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1 

PREFACE 

Slabs cast on ground or additionally supported by piles are subjected to restraint The motor 

of restraint are the free thermal deformations in conjunction with autogenaus shrinkage. 

Such restraint may Iead to cracks at early age. Practice deals with restraint in widely differing 

ways, especially with respect of the assumptions regarding the type and magnitude of 

restraint Usually, the present methods and computational softwares do not accurately take 

the young concrete's rapid hardening into account 

lt is the aim of this report to present the usual models for the assessment of restraint, to 

validate and modify them. lmproved models have to be developed. ln the focus of this report 

are engineering models with adequate accuracy to assess the restraint in the phases of pre­

design, design and execution. 

This report was written in conjunction of iBMB's partnership in the Brite Euram Project 

IPACS (lmproved Production of Advanced Concrete Structures). The comments and advise 

of partners in the EC research project IPACS is greatly appreciated. The authors are also 

indebted for the valuable discussions with Prof. W. Rodatz, Institute of Geotechnical 

Engineering and Prof. H. Ahrens, Institute for Structural Analysis, both from the Technical 

University of Braunschweig. Cordial acknowledgement is due to Claudia Gerdau, Ria Köser 

and Tanja Kohl for their excellent drawing work and untiring engagement. 

F. S. Rostasy 
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1 INTRODUCTION 

1.1 Parameters of Restraint and Stiffness 

A slab cast an ground is more or less restrained. Restraint will commence in the early age of 

concrete and may continue also into the service life of structure. Restraint is caused by the 

simultaneaus occurrence of 

• free thermal, autogenaus and hygral volume change of concrete and by the 

• hindrance of these volume changes due to the interaction of the slab with the soil. 

The magnitude of restraint can be expressed as a function of the stiffness of soil and slab. 

The main parameters of the stiffness are: 

Parameters of soil Parameters of slab 

• type of soil • dimensions dc, bc. e 

• stiffness of soil, Es • dead and live Ioads 

• angle of shear friction ~ • mechanical properties of concrete as 

• cohesion c functions of age etc. 

• compactness D (bedding density) • volume changes 

• grain size, uniformity of soil • depth of slab in soil etc. 

• water content 

• stratification etc. 

1.2 Free Deformations and Restraint 

Restraint is associated with stresses in the slab and may cause cracks. Because the free 

strains in the hardening concrete member are not uniformly distributed over the slab's depth 

dc. the following components of deformation have to be distinguished with respect to their 
contribution to stresses (Fig. 1.1 ): 

• Mean free strain Eom and free curvature Ko are the linear components, which Iead to the 
restraint actions N and M. 
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• The differences between the strains Eo(Z, t) and the linear components lin Eo(z, t) 

- described by strain compensation plane - are associated with eigenstresses. Eigen­

stresses self-equilibrate and hence do not contribute to N and M. 

For very young concrete the separate assessment of stresses caused by these 

deformational components is inadmissible because of the concrete's varying visco-elastic 

behaviour over the depth dc. As hydration progresses, the separate assessment may Iead to 

reasonably correct restraint actions. ln practice, the non-linear strain components and 

stresses are often neglected, only stresses caused by the actions N and M are considered. 

Such procedure may underestimate the crack risk. lt should be noted that for early age 

concrete, drying shrinkage may be disregarded as cause for restraint stresses and cracks. 

However, at later age drying shrinkage may become an important cause for cracking. 

Hence, one should keep in mind that the early age of concrete describes only a segment of 

the structure's life. 

I 

~
. z 
1+----- Eom -----. 

dc ·-·-·-·-·-·-·-·-·-·-·-·-· 
: e0(z)------'<-+i 
I 

I 

free compensation plane/ 

non - linear strain 
component 

Fig. 1.1 Components of Free Deformations Across Slab's Depth 

1.3 Basic Approaches for the Description of Interaction 

The interaction between a foundation slab and the ground is dealt with in numerous 

publications. ln most of the latter, emphasis is put on the structural design of the slab, 

loaded by its self-weight and the actions of the rising structure [8]. ln this report, the early 

age of the slab is in the focus. ln this period, it is pre-supposed that only the slab's self­

weight is acting as ground pressure. This ground pressure will, however, be super-imposed 

by restraint reaction stresses caused by the free deformation of the hardening concrete. This 

kind of interaction has also been dealt with though to a lesser extent than the load-induced 

interaction [5, 7, 9, 1 0]. Especially, the effects of the rapidly changing mechanical properties 

of young concrete have not yet been taken into consideration satisfactorily. 
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The approaches to describe interaction can be generally categorized with respect to the 

material laws of concrete and soil as weil as to the mode of coupling of slab to soil. The 

restraint of the slab's free axial deformation is commonly described by shear-friction or 

others contact elements: horizontal interaction. 

The restraint of the slab's free curvature can be described in several ways: vertical 

interaction. ln practice, often either the stiffness modulus or the subgrade reaction modulus 

method is used. Thereby, only the restraint moments can be assessed. 

The separate treatment of axial and bending restraint and the superposition of reactions 

resp. are mechanically unsound. ln lang slabs there exists an inner region in which the slab 

is elastically coupled - without differential slip - to the ground. The restraint reactions can be 

assessed by the so-called multi-layer method, which renders simultaneously the axial and 

bending restraint reaction. By this method the slab and soil over its interactive depth form a 

package for which the plane strain condition is assumed. However, this method also exhibits 

certain shortcomings. Therefore in this report a rational combination of methods will be 

developed. 

lt is the aim of this report not only to present the existing and new engineering models but 

also to validate their suitability with respect to interaction. ln this report, reinforced slabs with 

a thickness dc > 50 cm are treated. Slabs on rock are not dealt with in this report. 

Axial restraint can be mitigated by sliding layers between slab and soil. Restraint may be 

enhanced by stiff piles impeding the slab's free deformations etc. 
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2 GEOMETRY OF SLAB ON SOlLAND FREE DEFORMATIONS 

lt is pre-supposed that the Interaction of a slab with the soil can be idealized by a linear cut­

out from the !arge reetangular slab dc x b x .e. Fig. 2.1 shows a particular solution with a 

sliding layer (e.g. bituminous layer, PE-foils etc.) to break or to mitigate the friction 

interaction with subsoiL Commonly, a 10 to 20 cm thick compacted gravel layer (capillary 

breaker) and a about 5 to 10 cm thick blinding of concrete (for levelling and clean placement 

of reinforcement) are placed an the natural soil. Emphasis is put here on the most common 

solution in practice in which a sliding layer is omitted. in this case, the slab is cast on the 

blinding. in a later section, the efficiency of sliding layers will be discussed. 

1 slab 
I 
I I 

' 
1 sliding layer 

I I 

Fig. 2.1: 

linding 
ravellayer 
atural soil 

Geometry of Slab and Free Deformations 

ln Fig. 2.1 the free deformations Eo (z, t) of slab are also depicted. Their linear components 

Eom (mean free strain) and Ko (free curvature) Iead to the expansion and contraction of 

concrete as weil as to the curvature of varying sign of slab. The free deformations will be 

impeded by the dead weight of slab and interaction with soil. More to these aspects can be 

found in section 4 and 5. 
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3 MECHANICAL BEHAVIOUR OF SOll WITH RESPECT TO INTERACTION 

3.1 Problem and Intentions 

For the assessment of interaction between slab and ground the relevant mechanical 

properties of cohesive and non-cohesive soil must be formulated. Within the framewerk of 

this report, natural soils with a stiffness modulus Es ::; 200 N/mm
2 

are dealt with. Soil is 

regarded as an elastic, non-tension material under shear and compressive stress. Material 

behaviour of soil will be modelled. Besides that, the basic engineering models of interaction 

will be outlined. 

3.2 Shear Behaviour of Soils 

Horizontal interaction between slab and soil is influenced by the response of soil under the 

combination of shear stress '! and normal stress crn. Interna! friction forces and deformations 

arise. Frictional sliding, particle re-orientation and dilatancy are activated. 

ln non-cohesive soil (cohesion c = 0; sand, gravel, natural crushed stone) the following 

parameters determine the shear-strength and deformation: 

• compactness D 

• coefficient of uniformity U = dgrSoo;./ dgr1o% 

• grain size d9r and shape of grains 

• normal stress crn 

The compactness D expresses the difference between maximum and the actual natural pore 

volume of soil. lt is hence a measure of the natural density of soil (D = 0.3: loose; D = 0.50: 

medium; D = 0.70: dense). Fig. 3.1 schematically shows the relationship between the shear­

stress and the local displacement. The upper line is valid for a high, the lower one for a low 

compactness D {bedding density). The shear-strength 'rshu can be expressed by 

'rshu = O"n tan q> (3.1) 

with O"n, normal pressure and q>, angle of internal friction of soil. 

Table 3.1 contains data on soil parameters from different sources [6]. 
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Fig. 3.1: Relationship Between Shear-Stress ts and Displacement v of Soil (Schematic) 

For cohesive soil (clay, loam, boulder clay, silt etc.) the following soil parameters are 

important: 

• consistency 

• water content 

• grain size distribution 

• over-consolidation etc. 

The shear behaviour of soil as shown in Fig. 3.1 is also valid for cohesive soil. ln Fig. 3.2 the 

relationship 'tshu vs. crn is plotted. lt can be expressed by 

'tshu = C + O"n tan <p {3.2) 

with c, cohesion. Table 3.2 contains soil data from various sources. 

'tshu 

cohesive soil 

i 
c 
i 

Fig. 3.2: Shear Strength of Soil vs. Normal Stress for Cohesive and Non-Cohesive Soil 
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Table 3.1: Properties of Non-Cohesive Soils (Mean Approximate Values) 

type of soil density of buoyant angle of constrained 

moist soil density internal ( stiffness) 

of soil friction modulus 

Psm Psb <p Es 

[-] [kN/m3
] [kN/m3

] [0] [MN/m2
] 

sand, loose, round 18 10 30 20- 50 

sand, loose, angular 18 10 32,5 40- 80 

sand, dense, round 19 11 32,5 50 - 100 

sand, dense, angular 19 11 35 80- 150 

sand, very dense, angular 19 11 37,5 150- 250 

gravel without sand 16 10 37,5 100- 200 

natural crushed stone 18 11 40 150- 300 

Table 3.2: Properties of Cohesive Soils (Mean Approximate Values) 

type of soil density of buoyant angle of cohesion constrained 
wet soil density internal (stiffness) 

of soil friction modulus 
Psm Psb <p c Es 

[-] [kN/m 3
] [kN/m 3

] [0] [kN/m2
] [MN/m2

] 

clay, semi-solid 19 9 25 25 5- 10 

clay, stiff 18 8 20 20 2,5- 5 

clay, soft 17 7 17,5 10 1 -2,5 

boulder clay 22 12 30 25 30- 100 

loam, semi-solid 21 11 27,5 10 5-20 

loam, soft 19 9 27,5 4-8 -
silty soil 18 8 27,5 3- 10 -
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3.3 Model of Shear-Friction Interaction for Non-Cohesive Soil 

Comprehensive sliding tests with concrete slabs on various substrates by [4], [5] and others 

show that the base friction behaviour, Fig. 3.3 a, follows the relationship depicted in Fig. 3.1. 

ln [4] an analytical relationship 'ttr- v was developed, Fig. 3.3 a. Besides the angle of internal 

friction, other parameters such as the roughness of the intermediate contact plane, 

compactness, coefficient of uniformity etc. influence the behaviour. The maximum shear 

stress can be expressed by 

'ttu = 1-lt · <Jn (3.3) 

with j..t1, friction coefficient; crn, normal pressure. lt was found that the friction coefficient 

exceeds tan <p: 

1-lt = f (U, D, <Jn ... ) ~ tan <p. (3.4) 

For the slab on ground and during early age of concrete, the normal stress is caused by the 

slab's dead weight: 

(3.5) 

with Pc. density of concrete (=== 25 kN!m\ For sand 0/2 mm, Eq. (3.4) can approximated by 

Jlt === 0.6 + 0.56 D- 0.11 ln (crn/100) (3.6) 

and for a sand-gravel soil 0/16 mm by 

Jlt === 0.7 + 0.56 D- 0.11 ln (crn/100). (3.7) 

ln Table 3.3 values of the friction coefficient - calculated with Eq. (3.6) and (3. 7) - for a 1 m 

thick slab on the before mentioned soils are presented. These values can be compared with 

internal friction of the soil. The value tan <p of internal friction of sand 0/2 mm is in the range 

of 0.58 to 0.77 and for sandy gravel about 0.77. lt should be pointed out, that the pressure crn 

may increase as construction progresses. 
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relative 
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[-] 

low 
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medium 

very dense 

10 

Approximate Values of Friction Coefficient for a 1 m Thick Slab on Non­

Cohesive Soils 

compactness proctor sand sand-gravel 

0 density ~~ ~~ 

H [%] [-] [-] 

~ 0.3 ~ 95 0.9 1.0 

~ 0.5 ~ 98 1.0 1.1 

~0.45 ~ 98 0.9 1.0 

~ 0.65 ~ 100 1 .1 1.2 

lt is believed that values of ~~- calculated with Eq. (3.6) and (3.7) - represent upper boundary 

values (sup !lt) which should be used when assessing axial restraint of slab. 

The Eq. (3.6) and (3.7) pre-suppose that the deformations v and sliding occur in the soil. lf 

however a layer of compacted gravel or sand-gravel is placed on the soil, the relative 

displacement of slab may occur in this layer and not in the natural soil. This mechanism will 

happen if the compactness D1ayer < Dsoil· 

Fig. 3.3: 

a 

sliding 

dv = 1 mm 
v [mm] 

'tf 
v/dv 

J..lt<l'n 
1;'tru 

b c 

0 
vldv v/dv 

Normalized Relationship of Shear-Friction Stress vs. Relative Displacement 

and ldealized Models for Non-Cohesive Soil 

http://www.digibib.tu-bs.de/?docid=00061750 13/11/2015



11 

For the assessment of restraint, the '!1-v-relationship of Fig. 3.3 a can be simplified. Fig. 3.3 b 

shows an elasto-plastic model. The elastic branch was described in [7]: 

(3.8) 

with the slope C1 in MN/m3 
: 

(3.9) 

with crn in MN/m3 and dv = 0.001 m. For sand-gravel soil the following values for C1 [MN/m 3
] 

dependent on the soil's density are reasonable: 13 dc (low), 16 dc (medium) and 19 dc (high); 

dc in m. 

Ct can be interpreted as the stiffness of a horizontal spring or as a shear modulus. Elastic 

behaviour ends at displacement 

Ve1 = dv I {f5 [mm], (3.1 0) 

with dv = 1 mm. lf v > V81 , sliding motion occurs. ln lang slabs, a region araund the axis of 

symmetry may not perform sliding motion. Elastic interlock prevails there. Fig. 3.3 c shows 

the rigid-plastic model, which represents the simplest approach. 

3.4 Model of Shear Friction Interaction for Cohesive Soil 

The relationship for the shear-strength of soil is given by Eq. (3.2), viz. Fig. 3.1 and Fig. 3.2. 

There is little information to be found in Iiterature as to shear-friction interaction of slabs with 

cohesive soil. lt is proposed to proceed as for non-cohesive soil: 

(3.11) 

with c, cohesion, Table 2; /-lt as described by Eq. (3.6) and (3.7). lt must be mentioned that 

the density of cohesive soil is measured in-situ in different ways as for non-cohesive soil 

(e.g. penetration tests). The elasto-plastic description of the relationship 'tt- v in the elastic 

branch is: 

(3.12) 

http://www.digibib.tu-bs.de/?docid=00061750 13/11/2015



12 

lf the slip v exceeds v61, Eq. (3.11) is valid. lf a sand or sand-gravel blinding is placed an soil, 

then the relevant resistance has to be determined by comparative calculation with Eq. (3.8) 

and (3.11). 

3.5 Models of Elastic Bedding of Slab on Soil 

Besides complex models several engineering approaches have been developed to assess 

the bending restraint of a slab an ground. These approaches comprise the stiffness modulus 

method and the subgrade reaction modulus method, which are widely applied and for which 

commercial software exists. ln addition to these common methods, the so-called three-layer 

method has been developed. All these methods take the deformability of soil over an 

interacting depth ds into account. For the sake of simplicity, the soil is regarded as an elastic 

material. This is a conservative assumption, because the inclusion of time-dependent 

deformation of soil Ieads to the relaxation of soil stresses and hence to a lower restraint of 

slab. 

The above-mentioned engineering methods are here briefly described. lt is often argued that 

the stiffness modulus method is physically superior to the less complex subgrade reaction 

modulus method. ln view of the numerous uncertainties in the models and material 

parameters it is acceptable to opt for the subgrade reaction modulus method. 

• Subgrade reaction modulus method 

Thereby, the compressibility of soil below the slab and over the depth ds are modelled by 

elastic springs as shown in Fig. 3.4. ln the spring constant, called modulus of subgrade 

reaction SRM, the elasticity of soil and the depth ds are incorporated. 

The modulus of subgrade reaction is defined by 

k = (jn 
s ' s (3.13) 

with 0
n· ground pressure and s, mean settlement, both directly below slab. The mean 

settlement is expressed by 

By inserting Eq. (3.13) into Eq. (3.12) we obtain 

ks =~ 
b f' 

(3.14) 

(3.15) 
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with Es, mean stiffness modulus of soil layer ds (viz. Table 3.2 and Table 3.3); b, breadth of 

slab with b::; C; f [-], parameter dependent on the ratios d8 /b and Nb. Fig. 3.5 shows the 

dependence of f on certain values of Nb and on ds/b. For other values reference is made 

to [1 ]. 

p, j ~p,=k,.s 
ground pressure 

Fig. 3.4: Method of Subgrade Reaction Modulus 

Returning to Eq. (3.13), the settlement can be interpreted as vertical deformation of the soil 

column with the height ds with f (Nb, ds/b) being a correction factor. ln Fig. 3.4 the 

dependence of the modulus ks for e.g. the depth ds = 10 m is shown for the several values of 

Es and CI b. The lower Es, the lesser the influence of C and f /b. 

For the determination of the subgrade reaction modulus ks in the pre-design phase, 

appropriate values of Es and ds must be assumed. The parameter f is then - for given 

dimensions of slab f and b- determined from graphs (e.g. [1]). For more concise 

investigations - e.g. in the design phase with contract awarded etc. - Es and ds can be based 

on test results of soil mechanical investigations. 

The modulus of subgrade reaction is not a true material property of ground and is connected 

with several uncertainties. lf its determination can not be based on the results of preceding 

geotechnical investigations, it will be a rather unprecise value. lt was however found that this 

inexactness does not significantly influence the restraint actions. More to this will follow in 

chapter 5. 

With the subgrade reaction modulus method only the restraint moments dependent on slab's 

length and several other parameters can be derived. The axial restraint force must be 

independently calculated with the shear friction method and be superimposed. The taking 

into account of aging and visco-elasticity of young concrete is difficult. ln centrast to this, 

bending and axial restraint of slab as weil as the physical non-linearity of concrete can be 

simultaneously taken into consideration with the so-called three-layer method, 
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• Three-layer method TLM 

This method pre-supposes that the inner region of slab - an both sides of axis of symmetry -

may be elastically interlocked with the soil which interacts over an effective depth ds ot soil 

with the slab. Slab, blinding and soil layer form a three-layer system which is treated with 

the postulate of "plane sections remain plane". Consequently, neither shear stresses nor 

relative displacements occur in the inner region. lt the mean tree strain Eom is !arge enough, 

the sliding shear strength 't1u of soil may be overcome in the outer regions ot slab (ends of 

slab). Consequently, the length of the elastically blocked zone must be known in order to 

combine the TLM with the shear friction method and to develop an physically overall 

acceptable depiction of restraint More to this will follow in section 5. 

• Deformations and support conditions 

ln Fig. 3.7 the free deformations of slab are depicted. Du ring heating-up caused by hydration 

the slab tends to expand. The expansion phase is then followed by the contraction phase in 

course of cooling. The free cuNature Ko is for slabs an ground generally negative. The slab, 

hence, has the tendency to curl-up at ends. Due to restraint, the residual (i.e. final) 

deformations commonly fall below the free deformations because the latter will be more or 

less impeded by the deformations caused by the restraint actions. 

The residual deformationsandeventual bending cracks are schematically shown by Fig. 3.8. 

Restraint is highest in the region araund the axis of symmetry. Depending on length and 

depth of slab and stiffness modulus of soil etc. the slab's end may Iift oft from ground. 
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4 ENGINEERING MODELS FOR AXIAL RESTRAINT 

4.1 Intentions and Models 

ln this section several engineering models for the assessment of the axial restraint force are 

presented, discussed and improved [5, 7, 9]. Thesemodelsare approximate solutions of the 

complex interaction with ground because of the following reasons. They only render the axial 

force and mean stress, resp. The non-linear, age-dependent restraint stress cr (z, t) can not 

be derived by this method. The restraint force is pre-supposedly caused by the hindrance of 

the mean free strain Eom(t) alone. The influence of curvature is suppressed (e.g. up-lift at 

ends). Concrete is assumed to be a quasi-elastic material. lts stiffness can be described by 

the mean effective elastic modulus Ee over the slab's depth dc in order to take into account 

the aging and visco-elasticity of concrete. With the effective modulus Ee the relaxation of 

concrete can be approximately taken into account. lts determination will be shown in sec. 5. 

The horizontal interaction with the ground will be described by the elasto-plastic shear 

Stress-displacement model of Fig. 3.3 b. Because this model does not take the ground's 

elastic compliance over an interacting depth into account, the overall interaction is improved 

by the TLM. The cut-out from slab with the width bc = I m is treated. 

4.2 Distribution of Shear Stress, Displacement and Normal Force 

ln Fig. 4.1 the general dependence of the shear stress and restraint force N along the slab's 

half-length. Three zones of horizontal interaction with the ground can be distinguished. 
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t=O 

maxN 
I 

Fig. 4.1: Distribution of Shear Stress, Displacement and Axial Restraint Force of Slab 

on Ground 

• zone Rb at axis of symmetry 

lt is pre-supposed that slab and ground are in this zone - on both sides of the axis of 

symmetry- totally elastically coupled. Slab, blinding and ground act as a three-layer system 

{TLM) under the condition of plane strains. The axial restraint force is within eb constant. 

Shear stresses do not exist. This inner region of Hb is especially prone to cracking. Provided 

the maximum restraint force has been determined by the TLM, section 4.4, then the 

maximum degree of axial restraint Raa is known: 

maxN 
No , 0$ Raa$ 0 

(4.1) 

with Na, force of total restraint 

(4.2) 

With that, we obtain the maximum restraint force at x = o: 

max N = -Eom Ea dc Raa· 
(4.3) 
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lt should not be concealed that the length tb can not be trivially determined. lt will however 

be shown that this fact does not represent a stumbling block for further deliberation. 

• zone ft of frictional sliding at slab's ends 

As the axial strain Eom increases, the sliding shear strength 'ttu. viz. Fig. 3.3 b, will be reached 

at the ends of slab. The frictional restraint force can be expressed by: 

Nt (x') = x' Ö 'ttu (4.4) 

with its maximum at x' = ft ~ t 12: 

max Nt = ft ö 'ttu (4.5) 

with e.g. 'ttu = llt crn; crn = Pc dc for dead-weight of slab. ln Eq. (4.4) and (4.5) ö represents an 

integer by which the dependence of the sign of free mean strain on the restraint force can be 

taken into consideration: 

Ö = + 1 for Eom < 0 

Ö= -1 forEom>Ü 

contraction, 

expansion. 

• zone Re, elastically blocked length 

At the point x' = t,, the relative displacement between slab and ground corresponds with 

Fig. 3.3 b to the maximum elastic deformation V eh Eq. (3.1 0). The zone fe represents a 

region of transition between total coupling to sliding of slab. The assessment of length f.e will 

be treated in section 4.5. 

4.3 Magnitude of Mean Free Strain 

ln Fig. 3. 7 the age-dependence of the mean free strain Eom is schematically depicted. ln the 

early age of concrete member, the mean free strain is positive (expansion), later-on it 

changes to negative values (contraction). The magnitude of Eom depends with respect to its 

thermal component on the same parameters as the mean temperature of slab. Autogenaus 

shrinkage is negative from the onset of solid matter properties (setting time). The absolute 

values I Eom I of expansion phase exceed those of the contraction phase by a factor of about 

1.25 to 1 .50. 
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The mean free strains of slabs on ground were numerically investigated for the concrete 

compositions C01 and C023 (viz. Appendix). These compositions differ with respect to their 

heat Iiberation potential: 

C01: 

C023: 

Üpot = 38.4 kWh/m3
, 

Üpot = 28.5 kWh/m 3
. 

Fig. 4.2 shows the results for several values of thickness dc and different seasons of casting. 

The values Eom pertain to the contraction phase (Eom < 0) at the age of 6 weeks. The 

contraction strain I Eom I decreases with the increase of dc· The influence of casting season 

is small. The heat potential is of great influence. Taking also higher cement contents into 

account, approximate Iimit values can be formulated for e.g. a 1 m thick slab: 

contraction phase: I im Eom "" - 0.100 to - 0.150 10'3, 

expansion phase: I im Eom "" +0.125 to +0.250 1 0'3. 

The mean values of tensile Young's modulus and axial tensile strength follow in the early 

phase of hardening the rise of mean temperature of slab. At the maximum of the expansion 

strain +Eom(t) about 70 to 85 % of the final values of these properties are already reached. 

From then on, they will grow only with slow rate. 

-0,15 

8 -0.10 
2. 

-0,05 

0 

d0 [m] 1,0 2,0 

C01 

1,0 

0 spring/fall 

I 
I 

summer 

winter 

2,0 

C023 

Fig. 4.2: Calculated Mean Free Strain Eom (Contraction) at the Age of 6 Weeks Dependent 

on Heat Potential, Slab Thickness and Climate of Casting 

http://www.digibib.tu-bs.de/?docid=00061750 13/11/2015



21 

4.4 Axial Restraint of Slab due to Elastic Interaction with Soil in Half Space 

4.4.1 Three layer model - TLM 

lt is a weakness of shear interaction approaches, that they do not take into account the soil's 

horizontal compliance over a greater depth below the slab. The horizontal compliance of soil 

can be modelled by the so-called elastic three-layer approach TLM (e.g. in [9]). Fig. 4.3 

shows the three-layer system and definitions. The TLM pertains to the inner region of ± t'b 

on both sides of axis of symmetry, viz. Fig. 4.1. ln this region, equilibrium of inner forces and 

compatibility of resultant strains must be fulfilled. The stiffness values of layers are: 

slab: 

blinding: 

soil: 

Eb db ""' 30.000·0.1 MN/m 

Es ds; Es, stiffness modulus, viz. Table 3.1 and Table 3.2. 

FE-studies have shown that the interacting depth ds of soil can be assumed to be ds ""' f I 3 

[8]. All three materials are assumed to be elastic. With the mean effective tensile modulus Ee 

the visco-elasticity of concrete can be taken into account. lt is pre-supposed that the 

resultant and common strain plane is vertical. The influence of an eventual free curvature in 

either layer is neglected. 

T m(z,t) 

I 
l_ _____ _ 

r-Tos-.j 

Fig. 4.3: 

1 

I 
I !:om = aT~T m (t) r ·.:..:, 

~ 
I 
6>s "' e~ Eomb "' 0 

. Eoms"'O 

common 
strain 
plane 

Three-Layer System-Temperatures, Free Strains and Strain Plane 

Extensive FE-studies by the authors regarding the temperature distribution during hardening 

of slab have shown that the soil participates in the heat transfer over a depth of 4 to 6 times 

of the slab's thickness. During hydration not only the concrete of slab but also the older 
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blinding and the soil are heated up beyend their initial temperatures T bo and T so· The relevant 

free mean strains of blinding and soil Eobm and Eosm are here not taken into consideration for 

the sake of simplicity. This omission Ieads to a slightly higher axial restraint of slab and is 

hence conservative. 

4.4.2 Restraint forces and restraint factor 

The restraint forces are associated with the mean axial strains as follows: 

N = 
(4.6) 

Equilibrium requires: 

(4.7) 

with Em, Emb and Ems• strains caused by the restraint forces N, Nb and Ns. The restraint actions 

force all layers into one and vertical strain plane. Compatibility requires that: 

(4.8) 

with ER, resultant mean strain. By introduction of Eq. (4.8) into Eq. (4.6) we arrive at the axial 

restraint force of slab (viz. also Eq. (4.3)): 

(4.9) 

With the restraint factor 

(4.1 0) 

Fig. 4.4 shows the evaluation of Eq. (4.1 0). The investigated values of the stiffness modulus 

Es cover the practical range of cohesive and non-cohesive soils. The restraint factor for the 

value Es = 0 represents the theoretical restraint by the blinding layer alone (two-layer 

system). Restraint increases with the length ~ and the stiffness modulus; it reduces with the 
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slab's thickness. Axial restraint is rather small. The dependence of restraint factor on length 

is caused by the increase of interacting depth ds with the length of slab. 

::::!: 0.3 ,-----------------, 
Q) 
ca 

0::: 

0.2 

0.1 

0 

Fig. 4.4: 

E9 = 25 GPa 
d =1m c 
d5 = f/3 

50 100 

10 

f [m] 

150 200 

Axial Restraint Factor Rae of Three-Layer System Dependent on Length and 

Stiffness Modulus of Soil 

The evaluation of Eq. (4.1 0) in Fig. 4.4 was performed with a constant value of effective 

tensile modulus of Ee = 25 GPa. Such va.lue is representative for the contraction phase with 

the concrete being already weil matured. ln the early expansion phase (viz. Fig. 3.7, 

Eom < max Eom) the modulus will be in the range 0 ~ Ee(t) ~ 25 GPa. This effect Ieads to an 

increase of Rae· ln fact, at the end of setting time we obtain Rae(ta) = 1 (first zero stress age) 

because of Ee dc = 0. From t > t0 on, Rae will rapidly decrease. More to this will be dealt with 

latter. 

Camparisan with rigid-plastic interactian 

For the rigid-plastic shear friction interaction Fig. 3.3 c, the maximum restraint factor Rat can 

be derived with Eq.(4.5) assuming sliding on entire length f 12: 

(4.11) 

Eq. (4.11) was evaluated in Fig. 4.5 for three values of I Eom I Ee [MPa]. The physical 

unsoundness of the shear-friction theory to describe axial restraint is evident. For 
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comparison, the restraint factor of elastic interaction, Eq. (4.1 0) was evaluated for 

Es = 200 MPa. Elastic restraint remains rather low. 

'I 1 ....... 
~ 
~ 
-o 

0.8 c 
ctl .. 

"' 0::: 
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0.4 
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0 

Fig. 4.5: 

0 

Rat; llf = 1 
Rae; Ec = 25 GPa 

Es = 200 MN/m
2 

dc =1m 

50 100 
f[m] 

Camparisan of Maximum Axial Restraint Factor of Sliding Friction with that of 

Three-Layer Elastic Interaction Rae at Axis of Symmetry 

4.5 Determination of Length fe and .e, 

Once the degree of axial restraint Rae has been determined with Eq. (4.10), the interacting 

partiallengths eb. Re and Rt can be derived. Forthis procedure the elasto-plastic shear-stress­

displacement model of Fig. 3.3 band the relationships of (7] are used. 

For low values of Eom - irrespective of sign of Eom - the maximum restraint force can be 

transferred to the ground by elastic displacements 0:::; v:::; ve1 (Eq. (3.1 0)). Sliding at the ends 

of slab does not occur, Fig. 4.6. 
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Fig. 4.6: Elastic Shear Interaction for Slab on Ground 

The displacement at ends and shear stress must meet the conditions 

( , ) dv 
V X = 0 $ Vel = ..fD (4.12) 

't (x' = 0) ~ !tu = Jlt <Jn (4.13) 

for non-cohesive soil. For v (x' = 0) = Vel and T (x' = 0) s Ttu, we arrive at the necessary length 

t'e, to elastically transfer the force max N to the ground: 

(4.14) 

or in normalized form, resp.: 

2.€ e1 =- 4Eom Ee dc Rae <1. 
f_ O'ttu R 

(4.15) 

Because of 

we may deduce the length .eb for .ea, s e 12. The evaluation of Eq. (4.15) is shown in Fig. 4. 7 

for a specific set of parameters and for self-weight of slab alone: 
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The intersection of the straight line of Eq. ( 4.15) with the horizontalline 2 ie1 I t = 1 marks the 

maximum value I E*om I Ee associated with elastic interaction on length [ 12. For 

I Eom I > I E*om I sliding will begin and Eq. (4.15) does not hold any further. Fig. 4. 7 shows the 

dependence of length ee on I Eom I Ee and length g I 2. 

0.75 

~ .... , .... 
"' 0.5 

0.25 

0.5 1.5 2 

IEom lEe [MPa) 

Fig. 4.7: Dependence of Length Ce on Value I Eom I Ee and Length of Slab (Examples) 

As sliding sets on, we obtain with gb = o and because of 

the length ee for I Eom I ~ I E* Om I : 

or in normalized form, resp.: 

2fe2 =2+ 4EomEedcRae <1 
e O'ttuf -

(4.16) 

(4.17) 

Fig. 4.8 shows the evaluation f E ( 
. 

0 q. 4.17) for the parameters of Fig. 4. 7. Eq. (4.17) is only 
valid between I E* om I E < 1 1 E < 1 * I 

e - Eom e - 2 E Om Ee. The total coupled length can be denoted by 
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(4.18) 

lt is shown as horizontal line at the ordinate 2 Ce1 I f = 1 in the region 0 ~ I Eom I Ee ~ I E*om I E6 . 

Fig. 4.9 shows the influence of length of slab. 

0.4 

0.2 

Fig. 4.8: 

E9 =25 GPa; Raa= 0.1,l= 25m 

dc= 1.1Jf = 1 

2 4 

IEom lEe [MPa] 

Dependence of Total Coupled Length Xbe on I Eom I Ee (Example) 

dc =1m, R3 = 0,1; fit= 1; E9 = 25 GPa 

1,0 1-""T""-""T""--~--------j 

2xoo 
t 

0,8 

0,6 

0,4 

0,2 

0 2 3 4 5 6 

J~>omlEe [MPa) 

Fig. 4.9: Dependence of Elastically Coupled Length xbe on I Eom I Ee and Length C 

(Example) 

With Fig. 4.10 one can decide which type of interaction will prevail in the specific case. 

Below the lower straight line, pairs of values (f, Eom) are associated with sliding on € 12. Pairs 

of values {f, Eom) above the upper line refer to full elastic coupling on f 12. Pairs of values 

falling into the wedge between straight lines are associated with elastic coupling and sliding 

as weil. The vertical dashed lines refer to Fig. 4.2. Example: a slab with dc = 2 m and 
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e = 25 m, cast with concrete C01, will be partly coupled and partly sliding on ends. 

same slab, though with e = 40 m, will be elastically coupled to ground without sliding. 

The 

~ 3 
~= 1; Ra= 0,1; Pc =0.024 MN/m 

E
8

= 25GPa 

4() 

alastic coupling 

~ 30 wrth't~'tfu 

20 

10 sliding on 
entire length 

: C01;2m 

.o.o2 -o.04 -o,06 .o,oa -o. 1 -o. 12 -o, 14 
'1Jm[OiooJ 

Fig. 4.10: Types of Axial Restraint Dependent on Strain and Length (Examples) 

4.6 Dependence of Restraint Force on Free Strain and Location 

ln Fig. 4.11 the dependence of maximum restraint force is depicted for the shown set of 

parameters. The force max N depends within the rigidly blocked length eb and elastically 

coupled length fe linearly on the imposed strain -Eom· Once the strain I Eom I ~ 2 I E*om I is 

reached, sliding occurs on the entire length. The distribution of restraint force along the 

length is schematically shown in Fig. 4.1 and Fig. 4.6. For the case that the slab is coupled 

along e/2, we obtain for fe1::; 1!12 and .eb ~ 0: 

N (xb) = max N = const. = -Eom Ee Ac Ra (4.19) 

(4.20) 

For the case that sliding sets on and the length .eb has vanished we obtain for fe 2 ::; e/2; 

eb = 0; ft = f/2 - fe1: 

x2 
N (Xe) = max N - Ö'ttu _e_ 

2fe2 
(4.21) 

(4.22) 
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The inner region- on both sides of axis of symmetry- is especially prone to cracking. As the 

mean stress due to max N remains rather low, through-cracking of slabs is rather unlikely. 

This is however not true for slabs cast on stiff rock. 

0.3 

'E z 
~ 
z 0.2 

~ 
E 

0.1 

0 

E8 = 25 GPa; Rae = 0.1, l = 25 m 
dc= 1m, ilt = 1, i:Qm < 0 

2 3 4 

-&om E8 [MPa] 

Fig. 4.11: Dependence of Maximum Restraint Force on Mean Free Strain (Example) 

4.7 Mitigation of Restraint by Sliding Layers 

Especially for !arge and rather thin slabs (dc <50 cm) sliding layers to mitigate friction and 

thus restraint are applied, e.g. for sewage treatment containers etc. ln [9] an overview on the 

efficiency of such layer is given. ln the following the main types of sliding layers and their 

efficiency are presented. Thereby only such solution in connection with a blinding concrete 

layer are discussed. Sliding motion has to occur between slab and blinding. 

Sliding layers are usually thin and hence vulnerable during work on site, especially the 

placement of reinforcement of slab. ln order to minimize the potential injury of layers, the 

following pre-requisites have to be fulfilled. The blinding has to be clean and smooth. Local 

roughness, indentation (foot print) provoke the ineffectiveness of layers. A surface finish by 

manual screeding and trowelling is usually too rough. A smoother surface is attained with a 

power trowel. 

• Double-layer PE-foils with 2 x 0.3 mm 

This is the most common and least expensive type. lt requires great care with respect to 

surface smoothness of blinding. lt is also the most vulnerable solution. The friction 
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· o t o 75 lt ·s stated in [7] that such solution 
coefficient )lf was measured 1n the range of 0.6 o · · I 

becomes ineffective for higher normal pressures cm > 25 kN/m
2 

(= dc = 1.0 m). 

• Lubricated and coated sliding layers 

Such commercial products may consist of 2 PE-foils, 0.3 to 0.5 mm/layer, with a lubricant 

(e.g. silicon grease) or a PTFE-foil in-between. Protection of top PE-Iayer is facilitated by a 

Iaminated styrofoam layer. The friction coefficient )lf was measured in the range of 0.3 

to 0.55. 

• Welded asphalt sheets 

As stated in [9], welded asphalt sheets are very suitable to mitigate the restraint of hardening 

slabs. They consist of one to two layers of asphalt sheet ( d == 4 mm I sheet) on a glass fiber 

mat to be patch-glued on blinding. Of great influence on the shear modulus of the asphalt 

sheet is the temperature and the rate of sliding motion. The equivalent coefficient of friction 

decreases with the normal stress crn. lt is for normal temperature and a low slide rate about 

0.45 for crn < 1 0 kN/m2 and about 0.20 for crn > 45 kN/m
2 

[9]. 

• Bituminous mastic concrete layer 

This material exhibits a visco-elastic behaviour. lf a soft bitumen is used, the equivalent 

friction coefficient for the temperature range of 10 to 15 oc and a low slide rate is about 0.3. 

More to this can be found in [9] and [7]. 

4.8 Summary 

ln the foregoing sections, the most frequently used engineering models for the assessment 

of axial restraint were outlined, discussed and compared. This was done under several pre­

suppositions and simplifications. 

Commonly, the shear-friction approach is applied in practice. lt was found that the restraint 

force of the simple rigid-plastic shear friction approach only insignificantly differs from that of 

the more complicated elasto-plastic shear friction approach. Both, violate compatibility with 

the deformation of soil. The most realistic approach is a combination of the three-layer model 

of elastic compliance of soil with the rigid plastic shear friction model of sec. 4.2. 

ln a massive, hardening slab there exists not only axial restraint but also bending restraint 

Hence, the isolated treatment of axial restraint and neglect of bending restraint is 

questionable. Because of that fact, the combined effect of mean free strain and mean 
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curvature on restraint stresses should be dealt with jointly as shown in chapter 5. 

Suggestions as to the mitigation of restraint by sliding layer are presented. 

http://www.digibib.tu-bs.de/?docid=00061750 13/11/2015



32 

5 ENGINEERING MODELS FOR BENDING AND COMBINED RESTRAINT 

5.1 Problem and Intentions 

ln chapter 4 of this report the axial restraint of slab caused by the hindrance of the free strain 

Eom has been treated. lt was, however, already pointed out, that in a massive slab there will 

always exist a cross-fall of temperature over the slab's depth during hardening of concrete. 

This cross-fall is associated with the free curvature Ko (viz. Fig. 1.1 ). Computations prove 

that the curvature Ko is negative. This means that the unrestrained slab has the tendency to 

curl up on both sides of the axis of symmetry. This free bending deformation is however 

impeded by the slab's dead weight and the vertical compliance of soil. The hindrance of 

curvature consequently Ieads to negative restraint moments (tension on top edge of slab). 

From these remarks, we conclude that the realistic assessment of restraint of a slab on 

ground must take both the vertical and horizontal deformability of soil into account. ln sec. 3 

the relevant material parameters of soil and the material models of interaction between slab 

and soil have been outlined. 

For the assessment of bending restraint (M) and combined restraint (N, M) the following 

approaches will be applied: 

• Three-layer method TLM, sec. 5.2 

• Subgrade reaction modulus method SRMM, sec. 5.4 

The TLM was already applied in sec. 4 to assess the degree of Ra of restraint and the axial 

restraint force. There, the effect of curvature was neglected. ln this section, in addition the 

effect of curvature will be taken into account. The SRMM was already outlined in sec. 3.5. By 

this method only the bending restraint can be determined. The axial restraint must hence be 

separately assessed according to section 4 and added to bending restraint 

The TLM and SRMM differ with respect to their mechanical basis. The TLM describes 

restraint in the inner region of a slab (around axis of symmetry). The influence of slab's 

length can only be taken implicitly into account via the assumption of interacting depth of soil 

ds "" e I 3. ln cantrast to that, by the SRMM the dependence of restraint moment on slab's 

length can be explicitly described. 

The TLM and SRMM describe the stiftnass of concrete by the mean effective modulus Ee. ln 

consequence, the non-linearity of local stress, cannot be described. Stresses can only be 

determined with the beam theory. ln order to assess the non-linear stresses the 
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• Finite Strip Method FSM, sec. 5.3 

of iBMB is additionally applied. lt is an amplification of the TLM by taking the local age- and 

time-dependence of properties into account. 

5.2 Three-Layer Model of Axial and Bending Restraint TLM 

5.2.1 Assumptions 

ln sec. 4.4 the axial restraint of a slab on blinding and soil was dealt with by the TLM. ln this 

approach, a unique and vertical plane of the resultant strain ER - common for all three 

materials - was pre-supposed. However, the bending restraint of the slab which inevitably 

occurs if a free curvature Ko exists was neglected. This neglection is only acceptable for thin 

slabs. With increasing depth dc of slab this presupposition is not tolerable. ln this section, 

therefore, an engineering model will be presented which treats the interaction of slab, 

blinding and soil over the interacting depth of ds = € I 3 for both axial and bending restraint 

This approach consists of two steps. ln the first step, the two layers, blinding and soil, are 

depicted by a compound one-layer model which is with respect to restraint of slab 

mechanically equivalent, called equivalent soil model. Then, in the second step the 

equivalent soil layer is adjoined to the slab, thereby forming a two-layer model consisting of 

the slab and equivalent soillayer. 

lt is assumed that the soil and blinding are ideally elastic materials. The concrete of slab is 

for short-term stress also considered to be linear-elastic, though the age-dependence of the 

mean Young's modulus Ec1 over the depth dc can be taken into account. Besides that, the 

visco-elastic behaviour of concrete must be considered in this quasi-elastic TLM approach. 

This can be realized by replacing Ect by the effective modulus Ee. The procedure to 

determine the latter will be described. Only the linear components of free deformations, Eom 

and Ko, are considered. lt is assumed that the free deformations of the blinding and soil are 

negligible. This is a conservative assumption with respect to restraint of the slab. The TLM 

requires the computation of the fields of temperature and free strains Eo (z, t) as weil as of 

the mean free deformations Eom (t) and Ko (t). 

The model describes the mechanical behaviour of slab and soil within the inner region of 

long slabs, i.e. in the blocked zone ±Xbe around the axis of symmetry. Because the ends of 

slab are free from stress, the gradual transition of the restraint in zone xbe to that at ends 

requires additional deliberations. 
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The TLM is not new. ln Japan the so-called compensation line (CL) and compensation plane 

(CP) methods have been developed [13, 14, 15]. They predominantly relate to the restraint 

of young concrete members by rock (Ee/ Erack ~ 40) and old concrete layers. The CP method 

was also applied in Scandinavia [16] and Germany [17], especially to model the restraint of 

young walls on old foundations. The application of this method to model the restraint of 

hardening concrete slabs by ground and, or piles has only rarely been treated [9]. 

5.2.2 Stiffness of Equivalent Soil Layer 

The thin but stiff blinding layer may significantly contribute to the restraint of slab. The 

blinding and soil are joined to the equivalent soil layer, Fig. 5.1. lts center of gravity Cse has 

the distance from the top of blinding 

f =~--
se 2 1 + Ko (5.1) 

with the stiffness parameter K0 

(5.2) 

With Eq. (5.1) the neutral axis is described, into which the actions of soil Nse and Mse are 

shifted. With the modulus Ese and the thickness dse of the equivalent soil layer 

E58 =E5 (1+Ko) 

the axial and bending stiffness can be expressed by 

E59 d5 =E 5 d5 (1+K0 ) 

E I - E d~ (1 + 2 Ko )2 
sese- s

12 1+K0 

(5.3) 

(5.4) 

(5.5) 
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T 
2f5e =-1-dJ2 

1 
ds 1 +K0 

Ebdb = 3ooo MN db ""0.1m 
fse 

I I 1 • cse 

I 
I 
9 es d5 :::: t/3 

I 1 I 
dse ""ds 

Esds I soil 
I 
I 

f+-- e.g.1m ---1 

Fig. 5.1: Equivalent Seil Layer and Three-Layer Model 

5.2.3 Assessment of Restraint Actions 

Fig. 5.2 shows the geometrical and mechanical relationships. The restraint actions enforce 

the common resultant strain plane. The equations of equilibrium and compatibility are: 

Nse + N = 0 , (5.6) 

N dc + 2 fse M M- 0 
se + se+ - .. , 

2 
(5.7) 

(5.8) 

ln Eq. (5.8), ER and KR are the resultant deformations of slab. The terms EsR and KsR = KR are 

the resultant deformations of equivalent soil layer. The value p is a geometrical parameter: 

p = (dc + 2 fse) 1 dc . The expressions for the resultant strains ER, EsR and the resultant 

curvatures KR, KsR are presented in Fig. 5.2. With the latter, the deformations Em, K caused by 

the restraint actions can be expressed by: 

(5.9) 

and 
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M 
~N 

(5.1 0) 

Strains and Curvatures of the Elastic Two-Layer Model-Slab with Equivalent 

Soil Layer 

ln Eq. (5.9) and (5.1 0) S0 and Ss are the normalized stiffness ratios: 

(5.11) 

(5.12) 

which can determined with Eq. (5.3) to (5.5). By introducing Eq. (5.11) and (5.12) into 

Eq. (5.6) to (5.8), we arrive at the restraint actions 

(5.13) 

(5.14) 
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5.2.4 Degrees of Restraint 

The degrees of restraint can be expressed by 

N E 
R =-=-_!!!_· 

a ' 
No Eom (5.15) 

and 

(5.16) 

with No and Mo the reactions for total restraint 

(5.17) 

and 

(5.18) 

With Eq. (5.15) to (5.18) the restraint actions can be alternatively expressed by 

(5.19) 

and 

(5.20) 

The assessment of the degrees of restraint, Eq. (5.15) and (5.16) requires the evaluation of 

Eq. (5.9) and (5.1 0). These equations show that both Ra and Rb depend on the free 

deformations Eom and KQ. Numerical studies have shown that the degree of axial restraint Ra 

is rather low for slabs on ordinary ground: Ra"" 0.05 + 0.20. This conclusion was already 

drawn in sec. 4.4. This conclusion can also be up-held if the assessment of Ra is performed 

with Eq. (5.9). ln cantrast to this, the degree of bending restraint Rb is rather high: 

Rb"" 0.8 + 1.0. This behaviour can be explained by the real values of stiffness parameters 

which for the contraction phase are in the following practical range: 

Soe ""5 + 15 low axial restraint 

Sse"" 0 + 0.25 high bending restraint 
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These values permit the suppression of the terms associated with Ss versus those terms 

associated with So. By doing so, we arrive at the following satisfactory estimators for the 

degrees of restraint 

- 1 R:::::--
a 1+S 

D 

(5.21) 

and 

(5.22) 

lt is mentioned that Eq. (5.21) and (4.1 0) are identical. To judge the suitability of these 

expressions, a comparative numerical study was performed for a 1 m thick slab with 

concrete C01 for two values of stiffness modulus Es and for variable length. The results are 

plotted in Fig. 5.3. The stiffness parameters and degrees of restraint depend on age as 

shown in Fig. 5.4. ln Fig. 5.3, the end values Rae and Rbe are computed with Eq. (5.15) and 

(5.16) and are compared with the approximate values 1\ and 1\ according Eq. (5.21) and 

(5.22). The differences between Rae and Rae are insignificant. The differences between 

Rbe and Rbe are slightly greater. These Statements also holds for other values of dc and Es. 

1.0 

~ 0.8 . 
.2l 
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Q, 

0.6 .0 
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Fig. 5.3: 
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Degrees of Restraint vs. Length of Slab. Exact and Approximative Values for 
dc = 1 m, C01 
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The restraint varies with age and time-dependent behaviour of concrete. This fact is 

elucidated in Fig. 5.4. Both stiffness parameters 8 0 and 8 8 , Eq. (5.11) and (5.12) are plotted 

vs. age. The age to denotes the concrete's on-set of being a solid material. The stiffness 

parameters tend towards their end-values Soe and 8 86 . With Eq. (5.21) and (5.22) the 

degrees of restraint were determined. They are also plotted in Fig. 5.4. Because of Ee = 0 at 

to, they assume the value of 1 at age to. From then on, they rapidly drop to their final Ieveis 

Rae and Rbe· 

10 

8 

lXI 
tl) 6 
." 
c .. 
c 

tl) 

Ect (oo) = 33.63 GPa; dc =1m. e =25m: Ed db= 3000 MN/rn 

E5 = 50 MPa, CO 1 

0.8 

... 
0.6 ~ 

0.4 

0.2 

c .. . 
0:: 

Fig. 5.4: Dependence of Stiffness Parameters and Degrees of Restraint on Age 

(Example) 

5.2.5 lnfluence of Age of Concrete and Time under Stress on Restraint Actions 

5.2.5.1 Age dependence of degrees of restraint 

The deformations com and Ko depend on age, viz. Fig. 3. 7. This is also true for the mean 

modulus of elasticity E and all other relevant properties of concrete. These facts imply that 

the restraint actions must be incrementally computed. At the on-set of steps ~comi and ~Ko, at 

the age ti, the mean modulus Ei (::: Ectm (ti); Ect = Ecc = E) must be known. With that the 

values of Soi and Ssi and the degrees of restraint Rai and Rbi can be determined (e.g. viz. Fig. 

5.4). 
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5.2.5.2 Age-adjusted effective modulus and relaxation 

lf the influence of relaxation is disregarded, the restraint actions and stresses will be 

significantly overestimated, especially at early age of concrete. The consideration of 

relaxation necessitates the knowledge of either the creep function (j) (t - t" t,) or the relaxation 

function \j/(t- tj, tj). The basis of such functions optimally are tests data and adapted models 

of the concrete of impending cast or suitable models from other sources. lt was proved in 

[33] that the creep models of MC 90 [35] and EC 2, pt. 2 [36] require modifications in order 

to satisfactorily describe early-age relaxation. Regarding such modifications viz. [34]. 

A wellknown approach to treat a relaxation problern on basis of creep functions is the age­

adjusted effective modulus Ee method (for the sake of brevity it is denoted as effective 

modulus EM) [30, 31, 32]. To explain the latter, e.g. the axial restraint force, Eq. (5.19), is 

formulated for the strain history L1Eomj, ... , starting at t1 and Iasting till tn: 

n 

Nn1 = - dc L ßcomi Eeni Rai 
i=1 

(5.23) 

with Eeni = Ecr \j/(tn- ti, tj), EM after the period of time tn- ti under stress for the age t, of on-set 

of L1Eomi· The restraint force can also alternatively be expressed with the relaxation 

function \j/: 

n 

Nn1 =- dc LL1Eomi Ei \j/ni Rai 
i=1 

(5.24) 

with \jfnj, mean relaxation function after the period of time tn - ti under stress for the age ti of 

on-set of L1Eomi· Hence, the EM is equivalent to 

Eeni = Ei 'Jini , 
(5.25) 

lt is dependent on time tn - ti under stress and on-set ti of strain increment. lf the concrete's 

visco-elasticity is described by a creep function, then the creep compliance must be inverted 

into the relaxation function ln [32] th' · · · 
· rs rnversron was performed wrth the creep functions of 

MC 90 [35]. The EM is expressed by 

E E 
eni -- 1 

1+x(t,ti)EEi <p(t,ti) 
28 

(5.26) 
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with E2s, modulus of elasticity at the age t = 28 d; x (t, ti), aging coefficient. Regarding the 

purpese and derivation of X (t, ti), reference is made to [32]. ln this source , graphs of x (t, ti) 

for specific concrete strengths etc. on basis of the creep relationships of MC 90 are 

presented. Although these graphs do not pertain to young concrete, they may serve as 

guidance. 

ln the pre-planning phase of a structure a realistic creep model is usually not available. 

Therefore, the EM is often expressed as fraction of the mean modulus Ei 

(5.27) 

with kRi· factor which globally reduces the elastic modulus Ei in order to take relaxation into 

account. Various estimations for the factor kRi dependent on age ti at strain step ~Eom, are 

presented in literature. Thereby, the end of setting time t0 (= ao) must be known, because of 

t0 = t1 at the on-set of strain steps ~Eomi· Dependent on cement type, temperature regime 

etc., t0 is in the range of 6 to 15 h (without addition of retarding agent) the following factors 

kRi seem reasonable for: 

Strain increments within t0 ~ t ~ t0 + 24 h, kRi"" 0.65 -7- 0.70 

Strain increments within t0 + 24 h < ti ~ to +48 h, kRi "" 0. 70 -7- 0. 75 

Strain increments after ti > to + 48 h kRi "" 0.80 -7- 0.85 

5.2.5.3 Jnfluence of age of concrete and time under stress on axial restraint 

With the kRi-values, the axial restraint force can be expressed by: 

n 

Nni =-dc I,M:omi Eei Rai 
i=1 

(5.28) 

ln order to judge the forecasting quality of Eq. (5.28), comparative computations were 

performed for the slab C01-1-FH-15 (viz. App. B and C). For the sake of simplicity, the 

degree of axial restraint was set to Rai = 1 (this assumption does not afflict the comparisons). 

Fig. 5.5 shows the free thermal deformations. Fig. 5.6 depicts the age-dependence of the 

mean value of E (:::Ei), of mean degree of hydration a and relaxation coefficient Pi of [33]. ln 

Fig. 5.6 the functions <p and 'I' used for the computations are inserted. 
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Fig. 5.5: Free Thermal Deformations for Slab C01-1-FH-15 vs. Age 
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Three cases were investigated. At first, Eq. (5.24) was evaluated tor purely elastic 

behaviour: 'Jfni = 1, Nni = Nelni· ln the second case, Eq. (5.24) with the relaxation function of 

Fig. 5.6 was used. Thirdly, Eq. (5.28), using the proposed values for the factor kR 1, was 

applied (0.70; 0.75; 0.80). The results are presented in Fig. 5.7. The elastic solution grossly 

overestimates the axial restraint of contraction phase. This is also true if Eq. (5.28) is 

evaluated. This relationship is rather crude to reliably describe restraint 

5r-------------------------~ 

slab C01 - 1 - FH- 15; Ra = 1 

4 
--Nn1 

--- Neln1 

3 -·-·-· Nn1 

-1 

t[h) 

Fig. 5.7: lnfluence of Different Assumptions for the Material Behaviour of the 

Assessment of Axial Restraint (Example) 

5.2.5.4 lnfluence of age of concrete and time under stress on bending restraint 

ln accordance with sec. 5.2.5.3 the influence of age of concrete and time under stress on the 

restraint moment was examined for the same examples. The degree of bending restraint 

was set to Rbi = 1. ln Fig. 5.8 the dependence of the restraint moment (Eq. (5.20)) 

(5.29) 

on age is plotted. lt is compared with the purely elastic restraint moment ('Jfnl = 1 ): 

(5.30) 
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and with the moment using the relationship with the factors kRi of sec. 5.2.5.2: 

(5.31) 

· · F 5 5 there is a 
Although the thermal curvature is negative in the entlre range of age, VIZ. IQ. . , .. 

· t h"ch ·15 caused by the age~dependence ot modu\us ot elastiCity 
change of s1gn ot momen w 1 . . 

E A 
· as for axial restraint, the neglection of relaxation Ieads in the reg1on of h1gh 

,. ga1n 
negative curvature to a poor forecast ot restraint moment. Forecast is not improved by the 

method with the factors kRi· 

0.3 

slab CO 1 - 1 - FH - 15; Rb " 1 

'E o.2 - Mn1 z 
~ --- Meln1 

-{).2 

Fig. 5.8: lnfluence of Different Assumptions for the Material Behaviour of the 

Assessment of Bending Restraint (Example) 

5.3 Finite Strip Method with Aging and Visco-Eiastic Concrete 

5.3.1 Introductory remarks 

The slab is idea!ized as a linear cut~out with the cross~section 1 m x dc [m]. One~dimensional 

heat~f!ow through the top and bottom face is pre~supposed. The side faces are adiabatic 

boundaries. The slab is described over its depth dc by e strips of the height dc I e, viz. Fig. 

5.9. After tormulation of the heat source of hydration and thermal boundary conditions, the 

age-dependent fie!ds of temperature T(z, t), degree of hydration a, mechanical properties fct. 

Ect etc. are incrementa!ly computed [3, 12, 29]. 
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Only longitudinal stresses and actions can be computed. The restraint by ground can be 

modelled by adjustment of the compensation place of free deformations. The soil is 

assumed to be an elastic material with the stiffness modulus Es and interacting depth 

dse"" ds"" f. I 3. The slab is regarded as weight-less. The mechanical behaviour of concrete 

under short-term axial tensile stress is described by the non-linear stress-strain line shown 

by Fig. 8.3. The derivation of mechanical properties and their models were described in [29] 

andin Appendix B. Concrete is treated as an aging and visco-elastic material. 

PRO PFD 

2 

·-·-r·-
"1< 

-· -· -·L.-

Fig. 5.9: Strip Modei-Geometry, Plane of Free and of Resultant Deformation, PFD and 

PRO 

5.3.2 Mean free deformations com and Ko 

Definition and on-set of free strain 

Once the field of temperature is known, the free strains co and free curvature Ko can be 

determined. The free strain co of the k-th strip at the age t; comprises the thermal component 

and autogenaus shrinkage component. lncrementally formulated, we obtain: 

(5.32) 

Only such free strains are of interest which cause restraint stresses. Therefore, for each strip 

its individual on-set of being solid matter must be found. This starting point is the first-zero 

stress temperature which is marked for the strip k by its initial degree of hydration <X{)k and 

the associated temperature Tok· Fig. 5.10 shows the relevant temperature difference ß T k (t) 

and other properties. 
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Ectk -----
/"'" 

/ 
I 

t 

Relevant Starting Temperature Tk1, Relevant Free Thermal Strain Eok and 

Other Properties of Layer k 

Plane of free deformations 

The plane of free deformations is defined by the mean free strain Eom and free curvature Ko· 

The strain history of each strip can be depicted by consecutive strain steps 11Eoki = const. 

commencing at C = 1 , ... ,j, ... ,n. Then, we can incrementally express the mean free 

deformations at the on-set of strain steps at t = ti for dk = dc/ C (viz. App. A): 

(5.33) 

(5.34) 

These equations pre-suppose C strips of constant height dc/ c. Furthermore, the mean 

modulus of elasticity of concrete is: 

(5.35) 
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(5.36) 

(5.37) 

for.e > 10 (5.38) 

With the concrete compositions of Appendix C a numerical study was performed. Fig. 5.11 

and Fig. 5.12 represent examples from this study. They relate to a 1 m thick slab concrete 

C01, cast in spring /fall. Two cases are compared: 1. Ek; =E,, variation of Ek, over dc is 

neglected, arithmetic mean strain (mod 1 ); 2. Non-linearity of Ek;, Eq. (5.33) and (5.34), is 

taken into account (mod 2). The computation of mean free thermal deformation must be 

performed with Eq. (5.33) and (5.34). The model 1 is grossly erroneous. 

1.8·10'4 

Fig. 5.11: 

- mod1 
~ mod2a 

C01-1-FH-15 

Dependence of Mean Free Strain on Age, (Example C01 ). Comparison of 

Different Models with Respect to Age-Dependence 
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-510"5 

-+--- mod 1 

-- mod2a 

-1.510"4 

C01-1-FH-15 

-2 w-4 oLw.~J...J..J16~8..u-I..J..J.3...L.36.J-J..J..J-i-..J..-l-w...J.-U-6~72 
t [h) 

Fig.5.12 Dependence of Free Curvature an Age, (Example COI ). Camparisan af 

Different Models with Respect to Age Dependence 

5.3.3 Compatibility and equilibrium within slab 

General re/ations 

The compatibility conditions can be expressed as fallaws (viz. Fig. 5.9): 

(5.39) 

KR=Ko+K (5.40) 

with Em, axial strain caused by restraint force; ER, resultant strain; K, curvature caused by 

restraint moment; KR, resultant curvature. Due to the nan-linearity af stress-strain line micra­

cracking strains arise abave a certain stress Ievei. ln consequence, the defarmations Em and 

K consist ot elastic and micro-cracking campanents: 

Em = telm + Enn (5.41) 

K = Ke1 +Kr (5.42) 

These mean stress-dependent deformations can be determined in analagy to the mean free 

strain Eom and free curvature Ko-
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By the terms ER and KR the interaction of slab with soil can be taken into account. The 

compatibility conditions of Eq. (5.39) and (5.40) now have to be expressed for the strip k. For 

the on-set of free strain step ßEoki of layer k at ti we obtain: 

/).E elki + 11E rki +11EOki -/).E Ri -/). K Ri Z k =Ü (5.43) 

From that we find the force ßFki· with dk height of strip k and b = 1 m: 

(5.44) 

with ßErki. instantaneous, plastic cracking strain viz. from the <J-E-relationship (Appendix 8). 

The force ßFki diminishes in course of the time tn - ti due to relaxation: 

The stress of strip k at ti is: 

/).(J . = /1Fkni 
kn1 d b 

k 

(5.45) 

(5.46) 

which is the sum of uniform, linear and non-linear stress components. The restraint reactions 

at tn with the on-set of restraint at t1 are: 

n e 

Mn1 = - L L ßFkni zk · 
i=1 k=1 

The total stress of strip k is found by summation of Eq. (5.44) over tn- t1: 

(5.47) 

(5.48) 

(5.49) 

This stress has to be compared with the effective tensile strength fcte of strip k at age tn in 

order to decide on the impending tensile failure (lass) of strip k. The non-linear stress 

component (eigenstress) is found by: 

(Jkn1,E = (Jkn1- (Jkn1,N- (Jkn1,M 
(5.50) 
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with 

(5.51) 

(5.52) 

5.3.4 Interaction with soil 

Geometry and stiffness parameters 

The pre-suppositions, relationships of geometry and stiffness parameters of the equivalent 

soil layer correspond to Fig. 5.1 and Fig. 5.2. The combined stiffness parameters at ti are 

expressed by 

(5.53) 

and 

(5.54) 

with Em, acc. to Eq. (5.35); Ese acc. to Eq. (5.4) and lse acc. to Eq. (5.5). 

Compatibility, equilibrium and resu/tant deformations 

All relationships of sec. 5.2 can be adopted. The resultant deformations however have to 

incrementally formulated: 

(5.55) 

and 

Ö.KoiSBi(1 +Soi )+öeomi6 Ssi ~ 
ßKAi= c 

3p2S8 i+(1 + S8 i )(1 + S0 i) 
(5.56) 
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The deformations ~Emi and ~Ki which are associated with restraint actions can be expressed 

with Eq. (5.39) and (5.40). Numerical examples will be presented in sec. 6. 

5.4 Assessment of Thermal Restraint with the Subgrade Reaction Modulus 

Method 

5.4.1 Introductory remarks 

A frequently used method to assess the thermal bending restraint is the subgrade reaction 

modulus method SRMM (viz. sec. 3.5). Thereby, the distribution of restraint moment and 

degree of bending restraint along half of span f I 2 can be determined dependent on the 

length f, elastic length fe etc. The bottom face of slab is free from shear stresses, the axial 

degree of restraint can not be derived with the SRMM. 

The TLM and SRMM are entirely Independent methods. ln the following section the main 

features of the SRMM regarding bending restraint will be presented. Reference is made to 

the sources [23, 24, 28, 37], in which the bending restraint of slabs on ground is dealt with in 

detail. lt is pre-supposed that the initial settlement of slab due to its dead-weight is !arge 

enough that a Iift-off from ground due to thermal restraint does not occur (more to this 

viz. [28]). 

5.4.2 Elastic length 

The bending restraint in the slab on ground, caused by the free thermal curvature Ko. can be 

treated with the SRMM. For that, commercial software and tabulated values exist e.g. [11]. 

The slab is regarded tobe supported by the ks- springs on f/2 (Fig. 3.4). The dead-weight 

of slab causes the settlement, viz. sec. 3.5: 

(3.12) 

with an = Pc dc . The interaction of slab and ground is described by the elastic length: 

(5.57) 

with bc = 1 m; lc = bc dc 31 12; E, mean elastic modulus of concrete. 
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5.4.3 Oegree of bending restraint 

· h f th degree of bending restraint at x = 0 ln [23, 28] an explicit express1on and a grap or e . 

were developed. Fig. 5.13 shows the dependence of the degree of bending restra1nt Rbs on 

the ratio ll fe. Total bending restraint at the axis of symmetry with Rbs = 1 occurs for a ratio 

of e 1 ee ::::: 4. 7. For f 1 le < 4. 7 restraint decreases. The restraint moments are: 

(5.58) 

(5.59) 

With Fig. 5.13 distinction can be made between long slabs with /... > 4. 7 and short slabs with 

/... < 4.7. 

~ 

...:.. 5,0 

" ..." 
;;; 4,5 

4,0 

3,5 

3,0 

2,5 

2,0 

1,5 

1,0 

0,5 

0 

-
"'4,7 

2 r-
V 

L r- V 
'L -

V 
/' '-

V 
/ r-

V 
/ r-

"" r-/ 

r-

I I I I I _l I I I J 

0 0,1 0,2 0,3 0,4 0,5 0,6 0,7 0,8 0,9 1,0 

Rbsl- I 

Fig. 5.13: Degree of Bending Restraint vs. Ratio f I fe in the Axis of Symmetry of 

Slab [23, 28] 

The distribution of Rbs over the half of span is shown in Fig. 5.14. For the stiffness modulus 

Es= 50 MN/m
2

, the degree of bending restraint is plotted over the length of 10, 25 and 50 m 

of slab with dc = 1 m along the distance x'. For f =50 m , total bending restraint is attained. 

For e = 25 m, a degree of bending restraint of Rbs = 0.96 is reached. For the 1 0 m slab, the 

restraint corresponds to only 0.15. 

ln Fig. 5.15 the dependence of the parameter /... on the support reaction modulus ks for 

different lengths of a 1 m thick slab is plotted. The SRM was calculated as described in 
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sec. 3.5 for a thickness of compressible soil layer of d5 = 10 m. The horizontal line for A. = 4. 7 

separates the long from the short slabs. Slabs with .e ~ 20 m, generally are short slabs with 

respect to thermal bending restraint As the lengths of slabs increase, e > 20 m, they 

gradually become long slabs, also for lower values of stiffness modulus of soil. The 

thickness of slab exerts a great influence on the elastic length because of the dc 314-power in 

Eq. (5.57). Because of this effect, many of the curves will for dc > 1 m fall below the line 

A. = 4. 7 and are denoted short slabs. 

d
0 
= 1 m, E = 25 GPa 

E, =50 MN/m
2 

o.e d9 =10m 

!l 0.6 
0:: 

0.4 

0.2 

0 

Fig. 5.14: 

0 

Fig. 5.15: 

2 

' Ildci" ~/ 
r'"x' x....., 
:-Al. 

4 6 8 10 12 13 

x' [m] 

Build-up of Thermal Bending Restraint from End of Slab Dependent on 

Length .e (Example) - SRMM 

10 20 30 

10 

40 

k. [MN/m
3
l 

Parameter A. Dependent on Support Reaction Modulus, Length .e and Stiffness 

Modulus for 1 m Thick Slab - SRMM 

The dependence of Rbs at the axis of symmetry and several parameters is shown in Fig. 

5.16. The curves smoothly turn into the horizontal line of total bending restraint, Rbs = 1 at 

the relevant lengths f.*. Any length f < r is associated with a lower degree of thermal 

bending restraint The figure also shows that for a chosen length f, the restraint increases 

with the stiffness modulus Es and decreases with the thickness dc of slab. 
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Fig. 5.16: Degree of Thermal Bending Restraint Dependent on Length of Slab and 

Stiffness Modulus of Soil - SRMM 

5.4.4 Restraint caused by friction moment 

According to the mechanical model of axial restraint (sec. 4), the friction shear stresses 

cause the axial restraint force on the decoupled length {f./2- Xbe) of 

(5.60) 

with 

(5.61) 

and with Ra = Ra (x = 0) from TLM and Eom, absolute value of mean free strain. Along the 

elastically coupled length the restraint force is: 

The friction force is associated with the moment 

d 
Mf=Nf-f. 

2 

(5.62) 

(5.63) 
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Usually, this moment is disregarded for thin slabs. ln a numerical investigation the sign, 

magnitude and distribution of the restraint moment were studied for the elastically bedded 

slab dcU = 1.0 m I 50 m. Fig. 5.17 shows the results. Three values of the coupled length 

2 xbe I I! were investigated: 0, 0.2 and 0.5. Contraction is presupposed. The restraint moments 

Mtr are shown on the bottom. At the axis of symmetry, they increase as the coupled length 

decreases. At the end region of slab, they are not influenced by the magnitude of xbe· 

The restraint moment Mtr is compared with the thermal restraint moment Mrr for this 

example: With the free curvature of Ko = 0.15 10-3 m-1 the thermal restraint moment amounts 

to M = - 0.31 MNm. ln comparison with this value, the moments due to the eccentricity of 

friction force are negligible. 

tl2=25m 

~::::::;------·- - -·- ---*-·-i 
I ·.........._-:- -- - -- 'tfu . 

· "oo = 12.5 m -.j 
L- -----! xbe = 5.0 m 

~ 0.1 l 
~ 
~ 0.2 

0.3 

I 

2xooil I 
o.oo 1 
020 i 
0.50 . 

I 

Fig. 5.17: Restraint Moment Caused by Friction Force (Example) 

5.4.5 Consideration of age and relaxation of concrete in the SRMM 

The SRMM as presented here is based on the theory of elasticity. The development of the 

mean modulus E of concrete dependent on age can be modelled and taken into account in 

an increment computation of restraint moment [28]. ln the elastic length Ce. Eq. (5.56) the 

modulus Ei can be inserted. Then the age-dependence of restraint moment, Eq. (5.57) and 

(5.58) can be evaluated with the help of Fig. 5.13. However, such procedure will Iead to the 

overestimation of restraint moment because young concrete's visco-elasticity is not taken 

into account (viz. sec. 5.2.5). 

The influence of relaxation can be taken into consideration as described in sec. 5.2.5.2. This 

may be realized with the age-adjusted effective modulus method or with the relaxation 
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function, dependent on the available model of visco~elastic behaviour. ln addition to these 

ways, sec. 5.2.5.2 contains an approximative method using the factor kRi· 

5.5 Comparison Between TLM and SRMM 

Both, the TLM and SRMM are tarnished by several uncertainties, irrespective of the 

assumed age~ and time~dependent behaviour of concrete. One uncertainty relates to the soil 

mechanical parameters Es and k5 , which is though common for both methods. More 

important, however, is the uncertainty of the assumed interaction between slab and ground 

of both methods. 

With the TLM the maximum values of degrees of restraint in the axis of symmetry of slab 

x = 0 are determined. The method pre~supposes that the slab is long enough so that the 

restraint actions can be built~up by shear stress. The TLM requires for that a slenderness of 

e I dc ~ 5. ln section 4 an approximative way was presented by which the elastically blocked 

length xbe- necessary for the build~up of restraint actions- can be assessed. Nonetheless, 

the dependence of degree of restraint on length of slab is presently not yet satisfactorily 

described. lt is at the moment expressed via the effective thickness of soil layer ds == f. I 3. 

ln centrast to the TLM, the dependence of bending restraint on length of slab can be 

explicitly described by the SRMM. As this method depicts the slab as a "flexible mattress on 

bedsprings", it disregards the horizontal interaction with the ground. 

Fig. 5.18 compares the maximum degrees of bending restraint according to both methods 

for the same set of input parameters and for two values of elastic modulus of concrete. For 

tong stabs with e ~ 4.7 f.e the difference between the two methods is small. The difterence 

though increases with the decrease of length f. (f. < 4.7 Ce). For short slabs the values RbT of 

TLM are much higher than those of SRMM. lt is believed that in this range of length the TLM 

overestimates the bending restraint, because for the build-up of plane strains a certain 

unknown transfer length (St. Venant) is necessary. On the other hand, The SRMM may in 

this range of length underestimate the bending restraint as it disregards the soil's horizontal 

stiffness. Because of this discrepancy, the degrees of bending restraint by both methods will 

be compared with the degree RM of JSCE. 
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Fig. 5.18: Dependence of Degree of Bending Restraint at Axis of Symmetry on Length. 

Comparison of TLM and SRMM (Example) 

5.6 Degrees of Restraint of JSCE and Camparisan with TLM 

Fig. 5.19 and Fig. 5.20 show the degrees of axial restraint RN and bending restraint RM acc. 

to the JSCE standard [13, 14]. The relationships pertain to a young concrete layer on a 

restraining body (soil, concrete, rock). They were obtained by elastic FEM computations tor 

the system young concrete layer I semi-infinite restraining body pre-supposing symmetry of 

cross-section with respect to vertical axis of double-layer system. Furthermore, the free 

curvature must be Ko (t) ~ 0. The axes of graphs carry both the Japanese notations and 

those of TLM, sec. 5. The degrees of restraint represent maximum values. With Ec. the 

mean elastic modulus of concrete at 28 d is defined. 
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Degree of Axial Restraint Dependent on Ratio EI Ese and f I dc Ace. to JSCE 

Standard 

Degree of Bending Restraint Dependent on Ratio EI Esa and .el dc Ace. to 

JSCE Standard 

For the sake of comparison the following relationships from sec. 5.2.3 are presented: 
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E E _ Ec 

-Es-e- Es (1 +K
0

) = ~· (5.3) 

(5.64) 

with db = ab dc and with Ra, Eq. (5.21) 

(5.65) 

ln Fig. 5.21 Eq. (5.3) and (5.65) were evaluated for 25 s:; Es s:; 200 Mlm2 and 1 s:; eldc s:; 17. 

The value EI Es increases with .el dc and Es. Ace. to [49] the graphs relate to Ec at the age of 

28 d. lts influence on Ra is low. ln Fig. 5.22 the values RN and Ra are plotted vs. e I ds for 

several values of EI E5 • The lines Ra are somewhat below those of RN. The comparison 

proves that the assumption of dse "" e I 3 is reasonable. lf one would increase the thickness of 

equivalent soil layer to t/2, the lines of Ra would correspond to those of RN. 

~30 
' 

Cll 
<f) 

UJ 

UJ 20 

10 

Fig. 5.21: 

C01-1-FH; E = 25 GPa = const 25 

TLM Es [MI\I/rif] 

50 0.2 

0.15 

"' a: 

0.05 

5 10 

I I dc [-] 

Dependence of Ratio EIEse and Rb on Ratio fldc (Example) 

ln Fig. 5.23 the degrees RM and Rb are compared. Forthat Eq. (5.22) is rewritten: 
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(5.66) 

The lines Rb exhibits the same dependence on .e I dc and EI Ese as those of RM though on a 

distinctly lower Ievel. The degree of bending restraint of JSCE exceeds RM 2: 0.8 even for 

ratios 1 < e I dc ~ 4. The values RM increase with .e I dc to 1.2 and from then on, they 

apparently Ievel off to 1. Further explanations are not presented in [13, 14). The 

transgression of the Ievel RM = 1 by 0.1 to 0.2 is in our opinion a theoretical artifact, 

especially for low values .e I dc on common soils. One would rather expect the Separation of 

slab's ends from ground associated with a significant decrease of RM at x = .e/2 if .el dc < 5. 

Again, the curves Rb would be significantly shifted upward if the thickness of equivalent soil 

layer would be increased to .e/2, though they would not exceed the Ievel Rb= 1. 

z 
a: 

C1l 

a: 

Fig. 5.22: Camparisan Between Degrees of Axial Restraint Ace. JSCE Standard and 

TLM 
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5.7 Summary 

ln this section several engineering approaches for the assessment of restraint of slabs on 

ground are presented. lt was shown that the disregard of concrete's visco-elastic behaviour 

Ieads to a poor forecast of restraint An approximative method to improve the forecast was 

presented although this hardly satisfies. Several examples elucidate the quality of forecast 

by the different models. A more concise study on this will be presented in sec. 6 which 

contains a numerical study and examples. The authors believe that the assessment of 

degrees of restraint with the TLM is mechanically superior to that with the SRMM which 

- with significant consequence tor short slabs - disregards the soil's horizontal stiffness. 

Furthermore, the authors think that the overshooting of RM (JSCE) over the line 1 is not 

relevant for slabs on common natural soils. 

http://www.digibib.tu-bs.de/?docid=00061750 13/11/2015



62 

6 NUMERICAL STUDY 

6.1 Scope 

For the concrete compositions C01 and C023 a numerical study of the restraint of slabs 

was performed. The material data for these concrete compositions, the models and 

parameters of material behaviour are presented in App. A and C. The OPC-concrete C01 

and GBFS-PC-concrete C023 were comprehensively tested [33]. They distinctly differ with 

respect to their heat Iiberation Opat: C01, 38.4 kWh/m
3

, max ß Tad "" 51 K; C023, 

28.5 kWh/m3
, max ßTad"" 38 K. The concrete C01 is suited for cool weather periods, C023 

more for warm weather. 

App. C contains the results of study. The following variables were chosen: dc = 1 to 3m, type 

of concrete, season of casting with associated values Tco, Tao etc. Stresses and reactions 

were computed with the Finite Strip Method of iBMB in conjunction with the TLM for the 

following age-dependent degrees of restraint with the final values of Rae = 0.15 and 

Rbe = 0.95. All three models 2 a, 2 b and 4 were applied to study the effect of G-E-Iine etc. 

The specific case is denoted by: concrete composition - dc- season - fresh concrete temp­

erature, e.g. C01-1-FH-15 with FH, spring/fall. 

Model 4 with the non-linear a-s-line in tension has the best prognostic quality. Model 2 b with 

the straight G-E-Iine unto fcte is inferior to model 4, though often implemented in commercial 

software. The model 2 a is identical with model 2 b, though without creep and relaxation. 

Camparisan of model 2 a with model 2 b renders information regarding the effective 

modulus. Furthermore, the FSM is compared with the SRMM. Examples will elucidate the 

application of models. 

6.2 Temperature in Slabs 

6.2.1 Distributions and maximum values 

From App. C only few results are selected. Fig. 6.1 and Fig. 6.2 show for a 1 m thick slab, 

cast in spring I fall, the distribution of temperature dependent on age and elevation z' (z' = o, 
bottarn of slab). The concrete compositions C01 and C023 are compared. The effect of 

heat potential Opat is significant. 
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ln Fig. 6.3 the two concrete compositions are again compared, where-by the thickness of 

slab is varied, casting in FH. Plotted are the maximum temperature and the maximum of 

mean temperature which approximately coincide with respect to time. The influence of 

thickness dc and heat Iiberation is evident. The values max T and max Tm of the two 

concrete compositions are - for a specific dc - about proportional to Opot· 
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The influence of ambient temperature is for C01 depicted in Fig. 6.4, with the slab cast in 

. /f II (T - 15oC T = 12oC) and in summer (Tco = soc, Tao= ac). The size of Spnng a cO - , aO 

temperature in summer is higher than the increase of fresh concrete and air temperature. 

we may conclude that the concrete temperatures can only then be realistically forecast if the 

heat release is known and if the temperature field for the boundary conditions of impending 

concrete work has been computed. 

T c· 
-- maxT 

60 ------ max Tm 
FH 

40 

±?K 

20 

0 

Tao Tca 2 3m 2 3m 

CO 1 C023 

Fig. 6.3: Dependence on Maximum and Maximum Mean Temperature on Thickness of 

Slab for C01 and C023, Cast in Spring/Fall 

T c· 
60 - maxT 

--- maxTm 

40 

20 

TaoTca 1 2 3m T30 Tca 1 2 3m 

FH s 

Fig. 6.4: Dependence on Maximum and Maximum Mean Temperature on Thickness of 

Slab, Fresh Concrete Temperature and Season of Cast (C01-dc) 

6.2.2 Tempersture differences 

The occurrence of cracking is often judged by a temperature criterion [29, 37]. The 

computations have shown that long slabs are primarily subjected to bending restraint The 

axial restraint is rather low. The possible occurrence of cracks due to eigenstresses can be 

assessed by the difference for the upper edge of slabs z' = dc: 
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max ~TE (t) = max [Tm (t)- T (dc, t)]. (6.1) 

Fig. 6.5 shows this difference for C01 dependent on dc and season of cast. According to 

[37], cracks due to eigenstresses can be avoided if max ~TE ~ 15 K. According to this rule, 

one would have to expect such cracks for all slab thicknesses, with the cracking probability 

increasing with dc. The possible occurrence of bending cracks can be assessed with the 

curvature Ko if the degree of bending restraint is known (Mer = M(Ko)): 

(6.2) 

lf the value cal Ko exceeds crit Ko, bending cracks will arise. ln Appendix C the value of fct. Ec, 

and Ko are presented in graphs. The equivalent modulus is approximated by Ee"' 0.80 Ectm; 

Rb=== 1. The likelihood for cracks is greatest between the 4th and 8th day. ln this range of 

age crit Ko can be expressed by 

.t o.1s 1 o-3 

cn K 0 z-----
dc 

As Appendix C shows, this value is transgressed in all cases. 

max .1T E [K] 

60 Tao• Tco [ oc 1 

40 

±7K 
20 

max~TE 

±3K 

ÜL-..J..;J..:....U~-.l...-...J.__,J...,---l,....;._,~~_._:-"-:--' 

T ao T cO 1 2 3 m TaO T c0 1 2 3 m 

FH S 

(6.3) 

Fig. 6.5: Tamperature Difference max ~TE Dependent on Thickness of Slab for C01, 

Cast in Spring/Fall and Summer 

6 · t M chanical Properties and Free Thermal .3 Degrees of Restram , e 

Deformations 

6.3.1 Degrees of restraint acc. TLM 

ln Fig. 6. 6 the degrees of restraint versus age are depicted for slab dc = 1 m and the 

conditions noted. ln this example the concrete commenced to be solid matter at t, "' 13 h. 
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Hence, at that age, restraint is highest. The influence of stiffness modulus Es of soil on Ra is 

small. The bending restraint increases with slab length, not so the axial restraint After about 

so h, the age dependence of restraint has almost ended. The bending restraint exceeds the 

axial restraint by far. lt increases with the stiffness modulus of soil. For the slab with dc = 2 m 

similar results are obtained. lt takes however Ionger until the values Ra and Rb become 

independent on age. 

1 

:I: 0.8 
c: 
01 a:: 

"C 0.6 c: 
CO 

c: 
.0 0.4 a:: 

0.2 

2 
I = 50 rn; E5 = 50 MN/rn 

2 
1 0 rn, 50 and 200 MN/rn 

2 
10 rn, 50 MN/rn 
10, 200 
50, 50 R

3 

50 100 150 200 
age t [h] 

Fig. 6.6: Dependence of Degrees of Restraint of Soil on Ground on Stiffness Modulus 

and Age (C01-1-FH-15) 

6.3.2 Comparison of degrees of restraint for different approaches 

Presently three approaches are available to assess the degree of bending restraint TLM, 

SRMM and JSCE. Fora specific example a comparison is performed. Thereby the maximum 

values Ra and Rb in the axis of symmetry of slab (x = U2 from end) are determined. The 

mean modulus of concrete was assumed to be 25 GPa, as such value is relevant for the 

contraction phase of slab in which bending cracks may occur. 

TLM 

Slab: 

E = 25000 MPa; f =18m; b = 9 m; dc =2m; fldc = 9 

Blinding: 

Eb = 25000 MPa; dc = 0.1 m 
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Soil: 

Es= 25000 MPa; ds = 18/3 = 6 m; K0 = 2.083· E = 616 MPa· E/E _ 40 s· 1 _SO 5 4/ 'se ' se- ··se-. mm 
So = 13.53; Ra "" 0.07 

Ss = 0.535; Rb "" 0.65 

SRMM 

Nb= 2; ds/b = 0.67; ks ""45 MN/m3 

f.e = 6.2 m; f. I f.e = 2.9 < 4. 7, short slab 

Ra"" 0.07 e.g. from TLM 

Rb"" 0.48 

JSCE [13, 14] 

Ode= 9; E/Ese ""40.5 

Ra"" 0.08 

Rb"" 1.00 

The degrees of axial restraint acc. To TLM and JSCE are similar. The bending restraint is 

highest for the method of JSCE and lowest for the SRMM. With the TLM an intermediate 

value of Rb is computed. 

6.3.3 Some mechanical properties 

ln App. C for each case the dependencies on elevation z' and age of the Young's modulus 

Ectk and axial tensile strength fctk are depicted. The degree of hydration varies in time and 

over depth of slab. Consequently, the values Ectk and fctk of edge strips (especially the ones 

on top) lag behind those of the core of slab. The distributions of Ectk and fctk are- because of 

this effect - slightly asymmetric: lower values on top of slab. After short time Ectk and fctk are 

uniform. 

6.3.4 Free Thermal Deformations 

For the slab C01-1-FH-15 Fig. 5.5 and Fig. 5.6 have already shown the dependence of Eom 

and Ko on age. Appendix c contains graphs of these values for all cases. 
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6.4 Stresses 

6.4.1 Dependence of stress on age and elevation 

Fig. 6.7 and Fig. 6.8 show the distribution of stresses for the slab C01-1-FH-15. 

Computation was performed with model 4. lt is interesting to note that the initial tensile 

stress in the top layer changes its sign after about 1 week. After 4 weeks the top layers are 

under compression and the core ot slab is under rather low tension. These statements also 

hold true for other values of dc and for different casting seasons. 

ro 
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-3 

Fig. 6.7: 
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Dependence of Stress on Age and Elevation. Slab C01-1-FH-15 mod 4 
' 
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Dependence of Stress on Elevation and Age. Slab C01-1-FH-15, mod 4 
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6.4.2 Magnitude of stresses dependent on material model 

The results of computation performed with the models 2 a and 2 b are depicted in Fig. 6.9 

and Fig. 6.1 0. The elastic model 2 a renders the highest tensile stresses. The tensile 

stresses computed with the linear-viscoelastic model 2 b are slightly higher than those of 

model 4. The model 4 is associated with the lowest stresses. ln all, the stresses are low and 

far below the effective tensile strength fcte· 

I 
N 

0.8 

0.6 

0.4 

0.2 

mod 2a 
Ra=0.10 

Rb= 0.95 

OL-~~~~~~~--~~~~2 

-3 -2 -1 0 

cr [MPa] 

Fig. 6.9: Dependence of Stress on Elevation and Age. Slab C01-1-FH-15, mod 2 a 

0.8 

0.6 

'E ..__, 

___.....__ t = 24 h 
___,_ t = 48 h 

-<>-- t = 72 h 
-o- t= 168h 
--l::r- t = 336 h 

---- t =672h 

mod2b 
0.2 R3 =0.10 

Rb =0.95 

cr [MPa] 

Fig. 6.10: Dependence of Stress on Elevation and Age. Slab C01-1-FH-15, mod 2 b 
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The tensile stresses increase with the thickness of slab. For a thickness of 2 and 3 m, the 

tensile stresses computed with the models 2 a and 2 b warrant bending cracks starting at the 

top Ievel of slab (Fig. C.48 and Fig. C.60). ln cantrast to that, stresses computed with the 

non-linear, visco-elastic model 4 do not entail cracks (Fig. C.62). 

6.4.3 lnfluence of season of cast and slab thickness 

The highest stresses occur if the slab is cast in summer, compare Fig. C.11 with Fig. C.25 

etc., the lowest in winter. The tensile edge stresses increase with the slab's thickness. For 

the slabs with dc = 2 m and 3 m the edge strips fail in tension if the models 2 a and 2 b are 

applied (Fig. C.48 and Fig. C.60). 

6.5 Restraint Actions 

6.5.1 lnfluence of material model 

ln Fig. 6.11 the dependence of restraint force and moment are plotted versus age for models 

2 b and 4 for the slab C01-2-FH-15. With model 2 a, the restraint force is overestimated in 

comparison with the linear-viscoelastic model 2 b. The nonlinear-viscoelastic model 4 

renders the lowest force when compared with model 2 a and 2 b. lt is also possible to study 

the effects of micro-cracking plasticity and relaxation. ln addition to these models, the 

restraint forces were computed with the method of effective modulus. The relaxation tactors 

used for this are shown in Fig. C.82: 0.70, 0.75 and 0.80. 
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The statements made for the restraint force are also valid for the restraint moment. 
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6.5.2 lnfluence of thickness of slab 

The great influence of the thickness of slab is depicted in Fig. 6.12 for model 4. 

mod4 C01-1-2-3-FH-15 

-2. 0 OW--I...l...J-.u....!1 6...J..8...J....J._J.....I..-j.3....1..36...L...l..-'--'--'-_._._......._._.__._-':":'672 

'E 
z 
~-1.0 

::2: 

C01-1-2-3-FH-15 

t [h] 

336 

t [h] 
672 

Fig. 6.12: lnfluence of Slab's Thickness on Restraint Actions. C01-FH, mod 4 

6.5.3 lnfluence of heat Iiberation 

The influence of heat Iiberation potential of concrete is very significant, viz. Fig. C.65 to 

Fig. C. 77. Fig. 6.13 presents an example for the 1 m slab cast in spring. 
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Fig. 6.13: lnfluence of Heat Potential of Concrete on Restraint Actions. Slabs with C01-

FH and C023-FH, model 4 

6.6 Non-Linear Stresses vs. Stresses Ace. to Beam Theory and Crack Risk 

6.6.1 Comparison of stresses 

With the restraint actions assessed with any of the presented models, the stress acc. to the 

beam theory can be computed with: 

(6.4) 

ln Fig. 6.14 the beam stresses are compared for the slab C01-2-FH-15 computed with the 

non-linear stresses of Fig. C.50 (mod 4). This comparison is performed for the ages 168 h 

and 336 h. The difference between the linear stress and non-linear stress, both at edges, is 

not significant. However, it is in essence not possible to determine realistically the edge 

stresses with the beam theory even if the restraint actions have been reasonably estimated 

(e.g. with the effective modulus method Eei = kRi Ei)· 
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Fig. 6.14: Camparisan of Non-Linear and Linear Beam Stresses. Slab C01-2-FH-15, 

mod 4 

6.6.2 Crack Ratio 

ln Fig. 6.15 the crack ratio 

f 
caiC =~ 

er cal 0' 

is computed with model 4 for the eievatians z' = 1.663 m and z' = 1.967 m. ln these 

eievatians the maximum non-linear stresses occur especially at early age (viz. Fig. C.49). 

The crack ratio is in excess of 1.5. Hence, the probability for bending cracks is very low. ln 

cantrast tothat the crack ratio has dropped to 1 if model 2 b is applied (viz. Fig. C.SO). 
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Fig. 6.15: Crack Ratio for 2 Eievatians vs. Age. Slab C01-2-FH-15, mod 4 

6.7 Summary 

Slabs are restrained if cast on natural soil. The degree of axial restraint is usually rather low, 

that of bending is much higher. Hence, if the stresses Iead to cracks then the latter will be 

bending cracks not endangering tightness of slab. For the assessment of stresses several 

engineering approaches, the TLM and SRMM, and a more complex one, the FSM, are 

presented. 

The distribution of stresses over the thickness of slab is non-linear for each of the models 

and at any age. The main reason for this, is the early non-linearity of the modulus of 

elasticity and thermal strain. As could be expected the model 2 a Ieads to the highest stress 

at the top of slab. The lowest is computed with model 4. 

The restraint actions follow the same order. The elastic solution with model 2 a renders the 

highest actions, the non-linear model 4 the lowest ones. For approximate purpose, the 

method with the effective modulus renders reasonable estimations. This method is a 

simplification of model 2 b. 

An important factor is especially the degree of bending restraint and the way of its 

assessment. The authors believe that with the SRMM a too Jow degree of bending restraint 

is forecast for short slabs. This is caused by the method's disregard of horizontal stiffness of 

subsoil. The degree of bending restraint acc. to the JSCE is based on extensive numerical 
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studies. lt Ieads to the highest values Rb. The values Rb acc. to the TLM are lower. They 

describe the restraint for low ratios /.I dc more realistically than the JSCE method. 

7 RESTRAINT OF SLABS BY PILES 

7.1 Problem and Scope 

Massive slabs are often additionally supported by piles. The reasons for such measure are 

manifold. Two examples are presented: the soil layers beneath slab tend to significant 

subsidence which may Iead to darnage in the up-rising structure. Such weak layers can be 

"bridged" by piles reaching into lower layers of stiff ground. Piles are often used to 

permanently or temporarily back-anchor the foundation slab against buoyancy (e.g. deep 

underwater concrete slabs in Berlin, tension piles). 

Dependent on many parameters, the free deformations of the hardening slab may be 

impeded by the piles, in conjunction with shear friction between slab and ground and also 

due to the elastic interaction of slab with ground. There exists commercial software to 

assess this problem. Thereby, usually linear elastic behaviour of concrete and soil is pre­

supposed. Mostly the subgrade reaction modulus method is applied. lt is the aim of this 

chapter to present engineering models especially for the pre-design phase to decide whether 

this type of restraint will and to which extent contribute to crack risk. 

7.2 Deformations at Pile's Head 

7.2.1 Horizontal subgrade reaction modulus 

The interaction of a pile - actively loaded by a horizontal force H and/or by a bending 

moment M at its upper end - is usually described with the subgrade reaction modulus 

method [18, 19, 21]. Fig. 7.1 shows the static system of a single pile, the deformations and 

two possible distributions of the subgrade reaction modulus (SRM). The SRM is defined by 

(dp. equivalent circular pile diameter) 

E 
k - I ·d < 1 0 .~ -;;-· P- . m. 

p 
(7.1) 

The variation of ks along the pile's length fp can be expressed by 

(7.2) 
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with ksR• SRM at pile's foot and f(z), distribution function. According to (20] the distribution 

function depends on the type of soil: for non-cohesive soil a linear distribution (line 1) and for 

cohesive soil a constant distribution of SRM (line 2) are recommended. 

~(z) 

~R 

Fig. 7.1: Actively Loaded Pile, Deformations and Distribution of SRM 

Table 7.1: Approximate Values of Horizontal Subgrade Reaction Modulus Dependent on 

Soil (from [6]) 

type of soil ksR 

[MN/m3] 

washed-up sand, gravel and humus 10-20 

peat and bog, light 5- 10 

peat and bog, heavy 10- 15 

wet loam 20-30 

moist loam 40-50 

dry loam 60-80 

dry and hard loam 100 

loose sand 10- 15 

fine gravel + fine sand 80- 100 

med. gravel + sand 120- 150 

coarse gravel + sand 200-250 

A 
· . 

1 
f nd in Iiterature for the subgrade reaction modulus 

s ment1oned 1n sec. 3.5, the va ues ou 

rt · This is even more the case for the so-called 
SAM are widely differing and unce a1n. 
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horizontal SRM. Eq. (7.1) implies that the SRM can be derived with the stiffness modulus Es. 

This was however only proved for large diameter piles with dp ~ 0.8 m on basis of pile tests. 

The Table 7.1 presents approximate values from literature. 

lt should be mentioned that the first 2 to 3 m of the pile in ground decide on its deformation 

at the head. The SRM is reduced below Ievei of ground water. Without in-situ geotechnical 

measurements, the value of SRM will be rather uncertain. 

7.2.2 Relationships of Displacement and Rotation 

With respect to the restraint of slab by piles, especially the horizontal displacement w0 and 

angle of rotation <p0 at the top end of pile under unit actions are of interest. ln [19] the 

displacement and angle of end rotation were derived and tabulated for the distributions of 

SRM shown in Fig. 7.1. Elastic materials are pre-supposed. The main variable is the elastic 

length 

(7.3) 

and its reciprocal value 

(7.4) 

The deflection and rotation angle caused by the horizontal force H are: 

(7.5) 

(7.6) 

and for the end moment M: 

(7.7) 

(7.8) 

The coefficients Kare plotted in Fig. 7.2 and Fig. 7.3 dependent on the ratio fpUo, with fp, 

pile length. 
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The Eq. (7.5) to (7.8) can also be expressed in terms of the actions. We obtain e.g. for the 

horizontal force H which is for the assessment of restraint of major importance with lp. 

moment of inertia of pile: 
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(7.9) 

We may also write for Eq. (7.9): 

H = WoH · CH, (7.1 0) 

with eH representing a spring constant: 

(7.11) 

The elastic length €0 of Eq. (7.3) can be re-written: 

(7.12) 

The first term of Eq. (7.12) essentially represents the bending stiffness of the pile. lt is 

clearly defined for a reinforced concrete or steel pile. An injection pile is a composite 

member with a steel profile etc. embedded in cementitious graut. lt is possible to express its 

bending stiffness in terms of that of a circular concrete pile. ln Fig. 7.4 the dependence of 

elastic length of the equivalent circular concrete pile (Ep = 30 GPa) on SRM for the 

relationship of ksR(z) = const. is depicted. 
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Fig. 7.4: Dependence of Elastic Length an SRM for the Equivalent Circular Concrete 

Pile 

Although the pile length fp may differ widely in practice, we may for most cases assume that 

fp ~ 3 to 4 fo. in such case, we speak of a lang pile in relation to its elastic length. On basis 

of this, it is acceptable - as shown e.g. in Fig. 7.2 - to assume for the estimation of the 

restraint force a mean and constant value for the coefficient KwH: "'2.5 for the linear and 

"'0.5 for the constant distribution of SRM over depth. These values are then inserted into 

Eq. (7.9) and (7.11). 

7.3 Restraint Caused by a Group of Piles 

7.3.1 Axial restraint force (example) 

Fig. 7.5 shows as an example the ground plan of a slab for a particular quadratic or 

reetangular arrangement of piles. The axis of symmetry at e/2 is in this example the point of 

zero horizontal movement in direction y. Both directions x and y are equivalent. lt is at first 

assumed that the piles are connected to slab by hinges and that there is no friction between 

slab and ground. The restraint force of specific pile can be derived with Eq. (7.5) by setting 

for the head displacement: 

WoH = Eom m ap (7.13) 

with ap. distance between piles and m = 1, 2, ... ,n, number of equidistant piles within U 2. 

Eq. (7. 13) pre-supposes a very stiff slab which does not deform under the horizontal force H. 

With that we obtain the horizontal restraint with Eq. (7.5) for the single pile with the distance 

m ap from the axis of symmetry: 

[MN] (7.14) 

The total force at the axis of symmetry is obtained by summation of Hm over n piles: 

(7.15) 

n 

(Remark: L.,m=n(n+1)/2). 
m=1 

Fig. 7.5 shows the step-wise increase of the restraint force towards the axis of symmetry. lts 

sign depends an that of mean free strain: Eom < 0; Npr > 0 and vice versa. 
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7.3.2 Endmoment of fixed pile 

lf the upper end of pile is embedded in a slab of great bending stiffness, then its head can be 

regarded as fully fixed. The moment at pile m can be expressed by: 

l/2 ----oj~o--- l/2 --l 
i ii 

i T ' . ~------i~----~i:-T-tr~ 
• • • 

n 2 1 pile lx I 
• ebp' ~~~· 

! +- aP I Y !! 

b/2 

I II 
- f-·---·-·-·-·____._. ___ .._ . ....11-..... - -· -~ 

. II 
==r======================t==1t=====T== 

I L_ 

.----'~ j tot H, 

_.J~~---·-·-·-·-·-·-.L·-·-·-·-· i 

(7.16) 

Fig. 7.5: Arrangement of Piles in Ground Plan; Development of Normal Force 

(Example) 

As can be deduced from Fig. 7.2 and Fig. 7.3, that for fp/ fo > 3 the coefficients ~H and ~M 

are not differing significantly from another. Hence, the moment can approximately be 

expressed by 

(7.17) 

lrrespective of the sign of the strain Eom. this moment spreads linearly on both sides of the 

pile m. lt thereby changes its sign and decreases. The neighbouring piles m+ 1 and m-1 will 

diminish the moment at pile m. Hence, we may express the resultant moment at pile m by: 

M ::::: M - Mm-1 +Mm+l 
m m 

2 (7.18) 

thereby neglecting the self-eliminating contributions of piles further away from the direct 

neighbours. By introduction of Eq. (7.14) and (7.17) into Eq. (7.18), we find that 

(7.1 9) 
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The slab hence can be assumed to be free of moment due to the force Hm. This is also valid 

for the off-set moment Hm dJ2. 

7.3.3 lnfluences on restraint by piles 

The models of sec. 7.2 and 7.3 pre-suppose the linear-elastic behaviour of soil and 

uncracked concrete of piles. Besides that they describe the mean behaviour of system. They 

do not take several effects into consideration such as: 

• Tests show that if a constant deflection WoH is imposed for some time, the force H 

decreases significantly (viz. sec. 7.4). This "relaxation" is caused by creep of soil under 

lateral pressure. This effect can be taken into account by reducing the pile restraint force 

Npr. Eq. (7.15), with a factor 'Jfpr = 0.6-0.8 (sec. 7.4). 

• The mean thermal strain Eom varies in sign and over age. Fig. 5.11 presents an example 

from the numerical study of Appendix C. lt sets on as expansion and then turns into 

contraction. At early age the concrete of slab exhibits a visco-elastic behaviour, the 

development of Eom and Ko is gradual. Drying shrinkage can for slabs with dc ~50 cm be 

neglected. 

• lf the pile cracks due to bending, its bending stiffness Ep lp will decrease. Eventual 

cracking can be determined with Eq. (7.16). However, this effect must not be taken into 

account. 

• The models, sec. 7.2 and 7.3, describe the mean behaviour. Their model uncertainty is 

not known, unless in-situ pile tests have been performed. lf such tests are not available, 

at least a superior value of pile force should be estimated. Thereby, the variability of SRM 

and model uncertainty etc. can be taken into account. 

7.3.4 Parameters of restraint and degree of restraint 

ln order to study the different influences on the restraint of a slab due to piles alone, the piles 

can be depicted by an elastic spring as shown in Fig. 7.6. The spring constant Cp can be 

expressed with Eq. (7.11) and (7.15): 

c = EPJP n (I+n) 
P 2.5 · R~ 2 

(7.20) 

By formulating the conditions of equilibrium and compatibility at the axis of symmetry, the 

axial restraint for Np in the slab can be expressed (viz. Fig. 7.6) 
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Fig. 7.6: Model for Assessment of Restraint of Slab Caused by Piles 

(7.21) 

with N
0 
= -Eom Ee dc bp, total restraint force at the axis of symmetry, we obtain the axial 

restraint factor: 

(7.22) 

Eq. (7.22) contains several variables. Hence, only a few representative evaluations are 

performed. Fig. 7.7 shows the dependence of the degree of restraint for a slab with 

dc = 0.4 m and a pile with dp = 0.4 m and for two values of SRM dependent on number of 

piles. Fig. 7.7 relates to the tests described in sec. 7.4. The restraint factor increases with 

the number of piles and with SRM. The two values of the effective modulus Ee of concrete 

were included to study young and matured concrete. Only for very stiff ground and lang 

slabs (i.e. increasing number of piles), the restraint caused by piles becomes significant. For 

back-anchoring injection piles and slabs of 1 to 2 m thickness, restraint is negligible. The full 

dot represents the measured restraint factor deduced from the tests of sec. 7.4. 
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The axial restraint caused by piles increases with the bending stiffness Ep lp and the number 

n of piles within half-length t./2. lt should however be kept in mind that in practice the 

thickness of slab will increase with the increase of pile diameter. in Fig. 7.8 the restraint 

caused by large diameter piles of dp = 1 and 2m in a slab with dc = 1 m is depicted. The 

magnitude of SAM is of great influence. lt should be noted that for !arge diameter piles the 

number n of piles per half-length will in practice depend on several aspects such as: length e 
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of slab (between expansion joints or in total); concrete volume of continuous pour; structural 

design etc. lt is hence believed that the number of thick piles hardly ever exceeds 1 0 to 15. 

ln such cases the degree of restraint will be rather low. 

7.3.5 Combined restraint by piles and shear-friction 

The slab's expansion and contraction will not only be impeded by the piles but also by the 

ground. The restraint by ground can be described in various ways as shown in chapters 4 

and 5. ln this section, the combined restraint by piles and shear-friction is dealt with (rigid­

plastic shear friction). lt is thereby pre-supposed that the sliding of slab occurs on the entire 

length e I 2 and that a blocked zone xbe does not exist. This pre-supposition requires that the 

half-length of slab (in total or between expansion joints) fulfils the requirement of: 

(4.12) 

The numerical study of App. C shows that the mean axial strain in the contraction phase of 

slabs with a thickness of 1 and 2 m and for all casting seasons is in the 

>- 0 15 ·1 o-3 range of: Eom- · 

which corresponds for t ~ tN2 to 

~Tm 515 K and to 

lc:oml Ee 53.75 MPa with Ee = 25 GPa. 

Corresponding to Fig. 7.6, a model for the combined restraint is developed. With the 

restraint factor Rap of Eq. (7.22) and with the restraint force max N1 due to shear friction of 

Eq. (4.5) 

the total restraint force at the axis of symmetry is expressed by: 

NP!=- EomEedcbpRap +maxN f (1-Rap) 
(7.23) 

with bp distance between Pile rows, viz. Fig. 7.5. ln comparison with the restraint by piles 

alone, the restraint force increases. ln soft ground with a SAM between 1 0 and 50 MNJm3, 
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the reaction degree Rap will remain low especially f 1 b · . ' or 5 a s Wlth dc 5 1 m and p1les with 

dp 51 m. lf we relate Eq. (7.23) to the maximumrestraint force N =-s E d b b . 0 Om e c p , We 0 ta1n 

N 
__E[__R +R (1 R )=R N - ap il( - ap apf 

0 
(7.24) 

with 

(4.3) 

~aximum degree of restraint for plastic shear-friction at the axis of symmetry, viz. Eq. (4.5). 

F1g. 7.9 presents an example. The contribution of pile restraint to the total restraint torce is 

very small. Each Situation must be studied for itself in spite of the above-mentioned remarks . 

z .-- ------------,---
6 40 1- Ee = 25 GPa; dc = 1 m z 3 / 
>< ksR = 25 MN/m ; dc = 1 m // 
ro a = b = 6 m .e = 96 m / E 30 1- P P ' /N 
1i / 0 

z / 
z 20 1-

/ 

/ 
/ 

/ 

/ 
/ 

/ 

10 1- // r- Npf 
max Nt 1--·-· 

V max Nf (1-Rap)J 
I I 

0 2 4 

I 

6 

/ 
/ 

.J 

8 

Fig. 7.9: Combined Restraint by Pilesand Shear Friction (Example) 

For small values of I Eom I Ee and lang slabs, f > ft Eq. (4.18) a blocked length Xbe on both 

sides of the axis of symmetry will exist. ln this length Xbe• the piles do not cause restraint 

because no differential slip between slab and ground will occur. Slip will only occur in the 

length (f/2- xbe). ln this length piles will produce restraint We may conclude in such case 

that the pile restraint must be smaller than for sliding on entire length f/2. 

7.3.6 Additional restraint effects 

The region ±xbe on both sides of axis of symmetry may not only be blocked to frictional 

sliding but will by submitted to in elastic compliance with the ground (sec. 4.5 and 5.2). lt was 

found that the degree of axial restraint Raa was rather low: 0.1 to 0.2. However the degree of 
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bending restraint Rbe was high: 0.85 to 1.00. lt is recommended to assume such value Rbe 

for crack control also for slabs additionally restrained by piles. lf the restraint expressed by 

Rapf• Eq. (7.24), exceeds the value Rae• then this value should be applied for crack control. 
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7.4 Assessment of Force-Displacement Response by ln-Situ Pile Tests-Case 

Study 

As stressed in [18], the actual resistance of piles in soil against deformations imposed at the 

head of pile can only be reliably determined by in-situ testing. There exist several reports on 

such tests which however mostly deal with the Ioad carrying capacity of large diameter, 

reinforced concrete piles with dp = 1.0 to 2.0 m and not with the restraint response. 

ln [22] results of in-situ horizontal loading tests on reinforced concrete piles are reported. 

Fig. 7.10 shows the pile and vertical profile through ground. The piles have to support the 

base slab of a shipbuilding hall with the dimensions 202 x 66 x 0.4 m in ground plan. The 

slab was designed as joint free construction with the pile heads being fully fixed in the slab. 

The grid of piles varies between 3.0 x 3.0 m and 6.0 x 4.5 m. A maximum contraction strain 

due to temperature and drying shrinkage of -0.3 x 10-3 was expected. This value would Iead 

to a maximum head displacement of far-end piles of about 30 mm. lt was the aim of tests to 

derive the spring stiffness of piles for the realistic assessment of restraint stresses in the 

slab. 

Fig. 7.10: 

H 

\mmmmT 
washed-up 

2.5 loose 
sand 

+ 
2.0 m silt 

t 
3.5 boulder 

1 
clay 

-&0.42m 

Test Pile for Force-Oefleetion Measurement and Soil Layers [22] 
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The tests were performed on two pile pairs, i.e. 4 piles. The tests comprised three phases: 

displacement-controlled loading; relaxation of horizontal force H over 4 weeks under 

max w0 = const. and de-loading. Only a few results are presented. Fig. 7.11 shows the 

loading phase of one specific pile. After a stiff initial branch, a slightly non-linear increase of 

the H-wo-line can be observed. Upon reaching the maximum displacement of 30 mm, the 

relaxation phase began, viz. Fig. 7.12. During this phase, the force decreased to about 60% 

of its initial value of 98.4 kN. This observation can be attributed to the time-dependent 

deformation of especially the upper-most sand layer. 

The measured response line of Fig. 7.11 can be approximated by the bilinear function: 

(7.25) 

with Ho = 35 kN at WoH = 0 and ßH = 63.4 kN at WoH == 30 mm. 

Fig. 7.2 shows that for a so-called long pile with Rp/ Ro > 3, the value of KwH remains fairly 

constant: KwH ""2.5. With that value the elastic length Ro can be computed (Rp/ Ro "'3.9; long 

pile). The SRM can then be estimated with Eq. (7.1) to ksR = 25 MN/m3. Pre-supposing a pile 

spacing of 4.5 m and 22 piles on both sides of the axis of symmetry of the slab's side length 

of 201 m, we arrive at the mean total restraint force of at y = o: 

(7.26) 
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Fig. 7.12: Relaxation of Force; Force vs. Displacement during Loading 

As the dilation caused by shrinkage and seasonal change of temperature is slow, relaxation 

of restraint force acc. to Fig. 7.12 can be taken into account by reducing Npm by a factor of 

0.6 to 0.8. Eq. (7.24) represents a mean value. in order to take the model uncertainty, and 

the scatter of soil properties etc. into consideration, Npm has to be increased to a superior 

value sup NP. This superior value must then be compared with an inferior value of cracking 

force 

inf N = d l'J 1'nf F er c p J ct (7.27) 

in order to assess the risk of through-cracks. This can be realized by partial safety factors, 

e.g.: "{p == 1.3 and 'Yct == 1.25. With that we obtain: 

sup Np == 1.3 . 1.5 = 1.95 MN 

inf Ncr == 0.4 · 4.5 · 2/1·2 = 3.00 MN 

Through-cracking is unlikely. lt should be noted that in this approach, neither the friction 

between slab and ground nor the bending restraint caused by the free curvature were taken 

into account. 

7.5 Summary 

in many cases slabs have to founded on piles in order to transfer the dead and live Ioads of 

structure to deeper layers of stiff soil. The piles restrain the free thermal strain of concrete. in 

this chapter of the report, engineering models for the pre-design and design phase are 

presented. Thereby, the elastic behaviour of slab, pile and soil is pre-supposed. This is 

justified for the older pile but also for the slab. Studies have shown that the young concrete 

exhibits at early age on expansion. The contraction phase sets on-depending on various 
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parameters - at an age of 100 to 300 h. By that age, the slab's concrete has become a pre­

dominantly elastic material. 

The greatest uncertainty is caused by the assumption of the subgrade reaction modulus. 

This uncertainty can eliminated by on-site pile testing. Unless such tests are available, 

computations within a range of SRM are advised. 

Generally, the thickness dc of slab, pile spacing ap and diameter dp are chosen within certain 

p ractical relation such as ap I dc ""' 1 0 + 15 and dp = dc. Concrete pi I es usually exceed 

dp = 0.4 m. Within this range, the restraint by piles is small, especially for soft soil with 

SAM ~ 50 MN/m3
. 

lf shear-friction between slab and soil has to be taken into account, its restraint usually 

exceeds that by piles markedly. lnjection piles (steel profile or !arge diameter reinforcing bars 

embedded in cementitious graut) for the back-aneherage of high ground water pressure on 

slabs are pre-dominantly tension piles. The restraint caused by such piles is usually 

insignificant. 
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8 CONCLUSIONS AND RECOMMENDATIONS 

ln this report several engineering models for the assessment of restraint of slabs on natural 

soils (not rock) are presented. For stiffness moduli soil Es::::; 200 MPa, the axial restraint 

remains low, the bending restraint is compared with this significantly higher. 

Two approaches were dealt with. The first is the three-layer model TLM, the other is the 

subgrade reaction modulus method SRMM. With the TLM, the axial and bending restraint 

can be jointly determined. With the SRMM only the bending restraint can be assessed, axial 

restraint must be independently determined (e.g. by TLM). 

The TLM was presented in two ways: ln the first approach, the restraint actions are 

determined with mean mechanical properties across section, mean free deformations and 

degrees of restraint of member, all of these parameters are age-dependent. On this basis, 

the restraint stress is linear over thickness of slab. The non-linearity of thermal strain can be 

taken into account by stress differentials added to linear stress. ln the second approach, the 

non-linearity of all parameters across section is taken into account by the FSM, Finite Strip 

Method. The FSM is an amplification of TLM. The non-linear total stress can be computed. 

The consecutive tensile failure of strips and the redistribution of stress can be modelled. The 

FSM is an incremental and iterative approach. 

The stresses and restraint actions depend on the in-put of mechanical properties. This 

aspect was studied with linear and non-linear cr-E-Iines with and without inclusion of 

relaxation of concrete. The results of computation with the model 4 (non-linear cr-t:-line plus 

relaxation) are the most realistic ones and serve as bench mark. The Appendices of report 

present numerous examples. 

The FSM requires tedious numerics. Therefore, several approximative solutions are 

presented. Common to these solutions is that they follow the first approach of TLM. With 

these solutions, the restraint force N and restraint moment M are computed with age- and 

time-variant mean properties. Again, only the linear stress can be determined, viz. previous 

paragraphs. For the pre-planning phase, the method of effective E-modulus was investigated 

and compared with the incremental methods, such as model 4 and model 2 b (linear cr-E-Iine 

with relaxation). lt proved to be fairly suitable. 

The FSM is compared with the SRMM. The authors believe that the SRMM underestimates 

the bending restraint of short slabs with g < 4. 7 fe, because of its disregard of the horizontal 

stiffness of ground. ln order to fortify this opinion, the restraint of slabs- as described by the 

TLM (FSM)- was compared with the approach of the Japanese Society of Civil Engineers. 
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The method of JSCE to assess the axial and bending restraint totally differs from that of TLM 

and SRMM. lt can hence be used as an "independent" arbiter. The comparative study 

showed that the bending restraint acc. to JSCE is much higher for short slabs than that 

calculated with the SRMM. lt also exceeds that of TRM though not significantly. However, 

the approach of JSCE is like the two other methods also tarnished by certain model 

uncertainties. lt was concluded that in view of all uncertainties the TLM is at the moment the 

best suited method for the assessment of restraint 
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APPENDICES 

A DERIVATION OF RELATIONSHIPS FOR THE METHOD OF 18MB 

A.1 Etfective Center of Cross-Section 

Fig. A.1 shows the cross-section of slab. lt is described by C strips of constant or variable 

height dk. Because the modulus of elasticity varies across the slab's depth dc and with age, 

the effective center Ce of section will differ from the geometrical center Ce. This difference is 

expressed by the value ei: 

r 

I zkEki=eidcEmi 
k=1 

and by 

with i, subscript expressing the age ti at strain step. Furthermore, 

lf the Young's modulus is set to Eki = Emi, then ei = 0 because of 

(A.1) 

(A.2) 

(A.3) 

Studies shows that ei vanishes with age (after 50 to 100 h). lt is however also small at early 

age, depending on the thermal boundary conditions. lt is then in the range < 0.05 dc. Hence, 

in the following derivations, the parameter ei is disregarded (ei ""O). 
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A.2 Free Mean Strain 

By expressing the mean strain as arithmetic mean at t = ti (viz. Fig. A.2 and Fig. A.3) 

(A.4) 

or with the dk = dc I f. = const. 

(A.5) 

it is pre-supposed that the modulus of elasticity is invariant with respect to age and location. 

This however is not true for young concrete. Because of the non-uniformity of the modulus of 

elasticity across the section, the free mean strain must - at the time ti - be expressed by: 

f 

L ~EOkidkEki 
A 0 _ .:..;.k__;=1'-----L.kQmj-- (A.6) 

with 

(A.7) 

lf we choose dk = dclf = const, Eq. (A.6) and (A.7) can be simplified. The total mean strain 

at time tn is found by summation of increments over time beginning with t1, ... ,tj, ... ,tn: 

n 

Eomn1 = L ~Eomi 
i=1 

A.3 Free Curvature 

(A.8) 

The free curvature can be derived with the first-order moment araund effective center, viz. 

Fig. A.1 and Fig. A.3. With dk = dc/ c = const, we obtain for the strain step at t = tj, if we at 

first pre-suppose a constant, age-invariant modulus of elasticity: 

(A.9) 

or with dk = dcl C = const: 
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(A.1 0) 

lf the aging of Young's modulus is taken into account, the first order moment is: 

P e 
L [~Eomi+~Koi(zk -ei)](zk -ei)Eki= L~Eoki(zk -ei)Eki (A.11) 
k=1 k=1 

and 

f I 

L~Eok;(zk -eJEk;-~EomiL(zk -e;)Eki 
11.K _ 1 1 
u Oi - r (A.12) 

L (zk -eJEki 
1 

Numerical studies show that Eq. (A.12) can be simplified. The secend term of the nominator 

of Eq. (A.12) is negligible vs. the first term, especially if the age t; > 16 to 24 h. Hence we 

obtain with e; = 0: 

k 

L ~EokizkEki 
~KOi = --'--1 -:---­

{ 

I z~Eki 
1 

The total curvature is obtained by summation over time: 

n 

Kom1= L~Ko; 
1~ 1 

---< 

---< 

-
-
-
-
---< 

~1 

~ 

~k 

t- Ce 

.._Ce 

.._ 

.._ 

---< ~ I 

(A.13) 

(A.14) 

Fig. A.1: Effective Center of Gravity of Section and Distribution of Modulus of Elasticity 

(Schematic) 
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By the free deformations Eom and Ko the plane of free deformation PFD can be described, viz. 

Fig. A.3). 

Fig. A.2: History of Mean Free Strain, Depiction by Strain Steps 

0 1n age t 
Ekn 

Fig. A.3: Planes of Free and Resultant Deformations 
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8 MATERIAL MODELS 

All models presented here are deterministic and pertain to the mean behaviour. Their model 

uncertainty is very small. Their scatter can be described by the standard Gaussian 

distribution coefficients of variation COV [29, 33]. 

8.1 Equivalent Concrete Age 

t -J
1 

exp E [ 
1 1 

]dt 
e-o R 293 273+ T(t) (8.1) 

with 

T(t): temperature of concrete in ac at any point in structure 

R: universal gas constant, R = 8.315 J/mol K 

E: activation energy, T > 20 oc: E(T) = 33.5 kJ/mol 

T ~ 20 ac: E(T) = 33.5 + 1.47 · (20 - T) kJ/mol 

8.2 Degree of Hydration 

(8.2) 

values of Ct [ -] and tk [ h ] are listed in App. C. 

8.3 Development of Axial Tensile Strength, Compressive Strength, Modulus of 

Elasticity 

(8.3) 

(8.4) 

(8.5) 
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with ao, degree of hydration at the end of dormant phase Valu f [ ] · es o CXo - , end of dormant 

phase, and fct1, ... etc. are listed in App. C. Fig. 8.1 shows these relationships. 

,.--, 1,0 
I ..__, 
....... 
(.) 

cW 

(.) 
c-

t5 
c- 0,5 

Fig. 8.1: 

a0 o,5 1.0 

degree of hydration a [-] 

Development of Axial Tensile Strength, Compressive Strength, Modulus of 

Elasticity vs. Degree of Hydration 

The coefficients of variation COV are: Vc1 "" 0.15; Vc"" 0.1 0; VE ""0. 10. 

8.4 Stress-Strain-Line under Tension 

8.4.1 8asic model 

The stress-strain line as found by many authors is schematically shown by Fig. 8.2. Basis for 

this are strain-controlled uni-axial tensile tests on prisms or cylinders (viz. e.g. [26]). lts 

model is hence a research model not taking into account possible adverse effects to the 

strength in the actual structure. The stress-strain line can be divided into 3 sections, Fig. 8.2 
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(J 

Fig. 8.2: Stress-Strain-Line under Axial Tension (Schematic) 

1. 0 S CJ S 0.5 fct E= Eel 

a( E) = Ect · E 

2. 0.5 fct < CJ S fct E = Eel + Er1 

a( E) =~[2 -(1 - E -t:o.s )
8

] 
2 Ecu - t:o.s 

with 

Er,, inelastic micro-cracking strain in ascending branch, 

Ecu "" (0.35 + a) 10-4 with a;::: a 0 , 

B Em-Eo.s 

Eo.s 

3. E = Eel + Er1 + Er2 

cr2. inelastic strain in the descending branch due to micro-cracking; cr
2 

= w 1 .f.r
2

. 

(8.6) 

(8.7) 

(8.8) 
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(8.9) 

with 

(8.1 0) 

and with w, crack opening; Wa, wb, crack opening parameters; GF, fracture energy; tpr. width 

of crack process zone. More to this is found e.g. in [33] 

8.4.2 Stress-strain line for the concrete in the structure 

Extensive investigations by i8M8 [27] have shown that the effective tensile strength of 

concrete in the structure is lower than that of parallel Iabaratory specimens of the same 

concrete. The main reasons are: The compaction of the Iab specimens is more intensive 

than that of the on-site concrete cast. The gradual build-up of tensile restraint stress 

damages the tensile strength in comparison with that of unloaded parallel Iab specimens 

under the same curing conditions and for the same effective age. The reduction can for the 

mean tensile strength be expressed by: 

(8.11) 

with fcte, mean effective tensile strength in structure; fct. mean tensile strength of Iab 

specimens of the same concrete; COe"" 0.75, reduction factor, independent on degree ot 

hydration. 

Fig. 8.3 shows that the basic model can be transformed with the reduction factor COe. For the 

sections 1 and 2 of the cr-E-Iine we obtain: 
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I I @1-------.. 1 

Fig. 8.3: Stress-Strain-Line for Concrete in the Structure (Tension) 

1. c = CeJe 

cr( E) = Ect · E (8.12) 

with Ect according to sec. 4.1 and Eq.(8.4). 

2. 0.5 fct < a ~fct c =Ce/+ Cr1 

cr(t:) = fcte [2-(1- E-Eo.se )Be] ' 
2 Ecu - Eo.se 

(8.13) 

with 

Er1. inelastic micro-cracking strain in ascending branch, 

Ecue ""We Ecu = 0.75 (0.35 + a) 10-4 with a::::: a0 (8.14) 

fcte 
Eo.se = 2E [-] 

ct 

8 _ Ecue - Eo.5e = 8 
e- -

Eo.5 

3. 

The descending branch of cr-E-Iine can be formulated as shown in sec. 8.4.1. The total 

fracture energy in the structure can be expressed by: 
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(8.15) 

The stress-strain line in the descending branch is then: 

(8.16) 

with 

(8.17) 

8.4.3 Tensile failure criterion 

Concrete is in axial tension an elasto-plastic material due to micro-cracking strains Er. Hence, 

for the formulation of a failure criterion, the failure strain of concrete would have to be the 

relevant property. The fracture energy GF(a) depicts the total plastic deformational work. 

Ace. to [26, 33] it is for a = 1 in the range of GF1 == 0.17 N/m for a maximum grain size of 

32 mm. 

For the formulation of a tensile failure criterion, it is proposed not to entirely exploit the 

available fracture energy G19(a). lnevitable defects in the concrete member (inhomogeneties, 

fine superficial early shrinkage cracks, surface-near reinforcing bars as crack raises etc.) 

and the scatter of tensile strength are weakening factors. lt is proposed to replace the 

descending branch of a-E-Iine by a stress-block with the Iimit fracture energy: 

With 1pr == 2.5 max dk and with 11 ~ o, integer. The Iimit failure strain is then: 

lim Ecue = ecue ( 1 +TJ) 

The stress computations of App. c were preformed with 11 = 0. Hence only the sections 1 

and 2 of the stress-strain are used, which isarather conservative approach. 

ln the future deliberations will become necessary in order to determine the factor TJ. For 

11 = 1 about 1 16 of the total fracture energy is exploited. The crack opening w would then be 

in the range of 5 to 10 J.Lm. 
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8.4.4 Stress-strain-line under compression 

As the compressive strength is about five to ten time higher than the tensile strength, the 

stress-strain line under compression is approximated with the Young's modulus 

(8.18) 

The non-linearity under compression may be approximated by using Eq. (8.4) also for 

compression. 

8.4.5 De- and reloading under tension and compression 

Detailed models for de- and reloading in the descending branch of the stress-strain-line are 

presented in Iiterature (viz. in [33]). A phenomenological approximation is shown in Fig. 8.4. 

lf the stresses turn into compression, the cracks will close again and the inelastic cracking 

strain is set to zero. For loading under compression the Young's modulus acc. sec. 8.4.4 

can be used. ln this report the de- and reloading is assumed to follow on the straight line 

with the slope Ec1 I 1 . 

"' -- 4 
E 
.§ 
~ 3 
1:) 

2 

Fig. 8.4: 

Wtot [!lm] 

20 40 60 80 100 120 140 

E -Oe +li·fct ,-
6 cu 

1-K 
Ii=-

K 

Model of Cyclic Oe- and Reloading in the Descending 8ranch of the Stress­

Strain-Line under Tension 
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8.4.6 Creep and relaxation 

8.4.6.1 Creep function 

(8.19) 

with 

(8.20) 

(8.21) 

8.4.6.2 Relaxation function 

(8.22) 

with 

(8.23) 

(8.24) 

Equivalent time under Ioad for taking the temperature effect on the visco-elastic behaviour 

into account: 

tel = ex __:!__ - - dt· t E [ 1 1 ] l p R 293 273+ T(ti) I ' 

(8. 25) 

t Ev 1 1 !1 ] 
e11= ex - dt· I p R [293 273 + T(t;) ' 

(8.26) 

with Ev = 50.000 J/mol. 

8.4.6.3 Data and parameters 

The data and parameters to evaluate these relationships are listed in Appendix C. 
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C DATA FOR COMPUTATIONS AND EXAMPLES 

C.1 Concretes 

Table C.1: Concrete Compositions 

notation unit C01 C023 

cement type CEM - 132.5 R 111 I 8 32.5 

cement content c kg/m 3 270 280 

slag content SL kg/m 3 - -
fly ash content FA kg/m 3 60 80 

water content w kg/m 3 175 150 

siliceous aggr. content A 0/16 kg/m 3 1849 
A-B 0/32 1855 

super plasticizers FM kg/m 3 2.7 2.1 

plasticizers BV kg/m 3 - 1.0 

retarder vz kg/m3 - 1.0 

consistence spread - KR KF 

strength class 20 cm cubes 8 MPa 25 25 

C.2 Geometry 

Strips of slab of width bc = 1 m and dc = 1, 2 and 3 m are investigated. 

Table C.2: Geometrical Data 

thickness of slab dc length of slab C thickness of soil layer d's 

[m) [m) [m] 

1 >10 4 

2 >20 8 

3 >30 12 

With d's the thickness of thermally interacting soillayer below slab is defined. 
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C.3 Fields of Temperature 

A cut-out of bc = 1 m x (air + dc + d's) with one-dimensional heat flow is regarded. Boundary 

conditions are given in Table C.3, material data in Table C.4. lt is assumed that the top of 

slab is covered the first 120 h with a plastic sheet. 

Table C.3: Thermal Boundary Conditions 

property notation unit spring/fall summer winter 

fresh concrete temp. Tco oc 15 25 10 

soil temperature d's1 < 4 dc Tso1 oc 8 12 5 

soil temperature d's2 = 4 dc Tso2 oc 12 12 12 

air temperature (sine wave) Tao oc 12 ± 7 25 ± 3 7±3 

heat transfer coeff. t = 0 to t = 120 h ae W/m2K 10 10 10 

after t = 120 h ae W/m2K 20 20 20 

Table C.4: Material Data for Temperature Field Computation 

property notation unit CO 1 C023 soil 

coeff. of heat conduction Ac W/mK 2.1 2.1 -

As 
1 

spec. heat capacity Ce Wh/kgK 0.32 0.32 -

Cs 0.22 

density kg/m3 2350 -
Pc 

- - 1700 
Ps 

CEM 132.5 R 111 I B 32.5 -
cement type -

c kg/m3 270 280 -
cement content 

3 maxOc kWh/m
3 38.44 28.52 -

max. heat release of concrete per m 
concrete 

[-] -1.135 -1.34 -
Parameters of heat release function c1 

(Jonasson) h 12.055 23.8 -
tk 
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C.4 Fields of Stress and Restraint Actions 

C.4.1 Stress fields 

Table C.5 shows the data and parameters for the computation of concrete stresses. Table 

C.6 shows the restraint conditions. Friction and elastic bedding by SRMM are not considered 

here. 

Table C.5: Data and Parameters for the Computation of Stresses 

property notation unit CO 1 C023 

end of dormant phase CXo [-] 0.1995 0.09 

final value of tensile strength fett MPa 3.005 3.00 

final value of compressive strength fcct MPa 47.87 40.7 

final value of Young's modulus Ectt GPa 33.630 31.500 

final value of fracture energy Gtt N/m 144.47 130.0 

exponent of fracture energy aGt [-] 0.9205 0.80 

constant of failure strain Ectu aeu [ 1 o-3
] 0.35 0.35 

model parameter of relaxation function atr [-] 0.299 0.263 

(Eq. (8.23), (8.24)) btr [-] -0.298 -0.239 

a2r [-] 0.296 0.196 

b2r [-] 0.133 0.355 

Table C.6: Modeling of Restraint 

type of restraint Ra Rb 

eigenstresses 0 0 

restraint 0.10 0.95 

C.4.2 Numerical Examples 

Computations were performed for the concrete compositions C01 and C023, 3 slab 

thickness, three seasons of casting, and the restraint conditions according to Table C.6. For 

each parameter combination a set of diagrams is presented on the following pages. The 

coordinate z' [m] has its origin at the bottom face of slab. The individual value z'* denotes the 

center of specific strip measured from bottom. 
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C.4.2.1 C01, 1m, Spring/Fall (Tco = 15°C) 

40 
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__..._ z' = 0.033 m 

-o-- z' = 0.233 m 

35 

...-.30 
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2..... 
f- 25 

20 

15 

10 
0 

Fig. C.1: 
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5 
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0 
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....-. .s 
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--o- z' = 0.567 m 
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0 

168 336 672 10 
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T [OC] 
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-+- t =48 h 

-<>-- t = 72 h 
-o-- t = 168 h 
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Slab C01-1-FH-15 
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