) ≅ (𝐾, 𝐺, 𝑓𝐾) ≅ 𝐾⨂𝑘(𝑘, 𝐺, 𝑓), 

where (𝑘, 𝐺(𝑔)) is the ordinary group algebra of 𝐺(𝑔) over 𝑘.  

A variant of the term „lifting field“ was introduced already in [O1], (2.4), 

under a different name and was used  there in order to investigate  splitting 

field questions for twisted group algebras. Here we illustrate its applicability 

to splitting fields for twisted group algebras by the following result (1.2) 

which could be proved by using methods and results from {O1]. But for the 

sake of completeness we include a proof here.  

 

(1.2) Proposition  Let 𝐾 be a lifting field for (𝑓) ∈ 𝐻2(𝐺, 𝑘∗) and let �̃� = 𝐺(𝑔) 
be the central group extension defined in (1.1). Let  𝑚 denote the exponent 
of  �̃� and let 𝜉𝑚𝜖 �̅� denote a primitive root of unity of order  𝑚. Then the field 
𝐾(𝜉𝑚) is a splitting field for the twisted group algebra (𝑘, 𝐺, 𝑓). 
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Proof: We show that the  𝐾(𝜉𝑚)-algebra  

                                                     𝐾(𝜉𝑚)⨂𝑘(𝑘, 𝐺, 𝑓) 

is isomorphic to a direct sum of matrix algebras over 𝐾(𝜉𝑚). According to a 

well known result of R. Brauer applied to the finite group �̃�, compare e.g. 

[L1], XXIII, § 11, Thm. 17, the field 𝐾(𝜉𝑚) is a splitting field for the ordinary 

group algebra (𝐾, �̃�). Since the 𝐾-algebra (𝐾, 𝐺, 𝑓𝐾) is an epimorphic image 

of the 𝐾-algebra (𝐾, �̃�), the field 𝐾(𝜉𝑚) is also a splitting field for (𝐾, 𝐺, 𝑓𝐾) 

and therefore also a splitting field for the 𝑘-algebra (𝑘, 𝐺, 𝑓).  

We mention that a connection between the concepts of lifting and splitting 

for projective representations of finite groups is also explained in [J], section 

1, especially in Lemma 1.2, p. 9.   

Another possibility to express the above mentioned result of Asano and 

Shoda is as follows.  A proof for the result in this formulation follows also 

from (1.7) below. 

 

(1.3) Proposition (Asano, Shoda) For every (𝑓) ∈ 𝐻2(𝐺, 𝑘∗) there are a 
central symmetric 2-cocycle 𝑓𝑠: 𝐺/𝐺′ × 𝐺/𝐺′ → 𝑘∗, so 𝑓𝑠 satisfies 𝑓𝑠(𝑥, 𝑦) =

𝑓𝑠(𝑦. 𝑥) for all 𝑥, 𝑦 ∈ 𝐺/𝐺′, and a central 2-cocycle 𝑔 = 𝑓𝑡: 𝐺 × 𝐺 → 𝑊𝑘  such 
that 

(*)                                (𝑓) = (inf (𝑓𝑠)) ∙ (𝑔)   

  

If 𝑓 = 𝛿𝛼 ∙ 𝑔, where 𝑔: 𝐺 × 𝐺 → 𝑊𝑘  is a central 2-cocycle and 𝛼: 𝐺 → �̅�∗ is a 

function, then (𝛿𝛼) = (inf(𝑓𝑠)) for some symmetric 2-cocycle 𝑓𝑠: 𝐺/𝐺′ × 

G/𝐺′ → 𝑘∗. Conversely, if (*) holds, then by a well known argument, namely 

applying Schur’s lemma to any absolutely irreducible 𝑓𝑠-representation of 

𝐺/𝐺′ over �̅�, shows that inf (𝑓𝑠) is a coboundary over �̅�. 

A subextension 𝐾/𝑘 of �̅�/𝑘 of finite degree (𝐾: 𝑘) is a lifting field for a 
subgroup  ℋ≤ 𝐻2(𝐺, 𝑘∗),  if 𝐾/𝑘 is a lifting field for every (𝑓) ∈ ℋ. If ℋ is 

finite there is a lifting field for ℋ as can be shown by applying the above 

reasoning. But, as is well known, in general the group 𝐻2(𝐺, 𝑘∗) is not finite, 

and in this case it seems to be difficult or even impossible to construct finite 

degree lifting fields for subgroups of 𝐻2(𝐺, 𝑘∗) which are not finite.  
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For several later purposes we recall some known results from group 

cohomology. 

 

(1.4) Lemma  Let 𝐺 be a  finite cyclic group of order 𝑛 and let 𝑥 ∈ 𝐺 be a 
generator for 𝐺. Let 𝐴 be an arbitrary abelian group. Then the map 

                    𝐻2(𝐺, 𝐴) → 𝐴/𝐴𝑛 ,  (𝑓) ↦ ∏ 𝑓(𝑥, 𝑥𝑗)𝑛
𝑗=1  𝑚𝑜𝑑 𝐴𝑛  

is an isomorphism. 

 

This is a special case of the well known periodicity modulo 2 of the 

cohomology of finite cyclic groups; comp. e.g. [L 3], chapter I, section 5, in 

connection with the reasoning in [D], V, §5. 

 

(1.5) Lemma  Let 𝐺 be a finite group and let 𝐹 be a torsionfree abelian group. 
Let 𝐺′ denote the commutator subgroup of 𝐺. Then the inflation 
homomorphism 

                                    𝑖𝑛𝑓: 𝐻2(𝐺/𝐺′, 𝐹) → 𝐻2(𝐺, 𝐹)  

is  an isomorphism. 

 

Proof: Compare e.g. [O 1], (1.4). 

 

(1.6) Lemma  Let 𝐺 be a finite group which is the direct product of groups 
𝐺1, 𝐺2. Let 𝐴 be an abelian group. Denote by 𝑃(𝐺1, 𝐺2; 𝐴) the group of all 
bimultiplicative pairings 𝐺1 × 𝐺2 → 𝐴. Then for every (𝑓) ∈ 𝐻2(𝐺, 𝐴) the 
map 𝜔𝑓: 𝐺1 × 𝐺2 → 𝐴 defined by 

                          𝜔𝑓(𝑥1, 𝑥2) ≔ 𝑓(𝑥1, 𝑥2)/𝑓(𝑥2, 𝑥1) ;  𝑥1 ∈ 𝐺1, 𝑥2 ∈ 𝐺2 , 

is a bimultiplicative pairing, and the map 

𝐻2(𝐺, 𝐴) → 𝐻2(𝐺1, 𝐴) × 𝐻2(𝐺2, 𝐴) × 𝑃(𝐺1, 𝐺2; 𝐴) 

                                     (𝑓) ↦ ((𝑓|𝐺1
), (𝑓|𝐺2

), 𝜔𝑓) 

is an isomorphism.   
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Proof: See [Y], 2.2, Thm. 2.1. 

 

It is well known, see [O 1], (1.1), (1.2), (1.3), especially the proof of (1.2), that 

for any field 𝑘 of characteristic 0 there is a subgroup 𝐻 of 𝑘∗ such that for 

𝐹: = 𝐹𝑘: = 𝑘∗/𝑊𝑘  we have 

(1.7)                 𝐻2(𝐺, 𝐻) ≅ 𝐻2(𝐺, 𝐹), 𝐻2(𝐺, 𝑘∗) ≅ 𝐻2(𝐺, 𝐹) × 𝐻2(𝐺, 𝑊𝑘) , 

and that the goup 𝐻2(𝐺, 𝑊𝑘) is finite. Using (1.4), (1.5), (1.6) we get 

(1.8)                       𝐻2(𝐺, 𝐹) ≅ 𝐻2(𝐺/𝐺′, 𝐹) ≅ 𝐻2(𝐺/𝐺′, 𝐻)  

                                                   ≅×𝑖=1
𝑟 𝐻2(𝐺𝑖 , 𝐻) ≅×𝑖=1

𝑟 𝐻/𝐻𝑛𝑖  

for any decomposition of 𝐺/𝐺′ as a direct product of cyclic groups 𝐺𝑖 of order 

𝑛𝑖  , 𝑖 = 1, … , 𝑟, . So for 𝐺 = 𝐺′ the group 𝐻2(𝐺, 𝑘∗) ≅ 𝐻2(𝐺, 𝑊𝑘) is finite. But 

if 𝐺 ≠ 𝐺′ there are fields 𝑘 such that 𝐻2(𝐺, 𝑘∗) is not finite. For instance, if 𝑘 

is a number field and 𝑛 ≠ 1 then the group 𝐹/𝐹𝑛 is not finite; see e.g. [F], pp. 

312 ff. 

For abelian 𝐺 we may also use the split exact sequence from [Y], 2.3, Theorem 

2.2, namely  

(1.9)                     1 → 𝐻𝑎𝑏𝑒𝑙
2 (𝐺, 𝑘∗) → 𝐻2(𝐺, 𝑘∗)

Ω
→ 𝑃𝑠(𝐺, 𝑘∗) → 1 , 

where 𝑃𝑠(𝐺, 𝑘∗) denotes the group of bimultiplicative symplectic pairings 

𝐺 × 𝐺 → 𝑘∗,  Ω is the homomorphism defined by 

           Ω((𝑓)) ≔ 𝜔𝑓 ,   𝜔𝑓(𝑥, 𝑦) ≔ 𝑓(𝑥, 𝑦/𝑓(𝑥, 𝑥),  (𝑓) ∈ 𝐻2(𝐺, 𝑘∗), 𝑥, 𝑦 ∈ 𝐺,  

and 𝐻𝑎𝑏𝑒𝑙
2 (𝐺, 𝑘∗) denotes the group of all classes of central 2-cocycles which 

can be represented by a symmetric 2-cocycle 𝑓𝑠: 𝐺 × 𝐺 → 𝑘∗.  

A splitting of (1.9) is constructed in [Y], proof of Theorem 2.2, by assigning 

to 𝜔 ∈ 𝑃𝑠(𝐺, 𝑘∗) a central 2-cocycle 𝑓𝜔: 𝐺 × 𝐺 → 𝑘∗ which is defined by using 

a decomposition 𝐺 =×𝑖=1
𝑟 𝐺𝑖 of 𝐺 as a direct product of cyclic groups 𝐺𝑖 =

〈𝑥𝑖〉, 𝑖 = 1, … , 𝑟, as follows: 𝑓𝜔 is the bimultiplicative pairing defined by  

                  𝑓𝜔(𝑥𝑖 , 𝑥𝑗) ≔ 𝜔(𝑥𝑖 , 𝑥𝑗), if 𝑖 > 𝑗, and 𝑓𝜔(𝑥𝑖 , 𝑥𝑗) ≔ 1, if 𝑖 ≤ 𝑗.  

Now, as above, Schur’s lemma applied to any absolutely irreducible �̅�-

representation with symmetric 2-cocycle 𝑓𝑠: 𝐺 × 𝐺 → 𝑘∗shows that there is a 

function  
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𝛼: 𝐺 → �̅�∗ such that 𝑓𝑠(𝑥, 𝑦) = 𝛼(𝑥)𝛼(𝑦)/𝛼(𝑥𝑦) for all 𝑥, 𝑦 ∈ 𝐺. The values of 

α together with a primitive root of unity of order exp(𝐺) in �̅�∗ generate a 

Galois extension 𝐾/𝑘 which by construction is a lifting field for any cocycle 

class (𝑓) ∈ 𝐻2(𝐺, 𝐾∗) with symmetric part (𝑓𝑠) ∈ 𝐻𝑎𝑏𝑒𝑙
2 (𝐺, 𝑘∗).  

Note that (1.6) and (1.4) yield an isomorphism 

(1.10)                                    𝐻𝑎𝑏𝑒𝑙
2 (𝐺, 𝑘∗) ≅×𝑖=1

𝑟 𝑘∗/𝑘∗𝑛𝑖  

where 𝐺 =×𝑖=1
𝑟 𝐺𝑖 is a decomposition of 𝐺 as a direct product of cyclic groups 

𝐺𝑖 of order 𝑛𝑖 , 𝑖 = 1, … , 𝑟. 

 

 

2. Lifting over number fields  

Let 𝑘 be a number field and let 𝐺 be a finite group such that 𝐺 ≠ 𝐺′. Then, as 

was mentioned in section 1, the group 𝐻2(𝐺, 𝑘∗) is not finite. The purpose of 

this section is to describe 𝐻2(𝐺, 𝑘∗) by certain finite subgroups and to 

construct a finite degree lifting field for each of these subgroups. Let 𝑆 be a 

finite set of places of 𝑘 which contains all infinite places of 𝑘 and all the finite 

places of 𝑘 which divide 𝑒 ≔ exp (𝐺/𝐺′). Denote by 𝑘𝑆
∗ the group of 𝑆-units of 

𝑘. By the generalized Dirichlet unit theorem we have 

(2.1)                            𝑘𝑆
∗ ≅ 𝑈 × 𝑊𝑘  , 𝑈 ≅ ℤ𝑠 ,  𝑠 = |𝑆| − 1 , 

compare [L 2], p. 104, unit theorem. Using this and (1.7), (1.8) we obtain 

(2.2)                            𝐻2(𝐺, 𝑘𝑆
∗) ≅ 𝐻2(𝐺, 𝑈) × 𝐻2(𝐺, 𝑊𝑘),  

𝐻2(𝐺, 𝑈)  ≅ 𝐻2(𝐺/𝐺′, 𝑈) ≅×𝑖=1
𝑟 𝑈/𝑈𝑛𝑖  

for any decomposition of 𝐺/𝐺′ as a direct product of cyclic groups 𝐺𝑖 of order 

𝑛𝑖 , 𝑖 = 1, … , 𝑟. It follows that the group 𝐻2(𝐺, 𝑘𝑆
∗) is finite. This implies that 

the image of the homomorphism 

                                       𝐻2(𝐺, 𝑘𝑆
∗) → 𝐻2(𝐺, 𝑘∗) , 

which is induced by the embedding 𝑘𝑆
∗ ⊂ 𝑘∗, is finite. We denote this image 

by 

                                                 𝐻2(𝐺, 𝑘∗)𝑆 . 
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We call an element (𝑓) ∈ 𝐻2(𝐺, 𝑘∗) unramified outside 𝑆 if (𝑓) ∈ 𝐻2(𝐺, 𝑘∗)𝑆. 

Clearly every element (𝑓) ∈ 𝐻2(𝐺, 𝑘∗) is unramified outside the set 𝑆 

consisting of all inifinite places of 𝑘, all finite places of 𝑘 dividing 𝑒 =

exp (𝐺/𝐺′) and all finite places of 𝑘 which divide some value of 𝑓. Denote by 

𝐾 = 𝐾(𝑆, 𝑒) the finite degree Galois extension of 𝑘 which is obtained from 𝑘 

by adjoining to 𝑘 all 𝑒-th roots √𝑢𝑖
𝑒 𝜖�̅� , 𝑖 = 1, … , 𝑠, where 𝑢1, … , 𝑢𝑠 is a basis 

for the free part 𝑈 of 𝑘𝑆
∗, see (2.1), and a primitive 𝑒-th root of unity. Since the 

exponent of 𝐻2(𝐺, 𝑈) divides 𝑒, it follows from the construction of 𝐾 that the 

image of 𝐻2(𝐺, 𝑘∗)𝑆 under the homomorphism 𝐻2(𝐺, 𝑘∗) → 𝐻2(𝐺, 𝐾∗) which 

is induced by the embedding 𝑘∗ ⊂ 𝐾∗ is contained in the image of the 

homomorphism 𝑤𝐾: 𝐻2(𝐺, 𝑊𝑘) → 𝐻2(𝐺, 𝐾∗) , i.e. 𝐾 = 𝐾(𝑆, 𝑒) is a lifting field 

for the subgroup ℋ= 𝐻2(𝐺, 𝑘∗)𝑆 𝑜𝑓 𝐻2(𝐺, 𝑘∗).   

The discussion so far yields the following result. 

 

(2.3) Theorem Let 𝑒 be a positive integer, let 𝑘 be a number field and let 𝑆 be 
a finite set of places of 𝑘 which contains all infinite places of 𝑘 and all the 
finite places of  𝑘 which divide 𝑒. Then for every finite group 𝐺 with the 
property 𝑒 = exp (𝐺/𝐺′) the group 𝐻2(𝐺, 𝑘∗)𝑆 is finite, and there is a lifting 
field 𝐾 = 𝐾(𝑆, 𝑒) for 𝐻2(𝐺, 𝑘∗)𝑆 which is a Galois extension of 𝑘;  𝐾(𝑆, 𝑒) is 

obtained from 𝑘 by adjoining to 𝑘 all roots √𝑢𝑖
𝑒  ∈  �̅�, 𝑖 = 1, … , 𝑠, where 

𝑢1, 𝑢2, … , 𝑢𝑠 is a basis for the free part 𝑈 of the group 𝑘𝑆
∗ of  𝑆-units of  𝑘, and 

a primitive 𝑒-th root of unity from �̅�. The degree (𝐾(𝑆, 𝑒): 𝑘) is bounded from 
above by a positive integer which depends only on k,  𝑒 and 𝑆. And for every 
finite group 𝐺 with the property 𝑒 = exp (𝐺/𝐺′) the field 𝐾(𝑆, 𝑒)(𝜉𝑚), where 
𝜉𝑚 ∈ �̅� is a primitive root of unity of order 𝑚 = |𝑊𝑘| ∙ exp (𝐺), is a splitting 
field for all twisted group algebras (𝑘, 𝐺, 𝑓), (𝑓) ∈ 𝐻2(𝐺, 𝑘∗)𝑆. 

 

 

3. Examples  

(a) Let 𝑛 be a positive integer >1 and take 𝐺 = 𝑆𝑛, the symmetric group on 𝑛 

letters. As is well known 𝐺′ = 𝐴𝑛, the alternating group of degree 𝑛. So we 

have 𝐺/𝐺′ = 𝑆𝑛/𝐴𝑛 ≅ 𝐶(2) is cyclic of order 2. Hence by (1.5) and (1.7),  for 

any field 𝑘 of characteristic 0 there is a subgroup 𝐻 ≤ 𝑘∗ such that 

                              𝐻2(𝑆𝑛, 𝑘∗) ≅ 𝐻2(𝐶(2), 𝐻) × 𝐻2(𝑆𝑛, 𝑊𝑘) 
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                    𝐻2(𝐺, 𝐻) ≅ 𝐻2(𝐺/𝐺′, 𝑘∗/𝑊𝑘) ≅ 𝐻2(𝐶(2), 𝐻) ≅ 𝐻/𝐻2 . 

So any (𝑓) ∈ 𝐻2(𝑆𝑛, 𝑘∗) can be decomposed as 

               (𝑓) = 𝑖𝑛𝑓((𝑓𝑠))(𝑔),   (𝑓𝑠) ∈ 𝐻2(𝐶(2), 𝐻),   (𝑔) ∈ 𝐻2(𝑆𝑛,𝑊𝑘) , 

and (𝑓𝑠) corresponds to 𝑎 = 𝑓𝑠(𝑥, 𝑥)𝑓𝑠(𝑥, 1)𝑚𝑜𝑑𝐻2 ∈ 𝐻/𝐻2 under the 

isomorphism 𝐻2(𝐶(2), 𝐻) ≅ 𝐻/𝐻2, where 𝑥 is a generating element of 

𝑆𝑛/𝐴𝑛 ≅ 𝐶(2). Hence by construction the field 𝑘(√𝑎) is a lifting field for (𝑓). 

(b) Let 𝑉 be an 𝑛-dimensional vector space over the field 𝑘 of characteristic 

0 which is equipped with a nondegenerate symmetric 𝑘-bilinear form 𝑏. Let 

(𝑣, … , 𝑣𝑛) be an orthogonal basis for the pair (𝑉, 𝑏). Then the associated 

quadratic form can be written as 

                         𝑎1𝑋1
2 + 𝑎2𝑋2

2 + ⋯ + 𝑎𝑛𝑋𝑛
2 ∈ 𝑘[𝑋1, 𝑋2, … , 𝑋𝑛]  . 

In [A], chapter V, section 4, pp. 186 ff, the Clifford algebra for (𝑉, 𝑏) is 

constructed as a twisted group algebra (𝑘, 𝐺, 𝑓) as follows. 𝐺 is the abelian 

group of exponent 2 consisting of all subsets 𝑆 of the set 𝑁 = {1,2, … , 𝑛} with 

group operation defined by 

                             𝑆 + 𝑇 ≔ (𝑆 ∪ 𝑇) − (𝑆 ∩ 𝑇), 𝑆, 𝑇 ⊂ 𝑁 , 

and the central 2-cocycle 𝑓: 𝐺 × 𝐺 → 𝑘∗ is given by 

      𝑓 ≔ 𝑓𝑠 ∙ 𝑔 ,     𝑓𝑠(𝑆, 𝑇) ≔ ∏ 𝑎𝑖  , 𝑔(𝑆, 𝑇) ≔ ∏ (𝑠, 𝑡),   𝑆, 𝑇 ⊂ 𝑁𝑠∈𝑆,𝑡∈𝑇𝑖∈𝑆∩𝑇  , 

where (𝑠, 𝑡) ≔ +1, if 𝑠 ≤ 𝑡, and (𝑠, 𝑡) ≔ −1, if 𝑠 > 𝑡. It follows from (1.8) and 

(1.9) and the construction of 𝑓 that the field 𝑘(√𝑎1, √𝑎2, … , √𝑎𝑛) is a lifting 

field for (𝑓) ∈ 𝐻2(𝐺, 𝑘∗). 

(c) (Comp. [O 2], pp. 3/4) Assume that 𝑚 is a positive integer >1. Denote by 

𝑊𝑚 the group of all 𝑚-th roots of unity in ℂ. Assume that 𝐺 is a finite abelian 

group of exponent 𝑚 and that 

                                                𝑡: 𝐺 × 𝐺 → 𝑊𝑚  

  is a central 2-cocycle such that the associated symplectic pairing [Y], 2.3, i.e. 

                 𝜔 = 𝜔𝑡: 𝐺 × 𝐺 → 𝑊𝑚,     𝜔𝑡(𝑥, 𝑦) ≔ 𝑡(𝑥, 𝑦)/𝑡(𝑦, 𝑥) ,   𝑥, 𝑦 ∈ 𝐺 , 

is nondegenerate. Let 𝐾/ℚ be an abelian extension such that its Galois group 

𝐺(𝐾/ℚ) is isomorphic to 𝐺 and let ℎ denote the conductor of 𝐾, i.e. ℎ is the 

smallest positive integer such that 𝐾 ⊂ ℚ(𝑒2𝜋𝑖/ℎ); as is well known ℎ exists 

by the Kronecker-Weber theorem, see e.g. [L 2], p. 210, corollary 3. For every  
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character 𝜒 of 𝐺, viewed as a character of the Galois group 𝐺(ℚ(𝑒2𝜋𝑖/ℎ)/ℚ), 

denote by 𝜏(𝜒) the corresponding Gauss sum, i.e.  

                              𝜏(𝜒) ≔ ∑ 𝜒(𝑎)𝑒2𝜋𝑖𝑎/𝑓(𝜒)
𝑎 𝑚𝑜𝑑 𝑓(𝜒)   

where 𝑓(𝜒) is the conductor of 𝜒.  For the terminology and elementary 

results on Gauss sums which are used here compare [LP], § 2. For instance, 

it is easily seen that  

(3.1)            𝜏(𝜒)𝜏(�̅�) = 𝜒(−1)𝑓(𝜒), 𝜏(�̅�) = 𝜒(−1)𝜏(𝜒)̅̅ ̅̅ ̅̅  . 

Moreover, 𝜏(𝜒) belongs to the field  ℚ(𝑒2𝜋𝑖/𝑚𝜒), where 𝑚𝜒 is the 𝑙𝑐𝑚 of 𝑓(𝜒) 

and the order 𝑔(𝜒) of 𝜒. And all values 

                                    𝜋(𝜒, 𝜓) ≔ 𝜏(𝜒)𝜏(𝜓)/𝜏(𝜒𝜓) , 

where 𝜒, 𝜓 are characters of 𝐺, viewed as characters of 𝐺(ℚ(𝑒2𝜋𝑖/ℎ)/ℚ), 

belong to ℚ(𝑒2𝜋𝑖/𝑚)∗. Denote by 𝑙 the lcm of all 𝑚𝜒, where 𝜒 runs over all 

characters of 𝐺, viewd as characters of 𝐺(ℚ(𝑒2𝜋𝑖/h)/ℚ), and denote by �̂� the 

character group of 𝐺. Then  

                 𝜋: �̂� × �̂� → ℚ(𝑒2𝜋𝑖/𝑚)∗,   𝜋(𝜒, 𝜓) ≔ 𝜏(𝜒)𝜏(𝜓)/𝜏(𝜒𝜓) , 

is a central 2-cocycle which, when viewed as a 2-cocycle with values in 

ℚ(𝑒2𝜋𝑖/𝑙)∗, is equivalent to the trivial 2-cocycle. Now for every character 𝜒 of 

𝐺 there is an element 𝑥 ∈ 𝐺 such that 𝜒(𝑦) = 𝜔(𝑥, 𝑦) for all 𝑦 ∈ 𝐺. Define 

                                      𝜏(𝑥) ≔ 𝜏(𝜔(𝑥, _ )), 𝑥 ∈ 𝐺 , 

and 

(3.2)               𝑓(𝑥, 𝑦) ≔  𝑡(𝑥, 𝑦)𝜏(𝑥)𝜏(𝑦)/𝜏(𝑥𝑦) , 𝑥, 𝑦 ∈ 𝐺 . 

Then 𝑓: 𝐺 × 𝐺 → ℚ(𝑒2𝜋𝑖/𝑚)∗ , (𝑥, 𝑦) ↦  𝑓(𝑥, 𝑦), is a central 2-cocycle which, 

when viewed as a central 2-cocycle with values in ℚ(𝑒2𝜋𝑖/𝑙)∗, is equivalent to 

a central 2-cocycle with values in 𝑊𝑚.  Hence by the construction following 

(1.9) the field ℚ(𝑒2𝜋𝑖/𝑙) is a lifting field for (𝑓) ∈ 𝐻2(𝐺, ℚ(𝑒2𝜋𝑖/𝑚)∗). Since ω  

is nondegenerate, the twisted group algebra (ℚ(𝑒2𝜋𝑖/𝑚), 𝐺, 𝑓) is central 

simple. Denote by 1 → 𝑊𝑚 → �̃� → 𝐺 → 1 the central group extension defined 

by 𝑡. Then the twisted group algebra (ℚ(𝑒2𝜋𝑖/𝑙), 𝐺, 𝑓) is an epimorphic image 

of the ordinary group algebra (ℚ(𝑒2𝜋𝑖/𝑙), �̃�). Since �̃� is nilpotent and since all 

values of every absolut irreducible character of �̃� belong to ℚ(𝑒2𝜋𝑖/𝑚), it  
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follows from [G], (4.9), that ℚ(𝑒𝜋𝑖/𝑙) is a splitting field for  (ℚ(𝑒2𝜋𝑖/𝑚), 𝐺, 𝑓).  

(Note that for even 𝑙 the field ℚ(𝑒𝜋𝑖/𝑙) contains the 4-th roots of unity.) The 

application of the result (4.9) in [G] can be avoided by replacing the cocycle 

𝑡 by an equivalent cocycle 𝑡′ wich is a bimultiolicative pairing as explained in 

the comments following (1.9), because then the exponent of the lifting group 

�̃� which is defined by 𝑡′ is easily computed to be exp (𝐺) if exp(𝐺) is odd and 

at most 2. exp (𝐺) if exp (𝐺) is even, and therefore the splitting field property 

of ℚ(𝑒𝜋𝑖/𝑙) follows from the general result (1.2).  Summarizing we get the 

following result. 

 

(3.3) Theorem Let 𝑓: 𝐺 × 𝐺 → ℚ(𝑒2𝜋𝑖/𝑚)∗ be as defined in (3.2). Then the 

field ℚ(𝑒2𝜋𝑖/𝑙) is a lifting field for (𝑓) ∈ 𝐻2(𝐺, ℚ(𝑒2𝜋𝑖m)∗), and the field 

ℚ(𝑒𝜋𝑖/𝑙) is a splitting field for the twisted group algebra (ℚ(𝑒2𝜋𝑖/𝑚), 𝐺, 𝑓). 

 

Remarks (a) It follows from (3.2) and (3.1) that (𝑓) is unramified outside the 

set of all places of ℚ(𝑒2𝜋𝑖/𝑚) which consists of all infinite places of ℚ(𝑒2𝜋𝑖/𝑚) 

and all the finite places of ℚ(𝑒2𝜋𝑖/m) which divide 2𝑙. 

(b) The statement in (3.3) which refers to the splitting field of 

(ℚ(𝑒2𝜋𝑖/𝑚), 𝐺, 𝑓) was also obtained in [O 2], p. 4, by a different method. 
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