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Boolean Groups
By Irving H. Anellis, Duluth/USA

Abstract

Abstract groups are constructed as equivalence classes from elements of Boolean
algebra (A,u,n,—,—) associated to the elements of the sequence of natural numbers
whose model is N = <0,w,+,->, where a partition modulo-m is a subclass defined
on the Boolean equivalence and congruence relation IN defining N,c A/ p with IN
associated with identity. This gives a Boolean algebra R, whose groups, then, are not
multiplicative sets, but classes of m-partition subclasses of the model N of the Boolean
universe V} defining the algebra . Thus, a Boolean group for R with universe VY
may be either an additive or a multiplicative class. These Boolean groups are closely
related to the £-groups constructed in Birkhoff’s Lattice Theory.

AMS 1970 subject classifications. Primary: 02J05, 06A40, 20F99;
Secondary: 06AS55, 06A60, 20E40, 02H15.
Key words and phrases. Boolean algebra, ordered lattices, ordered groups, infinite

groups.

0. Introduction

Groups are defined as multiplicative sets. Thus, for some group G, G = (§,*),
where {S} is a set and * is a productive operation on the elements of {S}, such that,
for all x,yeS, x*yeS and x*y is a unique product of x,y. We then say that all groups
satisfy the condition Cl(x*y). Here, we define groups as equivalence classes of Boolean
elements closed under * defined as group addition.

We have, then, abstract groups constructed as equivalence classes from elements
of the Boolean algebra (A,u,n,—,—) associated to the elements of the sequence of
natural numbers whose model is N = <0,w,+,->, where a partition modulo-m is a
subclass defined by the Boolean equivalence and congruence relation IV defining
NncA/ pwith IN associated with identity. This gives a Boolean algebra 9%, whose
groups, then, are not multiplicative sets, but classes of m-partition subclasses of the
model N of the Boolean universe V, defining the algebra 9. Thus, a Boolean group
for M with universe V) may be either an additive or (by the usual characterization of
groups) a multiplicative class. We also note that Boolean groups are abelian (but leave
the routine proof to the reader).

Boolean groups are closely related to the £-groups of [1], which are defined as
po-groups in which any two elements have lu.b. and g.lb.. There, according to
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Lemma 2, the algebra (A, +,V) is an £-group iff it is a group under +, a join-semi-
lattice under V, and the distributive laws hold for a,b,x,ye A for +,A, and V.

The apparatus for construction of Boolean groups has long been available, but
group-theorists prefer to use a set-theoretic approach, usually through ZF. Willie
Brown suggested that it might be possible to construct such groups, but that no one
had yet made the attempt. I wish to thank him here for his suggestion.

1. Boolean Lattices

A Boolean algebra is abstract, and is constructed on a domain U, composed of a
family of sub-domains Q of U such that each domain defines a class. For U we obtain
the intersection of all subdomains of Q. Thus, if Q # @, U #@. A Boolean algebra
based on a nonempty family of subdomains Q of U is a lattice. For two classes A,BeQ,
AuUBeQ and AnBeQ, and if AcQ, AcQ. A simple Boolean algebra is closed, then,
under the binary operations of union and intersection. The algebra (A,u,n) with
these two binary operations is a lattice if, for all a,b,ce A, the following equations hold:

aub=bna anb=bua
au(buc) = (aub)uc  (anb)nc=an(bnc)
(aub)nb=Db au(anb) =a

Thus, we obtain immediately as theorems
Theorem 1.1. If (A,u,n) is a lattice, then for all a,bc A, aub=Dbiff anb=a.

Theorem 1.2a. If (A,uU,N) is a lattice, then for all a,beA, we obtain the relation =
on A, defined as a=b iff one of the equations of Theorem 1.1 holds, and = is the
lattice ordering on A.

Theorem 1.2b. For the ordered class (A, <) we obtain aub=sup{a,b},anb=inf{a,b}
on the elements {a,b}.

Theorem 1.3. The ordered class (A,=) is a lattice. Proof is obtained where (A, =
contains a nonempty subclass V of the class A and V is a filter where, for all elements
a,beA, anbeV if aeV and beV.

Proof. Let (A,u,n) be a lattice. Then the following conditions, all of which are equi-
valent, hold

1. anbeV iff aeV andbeV.

2. ifaev and beV, then anbev,
if aev and a=b, then bev.

3. ifaev and beV, then anbev,
if aev and beV, then aubev.

Then clearly (A, =) is a lattice equivalent to the lattice (A,U,n). We may also note
that, if the lattice has the greatest element V, then {V} is a filter. W.
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Examples. All of the following are filters

1. If (A, =) is a lattice, then (ap) = {acA: a;=,} is a filter (the filter generated by a,).

2. If (A, =) is a lattice and B<A, then V(B) = {acA: (Hb;,...,beB) (byn...nb, =
=a))} is a filter (the filter generated by B).

3. If (A, =) is a lattice, V, is a filter and a€ A, then V(Vp,2) {x€A: (Hbevy) (bna=x))}
is a filter.

Proof: Let x,yeV(Vy,a). Then anb; =x and anb, =y for some b,,b,e V,. Therefore
(anby) n(anby)=xny. But (anby)n(anby) =an(b;nb,) =anb, where b=b,n
NbyeV,. Then xnyeV(Vy,a). B

Theorem 1.4a. A lattice (A,u,N) is distributive if, for all a,b,ce A, an(buc)=(anb)u
u(anc).
The proof is easy and left to the reader.

Theorem 1.4b. If (A, =) is distributive, then every maximal filter is prime.
Proof. We begin with definitions of maximal and prime filters.

Definition 1.4b1. A filter V is prime if it is proper (i.e. there is an element ac A such
that a¢V for the lattice (A,u,n)).

Definition 1.4b2. A filter V is maximal provided it is proper and is not a proper sub-
class of any proper filter.

Definition 1.4b3, A filter V is prime if it is proper and aubeV implies either acV

or beV.
Now assume that V is maximal but not prime. Then there exist a,be A such that

aubeV,a¢V and be¢V. But consider V,(V,a). Vi(V,a)= A, so beV,(V,a). Thus,
xna=b for xeV. Therefore, (xna)ub=b=(xub)n(aub)eV; and we obtain a
contradiction. B

Principle 1.5. Every relatively pseudo-complemented lattice is distributive.

An abstract algebra (A,u,n,—) is a relatively pseudo-complemented lattice if
(A,u,n) is a lattice and for all a,b,xe A, the condition anx=b iff x = a—b is satisfied.

Let (A,u,n) be a lattice and B A. Then assume sup(B) = a iff [(VbeB) (b=a) &
(VbeB) (b=c¢)—(a=c)], and a is the g.l.b. of B. Then note, by the condition for a
relatively pseudo-complemented lattice, that a—b is the upper bound for {xeA:
anx=b}.

An abstract algebra (A,u,n,—,—) is pseudo-Boolean if (A,U,n,>) is a relatively
pseudo-complemented lattice and satisfies the condition

for any acA, a=a—A

where A is the least element of a lattice and {A} is an ideal. We note then that a
pseudo-Boolean algebra has a greatest element V and a filter {V} insofar as it is
relatively pseudo-complemented, and a least element A and an ideal {A}. The algebra
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(A,u,n) is a complete lattice if it is a lattice and, for all B A, sup(B) and inf(B) are
defined.

Principle 1.6. An abstract algebra (A,u,n,—,—) is a Boolean algebra if it satisfies
the conditions

a. (A,u,n,—,—)is a pseudo-Boolean algebra

b. au—a=Vfor all acA.

Theorem 1.6.1. If (A,u,Nn,—,—) is a Boolean algebra, the following conditions are
equivalent

1. Vis a maximal filter
2. Vis a prime filter
3. for all ac A, exactly one of the elements a, —a belong to V.

Principle 1.7. For a Boolean algebra (A,u,n,—,—), p>A? is an equivalence relation
and p is a congruence relation on (A,u,n,—,—) if, for x1py, and x,py,, then (x;Uxz)p
p(y10y2), (X10X2)p(y1NY2), (X1 —X2)p(y1—Y2), and (—x1)p(—y1)-

Theorem 1.7.1."Let (A,u,n,—,—) be a Boolean algebra and V a filter. Let pcA?
be a relation defined by apb iff a—beV and b—aeV. Then

a. p is an equivalence relation

and .
b. P is a congruence relation.

Corollary 1.7.2. p is a congruence relation defined as apb iff a—beV and b—aeV.

We denote A/p as the set of all equivalence classes of p.

2. The Number-theoretic Boolean Algebra .

We now prove that the sequence N of natural numbers belongs to a subclass of the
Boolean algebra (A,u,n,—,—). We do so by showing that % is a Boolean algebra
with elements neN of the ordered sequence N.

We know that R is a Boolean algebra iff it is a relatively pseudo-complemented
lattice and that the sequence N is defined by N = <0,w,+, >.

Theorem 2.1. N can be ordered and (N,=) is an ordered class if, for any x,yeN,
x=y.

The proofs are routine. It is also easy to prove the stronger theorem (Zermelo)
that every set can be well-ordered.

Thus, (N, =) is a lattice.

1t follows that, where inf{0} and sup{w} on the elements of N, for any neN, 0=n
and n= . Thus, for all neN, Nis a lattice having a least element 0 associated to A and
a greatest element V associated to m. We note that singleton {#} is defined as having a
value 0; then {@} is an ideal and {w} is a filter.

Definition 2.2. Let R" be an operation of R such that RN = ON%...NaiR, where
every N, cN. Then RN is the closure of N. s
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Definition 2.3. Identity Id is the unmiversal closure of a Boolean subalgebra B¢
=(A,u,n,—,—).

Theorem 2.4. IV is the identity relation of the Boolean subalgebra %. Therefore IV is
a congruence relation and equivalence relation.

Proof. First we denote by Idy the number-theoretic identity on N, and associate the
operator IN to Idy. We obtain Idy where, for all x,yeN, xny—yNx, ynx—xny,
XUY—-yUX, yUx—xuUy. Next we note that, by Theorem 2.1, (N =) is an ordered class.
Thus, we define Idy for (N, =) according to the usual rules for the arithmetic identity
relation = and note that Idy gives closure for all aeN where a® = o satisfying the
conditions

ana = a, auva=q

where ana=a+{1}, aua=a+{@} defined for all ordered pairs <x,y>€N such
that
<xy> = {{x}, {x,y} «—xldny = {<x,y>: x=y}

under the condition <x,y>= <yx>.

Let a,b,ceN. Then IN is an equaivalence relation if the following conditions hold

a. For alVa, ana—a, ava—a (reflexivity)
b. For al™b, anb—bna, aub—bua  (symmetry)
¢. For al¥bIN¢c, anbnbnc—anbnc,

aububuc—aubuc (transitivity).

Then xINy defines an equivalence relation on x,yeN where xINy determines the con-
ditions of reflexivity, symmetry, and transitivity of elements x,yeN. Moreover xI™y is
a congruence relation if it satisfies the following additional conditions

d. For aI™b and a,beN, if a=<b, b=a, then |a|=|b]
(Schréder-Bernstein Theorem)

e. If xINy, for all x,yeN, then ancINbc for all ¢

f. al¥b—a’INb’ for all a,beN.

It is clear that IV satisfies all of these conditions for N. B

We have next to show that the following theorem holds.

Theorem 2.5. % is a Boolean algebra whose elements are given by the sequence N.
We do so by showing first that the two following conditions hold

a. Ris pseudo-Boolean
b. n,u—n, = VN for all neN.

Proof. First note that conditions a and b are exactly those of Principle 1.6. Thus, if R
satisfies these, it satisfies all subconditions for lattices and relatively pseudo-com-
plemented lattices.
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We also note that the algebra R is closed under addition and multiplication for
N={0,1,...,n}, n=w, and that R= <0,w,+,  >.

a. M is pseudo-Boolean if it is a relatively pseudo-complemented lattice and
satisfies the condition that, for any neN, —n =n—A, where A is the least element of
a lattice and {A} is an ideal.

Let OeN be defined as #. We note that for any n,meN, where m = n+n, there is
associated a zero to any m such that m = n where n+n = n. Then @ is a zero element
for a sequence N if —@ = @I, such that § is the least element of a lattice VN for N. If \%A
is a lattice for the structure R whose elements are N={0,1,...,w}, then {#} is an
ideal. (J

b. Let a=——a. If aub=V and anb=A, then b= —a. For a—b, we obtain
au—a. Then au-a=V. Now assume VNcV. Then VNE {n,:n=w,neV}. Let
ng,Ny,...,0,€N. Select any n,=n,, and any ny # n,. Then n,—n,. Now let a=n,
and b =n,. Then for aub =V, we obtain n,u—n, = V™. Then n,u—n, = VY. Now
note that aub =sup{a,b}. Then nyun, =sup{ny,n,}. Then for VN = {n,:n=0},
NpU —1n, = VY. O

The other conditions for % being Boolean follow. B

If N is a Boolean algebra, then Nc A/p.
Theorem 2.6. Nc A/p, for A/p the set of all equivalence relations of p.

Proof. Follows directly from Theorems 2.4 and 2.5 (from IY being an equivalence and
congruence relation on N, and from 0 being Boolean).

Note that NcA/p iff A/p is true only where NcI¥.

3. Boolean Groups

Boolean groups may be constructed directly by applications of some equivalence
relation E modulo-m (m <w) of the set of elements of VY of the Boolean algebra R.
It is important to define the group operations as Boolean.

We remind the reader that, by Principle 1.7, for a Boolean algebra (A,u,n,—,—),
pcA? is an equivalence relation, and p is a congruence relation on (A,u,n——)if,
for x4py; and x,py,, the following conditions hold

(x4UX2) P (y1UY2)
(x10%2) p (y1ny2)
(x1->%2)  (y1—Y2)
(—=x1) p(—yy)

Also recall Theorem 1.7.1 and Corollary 1.7.2, whereby we find that pcA? =4
(apb iff a—beV and b—aeV) such that p is an equivalence relation. By Theorem 2.4,

we have IV, the identity of number theory, the congruence and equivalence relation
of Boolean algebra .

oo e

&
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We now prove that a group G is Boolean if it is defined on a lattice " whose
structure is <G,*>, for * group addition, where elements of G are elements of a
Boolean algebra. Here, all elements of G are elements of . We begin by proving that
E, and E,;,, m <w are values for the equivalence and congruence IV,

First we offer some definitions.

Definition 3.1. The arithmetic operations of addition and multiplication may be
defined as Boolean operations such that

a. at+B=[an-P)u(-anf)] = auP
b. a-f=anp

where ana=a + {1} and ava=a + {#} (see proof of Theorem 2.4).
Note that multiplication may be defined in terms of addition.
Definition 3.2. E,, and E;, are modulo-m equivalence relations for I, such that

a. En(a,f) =aup/m
b. Ej(0,B)=anp/m

where al¥f = aup/m if aINp = a+p/m and alNp = anB/m if al}p = o Bf/m

Definition 3.3. (Samuel [3]). sup(x,y) =x+y+xy, i.e. (xuy), and inf(x,y) =x"y,
where, for inverse (complement) of x,x™' =y, sup(x,y) = 1, inf(x,y) = 0.
Theorem 3.4. E,, (E-mod m), m<w is an equivalence and congruence relation if
En=IN-¢+4) =0
Proof. We use well-known theorems of Gauss. Suppose n,m,£,keN, and let m=k+4£.
Now let a,feN, and let m+k=n. Then if y,0eN, and m+a=vy or m+f =39, then
either a=Pf=k, y=8=n, and I§_+g,=. defines an identity mod-m or y=§=n.
Assume GgN. Suppose a.€G, a=k. Then yeG, y=n, and m+a=n. Thus, o, k are
equivalent mod-m, and vy, n are equivalent mod-m. And if we have a mod-m system,
m is zero, m+m=m, m+a=qa for any a. Now consider the relation E,, on the ele-
ments of the algebra M. Let {N} = {<0,1,2,...,n>} and let n=w, m<n. For any
p.x,y,ze{N}, E, defines a partition p if x+m=z/p, y+m=2z/p. Then E, is an equi-
valence and congruence relation mod-m, and partitions elements of GgN into
congruent classes such that, for any x,yeG, there is a zeG, if m+x=z/p, m+y=2z/p,
then x, y are congruent mod-m. Then E,, defines x, y elements of the same equi-
valence class. B

The relation E,, can be understood as a group-theoretic identity, where E,, is just
Iﬁ:(H,e )=, Which partitions elements of N into equivalence classes.

Theorem 3.5. Let ¢,a,b,c,..., c+n, m—n, m—-le GeN, (c+n) (m—n) = m. Then if *
is addition for E_, we obtain a modulo-m additive group for E , if m = ¢ and for all
k,LeG,

En{<e,e>=¢, <e,k>=k,...,<c+n,m-n>=c+m=g,...,
<a,m-l>=m=e,..., <k, L>=k+L,..., <m+kLf>=k+L}.
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Proof. The proof is by Theorem 3.4. &
Corollary 3.5.1. If x,yeG and G is a group, then Cl,(x*y) where * is group addition.
Proof. Let x*y=z. Then either zeG or x*y#z.

Case I: Let x*y#2z. Then z—x#y, zeG, and x¢G or y¢G. But by definition, x,yeG.
Contradiction.

Case II: Let x*y=z. Then z—x=y, so if x,yeG, —x,zeG. Note that a+(—b)=a-b.
Then z+ (—x) =z—x. Moreover, z—x=y and yeG; and if xeG then —xeG, the inverse
—x of xe@ is an element of G, since x—x=0, and by Theorem 3.5, E(<x,—x> =m)]
E.(m,—x)=—x, where by au—a=V, and n,u—n,= VN Theorem 2.5b). B

Corollary 3.5.2. For x,yeG and Cl,(x*y), G has a zero element e such that, for some -
acG, a*m=¢e.

Proof. The proof is by Theorems 3.4, 3.5, and Corollary 3.5.1. We know that
En(m,m™*) = ¢ by IN-addition. Now choose some a such that a=m"". Then by group
addition mod-m, a*m = e and e is the zero for group addition mod-m where ¢ = m. B

Modulo-m group G whose elements are the elements of the Boolean algebra R
satisfies the conditions of closure under group addition and of having a zero element.
Thus, G is minimally an £-group, as defined by [1]. Then E,, is group addition for * in
G. But it would be possible also to present a relation E;, under which * is group multi-
plication mod-m and defines a multiplicative group G whose elements are exactly
those of the additive group G mod-m. We then obtain

Theorem 3.6. Let €,a,b,c, c+n, m—n, m—I € GeN, (¢c+n) (m—n) = m. Then if * is
group multiplication under E;, we obtain a mod-m multiplicative group for Ej, if
m+e, and for all k, £ € G,

E, {<e,e>=e,<e,k>=¢,...,<ct+n,m-n>=e,...<f,k>=
(k—-1-£)+L,...,<kk>=(4-1'K) +k,...}

where any group product divisible by an m-quotient (c+n), (m—n) is e,
e=m, or a remainder e—r, reG if r+e¢ or an m-quotient of ¢, and for all
xeG, E; (x,m) =m, E},(e,m) = ¢, e the zero.

Proof. The proof is easy that multiplicative sets are groups under group multiplica-
tion. If, for (x,y)n/En, m,x,yeG, x*yeG, then m*x,m*yeG, provided m is a partition
element of G. Then for some aeG, a/x=m and meG, or a/m=x and m is a partition
element of G. Then meG. We prove that e is a zero for G mod-m in Cl,(x,m) for
x,meG, and x*meG for * group multiplication mod-m. We can also show that
e=m. B

E,, and E; define group addition and group multiplication for a group G on a
partition m on the elements of Boolean algebra$®, where m gives the least element of
RN and thus m=0 for A™. Then if I is the congruence and equivalence relation for %,
En and E, define the equivalence classes for mod-m group G. Thus, if IY denotes the
mod-m equivalence classes defined by E,, and E;, then IY is the congruence and

http://www.digibib.tu-bs.de/?docid=00052524



Digitale Bibliothek Braunschweig

Boolean Groups 93

equivalence relation for G. Also note that G is a Boolean group if elements of G are
elements of a Boolean algebra, and if, for x,ye G, we obtain Cl,(xINy) and the con-
ditions of Principle 1.7 hold. Then we obtain

Corollary 3.6.1. G is a Boolean group if, for o,f,y,8€G, m|a—p (0. =p mod-m),
m|y—38 (y = 8 mod-m), the following conditions hold

a. at+y=p+0 mod-m

ay =pé mod-m

o—y = B—d mod-m

—o=-9 mod-m v

For all 1, if teG, T is a zero element for G if t = m.

oo o

The first four of these conditions are equivalent to the conditions of Principle 1.7. The
first two follow directly from Theorems 3.5 and 3.6, as does the last one. The remain-
ing ones follow routinely and are easy to prove. Thus, if I} is p for the subalgebra R,
X1,Xp,y1,y2 are elements of N, and IY defines mod-m groups for 9%, we obtain the
following, equivalent, conditions

’

a. (X1UX2)I§1(Y1UY2)

b (X10X2)12(Y10Y2)

c. (X1—>X2)I:§(Y1—>Y2)

d’. (-x)IR(-y)

e’. For all zeG, if z=m, then (znx,)IN(z) and (zux,)I¥(x,), and z is the zero

for G.

We next extend the structure for G to obtain a structure <L,*,-> for a lattice 8"
which includes Z. Then the group L for £ is Boolean and cyclic. We begin with defini-

tions of lattices 2" and L=

Definition 3.7. " is any lattice with n-many elements, n=w, and 2% is a lattice whose
elements are the integers such that for &%, L is equinumerous with Z.

It follows from this definition that if Z is the group for £ and L is the group for
@M LeZ or LcZ, and that if LeZ, L is isomorphic to Z by the paradox of the infinite.

Theorem 3.8.L is a cyclic group.

Proof. Consider a lattice & defined by a structure <Z,*,->, where, for every zeZ,
z=w and Z is a Boolean ring defined on the set of integers constructed from the set N
of natural numbers, addition and negation. Then for the algebra (A,u,n,—,—), if
elements of A are elements of N, we obtain Z where, for all a€A, if au—a=VV,
—au—a=V"", and if an—a=AY, —an—a=A". Then —an—a=¢ and
{AY"} is an ideal for Z, such that {AN} ={A™}. That is, we obtain Z by algebraic
operations on elements of N and their inverses. Then the lattice 8 of the group Z of
the ring Z is a Boolean algebra. Moreover, Z is cyclic. Now expand G in exactly the
same way, and let L be the expansion of G. By Definition 3.7, L is equinumerous with
Z, and it follows that the elements of L are exactly the elements of Z by Theorem 2.5
and Corollary 3.6.1. Then we obtain a lattice 8" defined by a structure <L,*, >,
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where, for every £eL, £=w and L is a Boolean ring under exactly the same conditions
as Z. Then L is cyclic if Z is cyclic. Since a group is cyclic if it contains some element
a such that for all a¥, where keZ, the group is the set of all a*, L is cyclic if for every
LeL, £ =, where ® obtains the filter {VN"} and an ideal {AY"}. Then clearly L is
cyclic. B

Theorem 3.9. L is abelian.

Follows from L being cyclic.

It is most important to show that L is Boolean.
Theorem 3.10. L is a Boolean group.

Proof. We recall that, according to Principle 1.6, an algebra is Boolean if it is pseudo-
Boolean and if, for all elements of the class for the algebra, the union of the element
with its inverse obtain the greatest element. Then L is a Boolean group if £" is a
Boolean algebra. We have already claimed (in the proof of Theorem 3.8) that £%is a
Boolean algebra. It follows from Definition 3.7 and Theorem 3.8 that, if 87 is
Boolean, so is £". We now show that 87, and thus ", satisfy the conditions of Prin-
ciple 1.6.

Let & = (Z,u,n,—,—), where, by substitution, we obtain the structure <L,*, >,
where * and - are group addition and group multiplication, and L is the group defined
on Z by Definition 3.7. We recall that Z was obtained as an extension of N. Thus, if G
is Boolean, L is Boolean, and L is an elemenfary extension of G. Then if NcZ, GcL,
and for Z Boolean, L is Boolean. Moreover, we proved that % is Boolean (Theorem
2.5). If {is Boolean, then so is £”. We say, then, that £” is Boolean if, for any n €L,
—np = n.— A. The zero element for 8" is the zero for Z, and is associated to the group
element eeL. It is also easy to show that, for all n_eL, npu—ny = (VAR |

One may also show that Z is Boolean for a ring <Z,+, >, and that, therefore,
L is Boolean for the ring <L,*,->.

We next have to prove that £ has a greatest element VN" for £” Boolean.

Theorem 3.11. Let o be VN* for 2" i, for {x|x eL—x=w;}. Then VN' is the
greatest element for £” if o =x-x.

Proof. We note that Z obtains the structure §° = <Z,*,- >, and that G obtains the
structure &" = <G,*,->. Then for all n,eZ, there is an element n; eL corresponding
to n,eZ and Cl(n. 'n.). If w, is sup for Z, there is some w; €L such that o is the sup
for the lattice of the group L. Suppose w; is infinite (clearly w; is infinite if wz is
infinite). Now define w{ as the element obtained by Cl(wy - w.). But if w, is infinite,
then wf = .-, = wr. Then VN exists for L. W

Theorem 3.12. Let w; be AY for 2" if for {—x;|~x; eL—>—x=—w,}. Then VN is the
least element for 2" if —w =x- —x.

This theorem is the dual of the previous theorem, and its proof is thus the dual of
the previous proof.
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Theorem 3.13. For wz€Z, if wz=sup(Z), Z has a greatest element and Z is infinite.
Let ®, correspond to w; for w_cL. Then there is a wzeZ for Z closed under addition
and multiplication, where wz - wzin <Z,+,-> is w3. Then there is a w; L for L closed
under group addition and multiplication, where o, -w; in <L,*,-> is w{. Then
of = wr' o, = w.. Then L is an infinite cyclic group closed under group addition and
multiplication.

Proof. Follows directly from Theorems 3.11 and 3.12.

L is a Boolean group defined on the integers. It is standard that the integers closed
under addition is an infinite cyclic group.

We next prove that L closed under multiplication is infinite cyclic. Recall that any
group C is cyclic if, for any n €L, n,_ is the period of C and x is the generator of C such
that x"L=¢ and e,x,xL,...,x" 'LeC, with e the identity element. Let n, =w;. Let
x"L =¢ and —x"L =e. If 0f = w_-®, we obtain ®; = e for x* 'L-x"'L. Then o] =x"L.
Now recall that a cyclic group is infinite if, for any xeC, x and —x are generators for C.
Also note that for a group [x] generated by x, [x] = C, C is infinite when for all x™,
x"#x" if u#v and u,veZ. Recall too that L is a Boolean ring closed under addition
and multiplication. If L is the set of invertibles of the ring L with unity, then L'isa
multiplicative group. Let mf, nieL™. Then (m{ -n/)" =mi -n = (m_-n )" and
(myn;)eL. We also note that for all m{,n; €L, m{,nj €L, and that multiplication of
inverses of m;i” and n{” obtain the same product in L as do multiplication of m{ and n{.
Now let n, £wf. Then wf - of = o - ©of where wy is the inverse of w{, and in each case
we obtain x™ 'L 'L, where x™'L-x"'L gives us our zero element if w{ = e for x™'L-
x" 'L, with w{ = x"L. For both w{ and w{ generators of L, we obtain the same product,
and in each case identity is preserved. B
Remark. Z under multiplication is a group iff there is a subset of Z under group multi-
plication which is a group. Then if H is a group I is a subgroup of H if, for any i,izel,
idgel, and igig = h where heH, and if the zero of H is a zero of 1. Suppose a-p =
(n—1) for the mod-nz group Z. Then we define the zero for Z under multiplication
as nz for af/nz, such that nz = 0. Clearly, the same consideration obtains for sub-

groups of L.
Example. <0,1,2,->isagroupif <1,2->isa subgroup for <0,12,->, as indicated
by the following table:

We finally prove that the Boolean group L is 2 Boolean ring isomorphic with the ring
of integers.

Theorem 3.14. &+ 8 =||L™/L¥, where €™, 2" are Boolean lattices of m-many and
k-many elements respectively.
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Proof. Let m+k=n, n=w;. Suppose both 8™ and &* are quotient algebras. Then for
any a,BeL/p, [a]U[B] = [aUB], [a]n[B] = [anB], [a]—[B] = [a—B], —[a] = [-a], and
ae[V] iff aeV. We obtain a partition n/m=k, n/k=m. Let the additive property hold
between elements of 8™, £, such that, for all a,eL/p, a=m, +k,, p=mg+kg. Then
the power of the sum of lattices " and £* has a value determined by the number of
elements of groups of any modulus m, k, m+k=n,n= wf. B

Theorem 3.15. &= <L * >,

Proof. Let n=m+k. Then £"=2"+ 8 by the previous theorem. For n=w; and
nz =}, we obtain a ring 2" of integers, such that Cl(x.*y.), Cl(x. - y.) for all x.,yLeL,
L the expansion of the Boolean group G by the integers. Then £" is the ring defined
on the Boolean group L. B

Corollary 3.15.1. £"is a Boolean ring,
Proof. Follows directly from Theorem 3.15.

Theorem 3.16. £°=% for % the ring of integers and £" the Boolean ring for the
group L.

Proof. The lattice 8" is just the lattice £ where for all n_ €L, ny is associated to an
nzeZ. Recall that £2 is given by the structure <Z,+,->, €" by <L,*,->, and that L
is the natural extension of G to the integers. We know that a Boolean ring with a unit
element is equivalent to a Boolean algebra. For the Boolean algebra £", the ring of
integers is a Boolean algebra if the ring is Boolean. Say 27 is the natural extension of
8" for the group G and the elements of Z. If so, then £ is the ring R or £¢ is a subring
of R.

Case I: If 8 =R, then £"=R* such that " =RK.

Case II: Suppose £” is a subring of R. We know that two groups are isomorphic
which have the same order. Then if any two groups have the same residue, they are
isomorphic. Moreover, we know that infinite groups, such as Z, may be isomorphic to
other infinite groups, provided they satisfy the condition of having the same resiude.
We also know that, for a group H, I is @ subgroup of H if, for any iy, igel, isp€l is
equivalent to a product heH, and if the zero of H is the zero of I. Then if £ is a sub-
ring of R, we suppose that L is a subgroup of Z. But we recall from Theorem 3.13
that for wz sup(Z), there corresponds a w; for L, and that wf =w; - 0 =w., whereby
L is an infinite cyclic group. We also recall that Z is the infinite cyclic group, and that
all infinite cyclic groups are isomorphic with Z. Consider now the rings " and R. We
note that for some homomorphism @ of 8" into R, there exists a kernel ker# for £°,
R, such that kerd is the set of all n eQ", ¥(n;)=(0), where 0 is the zero of R. Now let
£" be an ideal of 2. Then for " the kernel of &7, by the homomorphism of =R,
£%/2"=R. But by Theorem 3.13, we obtain w{ = w}. Then if 82/8" =R, we obtain for
8#/2" the zero, and & = ¢", so that, if =R, "=R. W

Refnark. Halmos [2] has defined a Boolean group as an (additive) abelian group in
which every element has order two, i.e. Vp(p+p=0). We note that the £-group
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defined by Birkhoff [1] is also an additive group, and very close to that defined by
Halmos. Our own work has shown that we may remove the restriction from Halmos’s
definition and define a Boolean group as an abelian group which is infinte cyclic under
addition and multiplication. Halmos asks in the same place whether every Boolean
group is the additive group of some Boolean ring. Theorems 3.15, 3.16, and Corollary
3.15.1 answer this question.
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