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Values 01 Zeta and L-Iunctions 

By H.M. Stark*), La Jolla/California 

1. Introduction 

In this paper, we will diseuss reeent investigations into the values of zeta and L
funetions at s = 0, -1, -2, .. " with partieular referenee to s = O. This is espeeially 
appropriate here sinee three important mathematieal objects bearing Dedekind's 
name arise in an interesting fashion: the Dedekind zeta funetion, Dedekind domains, 
and the Dedekind eta funetion. 

The Dedekind zeta function has been of the utmost importance in number theory 
sinee its inception. For a number field K, it is given by 

~K(S) = LN(afs, 
a 

the sum being over all (non-zero) ideals a of the ring of integers DK of K. The se ries 
eonverges for Re(s) > 1, and in Dedekind's time, lattiee point estimates had even 
allowed a proof that ~K(S) has a first order pole at s= 1 with residue 

(1) 
2r, +r2 Jt r2 h(K) R(K) 

reSs=1 ~K(S) = W(K)VID(K)I 

where as always, K is of degree n(K), has r,(K) real eonjugates, 2r2(K) eomplex eon
jugates, and h(K), R(K), W(K) and D(K) denote the dass-number, regulator, number 
of roots of unity and diseriminant of K respeetively. 

The funetional equation of ~K(S) in its symmetrie form is 

In partieular, the residue at s= 1 provides the value, 

(2) r ~K(S) _ h(K) R(K) 
lms--->ü -sr- - - W(K) 

where r = r, +r2-1 is the rank of the unit group of K. 

Unti! reeently, the residue at s = 1 held the limelight and the equivalent (2) was 
regarded as a niee euriousity. In Dedekind's time, (2) was not even available, sinee the 

*) Research partially supported by an NSF grant. 
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72 H.M. Stark 

analytic continuation to s = 0 was not proved for general K until Hecke proved it and 
the functional equation in 1917. However, as we will see, the values of zeta and 
L-functions at zero and negative integers are nicer than the equivalent values at 
positive integers, are frequently special cases of more general situations, and are often 
more easily derived. 

As an example of a more general situation, let f denote an integral ideal of K and 
consider the Dedekind domain 

which consists of the elements of K which are integral outside f. The zeta function of 
Ais just 

~A(S) = ~K(S,f) = ~K(s)n(1-N(prS), 
plf 

the zeta function of K with all the p factors with pi f eliminated. The rank r(A) of the 
unit group of A equals r(K) plus the number of distinct prime factors of f. Equation 
(2) holds essentially unchanged, 

r ~A(S) _ h(A) R(A) 
(3) lms->o sr(A) - - W(A) 

where h(A) and R(A) are the class-number and regulator of A. Nothing equally nice 
happens at s = l. 

Zeta functions of number fields are products of Artin L-functions. The prototype for 
this is the case of a quadratic field K where Dirichlet demonstrated that 

~K(S) = ~(s) L(s,X) 

where X is the corresponding Dirichlet character (mod D(K» and 
00 

L(s,X) = L X(n) nOS. 
n=l 

If K is complex quadratic, we get from (1) and (2) the equivalent values 

L(l X) _ 2n h(K) 
, - W(K)y'ID(K)1 ' 

(4) L(O X) - h(K) 
, -W(K)/2 

For example, if K = Q (v'-I), W(K) = 4, D(K) = -4 and 

L(s,X) = 1-5 
- 3-5 + Y5 _ T 5 + 9-5 _ 11-5 + ... 

It took Leibnitz to sum the series 

L(l,X) =~ 
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Values of Zeta and L-functions 73 

whereas, "c1early" 

L(O,X) = 1-1 + 1-1 + ... = 1/2. 

In fact, far any quadratic field K, 

ID(K)I 
(5) I X(n) = ° 

n=1 

and thus the sequence of partial sums of the series for L(O,X) is periodic. Hence the 
series is Cesaro summable at s = ° and we get 

By (5), 

1 ID(K)I N 
L(O,X) = ID(K)I L L X(n) 

N=1 n=l 

ID(K)I 
=-1 _1_

1 
I x(n)([DEK)[+I-n). 

D(K) n=1 

[D(K)I 

L(O,X)= n~1 x(n)(c-[D(K)[) 

holds for any c. We will soon see that c= 1/2 is the nicest value. For complex quadratic 
fields, a reference to (4) shows that we have derived Dirichlet's c1ass-number formula. 
This is a much easier task at s = ° than at s = 1 (in particular, the Gaussian sums do not 
enter into the evaluation at s= 0). 

Far areal quadratic field K, we have the equivalent values, 

L(I,X) = 2 h(K) log EK , 

yD(K) 

L' (O,X) = h(K) log EK 

where EK is the fundamental unit of K. As an example, for Q(y'5) we have 

L(s,X) = I-S _ 2-s _ 3-s + 4-s + 6-s _ T S 
_ 8-s + 9-s + .... 

Although Dirichlet did it, it is difficult to evaluate this series at s = 1. However, the 
series for L'(O,X) is again Cesaro summable and we get 

( noo (5n+2) (5n+3») 
L' (O,X) = log n=O (5n+l) (5n+4) 

A few terms of the product give L' (O,X) = log (1.6), or, if you know how to accelerate 
the convergence of the series, L' (O,X) = log (1.618033989). But in fact, we can 
evaluate the product directly. Indeed (C is Euler's constant), 
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00 (5n+2) (5n+3) 
nUo (5n+1) (5n+4) 

H.M. Stark 

(2/5)e2C/5 (3/5)e3C/5 

= (l/5)eC/5 (4/5)e4C/5 

00 (1 + 2~5) exp(-~5) (1 +3~5) exp(-~/5) 

'nDl (1 +~) exp(-=-lP) (1 +~) exp(~) 
r(!) r(~) 
r(~) r~) 

sin (~) 

= sin (~) 

The same thing works for any real quadratic field: 

[

D(K)/2 (an )-x(a~ 
L' (O,X) = log aD

l 
sin (D(K) J 

(a, D(K)) = 1 

and this gives Dirichlet's class-number formula for real quadratic fields. 

2. Dirichlet L-series at zero and negative integers 

It will be convenient to discuss the values of L(O,X) simultaneously for all X defined 
modulo an integer f> 1. For this purpose, we have to distinguish between primitive 
and imprimitive L-series. By L(s,X), we will me an the L-series associated to the 
primitive version of X. We will write 

L(s,X,f) = L(s,X) TI (1- X(p) p-S) 
plf 

to denote the L-series corresponding to X considered as a (possibly imprimitive) 
character (mod f). It is the primitive L-series with the p-factors removed where plf. 
For example, if X, is the trivial character, 

L(s,X"f) = ~(s,f) = t(s) TI (l_p-S). 
plf 

For any character X (mod f), we have 

f 00 

L(s,X,f) = L X(a) L (nf+ats 

a=l n=O 
(a,f) = 1 

f 
= fS L X(a) t(s,a/f) 

a=l 
(a,f) = 1 
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Values of Zeta and L-functions 75 

where 
00 

~(s,x) = L (n+x)"s 
n=O 

is the Hurwitz zeta function. The series for ~(s,x) converges for Re(s) > 1 and real 
x> 0 but the function possesses an analytic continuation in both sand x, multivalued 
in the case of x if s is not integral, and is holomorphic in s except at s = 1 where there 
is a first order pole of residue one. The existence of this analytic continuation justifies 
the following manipulations in which we evaluate ~(-k,x) and hence L(-k,X,f) for 
k=O, -1, -2,· ... 

We see that 

(6) a~~~x) = -s ~(s+ 1,x). 

Thus, for example, 

a~~~x) = -ress =l ~(s,x) = -1 

and so ~(O,x) = -x+c for some c. To find c, we note that for Re(s) < 1, 

(7) S~ ~(s,x) dx = 0 

which we get by integrating the series term by term. Of course, the series converges 
only for Re(s) > 1 and then the integral is divergent. The justification makes use of the 
fact that ~(s,x) = x-s + ~(s,x + 1) and the fact that ~(s,x + 1) can be integrated term by 
term for Re(s) > l. 

We therefore find that 

~(O,x) = -x+ 1/2. 

One more application of (6) and (7) gives 

x2 x 1 
~(-1,x) = -T+"2 -12· 

If we continue in this manner, we recursively find that ~(-k,x) is a (k + l)st degree 
polynomial and in fact the recursions are those satisfied by the Bernoulli polynomials, 

~(-k,x) = _ B~~\X) . 

Many of the standard properties of Bernoulli polynomials follow from this relation. 
For example, 

N B (N + 1) - B (0) L nk=~(-k,O)-~(-k,N+1)= k+1 k+1 k+1 • 

n=O 
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76 H.M. Stark 

The special case of N = 0 gives B,(I) = B,(O) + I while for k> 0 

Bk+,(I) = Bk+,(O). 

As another example, if k is odd, we have for any positive integer N, 

N-1 
~(-k,1-N) = L nk + ~(-k,N) = ~(-k,N), 

n=1-N 

from which we see that for k odd 

Differentiating shows that in general, 

Bk+,(1-x) = (-1?+' Bk+,(x). 

As a last example, the identity 

~(s,1I2) = (25 -1) ~(s) 

gives at s= -k, the relation 

Bk+,(1I2) = (2-k-1) Bk+,(I) = (2-k-l) Bk+,(O) 

valid for k = 0 and k = -1 as weIl as for k> O. It is interesting to note that many of the 
above formulas occur in Chapter 7 of Ramanujan's second notebook [1] in the context 
of the relationship between ~(s,x) and Bk+,(x). Chapter 8 [2] is also relevant to this 
subject and I want to thank Bruce Berndt for bringing these references to my atten
tion. 

For L-functions, we now have at k=O, -1, -2, ... , 

fk f 
L(-k,X,f) = - -k 1 I X(a) Bk+,(a/f). 

+ a=1 
(a,f) = 1 

In particular, 
f 

L(O,X,f) = L X(a) (1_~). 
a=l 2 f 

(a,f) = 1 

If X(-1) = 1 and f> 1, we have 
f 

L(O,X,f) = t a~l [x(a) (~- T) + X(f-a) (t- f~a)] 
(a,f) = 1 

=0 

and we move on to the first derivative. Again, it is convenient to consider the values 
of aIl L' (O,X,f) with X( -1) = 1 simultaneously. The result is 
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Values of Zeta and L-functions 77 

f/2 
L' (O,X,f) = - t L X(a) log [(1_e21lia/f) (1_e-21lia/f)] (f>2), 

a=l 
(a,f) = 1 

L' (0,X1,f) = - t log (2) (f = 2). 

This may be rephrased as follows. Let K = Re(<Q(e21li/f» and G = Gal(K/<Q) = 
= (ZlfZ) x I ± 1. There is an integer E in K such that for all characters X of G, 

L' (O,X,f) = - ~ L X(g) log (Eog). 
gEG 

In this formula, all the Eo g are positive. This is explained by the fact that K(y'E) is 
abelian over <Q and hence all the E 0 g must have the same sign. The same result now 
holds for any subfield of K by taking relative norms. 

Theorem [7]. HK is a totally real abelian extension 01 <Q with Galois group G and 
conductor dividing f > 1, there is a totally positive integer E 01 K such that lor aII X 
olG, 

L' (O,X,f) = - t L X(g) log (co g). 
gEG 

CoroUary. H f is apower 01 a prime p, then IN(E) = p. Otherwise N( E ) = 1 and E 
is a unit. 

In particular the E 0 g are all associates since when f is apower of p, p ramifies totally. 
The Corollary follows easily from the Theorem by using the principal character along 
with the observation that 

~/(O,f) = {-i log (p) if f is apower of p 

otherwise. 

Let us give two examples of the uses of the Theorem. First suppose that K = Q(yp) 
where p is a prime congruent to 1 (mod 4). We take f=p. There are two characters, 
the trivial character X1, and a quadratic character %p. We have 

- ~ log (p) =L'(O,XhP) = - ~ log (ab) 

hp log (Ep) = L/(O,%P,p) = - ~ log (alb) 

where a and b are the two conjugates of E, both positive, hp and Ep are the class
number and fundamental unit of <Q(yp). Hence 
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78 H.M. Stark 

and so 
-p 

IN (Ephr) = p =-1 

which gives the old result that hp is odd and Ep has norm -1. 

Next, consider the case of two primes p and q both congruent to 1 (mod 4). We take 
f = pq and K = (y'p,y'q). If we denote by gp,~,gpq the elements of G fixing y'p,y'q, 
ypq respectively, then we have with the obvious notation. 

There are two cases to consider. If Xp( q) = Xq(p) = 1, then 

10 ='Eogpq = (Eogp)"' = (Eogq)"' = Epq-hpql2. 

Among other things, this says that 10 = Eogpq is in ~(ypq) and so hpq is even. Further, 
~ 0 gp > 0 and so 

IN (Epq -hp,/2) = 1. 

Therefore if Epq has norm -1, then 4 divides hpq. 

In the other case, we have Xp(q) = Xq(p) = -1 and then we find that 

10 -hp 10 -hq 
Epq hpql2 = p 10 q 

is in ~(y'p, y'q). From this, we see that 

(10 hpql2)og = (_Eph
,) (_Eqhq) = 10 hpql2 

pq pq 100 gpq pq 

and thus Epqh
pq/2 is in ~(ypq) and therefore hpq is even. Note that it is only necessary 

to know the sign of (Epqhpql2) ogpq to tell whether it is in ~(ypq) or generates 
Q(y'p,y'q) over Q(ypq). In like manner, the conjugate of Epqhpq/2 is 

(
10 hpql2) = (Ep-hp) (_Eqhq) 

pq ogp Eogp 

is negative and so Epq has norm -1. This result goes back to Dirichlet. 

Before we leave the ground field of the rational numbers, let us note one more 
property of the values at s=O. The interpretation of ~K(s,f) as the zeta function of the 
Dedekind domain A = OK[l/f] suggests that the lead terms of the power series 
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expansion for each L(s,X,f) at s = 0 can have an interpretation as a factor of R(A) and 
leads to the same refined conjectures as for factors of R(K). 

For instance, suppose K = Q(e2Jti
/
f) and that p is a prime congruent to 1 (mod f) so that 

p splits completely in K. If we develop a conjecture in the same way as in [6] and [7], 
we might suspect that there is an element E of OK[l/p] (i.e., E is integral outside p) 
such that IEogl = 1 for all g in G = Gal(K/Q), K(E1/W(K» is abelian over <D while 

L' (O,X,fp) = - W(lK) L X(g) log IIEogllv , 

gEG 

where v is the normalized valuation of K corresponding to a prime ideal in K above p. 
But we already know that 

L' (O,X,fp) = L(O,X,f) log (p) = at
1 
x(a)~f 2;a)IOg (p). 

(a,f) = 1 

Therefore, if we identify g in G with an integer a in the isomorphie group (Z/fZ.) x 

with 0< a < f, the conjecture leads to 

W(K) , 
IIEogliv = p2f (2a-O 

for all gin G. Tate [8] and Gross [3] have both realized that this gives the complete 
ideal factorization of (E); the fact that E is a number is Stickelberger's theorem and the 
rest of the conjecture follows from the properties of the Gauss sums used to prove 
Stickelberger's theorem. Even over the rational numbers, new discoveries are being 
made linking Dedekind zeta functions and Dedekind domains. 

3. Values of zeta functions for totally real fields 

We now turn to other ground fields. The problem of finding a closed form expression 
for the values at zero and negative integers of the zeta and L-functions of a field k was 
first solved by Shintani [4]. Prior to this, Siegel [5] had shown that the partial zeta 
functions took rational values (without finding them) and Zagier [9] found them for 
real quadratie fields at all negative integers and at zero. We illustrate the situation for 
real quadratic fields but the methods are general. For real quadratic fields, the 
problem ultimately becomes one of evaluating the function 

00 00 

~(S"S2'X,y) = L L (am+bn+xts
, (cm+dn+yt

s
" 

m=O n=O ' 

where a, b, c, d are positive real numbers, ad-bc> O. The series converges for 
Re(s, +S2) > 2 and positive x and y. Shintani's loop integral expression for ~(S"S2'X,y) 
provides the analytic continuation necessary to justify the following. 
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In analogy with the second section, we have 

(8) ;x t(S1,S2,X,y) = -S1 t(S1 + 1,s2'x,y), 

(9) ;y t(S1,S2,X,y) = -S2 t(s"s2+ 1,x,y). 

Further, for Re(s1 +S2) < 2, we have the formula, 

(10) S~ S~ t(s"s2,ax+by,cx+dy) dx dy = 0, 

although the proof is more difficult: we have 

a S; S~ (s1-1) t(S1,S2,ax+by,cx+dy) dx dy + 

cS~ g S2 t(s1-1,s2+ 1,ax+by, cx+dy) dx dy 

f1 \X=l = JO-t(s1-1,s2,ax+by,cx+dy) x=O dy 

1 00 

= i L (bn+by)S,-1 (dn+dy)S2 dy 
o n=O . 

O. 

Likewise, 

b S~S~ (s1-1) t(s"s2,ax+by, cx+dy) dy dx + 

d S~S~ S2 t(s1-1,s2+ 1,ax+by,cx+dy) dy dx 

=0 

from which (10) follows. 

For example, by comparison with the integral, it is easy to see that 

s(s+lH(s+2,s,x,y)ls=o=ress=2 L L (am+bn+xys=;b' 
m=O n=O 

Hence, 

s t(s+ 1,s,x,y)ls=o = - a~ + g(y) 

for some function g(y). But further, 

S2 t(s+ 1,s+ 1,x,y)ls=o = 0, 

and so, 

s t(s+ 1,s,x,y)ls=o = - :., + c 
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where C is constant. But by (10), 

_ Cl Cl ax+by a+b 
C-JOJO~dxdy= 2ab' 

s ~(s+ l,s,x,y)ls=ü = - a~ + ~!: . 
By interchanging variable names, we see that 

s ~(s,s+ l,x,y)ls=ü = - ~ + c2~ff . 
Hence, 

~(O,O,x,y) = 2;b [x2 
- (a + b)x] + 2~d [y2- (c+d)y] + C 

for some constant C. Again, we find C from (10), which gives 

~(O,O,x,y) = 12
1
ab [6x2 -6x(a+b) + (a2 +3ab+b2

)] 

+ 1lcd [6y2 - 6y(c+d) + (c2 +3cd+d2
)]. 

This is the formula found by Shintani and Zagier. 

4. First derivatives at s = 0 

81 

We now turn to first derivatives at zero of L-functions defined over number fields. As 
an example, let us take the case of a pure cubic field, say K = Q(-?!z). Dedekind 
showed using the cubic reciprocity law that 

~K(S) = ~(s) L(s,X) 

where L(s,X) is an abelian L-function defined over k = Q(y:3). The analytic con
tinuation and functional equation of ~K(S) follow. This was one of the main examples 
pointing the way towards Hecke's eventual general result. This example also anti
cipated Artin's general theory of non-abelian L-functions and their connection with 
abelian L-functions via the reciprocity law. In this regard, it should also be mentioned 
that the requisite theory of representations of non-abelian finite groups was inspired 
by the letter exchange between Dedekind and Frobenius. 

For our purposes, we see that 

L' (O,X) = h(K) log (EK) 

where h(K) = 1 is the dass-number of K and EK =(-?!z-1)-' is the fundamental unit 
of K. This illustrates a special case of the only other type ground field where my first 
order zero conjectures are proved. The situation is as folIows. Suppose that k is a 
complex quadratic field and K is a dass field of k whose conductor divides an ideal 
f =1= (1). We let G = Gal(K/k), W = W(K) and also we use /la/l = lal 2 to denote the 
normalized archemedian valuation of K. 
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Theorem [7]. There is an integer E in K such that E 0 g is an associate of E for all g in G, 
K(El/W) is an abelian extension 01 k and for every X 01 G, 

L' (O,Z,f) = - J., L X(g) log IIE ogll· 
gEG 

If f has two distinct prime ideal lactors, E is a unit. 

The proof of this theorem makes use of Kronecker's second limit formula. Let 
Q = [W1,W2] denote the lattice generated by W1 and W2 ordered such that z = W2W1-1 

is in the upper half plane. For w not in Q, Kronecker's second limit formula at s = 0 is 

where 

{}l(y,Z) is Jacobi's theta function and T](z) is the Dedekind eta function. When y is of 
the form az~b with a and b in 'L, F(y,z) is a modular function of level 12N2. When z is 
in k, this puts F(y,z) in a dass field of k. However, the fact that F(y,z) is nearly a unit 
is independent of this. So long as j(z) is an algebraic integer, F(y,z) will be an N-unit 
(in other words, a unit at all primes not dividing N) and indeed will be a unit if N has 
at least two distinct prime factors. If j(z) is algebraic with denominator dividing Il., 
then F(y,z) will be an NIl.-unit and in fact will be just a Il.-unit if N has at least two 
distinct prime factors. This opens up some interesting non-abelian possibilities and I 
would like to dose this paper by briefly discussing them. 

Recall that any elliptic function may be expressed as a theta quotient. As a result, 
any elliptic function may be expressed via Kronecker's limit formula. For instance, 
suppose that E is an elliptic curve in Weierstrass normal form, 

y2 = 4x3 - g2x - g3, 

with discriminant Il.(E) = g23 
- 27g/. If Q is the corresponding lattice, we have 

Il.(E) = (2n:/Wl)12T](Z)24. Comparing zeros and poles shows that 

fJ(w) -fJ(wo) 
Il.(E) I ,6 

F(W+WO ) F(W-WO ) 
00, ,Z 0>1' Z 

for an appropriate sixth root of Il.(E) and hence, 

{res) L [lw+w+wol-2s + Iw+w-wol-2s - 2Iw+wl-2S - 2Iw+wol-2S]}I_ 
WEQ s-o 

= -log r,\f)(W) -fJ(wo} \2] L Il.(E)I/6 . 
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A similar result holds for f)'(w), 

In particular, if g2 and g3 are integral, and wand Wo are N-division points with neither 
w nor Wo nor w+wo nor W-Wo in Q, or simply 2w is not in Q in the second case, then 

f)' (w) -f)'(wo) and f)'(w) 
~(E)l/h ~(E)1/4 

are N~-units with the indicated improvements holding for N having at least two 
distinct prime factors or j(z) being integral. These numbers even arise from the first 
derivative at s=O of generalized Dirichlet se ries as the formulas above show. Whether 
or not they also arise naturally as units in my conjectures is not known, but we have, 
at the very least, an extremely interesting supply of new units to think about. 
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